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were carried out for wide energy intervals (through 0-5 MeV). At the same time,
the larger the charge and the mass of the nucleus, the smaller m'ust l?e the
energy intervals taken, since with increase of the number of partlc'les in the
compound nucleus the number and density of the levels are also increased.,
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56. ON THE ENERGY LOSS OF FAST PARTICLES
BY IONISATION

The energy distribution function has been determined for fast particleswhichhave
traversed a layer of matter of a given thickness and lost energy in the latter as a
result of ionisation collisions.

Ir a fast particle traverses a layer of matter its energy on exit will be less than
the initial value due to ionisation losses. For a given thickness of the layer this
energy loss is not constant, the probability of considerable fluctuations being
quite appreciable.

By fast particles we mean here particles (electrons, mesotrons, etc.) which
possess sufficiently large energies so that the usual ionisation theory may be
applied. The layer of matter is considered not to be very thick so that the mean
total energy loss is small compared with the initial energy K.

The unknown distribution function will be denoted by f(z, 4); this is the
probability that a particle of a given initial energy E, on traversing a layer x
will lose an amount of energy lying between A and 4 + dA (the function f

is normalised so that f fdA = 1). We shall write the kinetic equation which

defines this function. Let w(H, &) be the probability (per unit length of the
path) of an energy loss ¢ for a particle of energy E. As the ionisation losses
are considered to be small compared with E,, instead of E we may write B,
in w(E, ¢); we shall write w(H,, ¢) simply as w(e). As usual the kinetic equation
can be obtained by equating the change of the distribution function (df/dz)dx
on a length dz to the “collision integral” which expresses the difference in
the number of particles which acquire, due to ionisation losses along dz,
a given energy E, and the number of particles, which leave the given energy
interval. We then obtain the following equation: :

a \ [eo]
a—";=jw(s> [l 4 — ) — F(z, D] de. )
(1]

For the upper limit of integration we may write o as f(z, A)y=0for4 <0
and w(s) = 0 for ¢ > K, Equation (1) does not contain explicitly the indepen-
dent variables z and A. This permits us to find the solution by applying the
Laplace transformation. Carrying out this transformation with respect to the
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independent variable 4 we write

_ _p4
70, 2) = [ {(4)er4da. 2)
0
Then f(4) can be expressed in terms of ¢(p) as follows:
+iw+o
4 ! 4
fla, 4) = 5— f e g (p, 2) dp, 3)
—io +o

where the integration is carried out over a straj i
. | aight line parallel to the i i-
nall\'%r 1:1}.(1? and shifted to the right of the laAJ’ceI{('%r (o > O)p o B e
ultiplying both sides of the equation (1 -24 and int i ithre
5 Ul e e quation (1) bye and integrating with respect

op (p, =) i’ |
T = 0@ w)fw(«e)(l — e de (@)
0

For x = 0, i.e. on the incidence surf
; 1e. or ace, we must have f{0, A) = §(4), which
means that on this surface there is a single particle of energy E)= E(f. \)Ne thl:n

find from (2) that f = - i : .
- (WL g:t orz = 0, p(p) = 1. Integrating equation (4), with this initial

® (p, ) expl—xfw(e)(l - e"““)dsJ.

0

Inserting this in (3) we obtain the f i ; ‘
: : ollowing general expression for the distri-
butlon function f in terms of the probability w(e) P e

~iw+e
1 @0
f(.’U, A) = 2_7” J‘ e?tﬁ—xé/lw(e)(l—e-l’ﬁ)de dp . ‘ (5)
+iw+o

- ;n 1{;}1‘11;)01ple formula (5? is the solution of our problem in the general case. In
o eiho ; e able to .apply 1t':, the function w(e) must be known ; generally speak-
laf’e Cg orm (c)lf thls function has been determined only for energies which are
o egr « ;czpare with the energy of the atomic electrons. It can be shown, how-
e :ﬁ In case the energy losses are not too small a complete knowledge of the
ction w(¢) is not necessary. The condition of applicability (see equation (20))
of Ithe corresponding formulae will be deduced below.
prozléggdzz ;oﬂeval_uate‘ the integral in.the exponent of the integrand we shall
e o Ion owsi)'Le"o gy be a certain characteristic ‘atomie energy (of the
PR et ean mdmg energy of the atomic electrons). Further, let Emax D€
doming ionisatigﬁelgg which can be .tra.nsferred to an eleetron by the particle
impomant o W};iche assume that in integral (5) only those values of p are

Peg < i Pénax > L. (6)
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The limitations which this assumption imposes on the region of applicability
of the results will be examined below. We now introduce a certain energy &,
such that & > g, and pe < 1; this can always be done due to (6). We shall
split the integral over d ¢ into two integrals with limits from 0 to & and ¢
to oo, respectively. In the first of them we may (due to pe; < 1) write e~?° =

1 —pe. Thus

[wEe - eryde=p[ew (@) de + [wle)1 - o) de. (M
0 ‘ 6 &
For gy < & < ey,x the following well known formula holds (see, for instance
ref. 1): 2xNetoY Z 1
- = 8
O VR (8)

