
ALICE Group Meeting - Tuesday April 25 (2023)

First studies of Block encoding

1

Shi Qiu



Motivation
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• The combinatorial track-finding problem can be mapped to solving the system of linear 
equation:

𝐴𝑥 = 𝑏 ⇒ 𝑥 = 𝐴−1𝑏

• The linear algebraic structure is compatible with algorithms like HHL, which has runtime 
scales like

𝑂(log𝑁 𝑠2𝜅2/𝜖)

• QSVT says that if 𝑨/𝜶𝑨 ​ (𝛼𝐴 subnormalization factor) is block encoded by a (big) oracle 𝑂, 
then one can block-encode a scaled version of 𝑨−𝟏 using about

𝑂(𝜅 log(1/𝜖))

Sparsity: 𝑠 = max
𝑖

# 𝑗: 𝐴𝑖𝑗 ≠ 0 ;   Target error in the output 

state: 𝜖 = ۧ| ෤𝑥 − ۧ|𝑥⋆
Condition number 𝜅 = 𝜆max/𝜆min; 



Block encode a general matrix
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• Block encoding means that the target matrix 𝐴 (properly scaled by 𝛼𝐴) is placed in the upper-left 
corner of the larger unitary.

• Most general idea is that you apply the rotation to ancilla qubit(s) where the rotation angle is 
related to each entry values. 

• Three registers:

➢ancilla: 1 qubit, where amplitudes get loaded

➢𝑖 register: 𝑛 qubits (the “work” register 
representing rows), 

➢𝑗 register: 𝑛 qubits (the “data” register representing 
columns / input basis states)



Block encode a general matrix
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• Starting with an arbitrary input ۧ|Ψ = σ𝑗=0
𝑁−1𝜓𝑗 ۧ|𝑗 , where 𝑁 = 2𝑛 is the matrix size of 𝐴

ۧ|Ψ0 = ۧ|0 𝑎 ۧ|0𝑛 𝑊 ⊗ ۧ|Ψ 𝐽

• 𝐷𝑠 apply Hadamards on ۧ|0𝑛 𝑊:

ۧ|Ψ0

𝐻⊗𝑛 ۧ|0𝑛 𝑊 1

𝑁
෍

ℓ,𝒋

𝜓𝑗 ۧ|0 𝑎 ۧ|ℓ 𝑾 ۧ|𝑗 𝐽

• 𝑂𝐴 rotates the amplitude ancilla conditioned on ℓ, 𝑗 so that: 

ۧ|Ψ1
𝑂𝐴

ۧ|Ψ2 =
1

𝑁
෍

ℓ,𝑗

𝜓𝑗 𝑨ℓ,𝒋 ۧ|𝟎 𝒂 + 𝟏 − 𝑨ℓ,𝒋
𝟐 ۧ|𝟏 𝒂 ۧ|ℓ 𝑊 ۧ|𝑗 𝐽

• SWAP the two 𝑛-qubit registers and does not touch ancilla qubit

ۧ|Ψ2

SWAP
ۧ|Ψ3 =

1

𝑁
෍

ℓ,𝑗

𝜓𝑗 𝐴ℓ,𝑗 ۧ|0 𝑎 +⋯ ۧ|1 𝑎 ۧ|𝒋 𝑾 ۧ|ℓ 𝑱



Block encode a general matrix
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• 𝐷𝑠
† applys final 𝐻⊗𝑛 on the work register (𝐷𝑠

† ۧ|𝑗 =
1

𝑁
σ𝑡=0 −1

𝑡⋅𝑗 ۧ|𝑡 , where 𝑡 ⋅ 𝑗 is the 

bitwise inner product mod 2):

ۧ|Ψ3 =
1

𝑁
෍

𝑡

෍

ℓ,𝑗

𝜓𝑗 −𝟏
𝒕⋅𝒋 𝐴ℓ,𝑗 ۧ|0 𝑎 +⋯ ۧ|1 𝑎 ۧ|𝒕 𝑾 ۧ|ℓ 𝐽

• Inner product 0ۦ|
𝑎
|0𝑛ۦ

𝑊
⊗ 𝐼𝐽 ۧ|Ψ3

|𝟎ۦ
𝒂
|𝟎𝒏ۦ

𝑾
⊗ 𝐼𝐽 ۧ|Ψ3 =

1

𝑁
෍

ℓ,𝑗

𝜓𝑗𝐴ℓ,𝑗 ۧ|ℓ 𝐽

=
1

𝑁
෍

ℓ

෍

𝑗

𝐴ℓ,𝑗 𝜓𝑗 ۧ|ℓ 𝐽 =
𝐴

𝑁
ۧ|Ψ 𝐽

• All circuit elements, except for 𝑂𝐴, can be readily written in simple 1- and 2-qubit gates.



