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Evidence for dark matter: 
Rotation curves

• Inferring enclosed mass 
for luminous matter (stars 
assuming reasonable 
mass-to-light ratio) 
significantly under-
predicts rotation-curve 
data


• Implication: “Dark” matter 
exists (but it doesn’t 
exclude not-so-bright 
stars or black holes)Bergström, Rep. Prog. Phys. 63, 793 (2000)

v2 =
GM(< r)

r

Non-Baryonic Dark Matter: Observational Evidence and Detection Methods 24

Figure 4. Observed H I rotation curve of the nearby dwarf spiral galaxy M33 (adapted
from [74]), superimposed on an optical image [75]. The dashed line shows the estimated
contribution to the rotation curve from the luminous stellar disk [74]. There is also a
smaller contribution from gas (not shown).

rotation curve from the luminous disk computed in [74]. (There is at large radii also

a small contribution from the gas mass, not shown in the Figure.) As can be seen,

the rotation curve is rising well beyond the point where Newtonian dynamics based on

only the luminous mass would predict a decline. Since the curve continues to rise at

the last measured points, only a lower limit to the mass of the dark halo can be given,

M ∼> 5 · 1010 M⊙, more than 10 times the mass in stars and gas. It is noted in [74] that
an NFW profile in fact fits the rotation curve quite well but the central concentration

is lower than that predicted by an ΩM = 1 universe, perhaps indicating again the need

to decrease the matter density (while allowing a cosmological constant to give a flat

large-scale geometry).

7. Models for non-baryonic dark matter

Given that the total mass density of the universe seems to be higher than what is

allowed by big bang nucleosynthesis for baryons alone, an important task of cosmology

and particle physics is to produce viable non-baryonic candidates and to indicate how



Evidence for dark matter: 
Bullet clusters

• Red: X-ray image 
(baryonic gas)


• Blue: Weak gravitational 
lensing (dark matter)


• Gas is collisional 
(Coulomb force) so feels 
drag from each other; 
dark matter goes through


• Implication: Dark matter 
is collionless

Bullet cluster (1E0657-56)

�

m
. 1 cm2/g = 2 barn/GeV



Evidence for dark matter:  
Baryon acoustic oscillation (BAO)

• Measured both in CMB and 
galaxy power spectrum


• Implication: Dark matter can 
not be made of baryons

Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency-averaged
temperature spectrum computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters de-
termined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm, computed over 94 % of the sky. The best-fit base ⇤CDM theoreti-
cal spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown
in the lower panel. The error bars show ±1� uncertainties.

The large upward shift in Ase�2⌧ reflects the change in the abso-
lute calibration of the HFI. As noted in Sect. 2.3, the 2013 analy-
sis did not propagate an error on the Planck absolute calibration
through to cosmological parameters. Coincidentally, the changes
to the absolute calibration compensate for the downward change
in ⌧ and variations in the other cosmological parameters to keep
the parameter �8 largely unchanged from the 2013 value. This
will be important when we come to discuss possible tensions
between the amplitude of the matter fluctuations at low redshift
estimated from various astrophysical data sets and the Planck
CMB values for the base ⇤CDM cosmology (see Sect. 5.6).

(4) Likelihoods. Constructing a high-multipole likelihood for
Planck, particularly with T E and EE spectra, is complicated
and di�cult to check at the sub-� level against numerical
simulations because the simulations cannot model the fore-
grounds, noise properties, and low-level data processing of
the real Planck data to su�ciently high accuracy. Within the
Planck collaboration, we have tested the sensitivity of the re-
sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2016). The most highly developed of

them are the CamSpec and revised Plik pipelines. For the 2015
Planck papers, the Plik pipeline was chosen as the baseline.
Column 6 of Table 1 lists the cosmological parameters for base
⇤CDM determined from the Plik cross-half-mission likeli-
hood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations,
and multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasize that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on
the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015

8

Planck 2015

Couples to baryons

Affected by both baryons 
and dark matter



Result from all the cosmology data
• CMB, galaxy power spectrum, 

weak lensing, supernova Ia, etc.


