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Plan

Lecture 1A. How can atoms be used to test the SM and search for new physics?

• Atomic parity violation


Lecture 1B. Time-reversal violating electric dipole moments 

• Atomic EDMs, enhancement mechanisms 


Lecture 2A. Precision atomic theory 

• Many-body methods, relativistic Hartree-Fock, QED in many-electron atoms 


Lecture 2B. Adventures at the intersection of atomic and nuclear physics

• Case study in the hyperfine structure



Lecture 2A.  
Precision atomic theory



Our precision atomic theory group at UQ — goal 

To maximise the discovery potential of precision atomic experiments

➤  Push state-of-the-art atomic calculations to 0.1% precision

➤  Development of high-precision many-body methods

➤  Improved benchmarking of atomic theory
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Aim — accurate wave functions across all scales
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Upper radial component, Cs 6s:

• hyperfine structure, 
• energies,
• E1 amplitudes,
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Aim — accurate wave functions across all scales
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• Relativistic vs. non-relativistic



number of valence electrons

• How to treat 
correlations?

Depends on how 
many valence 
electrons



• We will consider 
the theory for 
these atoms and 
ions
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• Starting point for the many-
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• Starting point for the many-
electron problem:  relativistic 
Hartree-Fock (RHF)

• Beyond RHF:  the 
correlation potential 

Vnuc ! Vnuc + VHF
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electron problem:  relativistic 
Hartree-Fock (RHF)

• Beyond RHF:  the 
correlation potential 

Vnuc ! Vnuc + VHF
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VHF ! VHF + ⌃
<latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit>

Overview



valence electron

electron “core”
nucleus

• Starting point for the many-
electron problem:  relativistic 
Hartree-Fock (RHF)

• Beyond RHF:  the 
correlation potential 

• QED radiative corrections:   
vacuum polarisation and 
self-energy

Vnuc ! Vnuc + VHF
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<latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit>
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<latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit>

VHF ! VHF + ⌃
<latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit>
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<latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit>

VHF ! VHF + ⌃
<latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit>
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<latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit>

VHF ! VHF + ⌃
<latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit>
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• Starting point for the many-
electron problem:  relativistic 
Hartree-Fock (RHF)

• Beyond RHF:  the 
correlation potential 

• QED radiative corrections:   
vacuum polarisation and 
self-energy

Vnuc ! Vnuc + VHF
<latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit>

VHF ! VHF + ⌃
<latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit>
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Vnuc ! Vnuc + VHF
<latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit>

VHF ! VHF + ⌃
<latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit>

vacuum polarisationnucleus

electron

Overview



valence electron

electron “core”
nucleus

• Starting point for the many-
electron problem:  relativistic 
Hartree-Fock (RHF)

• Beyond RHF:  the 
correlation potential 

• QED radiative corrections:   
vacuum polarisation and 
self-energy

Vnuc ! Vnuc + VHF
<latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit>

VHF ! VHF + ⌃
<latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit><latexit sha1_base64="aOiG5SWkWLCt+FFQGtFZtCPpq2Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUhJKIoMuiIF1WtA9oQphMp+nQmUmYmSgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv994TJowq7ThfVmFhcWl5pbhaWlvf2Nyyt3eaKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYWDy7HfuiNS0Vjc6mFCfI4iQXsUI22kwD5sBpknOaxdjTxJo75GUsb38Ec99m5oxFFgl52KMwGcJ25OyiBHPbA/vW6MU06Exgwp1XGdRPsZkppiRkYlL1UkQXiAItIxVCBOlJ9NHhrBA6N0YS+WpoSGE/X3RIa4UkMemk6OdF/NemPxP6+T6t65n1GRpJoIPF3USxnUMRynA7tUEqzZ0BCEJTW3QtxHEmFtMiyZENzZl+dJ86TiOhX3+rRcvcjjKII9sA+OgAvOQBXUQB00AAYP4Am8gFfr0Xq23qz3aWvBymd2wR9YH98YZ5ya</latexit>

Vnuc ! Vnuc + Vrad
<latexit sha1_base64="z/SJbpR8PkvnbtK4f/DxkDwF5z8=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARBCEkIuiy6MZlBXuBJoTJZNIOnZmEmYlSQt/Cja/ixoUibnXn2zhts6itPwx8/Occzpw/yhhV2nV/rMrK6tr6RnWztrW9s7tn7x+0VZpLTFo4ZansRkgRRgVpaaoZ6WaSIB4x0omGN5N654FIRVNxr0cZCTjqC5pQjLSxQttph4UvORQ5HvuS9gcaSZk+wjn7rGSJ4nFo113HnQoug1dCHZRqhva3H6c450RozJBSPc/NdFAgqSlmZFzzc0UyhIeoT3oGBeJEBcX0rjE8MU4Mk1SaJzScuvMTBeJKjXhkOjnSA7VYm5j/1Xq5Tq6Cgoos10Tg2aIkZ1CncBISjKkkWLORAYQlNX+FeIAkwtpEWTMheIsnL0P73PFcx7u7qDeuyziq4Agcg1PggUvQALegCVoAgyfwAt7Au/VsvVof1uestWKVM4fgj6yvX70toEI=</latexit><latexit sha1_base64="z/SJbpR8PkvnbtK4f/DxkDwF5z8=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARBCEkIuiy6MZlBXuBJoTJZNIOnZmEmYlSQt/Cja/ixoUibnXn2zhts6itPwx8/Occzpw/yhhV2nV/rMrK6tr6RnWztrW9s7tn7x+0VZpLTFo4ZansRkgRRgVpaaoZ6WaSIB4x0omGN5N654FIRVNxr0cZCTjqC5pQjLSxQttph4UvORQ5HvuS9gcaSZk+wjn7rGSJ4nFo113HnQoug1dCHZRqhva3H6c450RozJBSPc/NdFAgqSlmZFzzc0UyhIeoT3oGBeJEBcX0rjE8MU4Mk1SaJzScuvMTBeJKjXhkOjnSA7VYm5j/1Xq5Tq6Cgoos10Tg2aIkZ1CncBISjKkkWLORAYQlNX+FeIAkwtpEWTMheIsnL0P73PFcx7u7qDeuyziq4Agcg1PggUvQALegCVoAgyfwAt7Au/VsvVof1uestWKVM4fgj6yvX70toEI=</latexit><latexit sha1_base64="z/SJbpR8PkvnbtK4f/DxkDwF5z8=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARBCEkIuiy6MZlBXuBJoTJZNIOnZmEmYlSQt/Cja/ixoUibnXn2zhts6itPwx8/Occzpw/yhhV2nV/rMrK6tr6RnWztrW9s7tn7x+0VZpLTFo4ZansRkgRRgVpaaoZ6WaSIB4x0omGN5N654FIRVNxr0cZCTjqC5pQjLSxQttph4UvORQ5HvuS9gcaSZk+wjn7rGSJ4nFo113HnQoug1dCHZRqhva3H6c450RozJBSPc/NdFAgqSlmZFzzc0UyhIeoT3oGBeJEBcX0rjE8MU4Mk1SaJzScuvMTBeJKjXhkOjnSA7VYm5j/1Xq5Tq6Cgoos10Tg2aIkZ1CncBISjKkkWLORAYQlNX+FeIAkwtpEWTMheIsnL0P73PFcx7u7qDeuyziq4Agcg1PggUvQALegCVoAgyfwAt7Au/VsvVof1uestWKVM4fgj6yvX70toEI=</latexit><latexit sha1_base64="z/SJbpR8PkvnbtK4f/DxkDwF5z8=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARBCEkIuiy6MZlBXuBJoTJZNIOnZmEmYlSQt/Cja/ixoUibnXn2zhts6itPwx8/Occzpw/yhhV2nV/rMrK6tr6RnWztrW9s7tn7x+0VZpLTFo4ZansRkgRRgVpaaoZ6WaSIB4x0omGN5N654FIRVNxr0cZCTjqC5pQjLSxQttph4UvORQ5HvuS9gcaSZk+wjn7rGSJ4nFo113HnQoug1dCHZRqhva3H6c450RozJBSPc/NdFAgqSlmZFzzc0UyhIeoT3oGBeJEBcX0rjE8MU4Mk1SaJzScuvMTBeJKjXhkOjnSA7VYm5j/1Xq5Tq6Cgoos10Tg2aIkZ1CncBISjKkkWLORAYQlNX+FeIAkwtpEWTMheIsnL0P73PFcx7u7qDeuyziq4Agcg1PggUvQALegCVoAgyfwAt7Au/VsvVof1uestWKVM4fgj6yvX70toEI=</latexit> Vrad = VSE + VVP

<latexit sha1_base64="9uyBYq5dq+8dX/wRMOsA98CaDlU=">AAACDHicbVDNSgMxGPzW31r/qh69BIsgCGVXBL0IRRE8VrTbQruUbDbbhia7S5IVyrIP4MVX8eJBEa8+gDffxrTdg7YOBCYz85F84yecKW3b39bC4tLyympprby+sbm1XdnZdVWcSkKbJOaxbPtYUc4i2tRMc9pOJMXC57TlD6/GfuuBSsXi6F6PEuoJ3I9YyAjWRupVqm4v60qBJA5ydIGK2911flxQt5GblF2zJ0DzxClIFQo0epWvbhCTVNBIE46V6jh2or0MS80Ip3m5myqaYDLEfdoxNMKCKi+bLJOjQ6MEKIylOZFGE/X3RIaFUiPhm6TAeqBmvbH4n9dJdXjuZSxKUk0jMn0oTDnSMRo3gwImKdF8ZAgmkpm/IjLAEhNt+iubEpzZleeJe1Jz7Jpze1qtXxZ1lGAfDuAIHDiDOtxAA5pA4BGe4RXerCfrxXq3PqbRBauY2YM/sD5/AOd1mj4=</latexit><latexit sha1_base64="9uyBYq5dq+8dX/wRMOsA98CaDlU=">AAACDHicbVDNSgMxGPzW31r/qh69BIsgCGVXBL0IRRE8VrTbQruUbDbbhia7S5IVyrIP4MVX8eJBEa8+gDffxrTdg7YOBCYz85F84yecKW3b39bC4tLyympprby+sbm1XdnZdVWcSkKbJOaxbPtYUc4i2tRMc9pOJMXC57TlD6/GfuuBSsXi6F6PEuoJ3I9YyAjWRupVqm4v60qBJA5ydIGK2911flxQt5GblF2zJ0DzxClIFQo0epWvbhCTVNBIE46V6jh2or0MS80Ip3m5myqaYDLEfdoxNMKCKi+bLJOjQ6MEKIylOZFGE/X3RIaFUiPhm6TAeqBmvbH4n9dJdXjuZSxKUk0jMn0oTDnSMRo3gwImKdF8ZAgmkpm/IjLAEhNt+iubEpzZleeJe1Jz7Jpze1qtXxZ1lGAfDuAIHDiDOtxAA5pA4BGe4RXerCfrxXq3PqbRBauY2YM/sD5/AOd1mj4=</latexit><latexit sha1_base64="9uyBYq5dq+8dX/wRMOsA98CaDlU=">AAACDHicbVDNSgMxGPzW31r/qh69BIsgCGVXBL0IRRE8VrTbQruUbDbbhia7S5IVyrIP4MVX8eJBEa8+gDffxrTdg7YOBCYz85F84yecKW3b39bC4tLyympprby+sbm1XdnZdVWcSkKbJOaxbPtYUc4i2tRMc9pOJMXC57TlD6/GfuuBSsXi6F6PEuoJ3I9YyAjWRupVqm4v60qBJA5ydIGK2911flxQt5GblF2zJ0DzxClIFQo0epWvbhCTVNBIE46V6jh2or0MS80Ip3m5myqaYDLEfdoxNMKCKi+bLJOjQ6MEKIylOZFGE/X3RIaFUiPhm6TAeqBmvbH4n9dJdXjuZSxKUk0jMn0oTDnSMRo3gwImKdF8ZAgmkpm/IjLAEhNt+iubEpzZleeJe1Jz7Jpze1qtXxZ1lGAfDuAIHDiDOtxAA5pA4BGe4RXerCfrxXq3PqbRBauY2YM/sD5/AOd1mj4=</latexit><latexit sha1_base64="9uyBYq5dq+8dX/wRMOsA98CaDlU=">AAACDHicbVDNSgMxGPzW31r/qh69BIsgCGVXBL0IRRE8VrTbQruUbDbbhia7S5IVyrIP4MVX8eJBEa8+gDffxrTdg7YOBCYz85F84yecKW3b39bC4tLyympprby+sbm1XdnZdVWcSkKbJOaxbPtYUc4i2tRMc9pOJMXC57TlD6/GfuuBSsXi6F6PEuoJ3I9YyAjWRupVqm4v60qBJA5ydIGK2911flxQt5GblF2zJ0DzxClIFQo0epWvbhCTVNBIE46V6jh2or0MS80Ip3m5myqaYDLEfdoxNMKCKi+bLJOjQ6MEKIylOZFGE/X3RIaFUiPhm6TAeqBmvbH4n9dJdXjuZSxKUk0jMn0oTDnSMRo3gwImKdF8ZAgmkpm/IjLAEhNt+iubEpzZleeJe1Jz7Jpze1qtXxZ1lGAfDuAIHDiDOtxAA5pA4BGe4RXerCfrxXq3PqbRBauY2YM/sD5/AOd1mj4=</latexit>