FABLE method to block encode a general matrix
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• Goal: Implement 𝑂𝐴 in simple 1- and 2-qubit gates for arbitrary matrices

• 𝑂𝐴 acts on the ۧ|0 𝑎 state as an 𝑅𝑦 gate with angle

𝜃𝑖𝑗 = arccos(𝐴𝑖𝑗)

• Naïve implementation of 𝑂𝐴 will use 𝑁2 multi-controlled Ry gates

e.g. for a 2 × 2 matrix

https://arxiv.org/pdf/2205.00081



FABLE method to block encode a general matrix
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• Goal: Implement 𝑂𝐴 in simple 1- and 2-qubit gates for arbitrary matrices

• 𝑂𝐴 acts on the ۧ|0 𝑎 state as an 𝑅𝑦 gate with angle

𝜃𝑖𝑗 = arccos(𝐴𝑖𝑗)

• Naïve implementation of 𝑂𝐴 will use 𝑁2 multi-controlled Ry gates

e.g. for a 2 × 2 matrix

• FABLE method implement 𝑂𝐴 following grey code order (00, 01, 11, 10)

https://arxiv.org/pdf/2205.00081



FABLE method to block encode a general matrix

Quantum Tracking Mini Workshop 8

• FABLE method uses the key identity: 𝑋𝑅𝑦 𝜃 𝑋 = 𝑅𝑦(−𝜃)

• The state of the first qubit is rotated as:

• The new angles መ𝜃

are related to 𝜃 as:



(S-)FABLE method to block encode a general matrix
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https://arxiv.org/pdf/2205.00081

• For matrix of size 𝑁 = 2𝑛, need 𝑁2 CNOT and 𝑅𝑦 gates, respectively

• One can apply 𝑅𝑦 only for ෡𝜽 above some threshold to approximately block encode the matrix

• High compressibility generally needs matrices which are sparse in the Walsh-Hadamard domain. 

• If 𝐴 is a sparse matrix, then the matrix 𝐻⊗𝑛𝐴𝐻⊗𝑛 is sparse in the Walsh-Hadamard domain because 

𝐻⊗𝑛 𝐻⊗𝑛𝐴𝐻⊗𝑛 𝐻⊗𝑛 = A is sparse

• S-FABLE method block encodes 𝐻𝐴𝐻 and then sandwich it with 𝐻 𝐻𝐴𝐻 𝐻

https://arxiv.org/pdf/2401.04234



Generate tracking matrices
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• Tracking matrices are generated with following settings:

measurement error = 0.02

collision noise = 0.02

drop rate = 0

ghost rate = 0

epsilon = 0.001

• Choose matrix sizes equalling to only 2𝑛 × 2𝑛 (3 ≤ 𝑛 ≤ 7). The matrix size is decided by nlayers − 1 ×

𝑛particles
2 . 

Matrix size Number of layers Number of particles Number of generated matrices

8 × 8 3 2 500

16 × 16 5 2 500

32 × 32 3 4 500

64 × 64 5 4 500

128 × 128 9 4 500



Gate counts for FABLE and S-FABLE
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FABLE and S-FABLE with increasing rotation pruning tolerance
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128 × 128



Postselection for FABLE/S-FABLE
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• When taking inner product 0ۦ|
𝑎
|0𝑛ۦ

𝑊
⊗ 𝐼𝐽 ۧ|Ψ , you “throw away” all bad branches

𝑈 ۧ|0 𝑎 ۧ|0𝑛 𝑊 ۧ|Ψ 𝐽 =
1

𝑁
ۧ|0 𝑎 ۧ|0𝑛 𝑊

ሚ𝐴 ۧ|Ψ 𝐽

𝑎 ancilla qubits,
good branch

+ 1 − ሚ𝐴 ۧ|Ψ 𝐽
2

ถൿ|𝜎Ψ
⊥

everything else,
bad branch

• The success probability is 

𝑝Ψ = ሚ𝐴 ۧ|Ψ 𝐽
2
=

𝐴 ۧ|Ψ 𝐽
2

𝛽2𝑁2
ณ=

𝐴 is Hermitian

Ψ 𝐴2 Ψ
𝐽

𝛼2𝑁2

• For our 𝐴 = 3𝐼 − 𝐵, FABLE uses 𝛽𝐹 = 3 and 𝛽𝑆 = max 𝐴𝐻 𝑖𝑗 . For example, 

𝑝Ψ
𝐹𝐴𝐵𝐿𝐸 =

Ψ 3𝐼 − 𝐵 2 Ψ
𝐽

9𝑁2



Post-selection probability
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• The post-selection 