• 27% of the total energy / 85% of 
the total matter is made of dark 
matter


• Properties of dark matter


• Collisionless 
• Non-baryonic 
• Doesn’t interact with 

photons 
• Cold (or warm; hot dark matter 

erases too many structures)

Planck 2015



Dark matter: Origin of all the structures
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Hierarchical Formation of Dark Matter Halos and the Free Streaming Scale 3

Figure 1. Distribution of dark matter in the A N4096L200 simulation at z = 32, centered on the largest halo. Left panel shows the entire
simulation volume. Right two panels are enlargements of the largest halo. The widths of the left, higher right, and lower right images
correspond to 400, 100, and 25 comoving pc, respectively.

Table 1
Details of simulations. Here, N , L, ε, M , and mDM are the total number of particles, box length, softening length, mass resolution, and

mass of dark matter particles, respectively

Name N L(pc) ε(pc) m(M⊙) mDM (GeV)
A N4096L400 40963 400.0 2.0× 10−4 3.4× 10−11 100
A N4096L200 40963 200.0 1.0× 10−4 4.3× 10−12 100
B N2048L200 20483 200.0 2.0× 10−4 3.4× 10−11 w/o cutoff

Ishiyama et al. 2012) 2 on Aterui supercomputer at Cen-
ter for Computational Astrophysics, CfCA, of National
Astronomical Observatory of Japan, and the K computer
at the RIKEN Advanced Institute for Computational
Science. The calculation of the tree force was acceler-
ated by the Phantom-GRAPE library 3 (Nitadori et al.
2006; Tanikawa et al. 2012, 2013) with support for AVX
instruction set extension to the x86 architecture and the
HPC-ACE architecture of the K computer. PM calcu-
lations of 40963(20483) particles simulations were per-
formed on 20483(10243) grid points and the opening an-
gle for the tree method was 0.5. Simulations were ter-
minated at z = 32, where long-wavelength perturbations
comparable to the box size were no longer negligible.
Halos were identified by the spherical overdensity

method(Lacey & Cole 1994). The virial radius of a halo

2 http://www.ccs.tsukuba.ac.jp/Astro/Members/ishiyama/greem
3 http://code.google.com/p/phantom-grape/

rvir is defined as the radius in which the spherical over-
density is ∆(z) = 18π2 + 82x − 39x2 times the critical
value, where x ≡ Ω(z)−1 (Bryan & Norman 1998). The
virial mass of a halo Mvir is defined as the mass within
the virial radius. The most massive halos identified in
A N4096L400, A N4096L200, and B N2048L200 simu-
lations contained 170918717, 48316099, and 10505232
particles, respectively. The corresponding masses of
these halos were 5.84 × 10−3M⊙, 2.08 × 10−4M⊙, and
3.59× 10−4M⊙.
Figure 1 shows the dark matter distribution in the

A N4096L200 simulation at z = 32, centered on the
largest halo. Several caustics are generated by nonlinear
growth of long-wavelength perturbations. The distribu-
tions differ from those of large scale structure simula-
tions, and are analogous to those obtained in warm dark
matter simulations (e.g., Bode et al. 2001).

3. RESULTS

dwarf galaxies

Free-streaming 
scale of WIMP

ObservedNot yet observed



• How do dark matter structures form? — Spherical collapse model


• What is abundance, mass distribution, etc.? — Halo mass 
function


• Impact on dark matter annihilation in cosmological halos — 
Indirect dark matter searches 

• Implications for properties of dark matter particles — Cold, warm, 
self-interacting?

Dark matter: Origin of all the structures

Today

Today

Tomorrow

Tomorrow



Spherical collapse model

• Deriving two magic numbers analytically 

• Over-density of virialized halos compared with 
background


• Linear extrapolation of over-density for halos that just 
collapsed

�vir = 18⇡2

�c = 1.686

Useful for simulations 
to find halos

Useful for analytic 
calculations to estimate 

number of halos



Spherical collapse model

⇢h

⇢b

R

Parameterized solution 
(cf., expanding closed Universe) t =

A3

p
GM

(✓ � sin ✓)

R = A2(1� cos ✓)

✓ = 0

✓ = ⇡

✓ = 2⇡



Spherical collapse model
When do halos virialize?