(m—mass of electron, e—charge of electron coinciding with that of the incident
particle ; v—velocity of the particle with the energy Ey; N is Avogadro’s num-
ber, o—density of the substance; 3’ Z—sum of the atomic numbers in the
molecule of the substance; >’ A—sum of the atomic weights). In particular,
it can be seen that for pe > 1 the second integral in (7) rapidly converges
so that these intervals of energy are not important. As pep,y > 1-it follows
that for this integral expression (8) may be applied over the complete region

of integration. &
As is well known?! for the integral fw(a) ede, ie. for the energy lost by
0 g

a particle (per unit path) and averaged over the interval from 0 to ¢, the follow-
ing formula holds

&1

2aNeto) Z

&y -
de = —— — —&=" In-2,
Jw(s)a ¢ mv?y A Y
0 5
2
1=\
c? v2 (9)
lng =hmh——— + —
2m v? c?

where I is a certain ionisation potential of the atom, the value of which is
usually accepted to equal I = I,Z where I, = 13-5eV. »

Substituting (8) in the second term of the right-hand side of (7) we obtain
an integral of the form '

00 o]

j — —_ps& 1 —-pe
J‘__?__dg=—(1—e"i”e)+pJ‘e de.
e

&2 &

& &

Remembering that ¢ p < 1 and introducing z = p ¢ as the integration vari-

able, we write:
<o)

e"?—-1 e
—dz+J
z

1

<«

4] 1 1
1 f1—e % : e % dz
P 3 N2 2

& 0

ap ap

dz.

-z
2

14¥
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. Th]el ium of two latter integrals in the right-hand side of the equality, as
18 well known, is —C where ¢' = 0-577... is Euler’s tant insta,
A constant (see, for instance

[oe]

1l —e~P¢
T—de =p(l~C-Inpeg).
Substituting this expression in equations (9) and (7) we obtain:

[ we)(1-e?)de = Ep(1 - 0 — Inpe), (10)

0
where instead of the co-ordinate z we have introduced the quantity

2nNeto) Z

vy ot o

Finally, .insbertin'g (10). in ('5) and introducing a new integration frariable, u=~£&p
we obtain the following integral representation of the distribution function:

1
where o ‘ “ |
: +ioob+s
2 ! winw + iy : (7 2
@ (4) vy e du, (13)
—iw + o
A—£<ln£,+1—0>
2’ _ &
_ : . (14)

Thus the fu-nction of two variables f(4, z) turns out to equal the product
of 1/¢ by a universal function ¢(4) of & non-dimensional variable 1. This func-
tion was computed by the Calculation Bureau of the Mathematical Tnstitute
oj:’ the A'cademy of Sciences of the U.S.S.R., to whom the author aéknowledges
his gratitude. The function @(2) has a maximum at = — 0-05. Thus the most
probable value of the energy loss is given by the expression

Ay = §<lni,' + o-37>, (15)
&

which is more precise than the usual formula for this quantity.
Let us introduce the notation

_2aVeto)y Z _ 154 x 103y Z

mc?y A Y4 ’

(16)

—ﬁ——
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where 4 is the mass of the layer of matter per em? of its surface and 7 is
measured in electron volts. Then & = 7/(v/c)? and we have

7 3 x 103y v

Ay = i 1—— 17
0 v 5 [0 ol _3)_2_ + o (17)
¢/ c?
The probability of an energy loss lying between 4 and 4 + d4 is

A — A, A4 — AN

Ha, 4)dd = | - d — ], (18)

' & &
B 1 0 1

T I # : S N
| £ 0310 S I [ IR B0 K O G S
JI_ 1 E ..‘-! S | b ‘ -
L— -+ | __:__ i S | 1__

¢ 04l

and the integral probability for an energy loss exceeding 4 is
A—A
ff(x, A)da = 1,;[ _0] (19)
: s
v

where ¢ and y are two universal functions which are shown in Figs. 1 and 2.
To the left of the maximum of Fig. 1 (E < E,, i.e. the energy loss is less

than the most probable) the curve decreases very rapidly; to the right of the

maximum (¥ > E,) the curve decreases at a considerably slower rate.

It can be seen from Fig. 2 that the median of the probability distribution
(i.e. the vertical line which divides the area of this curve into two equal parts)
lies approximately by one unit to the right of the axis of ordinates.