probability depends on 

|𝜓ۧ
• Define 

𝑝𝑚𝑎𝑥 = max
𝜓 =1

𝐴 ۧ|Ψ 𝐽
2

𝛼2

=
𝐴 2

𝛼2

And 

𝑝𝑎𝑣𝑔 = 𝔼|𝜓ۧ[𝑝𝑠𝑢𝑐𝑐(|𝜓ۧ)]

=
𝑇𝑟(𝐴†𝐴)

𝑁𝛼2



Block encoding with LCU
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• Liner combination of unitaries (LCU) decomposition of matrix A

𝐴 = ෍

𝑘=0

𝑁−1

𝛼𝑘𝑈𝑘 , with 𝛼𝑘 being real positive coeffs

• Define the prepare operator (which prepares a state whose amplitudes are determined by the coefficients of the LCU):

PREP ۧ|0 = ෍

𝑘=0

𝑁−1
𝛼𝑘
𝜆

ۧ|𝑘 , 𝜆 =෍

𝑘

𝛼𝑘

• The select operator (which selects which unitary is applied):

SEL ۧ|𝑘 ۧ|𝜓 = ۧ|𝑘 𝑈𝑘 ۧ|𝜓



Block encoding with LCU
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• Liner combination of unitaries (LCU) decomposition of matrix A

𝐴 = ෍

𝑘=0

𝑁−1

𝛼𝑘𝑈𝑘 , with 𝛼𝑘 being real positive coeffs

• Define the prepare operator (which prepares a state whose amplitudes are determined by the coefficients of the LCU):

PREP ۧ|0 = ෍

𝑘=0

𝑁−1
𝛼𝑘
𝜆

ۧ|𝑘 , 𝜆 =෍

𝑘

𝛼𝑘

• The select operator (which selects which unitary is applied):

SEL ۧ|𝑘 ۧ|𝜓 = ۧ|𝑘 𝑈𝑘 ۧ|𝜓

• Combine PREP and SEL operator:

0 𝐏𝐑𝐄𝐏†SEL 𝑷𝑹𝑬𝑷 0 ۧ|𝜓 = ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′
𝝀

SEL
𝜶𝒌
𝝀

𝑘 ۧ|𝜓 = ෍

𝑘,𝑘′

𝑘′
𝛼𝑘′||𝛼𝑘
𝜆

SEL 𝑘 ۧ|𝜓

= ෍

𝑘,𝑘′

𝑘′
𝛼𝑘′||𝛼𝑘
𝜆

𝑘 𝑈𝑘 ۧ|𝜓 =෍

𝑘

𝛼𝑘𝑈𝑘
𝜆

ۧ|𝜓 =
𝐴

𝜆
ۧ|𝜓



Block encoding with LCU
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• Liner combination of unitaries (LCU) decomposition of matrix A

𝐴 = ෍

𝑘=0

𝑁−1

𝛼𝑘𝑈𝑘 , with 𝛼𝑘 being real positive coeffs

• Define the prepare operator (which prepares a state whose amplitudes are determined by the coefficients of the LCU):

PREP ۧ|0 = ෍

𝑘=0

𝑁−1
𝛼𝑘
𝜆

ۧ|𝑘 , 𝜆 =෍

𝑘

𝛼𝑘

• The select operator (which selects which unitary is applied):

SEL ۧ|𝑘 ۧ|𝜓 = ۧ|𝑘 𝑈𝑘 ۧ|𝜓

• Combine PREP and SEL operator:

0 𝐏𝐑𝐄𝐏†SEL 𝑷𝑹𝑬𝑷 0 ۧ|𝜓 = ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′
𝝀

SEL
𝜶𝒌
𝝀

𝑘 ۧ|𝜓 = ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′||𝜶𝒌
𝝀

SEL 𝑘 ۧ|𝜓

= ෍

𝑘,𝑘′

𝑘′
𝛼𝑘′||𝛼𝑘
𝜆

𝑘 𝑈𝑘 ۧ|𝜓 =෍

𝑘

𝛼𝑘𝑈𝑘
𝜆

ۧ|𝜓 =
𝐴

𝜆
ۧ|𝜓



Block encoding with LCU
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• Liner combination of unitaries (LCU) decomposition of matrix A