Virialization!

Virial theorem:

2Kvir + Uvir = 0

(for 1/R potential)

Total energy conservation:

Kvir + Uvir = Uta Uvir = 2Uta

Rvir =
Rta

2



Spherical collapse model

How dense is a virialized halo compared with background?

Rvir =
Rta

2

t =
A3

p
GM

(✓ � sin ✓)

R = A2(1� cos ✓)

⇢vir =
3M

4⇡R3
vir

=
6M

⇡R3
ta

=
3⇡

Gt2col
(tcol = 2tta)

⇢b(tcol) =
1

6⇡Gt2col ⇢vir
⇢b(tcol)

= 18⇡2



Spherical collapse model

The Millennium Simulation@MPA Garching

Halos are defined as regions 
with density larger than 18π2 
compared with average



Spherical collapse model

• Deriving two magic numbers analytically 

• Over-density of virialized halos compared with 
background


• Linear extrapolation of over-density for halos that just 
collapsed

�vir = 18⇡2

�c = 1.686

Useful for simulations 
to find halos

Useful for analytic 
calculations to estimate 

number of halos

✔



�vir = 18⇡2 + 82[⌦m(z)� 1]� 39[⌦m(z)� 1]2

Spherical collapse model

• Deriving two magic numbers analytically 

• Over-density of virialized halos compared with 
background


• Linear extrapolation of over-density for halos that just 
collapsed

�c = 1.686
Useful for analytic 

calculations to estimate 
number of halos

✔

ΛCDM: Bryan & Norman (1998)



Analytic model of halo mass function

• It is not possible to describe non-linear evolution of density 
fully analytically


• However, one can extrapolate behavior in linear regime (that 
can be solved analytically), as if it continues


• What does this 18π2 collapsed region correspond to, in 
terms of linear over-density, δL?


• One can estimate the number of halos of given mass (i.e., halo  
mass function), by using this threshold δc and by assuming 
density distribution is Gaussian (excellent approximation for 
CMB, hence must be true with linear extrapolation)



Over-density: Linear extrapolation
t =

A3

p
GM

(✓ � sin ✓)

R = A2(1� cos ✓)

⇢h =
3M

4⇡R3
=

3M

4⇡A6

1

(1� cos ✓)3

⇢b =
1

6⇡Gt2
=

M

6⇡A6

1

(✓ � sin ✓)2

� =
⇢h
⇢b

� 1 =
9(✓ � sin ✓)2

2(1� cos ✓)3
� 1

Exact solution:



Over-density: Linear extrapolation
t =

A3

p
GM

(✓ � sin ✓)

R = A2(1� cos ✓)

Linear extrapolation:

� =
9(✓ � sin ✓)2

2(1� cos ✓)3
� 1 ⇡ 3

20
✓2

t ⇡ A3

6
p
GM

✓3

✓ ⌧ 1
�!
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20

 
6
p
GM

A3
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At collapse: (✓ = 2⇡)

�L =
3

20
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2⇡A3

p
GM



Over-density: Linear extrapolation

Exact

Linear

t =
A3

p
GM

(✓ � sin ✓)

� =
9(✓ � sin ✓)2

2(1� cos ✓)3
� 1

Exact

Linear

�L ⇡ 3
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6
p
GM

A3
t

!2/3



�(M, z) = �(M)D(z)

Gaussian random field

M =
4⇡

3
⇢̄R3

Density field smeared 
over R, given by

rms over-density:

Redshift evolution:

�2(M) = h�2Ri =
Z

d3k

(2⇡)3
Plin(k)W

2
R(k)



Gaussian random field: simple example

Mean = 0

SD = 5

Pixel size = (0.23 deg)2



Gaussian random field: simple example

Mean = 0

SD = 5

Pixel size = (0.23 deg)2

Gaussian smoothing: σ = 0.5 deg



Gaussian random field: simple example

Mean = 0

SD = 5

Pixel size = (0.23 deg)2

Gaussian smoothing: σ = 2 deg



Gaussian random field: simple example
Raw map 0.5 deg smoothing 2 deg smoothing

� = 1.686

Smaller structures 
form first and then 
merge and accrete to 
form larger structures



