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Chirality

Massless particles have their spin parallel or anti-parallel 
to the direction of propagation: positive/negative chirality

for massless fermions: chirality is eigenvalue of γ5

properties:

γ5γμ = − γμγ5

γ2
5 = 1γ†

5 = γ5

Tr γ5 = 0

diagonalized form: �5 =
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left-handed fermions:  γ5Ψ = + Ψ right-handed fermions:  γ5Ψ = − Ψ

ΨL = 1
2 (1 + γ5) Ψ ΨR = 1

2 (1 − γ5) Ψ



Dirac equation and charge conjugation

charge conjugation : C C−1γμC = − γT
μ (  = transposition)T

charge conjugate state: ψ c(p) = Cψ̄T(−p) (complex conjugation interchanges  
creation-annihilation operators)

(−iγ ⋅ p + m) ψ c(p) = 0 Charge conjugate also is a solution 
of the Dirac equation

anti-fermion

In position space and including electromagnetic interactions:

[γ ⋅ (∂ − ieA) + m] Ψ(x) = 0 [γ ⋅ (∂ + ieA) + m] Ψc(x) = 0

Ψc(x) = CΨ̄T(x)with

(Dirac)Free fermion: (−iγ ⋅ p + m) ψ(p) = 0 (γ ⋅ ∂ + m) Ψ(x) = 0

Majorana fermions

Majorana fermions are their own anti-particle: Ψ(x) = Ψc(x)
they  cannot have electric or color charge

in the Standard Model only neutrinos can possibly be Majorana fermions

Majorana fermions can have chiral charges, coupling to axial vector fields!

But:

(γ ⋅ ∂ − ig γ5γ ⋅ B + m) Ψ = 0 (γ ⋅ ∂ − ig γ5γ ⋅ B + m) Ψc = 0

Majorana fermions cannot be chiral eigenstates: 

γ5 (ΨL)c = − (ΨL)c γ5 (ΨR)c = + (ΨR)c

right-handed left-handed

opposite sign for 
L- and R-chirality



Fermions in the Standard Model

SUc(3) SUL(2) T3 Y Q

UL 3 2 1
2

1
6

2
3

DL 3 2 �
1
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1
6 �

1
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UR 3 1 0 2
3

2
3

DR 3 1 0 �
1
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1
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NL 1 2 1
2 �

1
2 0

EL 1 2 �
1
2 �

1
2 �1

NR 1 1 0 0 0

ER 1 1 0 �1 �1

Table 10.1: Multiplet structure and quantum numbers of quarks and leptons

11. Electro-weak interactions of leptons

The Dirac equation for a pair of massless charged and neutral left-handed fermions reads
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For a pair of similar right-handed fermions there is no coupling to the W -bosons, whilst
the hypercharges for coupling to B-bosons are di↵erent:

� · @NR = 0,

� · (@ + ig1B)ER = 0.
(24)

Now switching on the symmetry breaking BEH-field creates a massive Z-boson and a
massless photon A, corresponding to a rotation of the W

3- and B-fields by the weak

6

Gauge interactions: 

SUc(3) × SUL(2) × UY(1)

gluons W-bosons B-boson

electro-weak interactions

Dirac equation for massless -fermions:L� · (@ � ig1Y B) R = 0

� ·
✓
@ � ig2

2
W · ⌧ � ig1Y B

◆
 L = 0

�5 =

0

BB@

1 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 �1

1

CCA

Dirac equation for massless -fermions:R
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Q = Y + T3

Massive vector bosons

masses break gauge symmetry                mixing of vector bosons

mixing angle ✓w:

W
3 = cos ✓w Z + sin ✓w A, B = � sin ✓w Z + cos ✓w A, (25)

After this rotation the equations for the left-handed particles take the required form
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Then also
� · @NR = 0,

� · (@ + ieA� ie tan ✓w Z)ER = 0.