Let us determine what limitations on the region of applicability of the ob-
tained results are imposed by the assumptions (6) made above. Evidently, in
integral (13) the region u ~ 1 of the integration variable is significant. As
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u = & p assumption (6) reduces to the conditions:
E>e, ' (20)
5 < €max - (21)

The first condition means that the observed energies must be sufficiently large
in comparison with the atomic energies. This is the main limitation of appli-
cability of the results obtained here. If the fast particle is an electron or posi-
tron then en,, = Ey; condition (21) & < E, is at any rate fulfilled as at the very
start it was assumed that the total energy loss of the particle is small compared
to H,. However, if the mass of the fast particle is large in comparison with the

e

-0

fEeaneEes

|
H
S

& Wis
. |
T O T A M

|

10 15,
Fia. 2.

mass of the electron (mesotrons, protons), &y, may be considerably less than
Ey and then relation (21) may limit the validity of the formulae. It is easy to
show that in this case the condition

v\
2m v? (—c_)
£< 0 1< 2mc2——;2—- (22)
o s

must be fulfilled. It should be mentioned that if large ﬁuqtuatiops, i.e. large
values of (4 — A,)/¢ interest us then instead of (22) we must write

. 2 2
4o ay e 2P

as can be shown in an elementary way.

r
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ite limiting case to (22) can also easily be examined vsfith aid of
(5)’I;‘h;s (Eagols':a?e;tedly g]oeen_ shovfrn it leads to a gaussian distribution of the
ﬂu;\i;:a;tligllllsilow derive the asymptotic formula for the function ¢ (1) at large
values of 2. We shall first consider negative A of large absolute values. We use
the “saddle point method” to compute integral (13). The exponer}t wlnw — [i}[lu
in the integrand of (13) is minimum at » = e“.'“l. Let us use thlsI ;Iraﬂue as the
quantity ¢, which defines the line of integration. Writing » = e +'1€t}‘;v'e
reduce the integral over du to an integral of d ¢ from — o to + oo, 1nd_ is
integral only small values of ¢ of import.anc'e. Correspondingly, e];cpgn ing
the expression in the exponent into a series in powers of {, we obtain

+ ®
1 U
_ —elt=1_ T Lg,
o) = jexp{ e 29|A|—1} Z

or, finally 1 [A] -1 1] -1 23
. fp(l)=\/§;eXP{ 2 ’ =

i i ith increasing |4].
hich shows that ¢(4) very rapidly decreases wit
N ];‘or large positive 2 it is convenient to take the integral long the contour
shown in Fig. 3. Then after simple transformations it takes the form

(P(A) = ije- ulnu -2 gin paudu. ‘ (24)
7
0

Fia. 3.

For large A this integral tends to 1/A2 and correspondingly f @(4) d1 tends

A
to 1/2. It will easily be seen that this means that thg probabil%ty of s11;3h a flue-
tuation corresponds chiefly to the production of a smgle.partlcle of. the eg;erfgarb
A — A4,. In order to obtain a more precise formula we introduce instead o
the quantity o which is related to A by the equation

A=m+lnw+A,

where the value of the constant A is chosen below. Evidently,

=] o ©

in; sinmu
d). - —ulnyg - Au Sin 7% du = e—ulnwu—wu-—Au d’u
(P(l) =]° Tu TU

a 0
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or denoting wu by U:

o .
sin

100_ - v+
f¢MMM;L;J}U b MUrH @
a7 0

Ulw

This integral can be expanded in a series of powers of 1 Jw. Then

1 1 3 .
A 0

The second term vanishes if A — ¢
relation exists between wand (4 - 4
the order 1/w?

- 1. 'Hence the following parametric
0)/§ with an accuracy involving terms of

4 -4, 1
—é_——:w—l—lnw—o'f%’?, 1/):;)—, (25)
and
1
P (26)

These formulae are valid already

soversl on oot for (4 — A,)/& = 10 with an accuracy of
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57. ON A STUDY OF THE DETONATION OF
CONDENSED EXPLOSIVES

Tae modern hydrodynamic theory of the detonation of condensed explosives
developed by Becker! and Schmidt? is based on the application to the detona-
tion products of the following equation of state:

(v — &) = RT ()

where P is the pressure, v is the volume, 7 is the temperature, and « is the
co-volume, representing the incompressible part of the detonation products.

Application of this equation leads to numerous discrepancies, since for a
number of explosives it is found that o Z »; where »; is the initial volume of
the explosive. Various hypotheses on a decrease in & with a rise in pressure,
though confirmed by the experimental data of Bridgman3® and Schmidt?, are
nevertheless insufficient to determine with accuracy the function & = x(p),
and hence do not remove the above discrepancies.

Inasmuch as the density of an explosive after it has decomposed is suffi-
iently high, it is in general rather futile to use any equation of state for a
gas, but it is more expedient to compare the decomposition products with some
liquid whose particles are in a state of oscillation, thus conditioning the nature
of the course of the process of expansion of these products, and only when
the detonation products expand to a definite volume v,, when » > w;, is it
possible to make use of the equation of state for an ideal gas

pv=RT. (2)

It is most expedient to build up such elements of the theory of detonation
that are based on experimental data determined with a great accuracy, and
satisfy all that has been said above. For a number of local action explosives it
is found possible to determine the dependence of the detonation velocity D
upon the density of the explosive §; over a wide range of values of the latter
{from 0:5 to 1-8). This dependence is shown on the accompanying graph and
may be approximated by the simple formula

D=B¢. . )
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