,    radiative potential

Overview



One-electron problem

h' = ✏'
<latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit>

Seek solution to:



One-electron problem

• Schrödinger Hamiltonian

h' = ✏'
<latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit>

h =
p2

2m
+ V (r)

<latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit>

Seek solution to:

,



One-electron problem

• Schrödinger Hamiltonian

h' = ✏'
<latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit>

h =
p2

2m
+ V (r)

<latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit>

Seek solution to:

, V (r) = Vnuc(r) + Vel(r)
<latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ybuD/BNdr/K161VIIQ2y/PL5v3c=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eFqtQEUriRS+C4MVjBZsW2hA22027dLMJuxuhhP4BL/4VLx4U8Ud489+4aXPQ1gcDb96bYXdemHKmtON8W5W19Y3Nrep2bae+u7dvH9Q9lWSS0A5JeCJ7IVaUM0E7mmlOe6mkOA457YaT28LvPlKpWCIe9DSlfoxHgkWMYG2kwD7xmvIMXSMvyAcyRiIjs0I4L3vKizawG07LmQOtErckDSjRDuyvwTAhWUyFJhwr1XedVPs5lpoRTme1QaZoiskEj2jfUIFjqvx8fs0MnRpliKJEmhIazdXfGzmOlZrGoZmMsR6rZa8Q//P6mY6u/JyJNNNUkMVDUcaRTlARDRoySYnmU0Mwkcz8FZExlphoE2DNhOAun7xKvIuW67TceweqcATH0AQXLuEG7qANHSDwBC/wBu/Ws/VqfSziqlhlbofwB9bnD2lQmCk=</latexit><latexit sha1_base64="ybuD/BNdr/K161VIIQ2y/PL5v3c=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eFqtQEUriRS+C4MVjBZsW2hA22027dLMJuxuhhP4BL/4VLx4U8Ud489+4aXPQ1gcDb96bYXdemHKmtON8W5W19Y3Nrep2bae+u7dvH9Q9lWSS0A5JeCJ7IVaUM0E7mmlOe6mkOA457YaT28LvPlKpWCIe9DSlfoxHgkWMYG2kwD7xmvIMXSMvyAcyRiIjs0I4L3vKizawG07LmQOtErckDSjRDuyvwTAhWUyFJhwr1XedVPs5lpoRTme1QaZoiskEj2jfUIFjqvx8fs0MnRpliKJEmhIazdXfGzmOlZrGoZmMsR6rZa8Q//P6mY6u/JyJNNNUkMVDUcaRTlARDRoySYnmU0Mwkcz8FZExlphoE2DNhOAun7xKvIuW67TceweqcATH0AQXLuEG7qANHSDwBC/wBu/Ws/VqfSziqlhlbofwB9bnD2lQmCk=</latexit><latexit sha1_base64="A0qoOJXwE3R9EnNlanyl9Kt+xTI=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFahIpTEi16EohePFWxaaEPYbKft0s0m7G6EEvoHvPhXvHhQxKt3b/4bN20OWn2w8Oa9GWbnhQlnSjvOl1VaWl5ZXSuvVzY2t7Z37N09T8WppNCiMY9lJyQKOBPQ0kxz6CQSSBRyaIfj69xv34NULBZ3epKAH5GhYANGiTZSYB95NXmCL7EXZD0ZYZHSaS6cFjXwvAzsqlN3ZsB/iVuQKirQDOzPXj+maQRCU06U6rpOov2MSM0oh2mllypICB2TIXQNFSQC5Weza6b42Ch9PIileULjmfpzIiORUpMoNJ0R0SO16OXif1431YMLP2MiSTUIOl80SDnWMc6jwX0mgWo+MYRQycxfMR0RSag2AVZMCO7iyX+Jd1Z3nbp761QbV0UcZXSADlENuegcNdANaqIWougBPaEX9Go9Ws/Wm/U+by1Zxcw++gXr4xsBNpmd</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit>



One-electron problem

• Schrödinger Hamiltonian

h' = ✏'
<latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit>

h =
p2

2m
+ V (r)

<latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit>

Seek solution to:

, V (r) = Vnuc(r) + Vel(r)
<latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ybuD/BNdr/K161VIIQ2y/PL5v3c=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eFqtQEUriRS+C4MVjBZsW2hA22027dLMJuxuhhP4BL/4VLx4U8Ud489+4aXPQ1gcDb96bYXdemHKmtON8W5W19Y3Nrep2bae+u7dvH9Q9lWSS0A5JeCJ7IVaUM0E7mmlOe6mkOA457YaT28LvPlKpWCIe9DSlfoxHgkWMYG2kwD7xmvIMXSMvyAcyRiIjs0I4L3vKizawG07LmQOtErckDSjRDuyvwTAhWUyFJhwr1XedVPs5lpoRTme1QaZoiskEj2jfUIFjqvx8fs0MnRpliKJEmhIazdXfGzmOlZrGoZmMsR6rZa8Q//P6mY6u/JyJNNNUkMVDUcaRTlARDRoySYnmU0Mwkcz8FZExlphoE2DNhOAun7xKvIuW67TceweqcATH0AQXLuEG7qANHSDwBC/wBu/Ws/VqfSziqlhlbofwB9bnD2lQmCk=</latexit><latexit sha1_base64="ybuD/BNdr/K161VIIQ2y/PL5v3c=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eFqtQEUriRS+C4MVjBZsW2hA22027dLMJuxuhhP4BL/4VLx4U8Ud489+4aXPQ1gcDb96bYXdemHKmtON8W5W19Y3Nrep2bae+u7dvH9Q9lWSS0A5JeCJ7IVaUM0E7mmlOe6mkOA457YaT28LvPlKpWCIe9DSlfoxHgkWMYG2kwD7xmvIMXSMvyAcyRiIjs0I4L3vKizawG07LmQOtErckDSjRDuyvwTAhWUyFJhwr1XedVPs5lpoRTme1QaZoiskEj2jfUIFjqvx8fs0MnRpliKJEmhIazdXfGzmOlZrGoZmMsR6rZa8Q//P6mY6u/JyJNNNUkMVDUcaRTlARDRoySYnmU0Mwkcz8FZExlphoE2DNhOAun7xKvIuW67TceweqcATH0AQXLuEG7qANHSDwBC/wBu/Ws/VqfSziqlhlbofwB9bnD2lQmCk=</latexit><latexit sha1_base64="A0qoOJXwE3R9EnNlanyl9Kt+xTI=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFahIpTEi16EohePFWxaaEPYbKft0s0m7G6EEvoHvPhXvHhQxKt3b/4bN20OWn2w8Oa9GWbnhQlnSjvOl1VaWl5ZXSuvVzY2t7Z37N09T8WppNCiMY9lJyQKOBPQ0kxz6CQSSBRyaIfj69xv34NULBZ3epKAH5GhYANGiTZSYB95NXmCL7EXZD0ZYZHSaS6cFjXwvAzsqlN3ZsB/iVuQKirQDOzPXj+maQRCU06U6rpOov2MSM0oh2mllypICB2TIXQNFSQC5Weza6b42Ch9PIileULjmfpzIiORUpMoNJ0R0SO16OXif1431YMLP2MiSTUIOl80SDnWMc6jwX0mgWo+MYRQycxfMR0RSag2AVZMCO7iyX+Jd1Z3nbp761QbV0UcZXSADlENuegcNdANaqIWougBPaEX9Go9Ws/Wm/U+by1Zxcw++gXr4xsBNpmd</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit>

• Dirac Hamiltonian
h = c↵ · p+ (� � 1)c2 + V (r)

<latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit>



One-electron problem

• Schrödinger Hamiltonian

h' = ✏'
<latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit><latexit sha1_base64="BH+E/cqbL8CcsjQVnIeOLXq1zfg=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIoBuh6MZlBfuAzlAyaaYTmklCkimUoQs3/oobF4q49SPc+Tem7Sy09cCFwzn3cu89kWRUG8/7dkpr6xubW+Xtys7u3v6Be3jU1iJTmLSwYEJ1I6QJo5y0DDWMdKUiKI0Y6USj25nfGROlqeAPZiJJmKIhpzHFyFip71aTYIyUTCi8hgGRmjLBYSH13ZpX9+aAq8QvSA0UaPbdr2AgcJYSbjBDWvd8T5owR8pQzMi0EmSaSIRHaEh6lnKUEh3m8yem8NQqAxgLZYsbOFd/T+Qo1XqSRrYzRSbRy95M/M/rZSa+CnPKZWYIx4tFccagEXCWCBxQRbBhE0sQVtTeCnGCFMLG5laxIfjLL6+S9nnd9+r+/UWtcVPEUQZVcALOgA8uQQPcgSZoAQwewTN4BW/Ok/PivDsfi9aSU8wcgz9wPn8AUYuX4A==</latexit>

h =
p2

2m
+ V (r)

<latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit>

Seek solution to:

, V (r) = Vnuc(r) + Vel(r)
<latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ybuD/BNdr/K161VIIQ2y/PL5v3c=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eFqtQEUriRS+C4MVjBZsW2hA22027dLMJuxuhhP4BL/4VLx4U8Ud489+4aXPQ1gcDb96bYXdemHKmtON8W5W19Y3Nrep2bae+u7dvH9Q9lWSS0A5JeCJ7IVaUM0E7mmlOe6mkOA457YaT28LvPlKpWCIe9DSlfoxHgkWMYG2kwD7xmvIMXSMvyAcyRiIjs0I4L3vKizawG07LmQOtErckDSjRDuyvwTAhWUyFJhwr1XedVPs5lpoRTme1QaZoiskEj2jfUIFjqvx8fs0MnRpliKJEmhIazdXfGzmOlZrGoZmMsR6rZa8Q//P6mY6u/JyJNNNUkMVDUcaRTlARDRoySYnmU0Mwkcz8FZExlphoE2DNhOAun7xKvIuW67TceweqcATH0AQXLuEG7qANHSDwBC/wBu/Ws/VqfSziqlhlbofwB9bnD2lQmCk=</latexit><latexit sha1_base64="ybuD/BNdr/K161VIIQ2y/PL5v3c=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eFqtQEUriRS+C4MVjBZsW2hA22027dLMJuxuhhP4BL/4VLx4U8Ud489+4aXPQ1gcDb96bYXdemHKmtON8W5W19Y3Nrep2bae+u7dvH9Q9lWSS0A5JeCJ7IVaUM0E7mmlOe6mkOA457YaT28LvPlKpWCIe9DSlfoxHgkWMYG2kwD7xmvIMXSMvyAcyRiIjs0I4L3vKizawG07LmQOtErckDSjRDuyvwTAhWUyFJhwr1XedVPs5lpoRTme1QaZoiskEj2jfUIFjqvx8fs0MnRpliKJEmhIazdXfGzmOlZrGoZmMsR6rZa8Q//P6mY6u/JyJNNNUkMVDUcaRTlARDRoySYnmU0Mwkcz8FZExlphoE2DNhOAun7xKvIuW67TceweqcATH0AQXLuEG7qANHSDwBC/wBu/Ws/VqfSziqlhlbofwB9bnD2lQmCk=</latexit><latexit sha1_base64="A0qoOJXwE3R9EnNlanyl9Kt+xTI=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFahIpTEi16EohePFWxaaEPYbKft0s0m7G6EEvoHvPhXvHhQxKt3b/4bN20OWn2w8Oa9GWbnhQlnSjvOl1VaWl5ZXSuvVzY2t7Z37N09T8WppNCiMY9lJyQKOBPQ0kxz6CQSSBRyaIfj69xv34NULBZ3epKAH5GhYANGiTZSYB95NXmCL7EXZD0ZYZHSaS6cFjXwvAzsqlN3ZsB/iVuQKirQDOzPXj+maQRCU06U6rpOov2MSM0oh2mllypICB2TIXQNFSQC5Weza6b42Ch9PIileULjmfpzIiORUpMoNJ0R0SO16OXif1431YMLP2MiSTUIOl80SDnWMc6jwX0mgWo+MYRQycxfMR0RSag2AVZMCO7iyX+Jd1Z3nbp761QbV0UcZXSADlENuegcNdANaqIWougBPaEX9Go9Ws/Wm/U+by1Zxcw++gXr4xsBNpmd</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit>

• Dirac Hamiltonian
h = c↵ · p+ (� � 1)c2 + V (r)

<latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit>

� =

✓
1 0
0 �1

◆

<latexit sha1_base64="rk62/oG3P8kMZWIwkuZbaWITz8o=">AAACHXicbVDLSsNAFJ34rPEVdelmsChuLIkUdCMU3bisYB/QhDKZ3rZDJ5MwMxFL6I+48VfcuFDEhRvxb5y2QbT1wHAP59zL3HvChDOlXffLWlhcWl5ZLazZ6xubW9vOzm5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U/ZD0ARfYFN7TGRJRLRk9yPbw0fY9X3bNfXEwz6Izo/ZdopuyZ0AzxMvJ0WUo9p2PvxOTNMIhKacKNXy3EQHGZGaUQ4j208VJIQOSA9ahgoSgQqyyXUjfGiUDu7G0jyh8UT9PZGRSKlhFJpOs19fzXpj8T+vlerueZAxkaQaBJ1+1E051jEeR4U7TALVfGgIoZKZXTHtE0moNoHaJgRv9uR5Uj8teW7JuykXK5d5HAW0jw7QMfLQGaqga1RFNUTRA3pCL+jVerSerTfrfdq6YOUze+gPrM9vlVefvQ==</latexit><latexit sha1_base64="rk62/oG3P8kMZWIwkuZbaWITz8o=">AAACHXicbVDLSsNAFJ34rPEVdelmsChuLIkUdCMU3bisYB/QhDKZ3rZDJ5MwMxFL6I+48VfcuFDEhRvxb5y2QbT1wHAP59zL3HvChDOlXffLWlhcWl5ZLazZ6xubW9vOzm5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U/ZD0ARfYFN7TGRJRLRk9yPbw0fY9X3bNfXEwz6Izo/ZdopuyZ0AzxMvJ0WUo9p2PvxOTNMIhKacKNXy3EQHGZGaUQ4j208VJIQOSA9ahgoSgQqyyXUjfGiUDu7G0jyh8UT9PZGRSKlhFJpOs19fzXpj8T+vlerueZAxkaQaBJ1+1E051jEeR4U7TALVfGgIoZKZXTHtE0moNoHaJgRv9uR5Uj8teW7JuykXK5d5HAW0jw7QMfLQGaqga1RFNUTRA3pCL+jVerSerTfrfdq6YOUze+gPrM9vlVefvQ==</latexit><latexit sha1_base64="rk62/oG3P8kMZWIwkuZbaWITz8o=">AAACHXicbVDLSsNAFJ34rPEVdelmsChuLIkUdCMU3bisYB/QhDKZ3rZDJ5MwMxFL6I+48VfcuFDEhRvxb5y2QbT1wHAP59zL3HvChDOlXffLWlhcWl5ZLazZ6xubW9vOzm5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U/ZD0ARfYFN7TGRJRLRk9yPbw0fY9X3bNfXEwz6Izo/ZdopuyZ0AzxMvJ0WUo9p2PvxOTNMIhKacKNXy3EQHGZGaUQ4j208VJIQOSA9ahgoSgQqyyXUjfGiUDu7G0jyh8UT9PZGRSKlhFJpOs19fzXpj8T+vlerueZAxkaQaBJ1+1E051jEeR4U7TALVfGgIoZKZXTHtE0moNoHaJgRv9uR5Uj8teW7JuykXK5d5HAW0jw7QMfLQGaqga1RFNUTRA3pCL+jVerSerTfrfdq6YOUze+gPrM9vlVefvQ==</latexit><latexit sha1_base64="rk62/oG3P8kMZWIwkuZbaWITz8o=">AAACHXicbVDLSsNAFJ34rPEVdelmsChuLIkUdCMU3bisYB/QhDKZ3rZDJ5MwMxFL6I+48VfcuFDEhRvxb5y2QbT1wHAP59zL3HvChDOlXffLWlhcWl5ZLazZ6xubW9vOzm5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U/ZD0ARfYFN7TGRJRLRk9yPbw0fY9X3bNfXEwz6Izo/ZdopuyZ0AzxMvJ0WUo9p2PvxOTNMIhKacKNXy3EQHGZGaUQ4j208VJIQOSA9ahgoSgQqyyXUjfGiUDu7G0jyh8UT9PZGRSKlhFJpOs19fzXpj8T+vlerueZAxkaQaBJ1+1E051jEeR4U7TALVfGgIoZKZXTHtE0moNoHaJgRv9uR5Uj8teW7JuykXK5d5HAW0jw7QMfLQGaqga1RFNUTRA3pCL+jVerSerTfrfdq6YOUze+gPrM9vlVefvQ==</latexit>

↵ =

✓
0 �
� 0

◆

<latexit sha1_base64="7CJ4rHCRoCAcCEPAA7/4jjd6J5A="></latexit><latexit sha1_base64="7CJ4rHCRoCAcCEPAA7/4jjd6J5A="></latexit><latexit sha1_base64="7CJ4rHCRoCAcCEPAA7/4jjd6J5A="></latexit><latexit sha1_base64="7CJ4rHCRoCAcCEPAA7/4jjd6J5A="></latexit>

Dirac matrices:                                      ,

'm(r) =
1

r

✓
f(r)⌦m(n)

i↵g(r)⌦�m(n)

◆

<latexit sha1_base64="4PXEkYIODWrZlwGR3avCeQTf0Mw="></latexit><latexit sha1_base64="4PXEkYIODWrZlwGR3avCeQTf0Mw="></latexit><latexit sha1_base64="4PXEkYIODWrZlwGR3avCeQTf0Mw="></latexit><latexit sha1_base64="4PXEkYIODWrZlwGR3avCeQTf0Mw="></latexit>

Solution has form:



Coupled radial equations:

(Vnuc (r ) + Vel)f ! +
! d

dr
!

!
r

"
g! = "f !

<latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit>

!
! d

dr
+

!
r

"
f ! + [ " 2(Vnuc (r ) + Vel) ! 2]g! = " 2#g!

<latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit>

One-electron problem



Coupled radial equations:

(Vnuc (r ) + Vel)f ! +
! d

dr
!

!
r

"
g! = "f !

<latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit>

!
! d

dr
+

!
r

"
f ! + [ " 2(Vnuc (r ) + Vel) ! 2]g! = " 2#g!

<latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit>

Express this as: dy
dr

= F (y, r )
<latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit>

y =
!

f !

g!

"

