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ABSTRACT13

The transition to the High-Luminosity Large Hadron Collider (HL-LHC) presents a computational challenge where particle
reconstruction complexity may outpace classical computing resources. While quantum computing offers potential speedups,
standard algorithms like Harrow-Hassidim-Lloyd (HHL) require prohibitive circuit depths for near-term hardware. Here, we
introduce the 1-Bit Quantum Filter, a domain-specific adaptation of HHL that reformulates tracking from matrix inversion to
binary ground-state filtering. By replacing high-precision phase estimation with a single-ancilla spectral threshold and exploiting
the Hamiltonian’s sparsity, we achieve an asymptotic gate complexity of O(

√
N logN), given Hamiltonian dimension N. We

validate this approach by simulating LHCb Vertex Locator events with a toy model, and benchmark performance using the noise
models of Quantinuum H2 trapped-ion and IBM Heron superconducting processors. This work establishes a resource-efficient
track reconstruction method capable of solving realistic event topologies on noise-free simulators and smaller tracking scenarios
within the current constraints of the Noisy Intermediate Scale Quantum (NISQ) era.

14

Introduction15

In the High-Luminosity phase of the Large Hadron Collider (HL-LHC) at CERN, high-energy collisions will result in events16

where thousands of particles are simultaneously produced. These particles traverse multiple sensitive detection layers where17

they deposit small amounts of energy, generating discrete signals known as detector hits, from which the particle trajectories18

are reconstructed for physics analysis. The reconstruction process involves a significant combinatorial pattern recognition task,19

which must be solved in real-time at the high beam crossing rate of 40 MHz and requires expensive computational resources1.20

The transition to the HL-LHC presents a computational bottleneck that challenges the scalability of traditional track21

reconstruction algorithms. As the number of simultaneous collisions increases by an order of magnitude, the combinatorial22

complexity of track reconstruction grows factorially2, potentially outpacing the growth of the classical computing budgets. To23

address this, the high-energy physics community is increasing its exploration of disruptive computing paradigms, including24

machine learning and quantum computing. While Graph Neural Networks (GNNs) have shown great promise, they require25

extensive training and ensuring their inference latency remains within the strict real-time processing constraints of the trigger26

represents a significant challenge3, 4. Quantum computers may offer advantages including potential energy efficiency5, 6 and27

the ability to leverage high-dimensional Hilbert spaces to address combinatorial problems. Various approaches for particle28

tracking have been explored, ranging from Quantum Annealing7, 8 to quantum GNNs9. In previous work10, 11 we explored29

the Harrow-Hassidim-Lloyd (HHL12) algorithm, achieving excellent performance but requiring circuit depths that exceed the30

coherence times available on current Noisy Intermediate-Scale Quantum (NISQ) devices.31

In this paper we present an update to our global pattern recognition algorithm, TrackHHL11, which introduces a specialized32

1-Bit Quantum Filter to overcome these limitations. Inspired by the Denby-Peterson model13, 14, track reconstruction is33

formulated as the ground-state search of an Ising-like Hamiltonian. Unlike previous approaches using HHL which rely on34

resource-intensive high-precision Quantum Phase Estimation (QPE), our approach redefines the problem as a spectral filtering35

task. By restricting the QPE to a single-bit clock register and exploiting phase aliasing through a problem-informed evolution36

parameter, we deterministically filter out combinatorial noise while constructing a high-fidelity tracking solution. We take37



advantage of the Hamiltonian sparsity and structure by implementing a custom Hamiltonian evolution via the proposed Direct38

Structural Synthesis method, which synthesizes the exact unitary operators, reducing the circuit depth compared to standard39

Trotterization methods.40

We validate the 1-Bit Quantum Filter using a custom toy simulation of the LHCb Vertex Locator (VELO). Our results41

demonstrate successful track reconstruction in both ideal statevector simulations and small-scale quantum hardware emulations.42

Analytically, we derive a gate complexity of O(
√

N logN), providing an polynomial speedup over classical inversion methods,43

and sampling complexity of O(N logN) for accurate track reconstruction with state tomography. Finally, we benchmark the44

algorithm on the noise models of IBM’s Heron superconducting processors15 and Quantinuum’s H2 trapped-ion system16.45

We demonstrate that for our approach the all-to-all connectivity and lower error rates of the trapped-ion architecture provide46

improved solution fidelity for small systems with no error correction, while both systems currently suffer from intractable gate47

error accumulation beyond a problem size of 4 particle tracks and 3 layers. These findings establish a viable pathway to study48

quantum particle track reconstruction at the scale of future HL-LHC events.49

Methods50

Hamiltonian Formulation for Trackfinding51

The LHCb Vertex Locator (VELO)17 serves as the innermost tracking detector in the spectrometer, positioned 5 mm from the52

proton-proton interaction point. It comprises 52 silicon pixel detector modules, divided equally between two retractable halves53

surrounding the beam line. At the High-Luminosity LHC each beam crossing causes ∼ 20 simultaneous collisions, which lead54

to ∼ 1000 produced particles along straight line trajectories due to the absence of a magnetic field. When charged particles55

traverse the detector modules they deposit energy, allowing the VELO to record precise two-dimensional hit coordinates (x,y)56

and derive a z coordinate from the detector module position. The subsequent reconstruction process aims to group these hits57

into distinct particle trajectories (tracks). One such simulated beam crossing event in the LHCb VELO is shown in the left panel58

of Fig. 1. To convert the task of track reconstruction into a format suitable for quantum processing, we formulate the problem59

within a Hamiltonian framework, adapting the approach initially proposed by Denby and Peterson13, 14 and subsequently refined60

for the LHCb VELO geometry10, 11, briefly summarized below.61

Figure 1. Left: A simulated event in the LHCb detector. The larger grey dots represent the primary vertices of multiple
simultaneous proton-proton collisions, while the small black dots indicate the detector hits generated by the produced particles.
The faint grey lines depict the reconstructed tracks of the produced particles. The red dots and lines indicate the hits and
particles produced in a single given collision, represented by the red circle. Right: Illustration of the definition of the
Hamiltonian graph construction10. Colored segments represent active variables Si = 1 forming valid tracks, while grey
segments correspond to inactive variables S j = 0.