𝐴 = ෍

𝑘=0

𝑁−1

𝛼𝑘𝑈𝑘 , with 𝛼𝑘 being real positive coeffs

• Define the prepare operator (which prepares a state whose amplitudes are determined by the coefficients of the LCU):

PREP ۧ|0 = ෍

𝑘=0

𝑁−1
𝛼𝑘
𝜆

ۧ|𝑘 , 𝜆 =෍

𝑘

𝛼𝑘

• The select operator (which selects which unitary is applied):

SEL ۧ|𝑘 ۧ|𝜓 = ۧ|𝑘 𝑈𝑘 ۧ|𝜓

• Combine PREP and SEL operator:

0 𝐏𝐑𝐄𝐏†𝑺𝑬𝑳 𝑷𝑹𝑬𝑷 0 ۧ|𝜓 = ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′
𝝀

SEL
𝜶𝒌
𝝀

𝑘 ۧ|𝜓 = ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′||𝜶𝒌
𝝀

SEL 𝑘 ۧ|𝜓

= ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′||𝜶𝒌
𝝀

𝑘 𝑼𝒌 ۧ|𝜓 =෍

𝑘

𝛼𝑘𝑈𝑘
𝜆

ۧ|𝜓 =
𝐴

𝜆
ۧ|𝜓
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• Liner combination of unitaries (LCU) decomposition of matrix A

𝐴 = ෍

𝑘=0

𝑁−1

𝜶𝒌𝑼𝒌 , with 𝛼𝑘 being real positive coeffs

• Define the prepare operator (which prepares a state whose amplitudes are determined by the coefficients of the LCU):

PREP ۧ|0 = ෍

𝑘=0

𝑁−1
𝛼𝑘
𝜆

ۧ|𝑘 , 𝜆 =෍

𝑘

𝛼𝑘

• The select operator (which selects which unitary is applied):

SEL ۧ|𝑘 ۧ|𝜓 = ۧ|𝑘 𝑈𝑘 ۧ|𝜓

• Combine PREP and SEL operator:

0 𝐏𝐑𝐄𝐏†𝑺𝑬𝑳 𝑷𝑹𝑬𝑷 0 ۧ|𝜓 = ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′
𝝀

SEL
𝜶𝒌
𝝀

𝑘 ۧ|𝜓 = ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′||𝜶𝒌
𝝀

SEL 𝑘 ۧ|𝜓

= ෍

𝑘,𝑘′

𝑘′
𝜶𝒌′||𝜶𝒌
𝝀

𝑘 𝑼𝒌 ۧ|𝜓 =෍

𝑘

𝜶𝒌𝑼𝒌

𝜆
ۧ|𝜓 =

𝐴

𝜆
ۧ|𝜓
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Our matrix represent bipartite graphs 𝐴 = 3𝐼 − σ𝑐=1
𝜒

𝑃𝑐

where each 𝑃𝑐 is a (partial-)permutation-like 0/1 matrix corresponding to one color in our compatibility graph*.

• This means we can decompose our matrix A into colour groups with 1- and 2-cycle transpositions: 

𝑈1 = 0,2 , 1,4 , 3,6 , 5 , (7)… , 𝑈2 = 0,5 , 2,3 , 1 , 4 , 6 , (7)… ,…

• The actual permutation that we want to implement is, e.g.

𝑃2 = 𝑈2 − ۧ|1 |1ۦ − ۧ|4 |4ۦ − ۧ|6 |6ۦ − ۧ|7 |7ۦ − ⋯

• For the SEL operator SEL ۧ|𝑐 ۧ|𝜓 = ۧ|𝑐 ⊗ (−𝑃𝑐) ۧ|𝜓 , we encode the selector labels as:

ۧ|00…00 𝑠 → 𝐼, ۧ|00…01 𝑠 → 𝑃1, ۧ|00…10 𝑠 → 𝑃2, ۧ|REST 𝑠 → diagonal 𝑍 − strings/ununsed

* The minimum edge-colouring can be found using Kőnig's theorem in polynomial time



Block encoding with LCU
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• Two ways to implement 𝑆perm = σ∈perm |ℓۧۦℓ| ⊗ 𝑈ℓ to avoid explosion of multi-controlled gates