If we now combine the left- and righthanded component and add mass terms mN and mE,
the corresponding massive Dirac equations for N = NL +NR and E = EL + ER read
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With these relations between (e, ✓w) and (g2, g1) by construction the neutrinos couple only
to the Z- and W -bosons, with chiral (�5-dependent) couplings, whilst the charged leptons
have a non-chiral vector coupling to the photon with charge �e, and chiral coupling to the
Z- and W -bosons which di↵er for the Z-bosons.

12. The mass matrix

The standard model includes 3 families of quarks and leptons. We label the families with
an index i = 1, 2, 3 for (e, µ, ⌧). All charged leptons have the same gauge interactions,
and so do the neutrinos. Therefore the only di↵erence is in the masses, which arise from
symmetry breaking. The equations (27) for 3 families of leptons then takes the general
form
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mixing angle ✓w:

W
3 = cos ✓w Z + sin ✓w A, B = � sin ✓w Z + cos ✓w A, (25)

After this rotation the equations for the left-handed particles take the required form

� ·

✓
@ +

ie

2 sin 2✓w
Z

◆
NL =

ie
p
2 sin ✓w

� ·W
+
EL,

� · (@ + ieA+ ie cotan 2✓w Z)EL =
ie

p
2 sin ✓w

� ·W
�
NL,

provided

e = g2 sin ✓w = g1 cos ✓w ) tan ✓w =
g1

g2
. (26)

Then also
� · @NR = 0,

� · (@ + ieA� ie tan ✓w Z)ER = 0.
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With these relations between (e, ✓w) and (g2, g1) by construction the neutrinos couple only
to the Z- and W -bosons, with chiral (�5-dependent) couplings, whilst the charged leptons
have a non-chiral vector coupling to the photon with charge �e, and chiral coupling to the
Z- and W -bosons which di↵er for the Z-bosons.

12. The mass matrix

The standard model includes 3 families of quarks and leptons. We label the families with
an index i = 1, 2, 3 for (e, µ, ⌧). All charged leptons have the same gauge interactions,
and so do the neutrinos. Therefore the only di↵erence is in the masses, which arise from
symmetry breaking. The equations (27) for 3 families of leptons then takes the general
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neutral gauge bosons:

charged gauge bosons: W± =
W 1 ⌥ iW 2
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redefine coupling constants:

mixing angle ✓w:

W
3 = cos ✓w Z + sin ✓w A, B = � sin ✓w Z + cos ✓w A, (25)

After this rotation the equations for the left-handed particles take the required form
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If we now combine the left- and righthanded component and add mass terms mN and mE,
the corresponding massive Dirac equations for N = NL +NR and E = EL + ER read
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With these relations between (e, ✓w) and (g2, g1) by construction the neutrinos couple only
to the Z- and W -bosons, with chiral (�5-dependent) couplings, whilst the charged leptons
have a non-chiral vector coupling to the photon with charge �e, and chiral coupling to the
Z- and W -bosons which di↵er for the Z-bosons.

12. The mass matrix

The standard model includes 3 families of quarks and leptons. We label the families with
an index i = 1, 2, 3 for (e, µ, ⌧). All charged leptons have the same gauge interactions,
and so do the neutrinos. Therefore the only di↵erence is in the masses, which arise from
symmetry breaking. The equations (27) for 3 families of leptons then takes the general
form
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mass eigenstates:             W±, Z, A

Dirac equations for massless leptons:

mixing angle ✓w:

W
3 = cos ✓w Z + sin ✓w A, B = � sin ✓w Z + cos ✓w A, (25)

After this rotation the equations for the left-handed particles take the required form
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If we now combine the left- and righthanded component and add mass terms mN and mE,
the corresponding massive Dirac equations for N = NL +NR and E = EL + ER read

� ·


@ +

ie

4 sin ✓w
(1 + �5)Z +mN

�
N =

ie

2
p
2 sin ✓w

� ·W
+ (1 + �5)E,

� ·


@ + ieA+

ie

2 sin 2✓w
(2 cos 2✓w � 1 + �5)Z +mE

�
E =

ie

2
p
2 sin ✓w

� ·W
� (1 + �5)N.