The system state is parameterized by binary variables S = {Si,1 ≤ i ≤ N,Si ∈ {0,1}}, representing potential track segments62

(doublets connecting hits on adjacent detector layers), where Si = 1 indicates an active segment contributing to a track, and63

Si = 0 indicates inactivity. This graph representation is illustrated in the right panel of Fig. 1. The task of identifying valid64

tracks is then mapped to finding the ground state of the Hamiltonian H (S) given by:65

H (S) = Hang(S,ε)+αHspec(S)+βHgap(S) . (1)

Here, Hang rewards straight connections between segments Si and S j that satisfy an angular tolerance ε:66
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Hang(S,ε) =−1
2 ∑

i, j
f (θi, j,ε)SiS j, f (θ ,ε) =

{
1 if cosθ ≥ 1− ε,

0 otherwise .
(2)

The terms Hspec(S) = ∑i S2
i and Hgap(S) = ∑i(1−Si)

2 serve as regularization constraints, weighted by parameters α = 2.067

and β = 1.0 following the previous work10, ensuring the resulting matrix is positive semi-definite. To leverage quantum linear68

solvers, this discrete optimization problem is transformed into a linear system. By relaxing the discrete segment variables Si to69

continuous variables forming a real-valued vector x ∈ RN , the minimum of H (x) can be found by setting its gradient to zero:70

∇xH = Ax−b = 0 =⇒ Ax = b =⇒ x = A−1b . (3)

The resulting matrix A encapsulates the quadratic couplings defined in H . The vector b originates from the linear terms in71

S (arising from Hgap) and takes the form b = (1,1, . . . ,1)T due to the choice of β = 1. The solution x to this linear system72

represents the relaxed segment amplitudes, which must then be discretized (applying a threshold T via sampling high-amplitude73

segments) to identify the final set of track segments. This formulation maps the combinatorial track-finding problem onto a74

linear algebraic structure compatible with algorithms like HHL.75

To quantify the computational scale of this approach, we define the system parameters in terms of the detector geometry76

and event size. The dimension of the linear system, N, corresponds to the total number of candidate segments in the set S,77

where N ×N defines the size of the A matrix10. For a detector with l layers and m reconstructible particle tracks, the system78

size scales as N = m2(l −1). The total number of physical interaction terms, denoted by k, represents the number of angular79

constraints active in the system, and defines the number of non-zero off-diagonal elements in the Hamiltonian. For full tracks80

spanning the detector, this scales linearly with the number of particles as k = m(l −2). These parameters will define the gate81

complexity and sampling cost of our proposed quantum algorithm.82

Simulation Tool83

To evaluate the performance of the reconstruction algorithm and in particular to explore the spectral and structural properties of84

the Hamiltonian formulation in Eq. (1), we developed a dedicated simulation tool. This tool captures the essential geometric85

and detection features of the LHCb VELO, such as multiple scattering, while remaining computationally tractable for hybrid86

quantum-classical studies.87
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Figure 2. Overview of the simulation tool events and algorithm performance. Left: (a) Example of an event with one collision
vertex, 5 layers and 64 particles, where green lines indicate correct track segments and black lines indicate false segments.
Right: (b) The performance of the segment identification algorithm as a function of the number of collision points (with 20
tracks each), showing the correct segment efficiency, fake rate, and the number of segment pairs considered/accepted.
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The tool implements a given number of sequential measurement planes in z that register hits of traversing particle tracks88

produced in events. The events consist of a configurable number of linear particle tracks originating from one or more collision89

vertices. Given the initial vertex position (x = 0, y = 0, z = z0), each track is parametrized by a state vector (x, y, tx, ty, p/q)z90

at given position z, where tx = dx/dz and ty = dy/dz denote the slopes of the trajectory in the transverse plane, and p/q is the91

charge–momentum ratio, included for completeness - in the absence of a magnetic field the particles propagate linearly between92

the detector layers. At each detector layer z = zi the track deposits a hit, which is registered with an experimental realistic93

Gaussian measurement resolution. Subsequently, the track undergoes multiple scattering slightly changing its slopes tx and ty94

according to Gaussian multiple scattering σscatt of the particle in the material. The average scattering angle implemented is95

given by the material thickness of the detection planes and is inversely proportional to the momentum of the traversing particle,96

and therefore allows to study the performance as function of particle track momentum. Fig. 2a illustrates an event as generated97

from a single collision point.98

The algorithm performance is evaluated classically as a function of the number of collisions with the track-finding efficiency:
the fraction of correctly found track segments, and the fake rate: the fraction of fake segments in the total sample. Fig. 2b
summarizes the performance of the method in terms of segment finding efficiency εsegment and fake rate fsegment with:

εsegment =
Ntrue accepted

Ntrue generated
and fsegment =

Nfalse accepted

Nall accepted

With the current Hamiltonian formulation, the efficiency remains 100%, independent of problem size, though the fake rate99

slowly increases with increasing number of tracks, as expected. Future studies with event sizes similar to real LHCb VELO100

events (∼ 1000 tracks) will demonstrate the need for a trade-off between fake rate and efficiency by tuning the acceptance101

parameter in the Hamiltonian, or adding additional terms from the Denby-Peterson model to suppress the fake rate, at the cost102

of increased circuit depth in the Hamiltonian simulation.103

Quantum Algorithm104

As described in the Methods section, this work builds upon the quantum tracking framework established in Ref.10, 11, which105

uses the HHL12 algorithm to solve linear systems of equations described by the Hamiltonian track finding formulation in106