<latexit sha1_base64="uB6aDoPmMI4gQjgen74bi0YZ/pY=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyoyIuhGKblxWsA/olJJJ77ShmUxIMmIZ+idu/BU3LhQRd/0b03YQbT0QOJxzLrn3hJIzbTxv7Cwtr6yurRc23M2t7Z3d4t5+XSepolCjCU9UMyQaOBNQM8xwaEoFJA45NMLBzcRvPIDSLBH3ZiihHZOeYBGjxFipUzwf4is3CKHHRCZjYhR7HLlRJxgQKQkOAreXczcA0f2JdIolr+xNgReJn5MSylHtFL+CbkLTGIShnGjd8j1p2hlRhlEOIzdINUhCB6QHLUsFiUG3s+l9I3xslS6OEmWfMHiq/p7ISKz1MA5t0u7X1/PeRPzPa6UmumxnTMjUgKCzj6KUY5PgSVm4yxRQw4eWEKqY3RXTPlGEGlupa0vw509eJPXTsu+V/buzUuU6r6OADtEROkE+ukAVdIuqqIYoekIv6A29O8/Oq/PhfM6iS04+c4D+wBl/A+Kmoug=</latexit><latexit sha1_base64="uB6aDoPmMI4gQjgen74bi0YZ/pY=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyoyIuhGKblxWsA/olJJJ77ShmUxIMmIZ+idu/BU3LhQRd/0b03YQbT0QOJxzLrn3hJIzbTxv7Cwtr6yurRc23M2t7Z3d4t5+XSepolCjCU9UMyQaOBNQM8xwaEoFJA45NMLBzcRvPIDSLBH3ZiihHZOeYBGjxFipUzwf4is3CKHHRCZjYhR7HLlRJxgQKQkOAreXczcA0f2JdIolr+xNgReJn5MSylHtFL+CbkLTGIShnGjd8j1p2hlRhlEOIzdINUhCB6QHLUsFiUG3s+l9I3xslS6OEmWfMHiq/p7ISKz1MA5t0u7X1/PeRPzPa6UmumxnTMjUgKCzj6KUY5PgSVm4yxRQw4eWEKqY3RXTPlGEGlupa0vw509eJPXTsu+V/buzUuU6r6OADtEROkE+ukAVdIuqqIYoekIv6A29O8/Oq/PhfM6iS04+c4D+wBl/A+Kmoug=</latexit><latexit sha1_base64="uB6aDoPmMI4gQjgen74bi0YZ/pY=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyoyIuhGKblxWsA/olJJJ77ShmUxIMmIZ+idu/BU3LhQRd/0b03YQbT0QOJxzLrn3hJIzbTxv7Cwtr6yurRc23M2t7Z3d4t5+XSepolCjCU9UMyQaOBNQM8xwaEoFJA45NMLBzcRvPIDSLBH3ZiihHZOeYBGjxFipUzwf4is3CKHHRCZjYhR7HLlRJxgQKQkOAreXczcA0f2JdIolr+xNgReJn5MSylHtFL+CbkLTGIShnGjd8j1p2hlRhlEOIzdINUhCB6QHLUsFiUG3s+l9I3xslS6OEmWfMHiq/p7ISKz1MA5t0u7X1/PeRPzPa6UmumxnTMjUgKCzj6KUY5PgSVm4yxRQw4eWEKqY3RXTPlGEGlupa0vw509eJPXTsu+V/buzUuU6r6OADtEROkE+ukAVdIuqqIYoekIv6A29O8/Oq/PhfM6iS04+c4D+wBl/A+Kmoug=</latexit><latexit sha1_base64="uB6aDoPmMI4gQjgen74bi0YZ/pY=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyoyIuhGKblxWsA/olJJJ77ShmUxIMmIZ+idu/BU3LhQRd/0b03YQbT0QOJxzLrn3hJIzbTxv7Cwtr6yurRc23M2t7Z3d4t5+XSepolCjCU9UMyQaOBNQM8xwaEoFJA45NMLBzcRvPIDSLBH3ZiihHZOeYBGjxFipUzwf4is3CKHHRCZjYhR7HLlRJxgQKQkOAreXczcA0f2JdIolr+xNgReJn5MSylHtFL+CbkLTGIShnGjd8j1p2hlRhlEOIzdINUhCB6QHLUsFiUG3s+l9I3xslS6OEmWfMHiq/p7ISKz1MA5t0u7X1/PeRPzPa6UmumxnTMjUgKCzj6KUY5PgSVm4yxRQw4eWEKqY3RXTPlGEGlupa0vw509eJPXTsu+V/buzUuU6r6OADtEROkE+ukAVdIuqqIYoekIv6A29O8/Oq/PhfM6iS04+c4D+wBl/A+Kmoug=</latexit>

with

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)

One-electron problem



Coupled radial equations:

(Vnuc (r ) + Vel)f ! +
! d

dr
!

!
r

"
g! = "f !

<latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit>

!
! d

dr
+

!
r

"
f ! + [ " 2(Vnuc (r ) + Vel) ! 2]g! = " 2#g!

<latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit>

Solve using finite-difference method — Adams-Moulton

Express this as: dy
dr

= F (y, r )
<latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit>

y =
!

f !

g!

"
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with

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)

One-electron problem



In practice, we use a variable radial grid, point-spacing exponentially increasing at 
small distances, becoming linear at large distances 

Solving the radial Dirac equation

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)



In practice, we use a variable radial grid, point-spacing exponentially increasing at 
small distances, becoming linear at large distances 

• start with solutions at large distances that satisfy the equation with potential

V(r ) = ( N ! Z ! 1)/r
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and integrate inwards

Solving the radial Dirac equation

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)



In practice, we use a variable radial grid, point-spacing exponentially increasing at 
small distances, becoming linear at large distances 

• start with solutions at large distances that satisfy the equation with potential

V(r ) = ( N ! Z ! 1)/r
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and integrate inwards

• Integrate outwards starting with solutions at small distances where 

V(r ) ! " Z/r
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Solving the radial Dirac equation

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)



In practice, we use a variable radial grid, point-spacing exponentially increasing at 
small distances, becoming linear at large distances 

• start with solutions at large distances that satisfy the equation with potential

V(r ) = ( N ! Z ! 1)/r
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and integrate inwards

• Integrate outwards starting with solutions at small distances where 

V(r ) ! " Z/r
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• Meet at outer turning point

Solving the radial Dirac equation

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)



Solving the radial Dirac equation

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)

40 CHAPTER 2. CENTRAL-FIELD SCHR¬ODINGER EQUATION

0 10 20 30 40
r(a.u.)

-1

0

1

P
(r

)

-0.100
-0.110
-0.121
-0.125

-0.5

0.0

0.5

dP
(r

)/
dr

Figure 2.2: The radial wave function for a Coulomb potential with Z = 2 is
shown at several steps in the iteration procedure leading to the 4p eigenstate.

The number of nodesincreaseswith increasingenergy. To reducethe number
of nodes, we must, therefore, lower the energy. We do this by multiplying E
(which is of course negative) by a factor of 1.1. Repeating steps 2 - 4 with
E = ! 0.110 a.u., leads to the curve shown in the dot-dashed curve in the
Þgure. The number of nodesremains nr = 3, so we repeat the stepsagain with
E = 1.1(! 0.110) = ! 0.121 a.u.. At this energy, the number of nodes nr = 2
is correct, as shown in the dashedcurve in Fig. 2.2; however, the derivative of
the wave function is still discontinuous at ac. To achieve a wave function with
a continuous derivative, we make further corrections to E using a perturbativ e
approach.

If we let P1(r ) and Q1(r ) represent the radial wave function and its derivative
at E1, respectively, and let P2(r ) and Q2(r ) represent the sametwo quantities
at E2, then it follows from the radial Schr¬odinger equation that

d
dr

(Q2P1 ! P2Q1) = 2(E1 ! E2)P1P2 . (2.89)

From this equation, we Þnd that

2(E1 ! E2)
! !

ac

P1 P2 dr = ! (Q2P1 ! P2Q1)+ , (2.90)

2(E1 ! E2)
! ac

0
P1 P2 dr = (Q2P1 ! P2Q1)" , (2.91)

Illustration of matching: 
radial 4p orbital 
(non-relativistic) 
in Coulomb potential 



Solving the radial Dirac equation

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)

40 CHAPTER 2. CENTRAL-FIELD SCHR¬ODINGER EQUATION

0 10 20 30 40
r(a.u.)

-1

0

1

P
(r

)

-0.100
-0.110
-0.121
-0.125

-0.5

0.0

0.5

dP
(r

)/
dr

Figure 2.2: The radial wave function for a Coulomb potential with Z = 2 is
shown at several steps in the iteration procedure leading to the 4p eigenstate.

The number of nodesincreaseswith increasingenergy. To reducethe number
of nodes, we must, therefore, lower the energy. We do this by multiplying E
(which is of course negative) by a factor of 1.1. Repeating steps 2 - 4 with
E = ! 0.110 a.u., leads to the curve shown in the dot-dashed curve in the
Þgure. The number of nodesremains nr = 3, so we repeat the stepsagain with
E = 1.1(! 0.110) = ! 0.121 a.u.. At this energy, the number of nodes nr = 2
is correct, as shown in the dashedcurve in Fig. 2.2; however, the derivative of
the wave function is still discontinuous at ac. To achieve a wave function with
a continuous derivative, we make further corrections to E using a perturbativ e
approach.

If we let P1(r ) and Q1(r ) represent the radial wave function and its derivative
at E1, respectively, and let P2(r ) and Q2(r ) represent the sametwo quantities
at E2, then it follows from the radial Schr¬odinger equation that

d
dr

(Q2P1 ! P2Q1) = 2(E1 ! E2)P1P2 . (2.89)

From this equation, we Þnd that

2(E1 ! E2)
! !

ac

P1 P2 dr = ! (Q2P1 ! P2Q1)+ , (2.90)

2(E1 ! E2)
! ac

0
P1 P2 dr = (Q2P1 ! P2Q1)" , (2.91)

Illustration of matching: 
radial 4p orbital 
(non-relativistic) 
in Coulomb potential 

Check number of “zeros”  

n = n0 + l + 1
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at E1, respectively, and let P2(r ) and Q2(r ) represent the sametwo quantities
at E2, then it follows from the radial Schr¬odinger equation that

d
dr

(Q2P1 ! P2Q1) = 2(E1 ! E2)P1P2 . (2.89)

From this equation, we Þnd that

2(E1 ! E2)
! !

ac

P1 P2 dr = ! (Q2P1 ! P2Q1)+ , (2.90)

2(E1 ! E2)
! ac

0
P1 P2 dr = (Q2P1 ! P2Q1)" , (2.91)

Illustration of matching: 
radial 4p orbital 
(non-relativistic) 
in Coulomb potential 

Check number of “zeros”  
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Crude adjustment to 
energy until correct 

Fine adjustment until 
function and derivative 
are smooth



Relativistic Hartree-Fock

• Hamiltonian for many-electron atom:

H =
N!

i =1

h0(r i ) +
N!

i<j

1
|r i ! r j |
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• Wish to solve

H! (r1, r 2, . . . , rN) = E! (r1, r 2, . . . , rN)
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• Wish to solve
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Figure 3.2: Solutions to the HF equation for helium, Z = 2. The radial HF
wave function P1s(r ) is plotted in the solid curve and electron potential v0(1s, r )
is plotted in the dashedcurve.

3.2 HF Equations for Closed-Shell A toms

For a system of N -electrons, the Hamiltonian is

H (r 1 , r 2 , ááá, r N ) =
N!

i =1

h0(r i ) +
1
2

!

i != j

1
r ij

, (3.37)

whereh0 is the single-particle operator for the sum of the kinetic energyand the
electron-nucleus interaction given in Eq.(3.2), and where 1/r ij is the Coulomb
interaction energy between the i th and j th electrons. We seek approximate
solutions to the N -electron Schr¬odinger equation

H (r 1, r 2, ááá, r N )! (r 1, r 2, ááá, r N ) = E ! (r 1, r 2, ááá, r N ). (3.38)

The solutions corresponding to electrons (and other fermions) are completely
antisymmetric with respect to the interchangeof any two coordinates

! (r 1, ááá, r i , ááá, r j , ááá, r N ) = ! ! (r 1, ááá, r j , ááá, r i , ááá, r N ) . (3.39)

It is perhaps worthwhile repeating here an observation by Hartree (1957, p.
16) concerningÒexactÓsolutions to Eq.(3.38) in the many-electron case. If we
consider, for example, the 26 electron iron atom, the function ! (r 1, r 2, ááá, r N )
depends on 3 " 26 = 78 variables. Using a course grid of only 10 points for
each variable, it would require 1078 numbers to tabulate the wave function for
iron. Since this number exceedsthe estimated number of particles in the solar
system, it is di" cult to understand how the wave function would be stored
even if it could be calculated! Of more practical interest are approximations
to ÒexactÓsolutions and methods for systematically improving the accuracy of
such approximations.

From: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)

H! (r1, r 2, . . . , rN) = E! (r1, r 2, . . . , rN)
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• Wish to solve

• Approximate solution — single Slater determinant

! (r 1, r 2, ..., r N )
1

!
N !

!
!
!
!
!
!
!
!
!