(27)
With these relations between (e, ✓w) and (g2, g1) by construction the neutrinos couple only
to the Z- and W -bosons, with chiral (�5-dependent) couplings, whilst the charged leptons
have a non-chiral vector coupling to the photon with charge �e, and chiral coupling to the
Z- and W -bosons which di↵er for the Z-bosons.

12. The mass matrix

The standard model includes 3 families of quarks and leptons. We label the families with
an index i = 1, 2, 3 for (e, µ, ⌧). All charged leptons have the same gauge interactions,
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Massive fermions

EL

NL
masses of  vector bosons and charged leptons created dynamically 
by Brout-Englert Higgs mechanism
neutrino masses more complicated (below)

masses break chirality   mixing of - and -statesL R
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Diagonalize mass matrices simultaneously

requires relative rotation of - and -massesN E

when -masses diagonal, still need to rotate -masses E N

with mNij and mEij hermitean matrices with real eigenvalues. Note that we employ the
summation convention for repeated indices i, j. Also note that by convention we have
defined the neutrinos Ni to be the ones that correspond to the Ei with the same label
i in transitions caused by emission or absorption of a W

±-boson. However, with this
choice it is not guaranteed that the mass matrices mNij and mEij are diagonal. Of course,
we can always define a lepton family by identifying one component of each family, for
example Ei, with an eigenstate of the mass matrix, mEij. Then by choice this matrix is
diagonal: mEij = mEi �ij = diag(me,mµ,m⌧ ). But nothing guarantees that in this basis
the mass matrix mNij will be diagonal as well; in fact, in the standard model it is not. The
eigenstates of the neutrino mass matrix, which are denoted by ⌫i, will then be mixtures of
interaction eigenstates Ni:

⌫i = UijNj , Ni = U
�1
ij ⌫j = U

†
ij ⌫j, (29)

with U a unitary matrix so a to guarantee that the vectors ⌫i and Ni have the same
normalization.

Consider this situation with the charged-lepton states defined by mass eigenstates; then
in terms of the neutrino mass eigenstates
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with mNij and mEij hermitean matrices with real eigenvalues. Note that we employ the
summation convention for repeated indices i, j. Also note that by convention we have
defined the neutrinos Ni to be the ones that correspond to the Ei with the same label
i in transitions caused by emission or absorption of a W

±-boson. However, with this
choice it is not guaranteed that the mass matrices mNij and mEij are diagonal. Of course,
we can always define a lepton family by identifying one component of each family, for
example Ei, with an eigenstate of the mass matrix, mEij. Then by choice this matrix is
diagonal: mEij = mEi �ij = diag(me,mµ,m⌧ ). But nothing guarantees that in this basis
the mass matrix mNij will be diagonal as well; in fact, in the standard model it is not. The
eigenstates of the neutrino mass matrix, which are denoted by ⌫i, will then be mixtures of
interaction eigenstates Ni:
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ij ⌫j = U

†
ij ⌫j, (29)

with U a unitary matrix so a to guarantee that the vectors ⌫i and Ni have the same
normalization.

Consider this situation with the charged-lepton states defined by mass eigenstates; then
in terms of the neutrino mass eigenstates
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Multiplying the first equation by U it becomes

� ·


@ +

ie

4 sin ✓w
(1 + �5)Z

�
⌫i +

�
U ·mN · U

�1
�
ij
⌫j =

ie

2
p
2 sin ✓w

� ·W
+ (1 + �5)UijEj.

