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1. By operating with γν∂ν on the Dirac equation

(iγµ∂µ −m)ψ = 0 (1)

prove that the components of ψ satisfies the Klein-Gordon equation.

2. Show that the Dirac equation

(iγµ∂µ −m)ψ(x) = 0 (2)

is Lorentz invariant, reminding that under Lorentz transformation

ψ(x)→ Λ1/2ψ(Λ−1x) ∂µ → (Λ−1)νµ∂ν (3)

with Λ1/2 = exp(− i
2
wµνS

µν) and using Λ−11/2γ
µΛ1/2 = Λµ

νγ
ν .

3. Derive the equation of motion for the following Lagrangians using the

Euler-Lagrangian equation

(a) L = 1
2
∂µφ∂

µφ− m2

2
φ2 + λ

4
φ4

(b) L = (∂µΦ)∗∂µΦ−m2Φ∗Φ + λ(Φ∗Φ)2

(c) L = 1
2
∂µφ∂

µφ− m2

2
φ2 + ψ̄(iγµ∂µ −m)ψ − λψ̄ψφ

(d) L = ψ̄(iγµDµ −m)ψ − 1
4
FµνF

µν with Dµ = ∂µ + ieAµ

4. Using Noether theorem compute the conserved charge of the U(1)V

global symmetry of the Dirac equation

ψ → eiαψ ψ̄ → ψ̄e−iα (4)



5. Consider a Lagrangian describing a free complex scalar field. Show

that the current

jµ = i(Φ∂µΦ∗ − Φ∗∂µΦ) (5)

is conserved (using the equations of motion).

6. Show that the QED Lagrangian (eqn 3d) is invariant under gauge trans-

formation (ψ → eieα(x)ψ(x), Aµ → Aµ − ∂µα)

7. Consider a quantum real scalar field and its expansion in terms of

creation and annihilation operators a†p and ap. Assuming the following

commutation relation

[ap, a
†
q] = (2π)3δ(3)(~p− ~q) (6)

compute the following commutators

[φ(t, ~x), π(t, ~y)] , [φ(t, ~x), φ(t, ~y)] (7)

8. Consider a quantum complex scalar field. Compute the conserved

charge associated to the conserved current (5) in terms of creation

and annihilation operators (be careful with normal ordering), finding

Q =

∫
d3p

(2π)3
(
b†pbp − c†pcp

)
(8)

9. Verify that

ψ(x) = e−ip·xu(p) u(p) =

( √
p · σ ξ
√
p · σ̄ ξ

)
(9)

solves the dirac equation.

10. Prove that

γµγµ = 4 γµγνγµ = −2γν γµγσγργµ = 4ησρ (γµ)† = γ0γµγ0

(10)



11. Show that PR = 1
2
(1 + γ5) and PL = 1

2
(1− γ5) are projectors.

12. Consider a Dirac field. Compute the conserved charge associated to

the symmetry (4) in terms of creation and annihilation operators (be

careful with normal ordering and anticommutation), finding

Q =

∫
d3p

(2π)3

∑
s

[
(asp)

†asp − (bsp)
†bsp
]

(11)

13. Suppose to work in d dimensions. The action is S =
∫
ddxL. The

canonical mass dimension of fields is set by the kinetic term which is

the same of dimension d = 3 + 1 that we saw in the lecture. Show that

the canonical mass dimension of scalar, Dirac and gauge fields are

[φ] =
d− 2

2
[Aµ] =

d− 2

2
[ψ] =

d− 1

2
(12)

Hence, given these results, what are the dimensions of the following op-

erators? Which of them is marginal/relevant/irrelevant in e.g. d=2+1?

(a) L = −eψ̄γµψAµ

(b) L = −yψ̄ψφ

(c) L = −λnφn with integer n

Comment with respect to the d = 3 + 1 case that we know.

14. Show that the sum of the Mandelstam variables in a 2 to 2 scattering

ab→ cd satisfies the following identity

s = (p1 + p2)
2 t = (p1 − p3)2 u = (p1 − p4)2 (13)

s+ u+ t = m2
a +m2

b +m2
c +m2

d (14)

15. Consider a two body decay of an heavy particle with mass Ma, a→ bc.

Show that the momenta of the two daughter particles is

p∗ =
1

2Ma

√
(M2

a − (mb +mc)2)(M2
a − (mb −mc)2) (15)



16. Show that the two body phase space including the four momentum

conservation for a 2 to 2 process in the center of mass frame

d3p1
2E1

d3p2
2E2

δ(4)(Pi − p1 − p2) (16)

can be simplified to
p∗

4
√
s
dΩ (17)

where p∗ = |~p1| = |~p2| is the outgoing particle momentum in the c.o.m.

frame.

Hint: use the delta function relation

δ(f(x)) =

∣∣∣∣∂f(x)

∂x

∣∣∣∣−1
x=x0

δ(x− x0) (18)

17. Verify that the Feynman propagator for the Dirac field is a Green func-

tion of the Dirac equation

18. Consider a theory with two real scalar fields with Lagrangian (with

mA > 2mB)

L =
1

2
(∂µφA∂

µφA + ∂µφB∂
µφB)− 1

2
(m2

Aφ
2
A +m2

Bφ
2
B)− µ

2
φAφ

2
B (19)

Compute the decay rate of the heavy real scalar into a pair of light real

scalars φA → φBφB, finding

Γ[φA → φBφB] =
µ2

32πmA

√
1− 4m2

B

m2
A

(20)

19. Consider a theory with a real scalar of mass M coupled to a fermion

with mass m with interaction term

L ⊃ −yφψ̄ψ (21)



Assuming M > 2m compute the decay rate of the scalar into a fermion-

antifermion pair

Γ[φ→ ψψ̄] =
y2M

8π

(
1− 4m2

M2

)3/2

(22)

20. Compute the QED cross section e+e− → µ+µ−

21. Compute the QED cross section e−µ− → e−µ−

22. Compute the QED Moeller scattering cross section e+e− → e+e− start-

ing from the expression given in the lectures.