Eq. (1). HHL’s core advantage comes from the Quantum Phase Estimation (QPE18, 19) subroutine to resolve these eigenvalues107

into a multi-qubit clock register. QPE consists of a Hamiltonian evolution followed by an inverse Quantum Fourier Transform108

(QFT20). The QPE’s required precision determines the number of applications of the controlled unitary that implements the109

time evolution. A controlled rotation is then applied to an ancilla qubit to encode the inverse eigenvalues (1/λ ) onto the state110

amplitudes, followed by the uncomputation of the clock register. HHL is theoretically powerful, promising a logarithmic111

speedup, however, this reliance on high-precision estimation of the spectrum coupled with an expensive tomography, creates112

significant bottlenecks21, 22. The algorithm requires prohibitive circuit depths due to iterative application of the Hamiltonian113

evolution e−iAt and QPE requires many clock register qubits, rendering it unfeasible for particle tracking on near-term hardware.114

To address these limitations, we present the 1-Bit Quantum Filter, a formalization and extension of our previous work11. We115

observe that for track reconstruction, exact matrix inversion is not necessary. The tracking problem is inherently binary, the task116

is to distinguish valid ’signal’ segments from ’noise’ segments. Consequently, we replace the resource-intensive high-precision117

QPE and controlled rotation using a 1-bit QPE with a deterministic eigenvalue filter. This reformulates the task from exact118

inversion to ground-state spectral filtering, drastically reducing the gate complexity and sampling requirements11. Additionally,119

we replace the general purpose approximate Suzuki-Trotter evolution23 with a proposed Direct Structural Synthesis method,120

which synthesizes controlled unitary operators without the need for an expensive classical decomposition.121

The 1-Bit Quantum Filter122

This approach replaces resource-intensive eigenvalue inversion with a binary filtration mechanism that takes advantage of123

the specific spectral properties of the Hamiltonian track-finding. The algorithm begins with determining the evolution time124

t, which is used in our 1-bit phase estimation subroutine. In general, the spectrum bounds (λmin,λmax) can be estimated125

classically via the Gershgorin Circle Theorem24; however, for the particle tracking case the bounds are known as they converge126

to (λmin ≈ 1,λmax ≈ 5)10. Since the physical length of a track is bounded by the number of detector layers (l), the eigenvalues127

of the track sub-matrices are bounded by the track length rather than the total number of hits N. Due to this convergence, we128

can target the central eigenvalue λc. The central value associated with combinatorial noise is determined exactly by diagonal129

coefficients α +β from Eq. (1):130

λc = α +β and t =
π

λc
. (4)

This choice of t is a deliberate deviation from standard QPE, where the evolution time is typically scaled as a function of λmax,131

to prevent phase aliasing12, 25. We instead reduce the precision of the QPE to a single time register qubit and take advantage132
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Circuit Architecture and Decomposition

(a) 1-Bit Quantum Filter Circuit

ns

|0⟩A

|0⟩T H P(φ) QFT † X X QFT P(−φ) H |0⟩T

|0⟩S1 H

|0⟩Sns H UDSS UDSS

Step 3 Step 4Step 1 Step 2 Step 5

(b) Direct Structural Synthesis (DSS) Decomposition

ns

|T ⟩

|S1⟩

|Sns⟩ UDSS

=

ns

. . .

. . .

|T ⟩

|S1⟩

|Sns⟩ G1 G2 Gk

(c) Generalized Two-Level Unitary Structure (Gk)

|T ⟩

|Spass⟩

|Sladder,1⟩

|Sladder,2⟩

|Spivot⟩ Gk

=

|T ⟩

|Spass⟩ X X

|Sladder,1⟩

|Sladder,2⟩

|Spivot⟩ X RX (θ) X

Figure 3. Circuit Architecture and Decomposition: (a) The complete 1-Bit Quantum Filter circuit, featuring state
preparation, 1-bit phase estimation with flagging logic, and uncomputation. The additional phase gate P(φ) on the time register
implements the diagonal term of the Hamiltonian. (b) The Direct Structural Synthesis (DSS) decomposition, explicitly showing
that the controlled time evolution UDSS is implemented as a sequential application of controlled interaction gates
∏k Gk = ∏k eiBkt corresponding to the non-zero off-diagonal terms of the Hamiltonian matrix. (c) The generalized structure of
a single interaction gate Gk = eiBkt . For states with Hamming distance dH > 1, a CNOT ladder (Slad) disentangles the states
onto a pivot (Spiv), while passive qubits (Spass) act as controls to strictly enforce subspace selection.
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of the aliasing due to our choice of t in Eq. (4), which allows us to project the noise to a specific phase. We prepare three133

registers: the system register |0⟩S for encoding the b vector, the time register used for the QPE |0⟩T and the ancilla register134

used to determine if the algorithm has run successfully |0⟩A. The system register is initialized in the uniform superposition135

state |b⟩= H⊗n |0⟩, as b is defined as a uniform vector. To analyze the spectral filtering mechanism, we rewrite the state in the136

eigenbasis of the Hamiltonian matrix A:137

|b⟩= ∑
j

β j |u j⟩ , (5)

where |u j⟩ are the orthonormal eigenvectors with eigenvalues λ j, and β j = ⟨u j|b⟩, represents the overlap amplitude. The 1-Bit138