Now chosing U such that ⌫i are mass eigenstates, the mass matrix becomes diagonal:
�
U ·mN · U

�1
�
ij
= mNi�ij, (30)

and we finally end up with the equations for the mass eigenstates of the leptons
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(31)
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unitary PMNS-matrix

 is chosen to make  diagonal:U mN

with mNij and mEij hermitean matrices with real eigenvalues. Note that we employ the
summation convention for repeated indices i, j. Also note that by convention we have
defined the neutrinos Ni to be the ones that correspond to the Ei with the same label
i in transitions caused by emission or absorption of a W

±-boson. However, with this
choice it is not guaranteed that the mass matrices mNij and mEij are diagonal. Of course,
we can always define a lepton family by identifying one component of each family, for
example Ei, with an eigenstate of the mass matrix, mEij. Then by choice this matrix is
diagonal: mEij = mEi �ij = diag(me,mµ,m⌧ ). But nothing guarantees that in this basis
the mass matrix mNij will be diagonal as well; in fact, in the standard model it is not. The
eigenstates of the neutrino mass matrix, which are denoted by ⌫i, will then be mixtures of
interaction eigenstates Ni:

⌫i = UijNj , Ni = U
�1
ij ⌫j = U

†
ij ⌫j, (29)

with U a unitary matrix so a to guarantee that the vectors ⌫i and Ni have the same
normalization.

Consider this situation with the charged-lepton states defined by mass eigenstates; then
in terms of the neutrino mass eigenstates
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Multiplying the first equation by U it becomes
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Now chosing U such that ⌫i are mass eigenstates, the mass matrix becomes diagonal:
�
U ·mN · U

�1
�
ij
= mNi�ij, (30)

and we finally end up with the equations for the mass eigenstates of the leptons
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(31)
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PMNS-matrix

Dirac equations for mass eigenstates:
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The PMNS-matrix appears only in the coupling to charged -bosonsW±

ν

E W+
g2U

ν

E W−

g2U†

and ,     for the processes involving anti-particlesW− ↔ W+ U ↔ U†

General parametrisation of PMNS matrix in terms of angles 
 and complex phase  (source of CP violation):(θ12, θ13, θ23) δ

The unitary matrix U which appears in the coupling of leptons to the charged W
±-bosons

is known as the PMNS-matrix.

13. Parametrizing the PMNS matrix

If all leptons (⌫i, Ei) are Dirac fermions, both sets of equations (31) can be multiplied by
independent phase factors e

i↵i and e
i�i . As Dirac fields are complex, their states can be

redefined by such global phases

⌫i ! ⌫
0
i = e

i↵i⌫i, Ei ! E
0
i = e

i�iEi,

with the result
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where the PMNS matrix is redefined by

U
0
ij = e

i↵iUije
�i�j .

Therefore U is unique only up to 5 independent phase factors ei(↵i��i). Now a unitary 3⇥3
matrix with 9 complex components, satisfying 9 real equations

X

k

UikU
⇤
kj = �ij,

depends on 9 independent real parameters. The real phase angles ↵i � �i can be used
to eliminate 5 real parameters, leaving the PMNS matrix to depend on 4 real parameters
which are physically relevant. These can be chosen to correspond to 3 real rotations in the
3-dimensional family space and 1 additional phase factor. The physical PMNS matrix U

0

can therefore be parametrized (dropping the prime notation) by 3 angles (✓12, ✓13, ✓23) and
a real phase � in the standard form

U [✓ij, �] =

0

@
c12c13 s12c13 s13e

�i�

�s12c23 � c12s23s13e
i�

c12c23 � s12s23s13e
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s23c1

s12s23 � c12c23s13e
i�

�c12s23 � s12c23s13e
i�

c23c13

1

A , (32)

with the abbreviation cij = cos ✓ij, sij = sin ✓ij.
In an alternative to the above scenario the neutrino mass eigenstates ⌫i can be taken

to be Majorana fermions, satisfying

⌫i = ⌫
c
i = C⌫̄

T
i .

9

(for Dirac neutrinos)

Neutrino oscillations

At time  an neutrino in interaction state  is created with energy :t = 0 Ni E

Such Majorana fermion states can not be redefined by a phase factor and therefore ↵i = 0.
Only the 3 phases �i of the charged leptons can be used to redefine the PMNS matrix.
This allows for 2 additional phases to be physically relevant, and the PMNS matrix is
parametrized by additional phase factors. The standard form is

U ! UM [✓ij, �ij] = U [✓ij, � = �23]

0

@
1 0 0
0 e

i�12 0
0 0 e

i�13

1

A .