! a(r 1) ! b(r 1) á á á ! n (r 1)
! a(r 2) ! b(r 2) á á á ! n (r 2)

...
! a(r N ) ! b(r N ) á á á ! n (r N )

!
!
!
!
!
!
!
!
!
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where h! a = ( ho + U(r )) ! a = "a! a
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" (r 1, r 2, . . . , rN) =

H! (r1, r 2, . . . , rN) = E! (r1, r 2, . . . , rN)
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• Expectation value of full Hamiltonian: E = ! ! |H |! "
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• Expectation value of full Hamiltonian: E = ! ! |H |! "
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• Require that the energy is stationary with respect to variations of the 
radial wave functions, subject to the normalisation condition



Relativistic Hartree-Fock

• Expectation value of full Hamiltonian: E = ! ! |H |! "
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• Require that the energy is stationary with respect to variations of the 
radial wave functions, subject to the normalisation condition

• Finally, obtain relativistic Hartree-Fock equations, with potential:where Vnuc(r ) is the nuclear potential and the Hartree-Fock potential VHF is given by

VHF Ra(r ) =
!

b

(2j b + 1)
"

v0(b, b, r)Ra(r )
# $% &

direct

!
!

k

! ! a k! bvk(b, a, r)Rb(r )

# $% &
exchange

'
. (3)

The Þrst and second terms on the right are the direct and exchange parts of the Hartree-
Fock potential; R denotesf ,g and

vk(a, b, r) =
( !

0
dr " r k

<

r k+1
>

"
f a(r ")f b(r ") + ! 2ga(r ")gb(r ")

'
, (4)

! ! a k! b =
)

j a j b k
! 1/ 2 1/ 2 0

* 2

" (la + k + lb) , (5)

where

" (l ) =
+

1 , l even
0 , l odd

.

5 Initialization and set-up

This is the place where most of the di#erences between the procedures lie.
.......

5.1 Constructing the radial grid

The radial grid is constructed in the routine radial grid . The grid is chosen to be
exponential close to the nucleus and linear at larger distances. Rapid oscillation of the
functions close to the nucleus is therefore taken care of.

Equally spaced gridx is related to variable grid r by

x = " ln( r ) + r (6)

and the Jacobian is ,
,
,
dr
dx

,
,
, =

r
r + "

. (7)

Parameter What is it? Where do I Þnd it? Typical value
" determines distance for module 4.

exp. " linear transition parameters
rmin distance from zero module 1.e! 6

for Þrst point in grid parameters
rmax distance for last point data for run depends on system; e.g.,

excited states for Cs, 100.
maxpoints number of points in grid module depends on system;

parameters for Cs, 1500

3

where
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• Solving the RHF equations, 

(Vnuc (r ) + Vel)f ! +
! d

dr
!

!
r

"
g! = "f !
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!
! d

dr
+

!
r

"
f ! + [ " 2(Vnuc (r ) + Vel) ! 2]g! = " 2#g!
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Vel = VHF
<latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit>
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<latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit>

Vel = VHF
<latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit>

• Self-consistently for electrons of core 
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"
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<latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit>

Vel = VHF
<latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit>

• Self-consistently for electrons of core 

• Freeze potential of core, V N ! 1
HF

<latexit sha1_base64="0Ki0Of08Uz36WMSZrr8SqyMAbJY=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqSIbXdFQbqSCvYB7VgyaaYNzWSGJCOUYX7DjQtF3Poz7vwbM20FFT1w4XDOvdx7jxcJrg1CH87S8srq2npuI7+5tb2zW9jbb+swVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm1xmfueeKc1DeWumEXMDMpLc55QYK/Xbd8n1KU4HSeMqHRSKqIQQwhjDjODKObKkVquWcRXizLIoggWag8J7fxjSOGDSUEG07mEUGTchynAqWJrvx5pFhE7IiPUslSRg2k1mN6fw2CpD6IfKljRwpn6fSEig9TTwbGdAzFj/9jLxL68XG7/qJlxGsWGSzhf5sYAmhFkAcMgVo0ZMLSFUcXsrpGOiCDU2prwN4etT+D9pl0sYlfDNWbF+sYgjBw7BETgBGFRAHTRAE7QABRF4AE/g2YmdR+fFeZ23LjmLmQPwA87bJ5crkWU=</latexit><latexit sha1_base64="0Ki0Of08Uz36WMSZrr8SqyMAbJY=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqSIbXdFQbqSCvYB7VgyaaYNzWSGJCOUYX7DjQtF3Poz7vwbM20FFT1w4XDOvdx7jxcJrg1CH87S8srq2npuI7+5tb2zW9jbb+swVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm1xmfueeKc1DeWumEXMDMpLc55QYK/Xbd8n1KU4HSeMqHRSKqIQQwhjDjODKObKkVquWcRXizLIoggWag8J7fxjSOGDSUEG07mEUGTchynAqWJrvx5pFhE7IiPUslSRg2k1mN6fw2CpD6IfKljRwpn6fSEig9TTwbGdAzFj/9jLxL68XG7/qJlxGsWGSzhf5sYAmhFkAcMgVo0ZMLSFUcXsrpGOiCDU2prwN4etT+D9pl0sYlfDNWbF+sYgjBw7BETgBGFRAHTRAE7QABRF4AE/g2YmdR+fFeZ23LjmLmQPwA87bJ5crkWU=</latexit><latexit sha1_base64="0Ki0Of08Uz36WMSZrr8SqyMAbJY=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqSIbXdFQbqSCvYB7VgyaaYNzWSGJCOUYX7DjQtF3Poz7vwbM20FFT1w4XDOvdx7jxcJrg1CH87S8srq2npuI7+5tb2zW9jbb+swVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm1xmfueeKc1DeWumEXMDMpLc55QYK/Xbd8n1KU4HSeMqHRSKqIQQwhjDjODKObKkVquWcRXizLIoggWag8J7fxjSOGDSUEG07mEUGTchynAqWJrvx5pFhE7IiPUslSRg2k1mN6fw2CpD6IfKljRwpn6fSEig9TTwbGdAzFj/9jLxL68XG7/qJlxGsWGSzhf5sYAmhFkAcMgVo0ZMLSFUcXsrpGOiCDU2prwN4etT+D9pl0sYlfDNWbF+sYgjBw7BETgBGFRAHTRAE7QABRF4AE/g2YmdR+fFeZ23LjmLmQPwA87bJ5crkWU=</latexit><latexit sha1_base64="0Ki0Of08Uz36WMSZrr8SqyMAbJY=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqSIbXdFQbqSCvYB7VgyaaYNzWSGJCOUYX7DjQtF3Poz7vwbM20FFT1w4XDOvdx7jxcJrg1CH87S8srq2npuI7+5tb2zW9jbb+swVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm1xmfueeKc1DeWumEXMDMpLc55QYK/Xbd8n1KU4HSeMqHRSKqIQQwhjDjODKObKkVquWcRXizLIoggWag8J7fxjSOGDSUEG07mEUGTchynAqWJrvx5pFhE7IiPUslSRg2k1mN6fw2CpD6IfKljRwpn6fSEig9TTwbGdAzFj/9jLxL68XG7/qJlxGsWGSzhf5sYAmhFkAcMgVo0ZMLSFUcXsrpGOiCDU2prwN4etT+D9pl0sYlfDNWbF+sYgjBw7BETgBGFRAHTRAE7QABRF4AE/g2YmdR+fFeZ23LjmLmQPwA87bJ5crkWU=</latexit>
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"
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Vel = VHF
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• Self-consistently for electrons of core 

• Freeze potential of core, V N ! 1
HF
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• Perturbation theory in residual Coulomb interaction, 
!
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Correlation potential

• Starting point: relativistic Hartree-Fock (RHF),

• Lowest-order correlation corrections  -  2nd order in Coulomb interaction
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Correlation potential

• Starting point: relativistic Hartree-Fock (RHF),

• Lowest-order correlation corrections  -  2nd order in Coulomb interaction
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• Perturbation theory in residual Coulomb interaction, 
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<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

!
<latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit>

!
<latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit>

n
<latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit>
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<latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit>

a
<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

a
<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

!
<latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit>

!
<latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit>

n
<latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit>

n
<latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit>

!
<latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit>

!
<latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit>



Correlation potential

valence electron

electron “core”
nucleus

time

!a|! |a" =
!

n, ! ,"

!an| 1
r 24

|!" "! !" | 1
r 13

|na"

#a + #n # #! # #"
<latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit>

a
<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

a
<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

!
<latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit>

!
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Correlation potential

• Starting point: relativistic Hartree-Fock (RHF),

• Lowest-order correlation corrections  -  2nd order in Coulomb interaction

Excitation energies,
error ~ 10%

!
c! áp + ( ! ! 1)c2 ! Z/r + VHF

"
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• Perturbation theory in residual Coulomb interaction, 

• Pull out the correlation potential and add it to the Hartree-Fock equations,

VHF ! VHF + !( r , r ! , ! )
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All-orders correlation potential

Classes of diagrams included to all 
orders using the Feynman diagram 
technique
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Effect on wave function

equations for the valence electrons. This yields Brueckner
orbitals�K iBr, and energies�‹ iBr, . Such a procedure also takes
into account the higher orders in! in the Brueckner orbitals
and energies.

In this work we calculate ( )�4 2 for all atoms considered
and we calculate ( )�4 �d for Cs. We calculate ( )�4 2 using a
B-spline basis set[38] obtained by diagonalizing the relati-
vistic HartreeÐFock operator on a set of 40 splines of order
k!= !9 within a cavity of radius40 a.u.The exchange part of

( )�4 �d is also considered in the second-order, with(multi-
polarity-dependent) factors used to screen the Coulomb
interaction. For the direct part of( )�4 �d , the Feynman diagram
technique is used for inclusion of the core polarization and
hole-particle classes of diagrams; see[37] for further details
about the method. The correlation potential method, using all-
orders ( )�4 �d , has proven to be remarkably successful in high-
precision atomic structure calculations for heavy alkali atoms;
notably, this method was used to obtain one of the most
precise results for parity violation in Cs[39Ð41].

Inclusion of the correlation potential modi! es the orbitals
of the valence electrons at large distances,�2r aB. These are
the distances that also determine the binding energies of the
electrons. Placing! tting factors before the correlation
potential �4�L �Lf and ! tting to the experimental binding ener-
gies may be considered a way of taking into account missed
effects in the correlation potential.(Experience has shown
that, indeed,! tting of the energies leads to improved wave
functions at all distances.)

In table3 we present the Uehling shift for the valence
orbitals of Cs with the correlation potential taken into
account. We present results both for( )�4 2 and ( )�4 �d to see how
sensitive the Uehling correction is to the correlation correc-
tions. The values presented in this table do not include the
large effects of core relaxation.

It is seen from table3 that the effect of the correlations is
large. They increase the 6s level shift by around 50% and they
exceed the relaxation correction for this level. The relative
corrections for the other waves is even larger, though for
these waves the relaxation effect dominates.

The effect of the correlation potential is to pull the wave
functions closer to the nucleus. This leads to larger Uehling
shifts for all waves and is more important for the orbitals
with ��l 0.

The difference between the results using( )�4 2 or ( )�4 �d is
signi! cant, affecting the second digit in the results. However,
the ! tted results shown in columns! ve and eight of table3,
agree very well, to about 2% for 6s and signi! cantly better for
the other waves. That is,as long as the correlation potential
is ! tted to reproduce the experimental energies, the correla-
tion corrections to the Uehling shifts are insensitive to the
details of! .