Quantum Filter proceeds in five steps, tracking the evolution of the state |Ψ⟩ across the ancilla |A⟩, time |T ⟩, and system |S⟩139

registers. The following steps match exactly the circuit shown in Fig. 3a.140

Step 1: State Preparation We initialize the system register |0⟩S into a uniform superposition |b⟩= H⊗n |0⟩S, representing the141

vector b = (1,1, . . . ,1)T . The initial state is:142

|Ψ1⟩= |0⟩A ⊗
1√
2
(|0⟩+ |1⟩)T ⊗∑

j
β j |u j⟩S . (6)

The time register is also prepared in superposition via a Hadamard gate.143

Step 2: 1-Bit Phase Estimation We apply the controlled time evolution U = eiAt conditioned on the |1⟩T state. This unitary144

is implemented by combining the Direct Structural Synthesis (DSS) method applied to non-diagonal terms, with a Phase145

Gate P(φ) (where φ = −(α +β )t) that accounts for the diagonal contributions of the Hamiltonian. Together, these146

components realize the time evolution of A, resulting in the phase eiλ jt being kicked back onto the |1⟩T state for each147

eigen-component:148

|Ψ2a⟩ j = |0⟩A ⊗
1√
2 ∑

j
β j

(
|0⟩T + eiλ jt |1⟩T

)
⊗|u j⟩S . (7)

This creates a relative phase between the |0⟩T and |1⟩T states. Next, the inverse QFT is applied to the time register |0⟩T .149

In the 1-Bit case the inverse QFT is implemented using a single Hadamard on the time register to interfere the phases.150

Using the identity H(|0⟩+ eiφ |1⟩) ∝ cos(φ/2)|0⟩− isin(φ/2)|1⟩25, it follows that:151

|Ψ2b⟩ j = |0⟩A ⊗∑
j

β j

[
cos
(

λ jt
2

)
|0⟩T − isin

(
λ jt
2

)
|1⟩T

]
⊗|u j⟩S . (8)

The phase information λ jt has been converted into amplitude information in the |0⟩T and |1⟩T basis states.152

Step 3: Conditional Logic We apply a Zero-Controlled NOT gate on the ancilla, flipping |0⟩A → |1⟩A only when the time153

register is |0⟩T . The relative phase relationship is preserved, but now entangled with the ancilla register:154

|Ψ3⟩= ∑
j

β j

cos
(

λ jt
2

)
|1⟩A |0⟩T︸ ︷︷ ︸

Signal

− isin
(

λ jt
2

)
|0⟩A |1⟩T︸ ︷︷ ︸

Noise

⊗|u j⟩S . (9)

Step 4: Uncomputation To disentangle the time register, we apply the inverse of the phase estimation circuit (Inverse QPE).155

This restores the time register to |0⟩T , leaving the system state entangled only with the ancilla. We can now group the156

terms based on the state of the ancilla register:157

|Ψ4⟩=

(
|1⟩A ⊗ ∑

j∈Signal
β j |u j⟩S

)
+

(
|0⟩A ⊗ ∑

j∈Noise
β j |u j⟩S

)
⊗|0⟩T . (10)

Step 5: Measurement & Filtration Finally, we measure the ancilla. Our specific choice of t = π/λc ensures that for noise158

eigenvalues (λ = λc), the probability of triggering the signal flag vanishes:159

P(1|λc) = cos2
(

λct
2

)
= cos2

(
π

2

)
= 0 . (11)
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As a result, post-selecting on the measurement projecting onto the signal subspace |1⟩A deterministically filters out the160

combinatorial noise. The collapsed state must then be renormalized by the probability of success Psucc, yielding the161

solution state:162

|Ψ5⟩=
1√

Psucc
∑

j∈Signal
β j |u j⟩S . (12)

This spectral separation is guaranteed by the Hamiltonian structure defined in Eq. (1). Since noise segments correspond to163

isolated nodes in the graph, their eigenvalues are fixed exactly at λc, while valid track segments are spectrally shifted away.164

To exploit this, we replace the standard HHL rotation with a Zero-Controlled NOT gate (Step 3, Eq. 9). This gate targets the165

ancilla conditioned on the |0⟩T state, flipping it to |1⟩A only for signal components. Consequently, noise components (which166

map to |1⟩T ) fail to trigger the gate and remain in |0⟩A. Following the uncomputation step (Step 4, Eq. 10), we measure the167

ancilla and post-select on the |1⟩A outcome. This deterministically filters the noise contribution (P(1|λc) = 0), leaving a final168

state composed strictly of valid track segments.169

Time Evolution through Direct Structural Synthesis (DSS)170

A central component of our 1-bit Quantum Filter is the implementation of the controlled time evolution C(U) =C(e−iAt). A171

general-purpose Suzuki-Trotter time evolution of A is resource intensive11, as it requires the A matrix to be represented as a172

sum of Pauli strings. An alternative approach is the Direct Structural Synthesis (DSS) method that exploits the specific structure173

of our Hamiltonian, placing it within the class of exact gate synthesis algorithms26. The DSS method is based on the fact that174

we can express A = cI −B. Since the diagonal matrix term cI commutes with the off-diagonal interaction matrix B, the unitary175

evolution operator U(t) = e−iAt allows for an exact factorization:176

U(t) = e−i(cI−B)t = e−icIt · eiBt . (13)