14. Neutrino oscillations

The mixing of weak-interaction states in the mass eigenstates of neutrinos leads to the
phenomenon of neutrino oscillations. Consider a neutrino Ni of created at time t = 0 with
energy E in a weak interaction as partner of a charged lepton Ei; it is a linear combination
of mass eigenstates described by the quantum state

| (0)i = |Nii = U
†
ik |⌫ki.

As the ⌫i are eigenstates of well-defined mass, with the given energy related to their mo-
mentum pi by E =

p
m2

i + p2
i during propagation they evolve as

|⌫k(t)i = e
i(pk·r�Et)

|⌫ki.

Therefore the interaction eigenstate evolves as

| (t)i = e
i(pk·r�Et)

U
†
ik|⌫ki. (33)

The probability amplitude for this state to be identified with an interaction eigenstate Nj

is (writing out summations explicitly)
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e
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†
ikhNj|⌫ki =
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†
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e
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U
†
ikUkj. (34)

The probability to observe a neutrino created with flavor i at later time t at position r in
an interaction as a neutrino of flavor j is therefore

Pi!j(t, r) =

�����
X

k

e
i(pk·r�Et)

U
†
ikUkj

�����

2

. (35)

The point is, that di↵erent mass eigenstates propagate with di↵erent momentumpk and
therefore the relative phases of the di↵erent mass eigenstates vary with distance. This is
seen clearly in the simplified example of having two neutrino flavors, say Ne and Nµ. In
that case the mixing matrix can be taken real with a single mixing angle ✓:

U =

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆
,
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this state is a superposition of mass-energy eigenstates, 
each of which develops in space and time as 

|⌫k(t, r)i = ei(pk·r�Et) |⌫ki
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with

|⌫k(t, r)i = ei(pk·r�Et) |⌫ki
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| (t)i = ei(pk·r�Et)U †
ik |⌫ki

|⌫k(t, r)i = ei(pk·r�Et) |⌫ki
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The probability amplitude for the neutrino to be observed in the 
interaction state  at time  then isNj t
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ei(pk·r�Et) U †
ikUkj
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the probability for the transition  in time  itself becomesNi → Nj t
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ik |⌫ki

|⌫k(t, r)i = ei(pk·r�Et) |⌫ki



Example: 2-neutrino case ( )Ne, Nμ

Such Majorana fermion states can not be redefined by a phase factor and therefore ↵i = 0.
Only the 3 phases �i of the charged leptons can be used to redefine the PMNS matrix.
This allows for 2 additional phases to be physically relevant, and the PMNS matrix is
parametrized by additional phase factors. The standard form is

U ! UM [✓ij, �ij] = U [✓ij, � = �23]

0
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1 0 0
0 e

i�12 0
0 0 e

i�13

1

A .

14. Neutrino oscillations

The mixing of weak-interaction states in the mass eigenstates of neutrinos leads to the
phenomenon of neutrino oscillations. Consider a neutrino Ni of created at time t = 0 with
energy E in a weak interaction as partner of a charged lepton Ei; it is a linear combination
of mass eigenstates described by the quantum state

| (0)i = |Nii = U
†
ik |⌫ki.

As the ⌫i are eigenstates of well-defined mass, with the given energy related to their mo-
mentum pi by E =

p
m2

i + p2
i during propagation they evolve as

|⌫k(t)i = e
i(pk·r�Et)

|⌫ki.