Therefore, we have performed calculations for Na
through to E119 with the second-order correlation potential

( )�4 2 ! tted to reproduce experimental energies(for E119, we
use! tting factors from Fr). These results, which also include
the important core-relaxation effects, are presented in the
sixth column of table4.

In the! nal column of table4 we present, along with the
results of [22], the vacuum polarization calculations per-
formed by Thierfelder and Schwerdtfeger[18] in the relati-
vistic HartreeÐFock approach. Their results are in reasonable
agreement with our relaxed core results�‹�E. We are not aware
of other many-body vacuum polarization results for the alkali
atoms.

It is worth emphasizing the effect of the correlation
potential on the valence electron wave functions. The wave
functions are modi! ed by the correlation potential in the
region �2r a ;B see! gure2, where we illustrate the relativistic
HartreeÐFock and Brueckner upper radial component for the
6s orbital of Cs. For ��r aB, the Brueckner wave functions are
proportional to the HartreeÐFock wave functions,

( ) ( )�K �K� � � � � �r a c r aB BBr . The effect that the correlation
corrections have in this region is simply in the normalization
of the wave functions. Obviously, since the Uehling potential
acts at a distance close to the nuclear radius,

! ! ! !� K � K � K � K�˜ � § � � � ˜ � §V c VBr Ueh Br
2

Ueh . If the range of the correction
to the HartreeÐFock potential�EVHF

Ueh were within aB, then
! ! ! !� K � E � K � K � E � K�˜ � � � § � � � ˜ � � � §V V c V VBr Ueh HF

Ueh
Br

2
Ueh HF

Ueh also, i.e.,
( )( ) ( )� ‹ � ‹ � ‹ � ‹ � ‹�E � E � E � E � E� � � �cBr

2
Br
1 1 . We do notice some deviation

from this relation, which is a result of the long range of the
relaxation correction to the HartreeÐFock potential; this range
indeed extends beyond��r aB, as we saw in the previous
section. Overall, though, the relation above holds fairly well.

From consideration of the level of agreement between the
! tted Brueckner results of Cs from table3, we estimate the
uncertainty of our! nal results for the alkali atoms Na to E119
(column six of table4) to be a few percent.

While the aim of this work is to study the effect of many-
body corrections on the QED radiative shifts, applied to the
Uehling potential speci! cally, we note that there are other
contributions to the vacuum polarization shift at the one-loop
level that we have not included, for instance the higher-order
in �BZ corrections and remaining electron screening effects
corresponding to a vacuum polarization loop in the photon
exchange between electrons. A more precise study would

Figure 2. Upper radial component of the Cs 6s orbitals. Thick solid
line corresponds to the relativistic HF orbital, dashed line is the
Brueckner orbital, and the thin solid line is the rescaled relativistic
HF orbital, which is seen to coincide with the Brueckner orbital for

�1r aB (see inset).
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“Small corrections”

Breit corrections Retardation and magnetic corrections to
Coulomb interaction

1
r

!
1
r

"
1
2r

!
! i á! j + ! i án ! j án

"

where r = nr = r i ! r j

QED corrections in many-body calculations

Radiative potential method - Flambaum, Ginges, PRA (2005)
,Model operator approach - Shabaev, Tupitsyn, Yerokhin, PRA (2013)

+ +!
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Typical range of quantum electrodynamics radiative 
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Radiative potential

Typical range of quantum electrodynamics radiative 
interactions

within the 1s orbit,                 

r ! ! /mc " 1/ 137 a.u.

r ! 1/Z

1/ 137

1s

1/Z

Electron sees unscreened nucleus,                 

Binding energies of valence electrons, ! ! 10! 5mc2
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Radiative potential

Typical range of quantum electrodynamics radiative 
interactions

within the 1s orbit,                 

r ! ! /mc " 1/ 137 a.u.

r ! 1/Z

In this region, valence electron of a neutral atom behaves like an electron in a 
highly-excited state of a hydrogen-like ion!

1/ 137

1s

1/Z

Electron sees unscreened nucleus,                 

Binding energies of valence electrons, ! ! 10! 5mc2
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Radiative potential

• Define radiative potential: ! ! |Vrad (r )|! " = "#SE + "#V P
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! ! |Vrad |! "
" (r n )

=
! ! |Vrad |! "H! like

" (r n )H! like
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Note:



Radiative potential

Ab initio derivation to 
first order in       ; cut-off 
imposed for electric part

Vrad (r ) = VUeh (r ) + Vmag (r ) + V high
el (r ) + V low

el (r )

   First order in      
vacuum polarization
— Uehling potential 

Approximation to 
long-range electric part. 
Semi-empirical

• Define radiative potential: ! ! |Vrad (r )|! " = "#SE + "#V P
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! ! |Vrad |! "
" (r n )

=
! ! |Vrad |! "H! like

" (r n )H! like
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• Introduce local radiative potential:

Z !
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Note:

Flambaum, Ginges (2005)



Radiative potential

Vrad (r ) = VUeh (r ) + Vmag (r ) + V high
el (r ) + V low

el (r )

• Define radiative potential: ! ! |Vrad (r )|! " = "#SE + "#V P
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! ! |Vrad |! "
" (r n )

=
! ! |Vrad |! "H! like

" (r n )H! like
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• Introduce local radiative potential:

Note:

Flambaum, Ginges (2005)

-

ATOMIC MANY-BODY EFFECTS AND LAMB SHIFTS IN . . . PHYSICAL REVIEW A93, 052509 (2016)

TABLE II. Breakdown of contributions to the Þrst-order valence self-energy shift, using the FGRP method, to the Cs 6s binding energy in
the core-Hartree approximation. Results for different nuclear approximations are given. The units are 10! 5 a.u. The Þnal screened Þnite-nucleus
result 8.608" 10! 5 a.u. corresponds to the valueF (Z ! ) = 0.016 43, presented in TableIII .

Density approximation "#(1)
mag "#(1)

high "#(1)
low "#(1)

point-nucleus 1.391 6.583 0.762 8.736
step-function 1.391 6.577 0.762 8.730
Fermi distribution 1.391 6.577 0.762 8.730
electron core ! 0.013 ! 0.043 ! 0.065 ! 0.121
Þnite nucleus, screened 1.378 6.534 0.697 8.608

part of the self-energy shift for thes waves is proportional
to # 2V(r ) and V(r ) is the potential experienced by the
electron [25], the self-energy shift may be approximated by
the ratio "#SE = "#SE,H$$|# 2V(r )|$%/ $$H|# 2V(r )|$H%[24].
(See also Ref. [23] for a recent implementation of this
approach and for other references.) For statesl > 0, the ra-
tio "#SE = "#SE,H$$|%! á! V(r )|$%/ $$H|%! á! V(r )|$H%has
been proposed [32], where%and! are Dirac matrices.

Using the ratio methods above, one may yield reasonable
estimates for the self-energy corrections for valences orbitals
of atoms and ions. However, for estimating shifts for orbitals
with l > 0, this procedure may prove to be cumbersome or
inadequate, since core relaxation corrections determine the
size and the sign of the effect [8,30,33].

The goal, then, is to extract from Eq. (1) a local potential
that, when averaged over an orbitalÕs wave function, gives the
one-loop self-energy correction to the energy of the orbital.
This potential may then be added to many-body atomic
structure codes in a simple manner. One may expect, from
examination of Eq. (1), that as long as self-energy shifts for
hydrogenlike ions are reproduced with high accuracy by such a

potential, the accuracy for self-energy shifts for neutral atoms
should also be high.

It is worth noting that the local potential that was isolated
from the nonlocal model operator considered in the work of
Shabaevet al. [27] was Þtted to the (tightly bound) 1s state
of hydrogenlike ions and then applied to the (loosely bound)
valences levels in neutral atoms. This is likely the reason for
the deviations on the order of 10% from the results of exact
QED for calculations in frozen atomic potentials. Indeed, from
Table VI in their work [27], it can be seen that their local
potential produces shifts for the 5s level in hydrogenlike ions
that deviate from the exact self-energy shifts by about 30% for
the heavier ions considered in that table, 40! Z ! 92.

In the FGRP approach, the self-energy part of the radiative
potential contains a magnetic form factor term and an electric
form factor term, divided into high- and low-frequency
components

VSE(r ) = Vmag(r ) + Vhigh(r ) + Vlow(r ). (3)

For the point-nucleus caseV point
nuc = Z/r , the potentials have

the form [8]

V point
mag (r ) =

i ! 2

4&
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V point
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t2

%
e! 2tr/ ! , (5)

V point
low (r ) = ! Bl (Z )Z 4! 3e! Zr , (6)

where" = %! is an array of Dirac matrices. The coefÞcients
Al (Z,r ) = Al (Z ) r/ (r + 0.07Z 2! 3) andBl (Z ) are Þtting fac-
tors and in Ref. [8] they were found by Þtting to the 5s,
5p1/ 2, and 5p3/ 2 self-energy shifts for hydrogenlike ions [34].
In that work, a single local potential was formed with
no dependence on the orbital angular momentum quantum
numberl . In the current work, we introduce anl dependence
to the potential in order to control the shifts tod levels and
to improve the potentialÕs accuracy for use in many-body
calculations.

We keep the same Þtting factors as those in Ref. [8] for
the s and p levels, and ford levels we introduce different
factors, optimized to Þt 5d3/ 2 and 5d5/ 2 self-energy shifts in

hydrogenlike ions [27,34,35],

Al (Z ) =
&

1.071! 1.976x2 ! 2.128x3 + 0.169x4, l = 0,1
0, l = 2,

Bl (Z ) =
&

0.074+ 0.35Z! , l = 0,1
0.056+ 0.050Z! + 0.195Z 2! 2, l = 2,

(7)

wherex = (Z ! 80)! . For l > 2, we setAl (Z ) andBl (Z ) to
zero. The magnetic term is exact to Þrst order inZ ! and no
Þtting factors are introduced for it.

In TableI we present the self-energy shifts for hydrogenlike
ions obtained using the point-nucleus radiative potential

052509-3

• Fitting factors found by reproducing SE shifts in exact QED to H-like ions 



In frozen atomic potential (Kohn-Sham)

Self-energy shifts and comparison to exact 
QED

!" SE =
#
$

(Z# )4

n3 F (Z# )mc2

          Radiative      Radiative         Exact          Model 
              potential       potential +       QED         Operator
                                  screening                           

Cs   6s    0.0167       0.0164       0.0162      0.0163 
Fr    7s    0.0099       0.0098       0.0098      0.0099

F (Z ! )
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Radiative potential

Sapirstein and 
Cheng, PRA (2002)

Ginges and Berengut, PRA (2016)



In frozen atomic potential (Kohn-Sham)

Self-energy shifts and comparison to exact 
QED

!" SE =
#
$

(Z# )4

n3 F (Z# )mc2

          Radiative      Radiative         Exact          Model 
              potential       potential +       QED         Operator
                                  screening                           

Cs   6s    0.0167       0.0164       0.0162      0.0163 
Fr    7s    0.0099       0.0098       0.0098      0.0099

F (Z ! )
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SE shifts for Cs.  Units: 10-5 a.u.  
  

6s1/2       8.13       8.43 
6p1/2       0.11     -0.38  
6p3/2          0.32     -0.09 
5d3/2      -0.06     -1.21 
5d5/2        0.07    - 1.12
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Radiative potential

Sapirstein and 
Cheng, PRA (2002)

Ginges and Berengut, JPB (2016)



What else?