Implementing the controlled version of this evolution, C(U), separates into a controlled global phase rotation (C(e−icIt)) and177

the controlled interaction terms (C(eiBt)).178

The first term C(e−icIt) is a controlled global phase rotation, which can be efficiently implemented with a single P(φ) gate179

on the control qubit, with φ =−ct. The phase rotation can be implemented with a single gate as cI is a uniform identity matrix,180

its phase is kicked back deterministically from the target qubit to the control25. The matrix B = ∑k Bk is a sum of its individual181

interaction components, where the index k represents a unique interaction term {i, j}, and the total number of interaction182

terms that pass the Hang(S,ε) angular function, and can be written as k = m(l −2) for m tracks. Each Bk represents a σx-like183

interaction between two basis states. The algorithm implements C(eiBt) by iterating through k components and applying the184

gate for each one sequentially:185

GDSS = ∏
k

Gk where Gk =C(eiBkt) . (14)

A circuit based illustration of Eq. (14) is visualized in Fig. 3b. To strictly enforce the graph topology of B, each gate Gk is186

implemented as an exact Two-Level Unitary, often referred to as a Givens rotation25. For an interaction between basis states |i⟩187

and | j⟩, the operator Gk performs a rotation strictly within the subspace spanned by {|i⟩ , | j⟩} and acts as the identity on all188

other states. This is synthesized using a ladder of CNOT gates to disentangle the basis states27, followed by a multi-controlled189

rotation Cn−1(RX (θ)), and a subsequent uncomputation step.190

The exactness of DSS time evolution hinges on whether the individual interaction terms Bk commute. While this holds191

for terms acting on disjoint subspaces, the general case for a d-sparse Hamiltonian involves interaction terms sharing basis192

states. For these non-commuting terms, the factorization eiBt ̸= ∏k eiBkt is not an equality, but rather a first-order Suzuki-Trotter193

product formula23:194

eiBt = ∏
k

eiBkt +O(t2) . (15)

While this approximation introduces an error O(t2) scaling quadratically with time, it is crucial to note that this error is195

subspace dependent. Specifically, the primary function of our filter remains robust because the noise eigenvectors |ψc⟩ lie in196

the null space of the interaction matrix B. Since noise segments correspond to isolated vertices in the graph, they have no197

off-diagonal couplings, meaning B |ψc⟩= 0 exactly. Consequently, the time evolution is exact for the noise subspace, ensuring198

that combinatorial background suppression is unaffected by time-evolution errors. The Trotter error O(t2) acts non-trivially199

only on the signal eigenspace, introducing small phase perturbations that may slightly affect signal acceptance but not noise200

rejection.201
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While the noise subspace is immune to this error, the Trotter error acts non-trivially on the solution eigenspace (λ j). The202

first-order simulation Usim(t) returns a perturbed phase φsim = φexact + δφ , where φexact = λ jt and δφ represents the O(t2)203

phase error. Consequently, the measured probability for the solution state is shifted:204

P(0|λ j) = cos2
(
(λ jt +δφ)

2

)
and P(1|λ j) = sin2

(
(λ jt +δφ)

2

)
. (16)

The phase shift δφ perturbs the interference condition. While δφ does not cause spectral leakage for the critical λc state, a205

large enough δφ can blur the signal phases λ j. This can cause a portion of the solution states to be projected onto the reject bin206

(|1⟩T ) by mistake, or conversely, shift the acceptance probability P(0) closer to 1 or 0 depending on the sign of the error term.207

For the precision required in this application, the first-order approximation is sufficient; however, if higher precision QPE is208

critical, a higher-order product formula (e.g., 2nd-order Suzuki-Trotter with O(t3) scaling) could be employed to suppress the209

error scaling.210

Complexity Analysis211

To quantify the impact of the changes to HHL we study the computational complexity of the 1-Bit Quantum Filter and derive212

the asymptotic complexity for both two-qubit gate count and sampling cost. We demonstrate that the total gate and sampling213

complexity scales as O(
√

N logN) and O(N logN), respectively.214

Gate Complexity215

We derive the asymptotic gate complexity for a single execution of the circuit. Based on the system parameters defined in216

Hamiltonian construction, the number of interaction terms scales as k ≈
√

N. Consequently, the total complexity scales as217

O(
√

N logN), dominated by the sequential implementation of these off-diagonal terms in the time evolution. The total gate218

complexity Cgate is the sum of the complexity in steps 1-4 in Fig. 3a:219

1. Step 1, State Preparation: Since the |b⟩ vector is a perfect superposition, we apply a single Hadamard gate to all ns220

system qubits. While this can be executed in O(1) depth, the total gate count is O(ns) = O(logN).221

2. Step 2, 1-Bit Quantum Phase Estimation: The QPE is implemented with the DSS method and a single phase rotation222

gate. The DSS method iterates k times. Each iteration synthesizes an exact two-level unitary Gk using three sub-routines:223

(a) Basis Transformation: A ladder of CNOT gates is applied to map the interacting states |i⟩ and | j⟩ such that they224

differ at only a single qubit index (the pivot), seen in Fig 3c. The number of two-qubit gates scales with the225

Hamming distance dH as O(dH). Since dH ≤ ns, this is upper-bounded by O(ns).226

(b) Control Logic: To trigger the multi-controlled rotation, X gates are applied to any ns −1 non-pivot qubits that227

are currently in the |0⟩ state. This ensures that the multi-controlled rotation will target the subspace defined by228

{|i⟩ , | j⟩} correctly. This step contributes O(ns) single-qubit gates.229

(c) Rotation: A multi-controlled RX (θ) rotation is applied to the pivot qubit, controlled by the ns −1 other qubits.230

Using the decomposition for multi-controlled rotations without ancilla28, this contributes O(ns) gates.231

(d) Uncomputation: The X gates and CNOT ladder are applied in reverse.232

Summing these components, a single DSS iteration scales linearly with the register size O(ns). For k iterations, the total233

complexity for Step 2 is O(k ·ns).234

3. Step 3, Controlled Inversion: The controlled inversion consists of two X gates and a single CNOT gate. This is constant235