Global: Cost(SELECT) = Cost(𝑈perm,global) + Cost(𝑈sign,perm) + Cost(𝑈diag, flag)

Branch flag: Cost(SELECT) = Cost(𝑈perm/sign, branch flag) + Cost(𝑈diag,flag)



Block encoding with LCU
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• Canonical state idea:

https://arxiv.org/pdf/2309.12820

For odd number of 2-cycle transpositions, we need an 

extra ancilla qubit to make the # of 2-cycle even



Block encoding with LCU

Quantum Tracking Mini Workshop 23

𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 comes from 

decomposed 

multi−controlled 

SELECT gates)

k = 2 controls: 1 Toffoli

k >= 3 controls:

assume that we 

have enough clean 

ancillas: 2k - 3 Toffoli



Block encoding with LCU
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Two sources of two-qubit 
gates:

• 𝑁𝐶𝑁𝑂𝑇/𝐶𝑍
𝑆𝐸𝐿𝐸𝐶𝑇 : extra CNOT 

from 

permutation/sign/flag 

logic and CZ from 

diagonal Z-strings

• 6𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 (six CNOT-

equivalents per 

standard Toffoli)



Block encoding with LCU
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Block encoding with LCU
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Comparison between FABLE/S-FABLE and LCU
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Resource category FABLE/S-FABLE LCU PREP-SELECT-PREP

Two-qubit gates 𝑁𝐶𝑁𝑂𝑇 (FABLE Gray-code oracle)
+3𝑁𝑆𝑊𝐴𝑃 (FABLE register swap 
𝑖 𝑗, 1𝑆𝑊𝐴𝑃 ≈ 3𝐶𝑁𝑂𝑇)

2𝑁𝐶𝑁𝑂𝑇
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)

+𝑁𝐶𝑁𝑂𝑇/𝐶𝑍
𝑆𝐸𝐿𝐸𝐶𝑇 (extra CNOT from permutation/sign/flag logic and CZ 

from diagonal Z-strings)

+6𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 (six CNOT-equivalents per standard Toffoli)



Comparison between FABLE/S-FABLE and LCU
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Resource category FABLE/S-FABLE LCU PREP-SELECT-PREP

Two-qubit gates 𝑁𝐶𝑁𝑂𝑇 (FABLE Gray-code oracle)
+3𝑁𝑆𝑊𝐴𝑃 (FABLE register swap 
𝑖 𝑗, 1𝑆𝑊𝐴𝑃 ≈ 3𝐶𝑁𝑂𝑇)

2𝑁𝐶𝑁𝑂𝑇
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)

+𝑁𝐶𝑁𝑂𝑇/𝐶𝑍
𝑆𝐸𝐿𝐸𝐶𝑇 (extra CNOT from permutation/sign/flag logic and CZ 

from diagonal Z-strings)

+6𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 (six CNOT-equivalents per standard Toffoli)

Arbitrary rotations 𝑁𝑅𝑌 (FABLE data-loading oracle) 2𝑁𝑅𝑌
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)
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Resource category FABLE/S-FABLE LCU PREP-SELECT-PREP

Two-qubit gates 𝑁𝐶𝑁𝑂𝑇 (FABLE Gray-code oracle)
+3𝑁𝑆𝑊𝐴𝑃 (FABLE register swap 
𝑖 𝑗, 1𝑆𝑊𝐴𝑃 ≈ 3𝐶𝑁𝑂𝑇)

2𝑁𝐶𝑁𝑂𝑇
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)

+𝑁𝐶𝑁𝑂𝑇/𝐶𝑍
𝑆𝐸𝐿𝐸𝐶𝑇 (extra CNOT from permutation/sign/flag logic and CZ 

from diagonal Z-strings)

+6𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 (six CNOT-equivalents per standard Toffoli)

Arbitrary rotations 𝑁𝑅𝑌 (FABLE data-loading oracle) 2𝑁𝑅𝑌
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)

One-qubit Clifford 𝑁𝐻 (FABLE index H; S-FABLE 
extra outer H)

𝑁𝑋 (Mixed-polarity controls in SELECT)
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Resource category FABLE/S-FABLE LCU PREP-SELECT-PREP

Two-qubit gates 𝑁𝐶𝑁𝑂𝑇 (FABLE Gray-code oracle)
+3𝑁𝑆𝑊𝐴𝑃 (FABLE register swap 
𝑖 𝑗, 1𝑆𝑊𝐴𝑃 ≈ 3𝐶𝑁𝑂𝑇)