• This is a snapshot of some of our methods

• Need to go further to:

-  take into account external fields

-  consider multi-valence electron atoms

• There are other high-precision methods out there



Lecture 2B.  
Adventures at the intersection of atomic and nuclear physics



Our precision atomic theory group at UQ — aim

To maximise the discovery potential of precision atomic experiments

➤  Push state-of-the-art atomic calculations to 0.1% precision

➤  Development of high-precision many-body methods

➤  Improved benchmarking of atomic theory

Remove nuclear structure uncertainties that hinder tests of atomic theory
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Upper radial component, Cs 6s:

• hyperfine structure, 
• energies,
• E1 amplitudes,

few 0.1% - 1%
0.1%

few 0.1%

hyperfine structure

EPV =
X

n
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+
X

n
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= ⇠QW

Benchmarking atomic theory



Fine and hyperfine structure

Fine and hyperfine splitting of levels in 133Cs

Nuclear spin ,                                                
total angular momentum 

I = (7/2)+

F = I + J



Fine and hyperfine structure

Fine and hyperfine splitting of levels in 133Cs

Nuclear spin ,                                                
total angular momentum 

I = (7/2)+

F = I + J

Primary standard for the SI 
unit for time, the second

Hyperfine splitting in cesium

NIST-F2 Atomic clock
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Single-particle model,   :I = l + 1/2
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  ➤ Nuclear magnetic moments µ
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  ➤ Bohr-Weisskopf effect !
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  ➤ QED radiative corrections ! AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

Hyperfine comparisons



Aexpt !" A0(1 + ! ) + "AQED
<latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="jzCw3oPHqrPN3KL9OtXbvkbBVb4=">AAACN3icbVBNTxsxEPUG2oa0tCkcuViNKoGCot1e2mPCh9QTAqkJkbIh8jqziRWvvbJnW6JV/hUX/gY3eumhCHHlH+Ake+DryZae3psZe16USmHR96+90srqm7fvymuV9x/WP36qft7oWJ0ZDm2upTbdiFmQQkEbBUropgZYEkk4jSb7c//0NxgrtPqF0xT6CRspEQvO0EmD6lHrLA9NQuE8xVm4S+dHajWSEKMRozEyY/QfunRaA387qIeQWuFqdurhEC QyWow4OTyYDao1v+EvQF+SoCA1UuB4UL0Kh5pnCSjkklnbC/wU+zkzKLiEWSXMLKSMT9gIeo4qloDt54u9Z/SrU4Y01sZdhXShPu7IWWLtNIlcZcJwbJ97c/E1r5dh/KOfC5VmCIovH4ozSVHTeYh0KAxwlFNHGDfC/ZXyMTOMo4u64kIInq/8knS+NQK/EZz4teZeEUeZbJEvZJsE5Dtpkp/kmLQJJxfkL/lPbrxL7593690tS0te0bNJnsC7fwCKMap2</latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit>

  ➤ Nuclear magnetic moments µ
<latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit>

  ➤ Bohr-Weisskopf effect !
<latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit>

  ➤ QED radiative corrections ! AQED
<latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit>

GROUND-STATE HYPERFINE SPLITTING FOR Rb, Cs, . . . PHYSICAL REVIEW A96, 062502 (2017)

FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperÞne splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperÞne interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperÞne structure intervals for the
ground states of Rb, Cs, Ba+ , Fr, and Ra+ .

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs.1 and2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the Þrst principles of
QED are derived by employing the two-time GreenÕs function
method [45]. The correction due to the self-energy diagrams
may be written as
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where the Þrst term is the so-calledirreduciblepart, the second
is thereducible, and the third one is thevertexcontribution.
The self-energy operator# (" ), its derivatived# (" )/d " , the

FIG. 2. Feynman diagrams representing the vacuum polarization
correction to the hyperÞne splitting. Notations are the same as in
Fig. 1.

interelectronic-interaction operatorI (%), and the hyperÞne
operatorT0 are deÞned in a similar way as in Refs. [46Ð48],
and u = 1 $ i 0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperÞne splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,
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where the Þrst term is theelectric-looppart and the second
is themagnetic-loopcontribution. The electric-Þeld-induced
Uel

VP and the magnetic-Þeld-inducedUml
VP vacuum polarization

potentials are deÞned in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperÞne structure intervals. Our calcula-
tions were performed for Þnite nuclear charge (Fermi distribu-
tion) and Þnite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the Þnite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
$ 0.2% for Rb,$ 0.4% for Cs and Ba+ , and$ 0.6% for Fr and
Ra+ . The size of these corrections is signiÞcant and on the
level of correlation uncertainties, as we will see in Sec.V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperÞne splitting, we will apply the same relative QED
correctionsF QED found in the core-Hartree approximation to
the Þnal many-body results presented in Sec.V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperÞne interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperÞne structure intervals for the
ground states of Rb, Cs, Ba+ , Fr, and Ra+ .

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs.1 and2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the Þrst principles of
QED are derived by employing the two-time GreenÕs function
method [45]. The correction due to the self-energy diagrams
may be written as
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interelectronic-interaction operatorI (%), and the hyperÞne
operatorT0 are deÞned in a similar way as in Refs. [46Ð48],
and u = 1 $ i 0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperÞne splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,
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where the Þrst term is theelectric-looppart and the second
is themagnetic-loopcontribution. The electric-Þeld-induced
Uel

VP and the magnetic-Þeld-inducedUml
VP vacuum polarization

potentials are deÞned in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperÞne structure intervals. Our calcula-
tions were performed for Þnite nuclear charge (Fermi distribu-
tion) and Þnite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the Þnite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
$ 0.2% for Rb,$ 0.4% for Cs and Ba+ , and$ 0.6% for Fr and
Ra+ . The size of these corrections is signiÞcant and on the
level of correlation uncertainties, as we will see in Sec.V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperÞne splitting, we will apply the same relative QED
correctionsF QED found in the core-Hartree approximation to
the Þnal many-body results presented in Sec.V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

Cs Ba+ Fr Ra+ Reference

-0.38(6) -0.37(4) -0.60(1) -0.55(8) Ginges, Volotka, Fritzsche, PRA (2017)

-0.42 -0.6 Sapirstein and Cheng, PRA (2003)
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  ➤ Nuclear magnetic moments µ
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  ➤ Bohr-Weisskopf effect !
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  ➤ QED radiative corrections ! AQED
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FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperÞne splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperÞne interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperÞne structure intervals for the
ground states of Rb, Cs, Ba+ , Fr, and Ra+ .

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs.1 and2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the Þrst principles of
QED are derived by employing the two-time GreenÕs function
method [45]. The correction due to the self-energy diagrams
may be written as
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where the Þrst term is the so-calledirreduciblepart, the second
is thereducible, and the third one is thevertexcontribution.
The self-energy operator# (" ), its derivatived# (" )/d " , the

FIG. 2. Feynman diagrams representing the vacuum polarization
correction to the hyperÞne splitting. Notations are the same as in
Fig. 1.

interelectronic-interaction operatorI (%), and the hyperÞne
operatorT0 are deÞned in a similar way as in Refs. [46Ð48],
and u = 1 $ i 0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperÞne splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,
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where the Þrst term is theelectric-looppart and the second
is themagnetic-loopcontribution. The electric-Þeld-induced
Uel

VP and the magnetic-Þeld-inducedUml
VP vacuum polarization

potentials are deÞned in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperÞne structure intervals. Our calcula-
tions were performed for Þnite nuclear charge (Fermi distribu-
tion) and Þnite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the Þnite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
$ 0.2% for Rb,$ 0.4% for Cs and Ba+ , and$ 0.6% for Fr and
Ra+ . The size of these corrections is signiÞcant and on the
level of correlation uncertainties, as we will see in Sec.V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperÞne splitting, we will apply the same relative QED
correctionsF QED found in the core-Hartree approximation to
the Þnal many-body results presented in Sec.V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperÞne splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperÞne interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperÞne structure intervals for the
ground states of Rb, Cs, Ba+ , Fr, and Ra+ .

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs.1 and2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the Þrst principles of
QED are derived by employing the two-time GreenÕs function
method [45]. The correction due to the self-energy diagrams
may be written as
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interelectronic-interaction operatorI (%), and the hyperÞne
operatorT0 are deÞned in a similar way as in Refs. [46Ð48],
and u = 1 $ i 0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperÞne splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,
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where the Þrst term is theelectric-looppart and the second
is themagnetic-loopcontribution. The electric-Þeld-induced
Uel

VP and the magnetic-Þeld-inducedUml
VP vacuum polarization

potentials are deÞned in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperÞne structure intervals. Our calcula-
tions were performed for Þnite nuclear charge (Fermi distribu-
tion) and Þnite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the Þnite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
$ 0.2% for Rb,$ 0.4% for Cs and Ba+ , and$ 0.6% for Fr and
Ra+ . The size of these corrections is signiÞcant and on the
level of correlation uncertainties, as we will see in Sec.V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperÞne splitting, we will apply the same relative QED
correctionsF QED found in the core-Hartree approximation to
the Þnal many-body results presented in Sec.V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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vacuum
polarization

self
energy

Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

!

Cs Ba+ Fr Ra+ Reference

-0.38(6) -0.37(4) -0.60(1) -0.55(8) Ginges, Volotka, Fritzsche, PRA (2017)

-0.42 -0.6 Sapirstein and Cheng, PRA (2003)

QED corrections to g.s. hyperfine constants (%)

Hyperfine comparisons
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  ➤ Nuclear magnetic moments µ
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  ➤ Bohr-Weisskopf effect !
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  ➤ QED radiative corrections ! AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

A(7s)/A(7p1/2) vs atomic mass for francium

Found μ with 0.5% uncertainty

Known with 1-2% uncertainty for Fr isotopes.                               
We can do better!

Aexpt !" Ath (µth )(µ/µ th )
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Roberts and Ginges, PRL (2020)
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TABLE I. Literature values for the root-mean-square charge
radii ( r rms ), magnetic moments (µ), spin ( I ) and parity ( ! )
designations, and conÞgurations for the unpaired proton (! )
and neutron ( " ) for Fr nuclei. The Þnal columns show the
relative BW corrections ( #) determined in this work.

A r rms [36] µ [33] ConÞg. [33] # (%)
(fm) ( µN ) I ! ! " 7s 7p1/ 2

207 5.5720(18) 3.89(8) 9/ 2! h9/ 2 ! 1.26 ! 0.37
208 5.5729(18) 4.75(10) 7+ h9/ 2 f 5/ 2 ! 1.66 ! 0.50
209 5.5799(18) 3.95(8) 9/ 2! h9/ 2 ! 1.29 ! 0.38
210 5.5818(18) 4.40(9) 6+ h9/ 2 f 5/ 2 ! 1.67 ! 0.50
211 5.5882(18) 4.00(8) 9/ 2! h9/ 2 ! 1.32 ! 0.39
212 5.5915(18) 4.62(9) 5+ h9/ 2 p1/ 2 ! 1.77 ! 0.53
213 5.5977(18) 4.02(8) 9/ 2! h9/ 2 ! 1.33 ! 0.40

the hyperÞne constant assuming a pointlike nucleus (for
both the magnetization and charge distributions) with gI

factored out. Importantly, a0 is the same for all isotopes
of a given atom [37]. (The QED e! ect, essentially the
same for each isotope, is absorbed here intoa0.)