Therefore the interaction eigenstate evolves as

| (t)i = e
i(pk·r�Et)

U
†
ik|⌫ki. (33)

The probability amplitude for this state to be identified with an interaction eigenstate Nj

is (writing out summations explicitly)

hNj| (t)i =
X
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e
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ikhNj|⌫ki =

X
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e
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U
†
ikU

†
jk =
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e
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ikUkj. (34)

The probability to observe a neutrino created with flavor i at later time t at position r in
an interaction as a neutrino of flavor j is therefore

Pi!j(t, r) =
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X

k

e
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U
†
ikUkj
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2

. (35)

The point is, that di↵erent mass eigenstates propagate with di↵erent momentumpk and
therefore the relative phases of the di↵erent mass eigenstates vary with distance. This is
seen clearly in the simplified example of having two neutrino flavors, say Ne and Nµ. In
that case the mixing matrix can be taken real with a single mixing angle ✓:

U =

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆
,
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with mNij and mEij hermitean matrices with real eigenvalues. Note that we employ the
summation convention for repeated indices i, j. Also note that by convention we have
defined the neutrinos Ni to be the ones that correspond to the Ei with the same label
i in transitions caused by emission or absorption of a W

±-boson. However, with this
choice it is not guaranteed that the mass matrices mNij and mEij are diagonal. Of course,
we can always define a lepton family by identifying one component of each family, for
example Ei, with an eigenstate of the mass matrix, mEij. Then by choice this matrix is
diagonal: mEij = mEi �ij = diag(me,mµ,m⌧ ). But nothing guarantees that in this basis
the mass matrix mNij will be diagonal as well; in fact, in the standard model it is not. The
eigenstates of the neutrino mass matrix, which are denoted by ⌫i, will then be mixtures of
interaction eigenstates Ni:

⌫i = UijNj , Ni = U
�1
ij ⌫j = U

†
ij ⌫j, (29)

with U a unitary matrix so a to guarantee that the vectors ⌫i and Ni have the same
normalization.

Consider this situation with the charged-lepton states defined by mass eigenstates; then
in terms of the neutrino mass eigenstates
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Multiplying the first equation by U it becomes
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Now chosing U such that ⌫i are mass eigenstates, the mass matrix becomes diagonal:
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and we finally end up with the equations for the mass eigenstates of the leptons
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with

|Ψ(0)⟩ = |Ne⟩initial state:
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4E

Pe→e(t) = 1 − Pe→μ(t)

Neutrino oscillations provide information about  of neutrinosΔm2

they have been observed for solar and atmospheric neutrinos



Neutrino masses

Rewrite Dirac equations for massive neutrinos in empty space in chiral form:
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Majorana fermions:
violates lepton number!
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note: for M ≫ mN

seesaw mechanism to generate small neutrino masses
- predicts heavy sterile neutrinos
- violates lepton number
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PMNS-matrix for Majorana neutrinos

Such Majorana fermion states can not be redefined by a phase factor and therefore ↵i = 0.
Only the 3 phases �i of the charged leptons can be used to redefine the PMNS matrix.
This allows for 2 additional phases to be physically relevant, and the PMNS matrix is
parametrized by additional phase factors. The standard form is

U ! UM [✓ij, �ij] = U [✓ij, � = �23]

0

@
1 0 0
0 e

i�12 0
0 0 e

i�13

1

A .

14. Neutrino oscillations

The mixing of weak-interaction states in the mass eigenstates of neutrinos leads to the
phenomenon of neutrino oscillations. Consider a neutrino Ni of created at time t = 0 with
energy E in a weak interaction as partner of a charged lepton Ei; it is a linear combination
of mass eigenstates described by the quantum state

| (0)i = |Nii = U
†
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As the ⌫i are eigenstates of well-defined mass, with the given energy related to their mo-
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The probability to observe a neutrino created with flavor i at later time t at position r in
an interaction as a neutrino of flavor j is therefore
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The point is, that di↵erent mass eigenstates propagate with di↵erent momentumpk and
therefore the relative phases of the di↵erent mass eigenstates vary with distance. This is
seen clearly in the simplified example of having two neutrino flavors, say Ne and Nµ. In
that case the mixing matrix can be taken real with a single mixing angle ✓:
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fewer phase factors can be eliminated from the PMNS-matrix

by redefining phases of leptons (3 in stead of 5)

2 additional phase factors in PMNS-matrix:

Rem.: - medium is transparent for combination  (photon)A = cos θw B + sin θw W3

- medium is created by weak charges of scalar fields (Brout-Englert-Higgs)

E2 = E2
0 + p2c2

The origin of masses (BEH)

in a medium of weak charges 
massless -fields are scattered(W, B)

these charges create an index of refraction  n(E)

dispersion: E = pc
n(E) n2(E) E2 = p2c2

I = − 1/2
I = 1/2

(W, Z )W, B

f

n(f)

1

f0

n(E )

EE0

n(E) = 1 − E2
0

E2

effective mass: E0 = mc2



Yukawa interactions

Fermions interact with scalar fields  through Yukawa interactions:φ

(γ ⋅ ∂ + f φ) Ψ = 0

Condensation of scalar field: |φ |2 = v2 > 0 φ(x) = v + h(x)

Higgs fieldin vacuum: (γ ⋅ ∂ + m) Ψ = 0

with m = fv

In Standard Model doublet  of scalar fields Φ = (φ1, φ2)

and the amplitude can be factorized as

hNµ| (t)i = e
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with �p = pµ � pe. As the pµ and pe both point in the direction of propagation, after a
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If L is expressed in km, �m
2 in eV and E in GeV this becomes numerically

Pµ!e(t, L) = sin2 2✓ sin2 1.27
�m

2
L

E
.

15. Yukawa couplings

The masses of the W - and Z-bosons, which break the isospin and hypercharge symmetry,
are generated dynamically by a vacuum expectation value of the BEH scalar fields. In the
standard model there is a doublet of complex BEH scalars ('1,'2) with quantum numbers

SUc(3) SUL(2) T3 Y Q

'1 0 2 1
2

1
2 1

'2 0 2 �
1
2

1
2 0

Table 15.1: Multiplet structure of BEH scalar fields

Before the electrically neutral field '2 develops a vacuum expectation value and the
SUL(2) ⇥ UY (1) symmetries are still exact, the Dirac equations for the leptons can be
extended to include Yukawa couplings to the scalar fields by1
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1
The minus signs on the r.h.s. appear so as to get equations covariant under non-diagonal isospin

transformations.
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⟨Φ⟩ = (0, v)

Rem.: (γ ⋅ ∂ + m) Ψ = 0
γ ⋅ ∂ ΨL = − mΨR

γ ⋅ ∂ ΨR = − mΨL[

Gauge field of : Z'UX(1)

if : gauge field Z' does not mix with (W, Z)X = (B − L)/2
Z' must have a very large mass mZ′ 

BEH-scalar  with :ϕ(x) ⟨ϕ⟩ = v2
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Finally the dynamics of the scalar fields is governed by the invariant potential

V [�,�] =
�1

4

�
|�|2 � v

2
1

�2
+

�2

4

�
|�|

2
� v

2
2

�2
+

�m

4

�
|�|

2
� v

2
2

� �
|�|2 � v

2
1

�
, (55)

which has its absolute minimum V = 0 for scalar vacuum expectations
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We will therefore parametrize the physical scalar fields by expanding around the vacuum
expectation values in terms of real Higgs scalars h and a as
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A third independent linear combination of (W3, B, C) remains massless and represents the
photon �. It can be obtained by constructing the three normalized vector fields obtained
from a rotation of (W3, B, C) and reproducing the combinations (60):

� = W3 sin ✓w + (B cos � � C sin �) cos ✓w,

Z = W3 cos ✓w � (B cos � � C sin �) sin ✓w,

Z
0 = B sin � + C cos �;

(62)
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which has its absolute minimum V = 0 for scalar vacuum expectations
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We will therefore parametrize the physical scalar fields by expanding around the vacuum
expectation values in terms of real Higgs scalars h and a as
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The scalar-field action is
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This implies the existence of 3 sets of massive vector bosons:
a. charged W
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A third independent linear combination of (W3, B, C) remains massless and represents the
photon �. It can be obtained by constructing the three normalized vector fields obtained
from a rotation of (W3, B, C) and reproducing the combinations (60):

� = W3 sin ✓w + (B cos � � C sin �) cos ✓w,

Z = W3 cos ✓w � (B cos � � C sin �) sin ✓w,

Z
0 = B sin � + C cos �;

(62)
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scalar dynamics and masses
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Equivalently:
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Thus the hypercharge and X-charge of the scalar bosons � and � are related. As a result,
the masses of the neutral vector bosons are
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The relation between the W - and Z-mass in terms of the weak mixing angle ✓w is therefore
the same as in the original non-extended standard model.