O(1) complexity.236

4. Step 4, Uncomputation: This is identical to Step 2, thus doubling the complexity contribution of the phase estimation.237

The complexity is primarily determined by the k repetitions required to encode every valid interaction term. Substituting238

ns = logN and the sparsity factor k ≈
√

N, the total gate complexity is:239

Ctotal ≈ k ·ns ≈ O(
√

N logN) . (17)

This scaling represents a polynomial speedup in N compared to classical exhaustive search methods, providing a computational240

advantage analogous to Grover’s algorithm29.241
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Sampling Complexity242

Unlike the standard HHL algorithm, where the probability of measuring the solution state is suppressed by the condition243

number κ as O(1/κ2)12, the performance of the 1-Bit Quantum Filter is governed by the geometric overlap of the initial state244

with the solution subspace. The algorithm succeeds when the ancilla is measured in the |1⟩A state, which requires the time245

register to collapse to |0⟩T . The total success probability is the sum of the conditional probabilities for each eigenvector |u j⟩246

weighted by its overlap with the input vector |b⟩:247

Psucc = P(T = 0) = ∑
j

P(0|λ j) · |β j|2 . (18)

The Hamiltonian spectrum is partitioned into two orthogonal subspaces: the Signal subspace (valid tracks, λ ̸= λc) and the248

Noise subspace (inactive segments, λ = λc). Substituting the filter response from Eq. (11), the success probability becomes:249

Psucc ≈
1
2

cos2
(

λ jπ

2λc

)
︸ ︷︷ ︸
Signal Pass Rate

∑
j∈Signal

|β j|2 +
1
2

sin2
(

λcπ

2λc

)
︸ ︷︷ ︸

Noise Nulling

∑
c∈Noise

|βc|2 . (19)

The filter deterministically eliminates the noise subspace (as the second term in Eq. (19) vanishes), while passing the signal250

component with an effective probability c f ilter = cos2
(

λ jπ

2λc

)
. The summation term ∑ j∈Signal |β j|2 represents the overlap of the251

uniform superposition of |b⟩ with the valid track configurations. For a system with N total segments and k valid interaction252

terms, this overlap is the ratio of the subspace dimensions. Thus, the single-shot success probability scales linearly with the253

density of valid tracks, given M = m(l −1) valid track segments:254

Psucc ≈ c f ilter · ∑
j∈Signal

|β j|2 ≈
M · c f ilter

N
. (20)

To derive the full sampling complexity we account for the reconstruction of the entire event. Since the output is probabilistic,255

this process can be modeled by the Coupon Collector’s Problem30, where we sample with replacement from M distinct256

outcomes. To observe all distinct segments with high probability, the required number of successful measurements scales as257

Sdist ≈ M logM30. The total computational cost, defined as the total number of circuit executions Stotal, is the required number258

of successes normalized by the single-shot probability Psucc:259

Stotal =
Sdist

Psucc
≈ M logM

cfilter(M/N)
≈ N logM ≈ O(N log

√
N)≈ O(N logN) . (21)

By expressing the track density in terms of the total system size N, we observe that the complexity scales as O(N logN). This260

represents an advantage over HHL, as we eliminate the polynomial dependence on the condition number κ12 and the precision261

overhead of the QPE. However, this does not overcome the fundamental challenge of quantum state tomography. To address262

this we would need to project onto some information dense physics observable or employ some form of amplitude amplification263

on the |1⟩A subspace.264

Results265

Performance Evaluation266

To strictly evaluate the efficacy of the proposed 1-Bit Quantum Filter, we applied the algorithm to simulated event data generated267

with the LHCb VELO simulation tool. This study centers on two critical performance metrics: (1) the ability to find the correct268

segments under realistic quantum noise conditions, with low fake rates, and (2) the empirical validation of the theoretically269

derived sampling and two-qubit gate complexities.270

For these benchmarks, we employed a controlled version of the simulation tool. To study the scaling of the quantum271

algorithm we restricted the toy model to a single primary vertex with no detector inefficiencies or multiple scattering. We then272

varied the detector geometry between 3 and 5 layers to study the behavior and scaling of the c f ilter coefficient.273

To study the 1-Bit Quantum Filter we utilized Quantinuum’s TKET compilation stack31 and the Qnexus platform32 to274

perform both noiseless and noisy simulations targeting the H2 Quantum Processing Unit (QPU), which utilizes high-connectivity275

trapped-ion hardware. These results are compared against IBM’s Qiskit framework33 and associated noise models for the IBM276

Torino, IBM Fez, and IBM Pittsburgh devices. These systems represent the Heron r1, r2, and r3 superconducting architectures15,277

respectively, allowing for a comparative analysis of algorithmic performance across evolving hardware generations.278
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Figure 4. Left: Gate count complexity scaling for 1-Bit quantum filter implementations under (a) IBM Torino hardware
compilation and (b) TKET optimization. Power-law fits with constrained logarithmic scaling (c = 1.0) yield b ≈ 0.53 (Qiskit)
and b ≈ 0.52 (TKET), consistent with O(

√
N logN) theoretical complexity (R2 > 0.999). Right (c): Success probability Psucc

versus matrix size N for 3-layer and 5-layer tracking scenarios. Fitted exponents exactly match the theoretical N−1/2 scaling up
to N = 106 where we see an upward deviation in the residuals.