Press-Schechter mass function

Fraction of collapsed halos

Press-Schechter mass function

Z 1

�c

d� P (�|M, z)

dn

d lnM
=

r
2

⇡

⇢̄

M
⌫ exp

✓
�⌫2

2

◆
d ln��1

d lnM

[⌫ ⌘ �c/�(M, z)]



Comparison with numerical simulations

• Reasonable agreement 
with the Millennium 
simulations (Red points)


• Blue: Press-
Schechter mass 
function


• Black: Jenkins et al. 
(2001) mass function


• Other representative 
models include Sheth & 
Tormen (2001), Tinker et 
al. (2008), many of which 
are based on ellipsoidal 
collapse model
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Figure 2: Differential halo number density as a function of mass and epoch. The function n(M,z) gives

the comoving number density of halos less massive than M. We plot it as the halo multiplicity function

M2ρ−1 dn/dM, where ρ is the mean density of the universe. Groups of particles were found using

a friends-of-friends algorithm6 with linking length equal to 0.2 of the mean particle separation. The

fraction of mass bound to halos of more than 20 particles (vertical dotted line) grows from 6.42×10−4

at z= 10.07 to 0.496 at z= 0. Solid lines are predictions from an analytic fitting function proposed in

previous work11, while the dashed lines give the Press-Schechter model14 at z= 10.07 and z= 0.

6

Springel et al., Nature 435, 629 (2005)



Spherical collapse model

• Deriving two magic numbers analytically 

• Over-density of virialized halos compared with 
background


• Linear extrapolation of over-density for halos that just 
collapsed

�vir = 18⇡2

�c = 1.686

Useful for simulations 
to find halos

Useful for analytic 
calculations to estimate 

number of halos

✔

✔



What is the smallest structure?
• In the WIMP scenario:


• After chemical decoupling, WIMPs 
can still interact with baryons and 
leptons through scattering


• When this gets slower than Hubble 
expansion (kinetic decoupling), 
WIMPs start free-streaming


• All the structures below this 
kd+free-streaming scale will be 
washed away 

• Finding small halos is key to 
distinguish different dark matter 
models

E.g., 1d random walk followed 
by free-streaming



• MCMC parameter 
scan for 9-
parameter MSSM


• Typical kinetic 
decoupling 
temperature: a 
few MeV


• Typical smallest 
halo mass:

12

FIG. 2. Lightest neutralino mass versus Tkd (top panel) and Mph for points that reproduce all the experi-
mental observables within 2� confidence level.

neutralinos are typically much heavier. For the second group of points with larger Tkd varying
from ⇠100 MeV to ⇠3 GeV we checked that the lightest (Bino-like) neutralino is quasi degenerated
with both the lightest Wino-like chargino and the second lightest neutralino, guaranteeing the
neutralino annihilation. Top-right panel of Fig. 2 shows that these two regions are not completely
disconnected. For example, for �(m

l̃
�m

�
0
1
) ⇠ 0.5 (meaning m

l̃
⇠ 3m

�
0
1
) sleptons also play a role

in the annihilation processes.
The region 600 GeV . m

�
0
1
. 1 TeV has similar characteristics, but in this case the two

regions, that one with light sfermions and the other one with light chargino, have a large overlap
for 30 MeV . Tkd . 500 MeV.

Last but not least, we find that there are very few points for the Higgs and Z resonance regions.
These two regions require a very large tuning, and therefore, they are very di�cult to explore when
requiring boundary conditions at GUT scale.

To understand the dominant process of neutralino-SM scattering in the regions we described
above, in the top-right panel of Fig. 2 we show the relative mass di↵erence between the lightest first
and second generation of sleptons and the lightest neutralino, �(m

l̃
�m

�
0
1
), while in the bottom-

right panel we show the gaugino fraction.15 These plots show, for all gaugino-like neutralinos

15 The lightest neutralino is a linear combination of the superpartners of the gauge and Higgs field: �
0
1 = N11B̃ +

10�12 � 10�4M�

Diamanti, Cabrera-Catalan, Ando, Phys. Rev. D 92, 065029 (2015)

What is the smallest structure?