22. Scalar masses

By expanding around the minimum of the scalar potential V[v1, v2] = 0 the lowest-order
terms are the quadratic terms from which the mass eigenvalues can be found:
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To find the mass eigenvalues we diagonalize these terms by a rotation

h = h� cos ✓s + h+ sin ✓s, a = �h� sin ✓s + h+ cos ✓s, (66)

after which the potential becomes
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and with the mass eigenvalues
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To compare with directly measurable quantities, recall that
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23. Fermions and Yukawa couplings

In the standard model extended with UX(1) the covariant Dirac operators (using covariant
derivatives) of the left- and righthanded fermions are of the form � ·D with

D R = (@ � igxXC � ig1Y B) R, D L =

✓
@ � igxXC � ig1Y B �

ig2

2
W · ⌧

◆
 L,

where X and Y are the X-charge (51) and the hypercharge, respectively. Note that accord-
ing to table 20.1 the X-charges of the right-handed fermions (UR, DR, NR, ER) are of the
form XR = ↵Y ±�, whereas for left-handed quark and lepton doublets QL = (UL, DL) and
LL = (NL, EL) the R-charge vanishes and therefore the X-charge is directly proportional
to the hypercharge: XL = ↵Y . Thus the X-charges are parametrized as in table 23.1:

particle QL UR DR LL NR ER

X ↵/6 2↵/3 + � �↵/3� � �↵/2 � �↵� �

Table 23.1: X-charges of the standard-model fermions

By comparison with the Dirac equations (37) and (38) it follows that the Yukawa couplings
in these equations are consistent with every one of the X-charge assignments if

⇠ = � (↵ + 2�) . (70)

This provides one more consistency check on the UX(1)-extension of the standard model.
Equivalently, the Lagrange density (58) can be extended with the standard Yukawa cou-
pling terms
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A test for Majorana neutrinos

a) neutrinoless double-  decayβ

b) same-sign charged lepton scattering EE → WW

In both  cases a Majorana neutrino 
is exchanged and lepton number is 
violated ( )ΔL = 2

Total cross section for b):

Fig. 18.1: Neutrinoless double-� decay.

The analysis of this process, apart from being very rare, is complicated by a range of nuclear
physics e↵ects to be taken into account. A cleaner test exists in principle by turning the
process around: start with two leptons (electrons, muons) of the same charge. They can
scatter by exchanging a Majorana neutrino (if it exists), producing a pair of same-sign
W -bosons; the Feynman diagrams for this process are shown in fig. 18.2.

Fig. 18.2: Lepton scattering by neutrino exchange.

Obviously this process violates conservation of lepton number by �2, which is a hallmark
of Majorana neutrinos. To produce the W -bosons the scattering energy

p
s of the initial

leptons has to be very large. As a result the mass of the exchanged neutrino becomes
negligeable and the amplitude for the process takes the form3
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In this expression g2 is the W -boson coupling constant with mNij the neutrino mass-matrix
element for neutrinos of type i and j; furthermore e(k1,2) are the W -boson polarization
vectors and ui(p) is the spinor for an incoming charged lepton of type i. The total cross
section for the process computed from this amplitude reads
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Here GF = g
2
2

p
2/8M2

W is the Fermi constant of weak interactions. In terms of the neutrino
mass eigenvalues mi and the PMNS matrix U the mass matrix elements are

mNij =
X

k

mkUikUjk.
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