Validation of Derived Complexities279

To verify the theoretical two-qubit gate complexity of O(
√

N logN) (Eq. 17), we analyzed the post-compilation two-qubit280

gate counts for circuits targeting both IBM (superconducting) and Quantinuum (trapped-ion) architectures. We generated281

Qiskit circuits using noiseless statevector simulations using Qiskit’s Aer simulator33, accelerated via an Nvidia L40S GPU and282

proceeded with two distinct compilation pipelines: (1) Transpilation to the IBM Torino backend using Qiskit’s optimization283

level 3, and (2) conversion to the TKET framework followed by ’full peephole’ optimization31 targeting Quantinuum H2284

hardware. The gate count analysis is restricted to the range N ∈ [23,217], as the classical optimization of circuits exceeding 106
285

two-qubit gates becomes computationally intractable beyond this point.286

The compiled gate counts are fitted to the theoretical ansatz Ctotal = aNb log(N)+ c. The logarithmic term is fixed to287

reflect the dependence on register size (ns = logN), allowing us to isolate the polynomial scaling exponent b. This constraint288

minimizes the degrees of freedom relative to the dataset size preventing overfitting, in the asymptotic regime.289

Figures 4a and 4b display the results with 1σ confidence bands. We observe excellent agreement between the fitted290

coefficient b and the theoretical prediction of 0.5 in the asymptotic regime (N > 210), where the confidence bands narrow291

significantly. The divergence observed at smaller system sizes is attributed to the constant-depth overhead not captured by the292

asymptotic model.293

Comparing the two compilation pipelines reveals a distinct scaling behavior driven by hardware topology. The TKET294

results (Fig. 4b), which target the all-to-all connectivity of trapped-ion systems, align closely with the theoretical lower bound,295

as the hardware supports direct interaction between arbitrary qubit pairs. In contrast, Qiskit results (Fig. 4a) exhibit larger296

overhead and higher variance. This discrepancy arises from the limited connectivity of the IBM superconducting architecture,297

which requires the insertion of SWAP chains during the routing process to implement non-local Hamiltonian terms, causing an298

inflation in the pre-factor a.299

Having established the theoretical total sampling complexity in Eq. (20), we see that the validation of our model is300

entirely dependent on the behavior of the success probability Psucc with system size N, as Sdist follows the standard coupon301

collector scaling. Rewriting Eq. (19) in terms of the system size N, the theoretical success probability is expected to scale as302

Psucc ≈ (c f ilter
√

l −1)/
√

N. As such, we fit the simulation data to a power-law model of the form Psucc = a ·Nb. Validation of303

the theoretical derivation requires that the fitted exponent b converges to −0.5 and the coefficient a aligns with the derived304
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factor c f ilter
√

l −1.305

The dataset for this scaling analysis was generated using statevector simulations. Since determining Psucc does not require306

the computationally expensive hardware specific compilation step used in the gate analysis, we extended the range from the307

minimal configuration of 3 layers and 2 tracks (N = 23) up to a denser environment of 5 layers and 1024 tracks (N = 222).308

Experimentally, Psucc is quantified as the probability of the ancilla flag qubit projecting onto the |1⟩ subspace. Figure 4c presents309

the power-law fits for 3-layer and 5-layer detector configurations. The fitted coefficients a and exponents b exhibit excellent310

agreement with theoretical predictions for both configurations (R2 > 0.999), confirming the validity of the derived scaling laws.311

A deviation is observed for large system sizes (N > 218), where the measured Psucc exceeds the theoretical prediction. This312

enhancement is not a computational artifact but a consequence of the combinatorial density. In regions of high track occupancy,313

the density of hits increases the probability of fake segments satisfying the angular constraints of the Hamiltonian Eq. (2).314

Because the current implementation relies on a simple binary threshold defined in Eq. (2), random geometric alignments can315

satisfy the angular constraints. These false positives satisfy the Hamiltonian constraints and contribute to the final solution state,316

increasing the Psucc even though they do not correspond to any real tracks.317

Testing Solution Fidelity318

Figure 5. Noise resilience benchmarks. (a) Hellinger fidelity (FH ) relative to the noiseless baseline across five problem
configurations, indicating the preservation of the probability distribution structure. (b) Signal Separation Index (SSI)
quantifying the contrast between valid tracks and the dominant noise floor. The dashed line at SSI = 1 represents the
distinguishability limit where signal amplitudes drop below the background noise. Error bars denote 1σ confidence intervals
derived via Monte Carlo resampling of the measurement counts.

The 1-Bit Quantum Filter resilience to noise is assessed by utilizing the noise models of the IBM Torino, IBM Fez, and319

IBM Pittsburgh, as well as the Quantinuum H2 emulator. These models are derived from regular device calibration data,320

accurately reflecting the coherence times, gate fidelities, and readout error rates of the physical hardware. We employ the same321

compilation pipeline established for the validation of our theoretical complexities, but the circuits are executed with device322

specific noise models under realistic conditions. For the IBM devices we modify the pipeline compilation step to target specific323

IBM hardware backends. For Quantinuum we took the optimized circuit and used the Qnexus platform for compilation and324

execution of the circuit. The analysis is limited to N ∈ [23,27] to ensure the accumulated gate errors remain within a regime325

where valid tracks can be resolved from the background.326

To quantify the impact of noise on track reconstruction performance we construct the following two metrics:327

1. Hellinger Fidelity (FH ): Measures the geometric overlap between the noisy experimental distribution Pexp and the ideal328

noiseless baseline Pideal :329

FH(Pexp,Pideal) =

(
∑

i

√
Pexp(xi) ·Pideal(xi)

)2

(22)
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2. Signal Separation Index (SSI): This metric quantifies the distinguishability of valid tracks from the background. We330

define it as the ratio of the total probability mass of the M valid track segments (S) to that of the M highest-amplitude331

noise segments (N∗):332

SSI =
∑i∈S Pi

∑ j∈N∗ Pj
(23)