2𝑁𝐶𝑁𝑂𝑇
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)

+𝑁𝐶𝑁𝑂𝑇/𝐶𝑍
𝑆𝐸𝐿𝐸𝐶𝑇 (extra CNOT from permutation/sign/flag logic and CZ 

from diagonal Z-strings)

+6𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 (six CNOT-equivalents per standard Toffoli)

Arbitrary rotations 𝑁𝑅𝑌 (FABLE data-loading oracle) 2𝑁𝑅𝑌
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)

One-qubit Clifford 𝑁𝐻 (FABLE index H; S-FABLE 
extra outer H)

𝑁𝑋 (Mixed-polarity controls in SELECT)

Toffoli none 𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 (Decomposed multi−controlled SELECT gates)

Global: global perm, selector-controlled phase, diagonal selector-flag 
compute/uncompute
Branch-flag: branch-flag permutation/sign, diagonal selector-flag 
compute/uncompute
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Resource category FABLE/S-FABLE LCU PREP-SELECT-PREP

Two-qubit gates 𝑁𝐶𝑁𝑂𝑇 (FABLE Gray-code oracle)
+3𝑁𝑆𝑊𝐴𝑃 (FABLE register swap 
𝑖 𝑗, 1𝑆𝑊𝐴𝑃 ≈ 3𝐶𝑁𝑂𝑇)

2𝑁𝐶𝑁𝑂𝑇
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)

+𝑁𝐶𝑁𝑂𝑇/𝐶𝑍
𝑆𝐸𝐿𝐸𝐶𝑇 (extra CNOT from permutation/sign/flag logic and CZ 

from diagonal Z-strings)

+6𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 (six CNOT-equivalents per standard Toffoli)

Arbitrary rotations 𝑁𝑅𝑌 (FABLE data-loading oracle) 2𝑁𝑅𝑌
𝑃𝑅𝐸𝑃 (Möttönen PREP and PREP†)

One-qubit Clifford 𝑁𝐻 (FABLE index H; S-FABLE 
extra outer H)

𝑁𝑋 (Mixed-polarity controls in SELECT)

Toffoli none 𝑁𝑇𝑜𝑓𝑓𝑜𝑙𝑖
𝑆𝐸𝐿𝐸𝐶𝑇 (Decomposed multi−controlled SELECT gates)

Global: global perm, selector-controlled phase, diagonal selector-flag 
compute/uncompute
Branch-flag: branch-flag permutation/sign, diagonal selector-flag 
compute/uncompute

Post-selection 𝛼𝐹 = 𝑁𝛽𝐹 , 𝛼𝑆 = 𝑁𝛽𝑆
where 𝛽𝐹 = 3, 𝛽𝑆 =

max 𝐴𝐻 𝑖𝑗 for our tracking 

matrix

𝛼𝐿𝐶𝑈 =෍

𝑘

𝑎𝑘
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Method Gate-count character Post-selection character Overall

LCU global 
permutation

Toffoli/CNOT/CZ-heavy; 
high SELECT cost

Good 𝑝𝑚𝑎𝑥/𝑝𝑎𝑣𝑔 ∼ 10−1

for large matrix size like 
128x128

Strong normalization, 
expensive logic

Likely the best LCU 
implementation here

LCU brahcn-flag Similar but slightly heavier 
in permutation/sign 

sector

Same as global perm Slightly poorer than 
global permutation
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Method Gate-count character Post-selection character Overall

LCU global 
permutation

Toffoli/CNOT/CZ-heavy; 
high SELECT cost

Good 𝑝𝑚𝑎𝑥/𝑝𝑎𝑣𝑔 ∼ 10−1

for large matrix size like 
128x128

Strong normalization, 
expensive logic

Likely the best LCU 
implementation here

LCU brahcn-flag Similar but slightly heavier 
in permutation/sign 

sector

Same as global perm Slightly poorer than 
global permutation

FABLE exact Many 𝑅𝑦, many 

CNOT/SWAP equivalent 
gates

Poor 𝑝𝑚𝑎𝑥/𝑝𝑎𝑣𝑔 and scale 

poorly with matrix size

not attractive versus S-
FABLE

S-FABLE exact Much fewer gates than 
FABLE

Still poor 𝑝𝑚𝑎𝑥/𝑝𝑎𝑣𝑔 but 

slightly better than FABLE

Best FABLE-type circuit, 
but 𝑝𝑚𝑎𝑥/𝑝𝑎𝑣𝑔 scales 

poorly
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