The Hellinger Fidelity (FH ) results, presented in Fig. 5a, demonstrate a distinct performance hierarchy among the evaluated333

backends. The Quantinuum H2 Emulator consistently achieves the highest fidelity across all problem configurations, followed334

by the noise models for IBM Pittsburgh, IBM Fez, and IBM Torino, respectively. This divergence is primarily driven by the335

topological differences between the architectures: the all-to-all connectivity of the trapped-ion H2 device allows the compiler336

(TKET) to synthesize the unitary with approximately half the circuit depth required for the fixed-topology superconducting337

chips. Since error accumulation is exponential with depth, this topological advantage and higher qubit fidelity16 significantly338

enhances the solution quality. Within the superconducting results, we observe a clear progression in performance corresponding339

to the maturity of the IBM Heron processor generations (r3 > r2 > r1).340

The Signal Separation Index (SSI), shown in Fig. 5b, corroborates these findings by mapping the distinguishability of valid341

tracks from fake segment combinations. The dashed horizontal line at SSI = 1 defines the critical threshold below which the342

quantum filter fails to separate signal from noise. Consistent with the fidelity data, the H2 platform maintains a resolvable signal343

(SSI > 1) up to the denser 4-track, 5-layer configuration. In contrast, the superconducting baselines approach the noise floor344

more rapidly, exhibiting the same r3 > r2 > r1 ordering. These results indicate that for current NISQ hardware, the effective345

connectivity and its direct reduction of compilation overhead is a dominant factor in extending the reach of quantum track346

reconstruction to larger detector geometries. However, we are limited to problem sizes of 5 layers and 4 tracks. For larger N,347

the increased circuit depth leads to decoherence, causing SSI < 1, rendering the solution indistinguishable from noise.348

Discussion349

In this paper, we presented the 1-Bit Quantum Filter, a domain-specific adaptation of the HHL algorithm tailored for the350

combinatorial challenge of particle track reconstruction. Our results demonstrate that by replacing standard quantum linear351

algebra routines in favour of problem-informed filtering, we can achieve a polynomial gate complexity O(
√

N logN).352

A key finding of this study is the computational advantage gained by relaxing the requirements of the HHL algorithm,353

originally designed to perform precise matrix inversion A−1b. This precision preserves the relative amplitudes of the solution354

vector for any well conditioned matrix, however, for the particle tracking task this is excessive. The physics problem is355

inherently binary: we aim to distinguish the "signal" subspace (valid track segments) from the "noise" subspace (combinatorial356

background segments), rather than computing a continuous amplitude distribution. The 1-Bit Quantum Filter exploits this357

relaxation by replacing the resource intensive multi-qubit QPE with a single-ancilla projection. The modification effectively358

replaces the expensive arithmetic inversion of the eigenvalues (1/λ ) with a simpler spectral step function, significantly reducing359

the circuit depth and the number of required ancilla qubits. The shift from calculating the exact amplitudes of the solution360

spectrum to filtering only track segments is what renders the algorithm feasible for the problem sizes required by the HL-LHC,361

where the overhead of full QPE would be prohibitive.362

While the gate complexity of our approach scales favorably, the total runtime remains constrained by the sampling363

complexity, which scales linearly with the system size O(N). To reconstruct the full event, the quantum state must be repeatedly364

prepared and measured until all M valid track segments are found. For large events on the order of the HL-LHC the linear365

readout cost is expensive. Future research must therefore pivot from full state tomography to the direct estimation of global366

properties. Instead of reading out the full distribution, one could construct quantum observables that can extract higher level367

physics features such as the z-coordinate location of the Primary Vertices, or possibly using amplitude amplification to boost368

the success probability. By extracting this compressed information directly from the wavefunction it may be possible to achieve369

sub-linear readout costs.370

Our analysis of the Quantinuum H2 emulator and the IBM Heron noise models highlights the critical role of qubit371

connectivity in the NISQ era. The results in Fig. 5b indicate that the all-to-all connectivity of trapped-ion architectures provides372

an advantage over the fixed topology of the superconducting circuits for TrackHHL. The fixed topology requires many SWAP373

operations to route the non-local interaction terms of the tracking Hamiltonian on superconducting devices. This introduces374

a circuit depth overhead that scales unfavorably with detector density. While the IBM Heron r3 architecture shows clear375

improvement over its predecessors, the H2 platform currently achieves superior fidelity (FH) and Signal Separation Indices376

(SSI) for higher track multiplicity events. However, both types of systems are currently limited to problem sizes of 4 particle377

tracks and 3 layers due to a buildup of gate errors.378

It is important to understand that the results presented here rely on noise models that emulate the behavior of the physical379

qubits without Quantum Error Correction (QEC). While these noise models accurately capture machine errors, differences380
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between simulators and quantum hardware are expected (1) due to the differences between the noise simulation and hardware381

noise, and (2) since different hardware platforms employ fundamentally different strategies to combat noise. Future work382

will focus on benchmarking the 1-Bit Quantum Filter within these logical error-correction layers, and execution on quantum383

hardware to experimentally validate the simulated noise model results on NISQ era hardware.384

Conclusion385

The 1-Bit Quantum Filter represents a shift for quantum tracking algorithms, moving away from generic quantum algorithms to-386

ward specialized, problem-specific spectral filtering. We have validated the theoretical two-qubit gate complexity O(
√

N logN),387

simulated event sizes previously inaccessible by quantum algorithms, and demonstrated that for small systems the algorithm is388

robust against noise profiles of current generation hardware, particularly on architectures with high connectivity. As quantum389

hardware matures from noisy physical qubits to logically coherent systems, the 1-Bit Quantum Filter demonstrates potential to390

reconstruct events at the scale of the future HL-LHC.391

Data availability392
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