We form ratios using the 7s and 7p1/ 2 states for each
of the considered Fr isotopes [16] (see also [18, 38, 39]):

R sp !
A s

A p
"

a0
s

a0
p

(1 + ! s # ! p + "s # "p). (12)

The term in the parenthesis (less 1) is thesp hyperÞne
anomaly [18]. R sp is independent of the nuclear mo-
ments, which for most Fr isotopes are only known to
2% [40]. A comparison between our calculations and the
experimental ratios is presented in Fig.2. The isotope
dependence ofR sp is dominated by ! s (for Fr, ! s > 3! p).

Though |" | > |! |, " is modeled accurately by the charge
distribution ( 3), and changes only slightly between
nearby isotopes. We quantify possible errors in" by mak-
ing adjustments to the c and t values in Eq. (3), and Þnd
the resulting uncertainties to be negligible.

Since the proton conÞguration remains unchanged, the
di! erences inR along the isotope chain are due to the
contribution of the unpaired neutron to the BW e ! ect,
! ( ! ) (see Fig.2). Thus, we can cleanly extract ! ( ! ) from
the ratio of R between neighboring isotopes. Comparing
our values to experimental ratios [16, 17], we Þnd that
we reproduce! ( ! ) to between 5 and 35%. The neutron
contributes about 30% to the total ! , see TableI.

To gauge the accuracy of the calculated proton contri-
bution to ! , we examineR for the odd isotopes. WhileR
does not depend on the nuclear moments, it does depend
on the electron wavefunctions, and the di! erence between
the theory and experiment is likely dominated by errors
in the electron correlations. We therefore re-scaleR for
Fr by the factor # = R Expt .

sp (133Cs)/ R Th .
sp (133Cs), which

corrects the CsR value, and amounts to a shift of smaller
than 1%. The relative correlation corrections between Cs
and Fr are similar [25], so this is expected to roughly ac-

7.5

7.6

7.7

207 208 209 210 211 212 213

7.5

7.6

7.7

207 208 209 210 211 212 213

A
7s

/A
7p

A

Ball
Single-particle
SP (corrected)

A
7s

/A
7p

A

Experiment

FIG. 2. Calculated ratios of the 7 s to 7p1/ 2 hyperÞne con-
stants for 207 ! 213 Fr using the ball and single-particle (SP)
nuclear magnetization models, and comparison with experi-
ment [17]. The odd-even staggering is due to the addition of
neutrons; the slight negative slope is due to the changing nu-
clear radius. The dashed blue line shows the calculated (SP)
ratios corrected by the factor $(133 Cs); see text for details.

count for correlation errors in R(Fr). After re-scaling, we
Þnd agreement with experiment to 0.1% (dashed line in
Fig. 2). Since the relative s-state BW e! ect is an order
of magnitude larger for Fr than for Cs [41], this provides
a good method for testing the accuracy of the Fr BW
correction. The BW e! ect contributes about 1% to R,
implying we accurately reproduce the proton contribu-
tion to the BW e ! ect to about 10%. A similar result is
reached if we instead re-scale by the Rb# factor. We
therefore conclude that the BW e! ect is calculated accu-
rately, and take the uncertainty to be 20%.

Results and discussionÑ In Table II , we present our
calculated hyperÞne constants for87Rb, 133Cs, and211Fr,
along with experimental values for comparison. Note
that for Fr the uncertainty in the calculated A is dom-
inated by that of the literature value for µ. The ratio
A Th . /µ , however, is independent of this uncertainty.

To estimate the theoretical uncertainty, we assigned
errors individually for each of the important contribu-
tions, which are presented separately in TableII . These
are taken as twice the di! erence between the Þtted and
unÞtted correlation potentials (Ô$" Õ row), and 20% for
each of the combined structure radiation and normaliza-
tion of states (SR+NS), Breit, and BW contributions.
We take QED uncertainties of 15Ð20% from Ref. [28].
This leads to theoretical uncertainties of approximately
0.6%, 0.5%, and 0.5%, for Rb, Cs, and Fr, respectively.
We believe these are conservative estimates, justiÞed by
the very good agreement between theory and experiment
for Rb and Cs (0.4% and 0.2%, respectively). Further,
recent calculations using the same method for the135Ba+

and 225Ra+ ions also have excellent agreement with ex-
periment, both with discrepancies of about 0.2% [28].

Experimental values: FrPNC collaboration

Hyperfine comparisons
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  ➤ Nuclear magnetic moments µ
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  ➤ Bohr-Weisskopf effect !
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  ➤ QED radiative corrections ! AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

A(7s)/A(7p1/2) vs atomic mass for francium

Found μ with 0.5% uncertainty

Known with 1-2% uncertainty for Fr isotopes.                               
We can do better!

Aexpt !" Ath (µth )(µ/µ th )
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TABLE I. Literature values for the root-mean-square charge
radii ( r rms ), magnetic moments (µ), spin ( I ) and parity ( ! )
designations, and conÞgurations for the unpaired proton (! )
and neutron ( " ) for Fr nuclei. The Þnal columns show the
relative BW corrections ( #) determined in this work.

A r rms [36] µ [33] ConÞg. [33] # (%)
(fm) ( µN ) I ! ! " 7s 7p1/ 2

207 5.5720(18) 3.89(8) 9/ 2! h9/ 2 ! 1.26 ! 0.37
208 5.5729(18) 4.75(10) 7+ h9/ 2 f 5/ 2 ! 1.66 ! 0.50
209 5.5799(18) 3.95(8) 9/ 2! h9/ 2 ! 1.29 ! 0.38
210 5.5818(18) 4.40(9) 6+ h9/ 2 f 5/ 2 ! 1.67 ! 0.50
211 5.5882(18) 4.00(8) 9/ 2! h9/ 2 ! 1.32 ! 0.39
212 5.5915(18) 4.62(9) 5+ h9/ 2 p1/ 2 ! 1.77 ! 0.53
213 5.5977(18) 4.02(8) 9/ 2! h9/ 2 ! 1.33 ! 0.40

the hyperÞne constant assuming a pointlike nucleus (for
both the magnetization and charge distributions) with gI

factored out. Importantly, a0 is the same for all isotopes
of a given atom [37]. (The QED e! ect, essentially the
same for each isotope, is absorbed here intoa0.)

We form ratios using the 7s and 7p1/ 2 states for each
of the considered Fr isotopes [16] (see also [18, 38, 39]):

R sp !
A s

A p
"

a0
s

a0
p

(1 + ! s # ! p + "s # "p). (12)

The term in the parenthesis (less 1) is thesp hyperÞne
anomaly [18]. R sp is independent of the nuclear mo-
ments, which for most Fr isotopes are only known to
2% [40]. A comparison between our calculations and the
experimental ratios is presented in Fig.2. The isotope
dependence ofR sp is dominated by ! s (for Fr, ! s > 3! p).

Though |" | > |! |, " is modeled accurately by the charge
distribution ( 3), and changes only slightly between
nearby isotopes. We quantify possible errors in" by mak-
ing adjustments to the c and t values in Eq. (3), and Þnd
the resulting uncertainties to be negligible.

Since the proton conÞguration remains unchanged, the
di! erences inR along the isotope chain are due to the
contribution of the unpaired neutron to the BW e ! ect,
! ( ! ) (see Fig.2). Thus, we can cleanly extract ! ( ! ) from
the ratio of R between neighboring isotopes. Comparing
our values to experimental ratios [16, 17], we Þnd that
we reproduce! ( ! ) to between 5 and 35%. The neutron
contributes about 30% to the total ! , see TableI.

To gauge the accuracy of the calculated proton contri-
bution to ! , we examineR for the odd isotopes. WhileR
does not depend on the nuclear moments, it does depend
on the electron wavefunctions, and the di! erence between
the theory and experiment is likely dominated by errors
in the electron correlations. We therefore re-scaleR for
Fr by the factor # = R Expt .

sp (133Cs)/ R Th .
sp (133Cs), which

corrects the CsR value, and amounts to a shift of smaller
than 1%. The relative correlation corrections between Cs
and Fr are similar [25], so this is expected to roughly ac-
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FIG. 2. Calculated ratios of the 7 s to 7p1/ 2 hyperÞne con-
stants for 207 ! 213 Fr using the ball and single-particle (SP)
nuclear magnetization models, and comparison with experi-
ment [17]. The odd-even staggering is due to the addition of
neutrons; the slight negative slope is due to the changing nu-
clear radius. The dashed blue line shows the calculated (SP)
ratios corrected by the factor $(133 Cs); see text for details.

count for correlation errors in R(Fr). After re-scaling, we
Þnd agreement with experiment to 0.1% (dashed line in
Fig. 2). Since the relative s-state BW e! ect is an order
of magnitude larger for Fr than for Cs [41], this provides
a good method for testing the accuracy of the Fr BW
correction. The BW e! ect contributes about 1% to R,
implying we accurately reproduce the proton contribu-
tion to the BW e ! ect to about 10%. A similar result is
reached if we instead re-scale by the Rb# factor. We
therefore conclude that the BW e! ect is calculated accu-
rately, and take the uncertainty to be 20%.

Results and discussionÑ In Table II , we present our
calculated hyperÞne constants for87Rb, 133Cs, and211Fr,
along with experimental values for comparison. Note
that for Fr the uncertainty in the calculated A is dom-
inated by that of the literature value for µ. The ratio
A Th . /µ , however, is independent of this uncertainty.

To estimate the theoretical uncertainty, we assigned
errors individually for each of the important contribu-
tions, which are presented separately in TableII . These
are taken as twice the di! erence between the Þtted and
unÞtted correlation potentials (Ô$" Õ row), and 20% for
each of the combined structure radiation and normaliza-
tion of states (SR+NS), Breit, and BW contributions.
We take QED uncertainties of 15Ð20% from Ref. [28].
This leads to theoretical uncertainties of approximately
0.6%, 0.5%, and 0.5%, for Rb, Cs, and Fr, respectively.
We believe these are conservative estimates, justiÞed by
the very good agreement between theory and experiment
for Rb and Cs (0.4% and 0.2%, respectively). Further,
recent calculations using the same method for the135Ba+

and 225Ra+ ions also have excellent agreement with ex-
periment, both with discrepancies of about 0.2% [28].

!

Experimental values: FrPNC collaboration

Hyperfine comparisons
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

nuclear model 133Cs 135Ba+ 211Fr 225Ra+

ball -0.71 -0.74 -2.7 -2.8
single-particle (SP) -0.21 -1.0 -1.3 -2.8
SP (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)

BW corrections (%) to hyperfine constants 

Difference 0.5% 1.3%
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for  I=L+1/2

Ginges, Volotka, Fritzsche , PRA (2017)

Single-particle model:
Hyperfine comparisons
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  ➤ Bohr-Weisskopf effect !
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  ➤ QED radiative corrections ! AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

"

nuclear model 133Cs 135Ba+ 211Fr 225Ra+

ball -0.71 -0.74 -2.7 -2.8
single-particle (SP) -0.21 -1.0 -1.3 -2.8
SP (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)

BW corrections (%) to hyperfine constants 

Difference 0.5% 1.3%
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for  I=L+1/2

Ginges, Volotka, Fritzsche , PRA (2017)

Hyperfine comparisons
Single-particle model:



Ginges, Volotka, Fritzsche, PRA (2017)            
 Extraction of Ra+ BW effect, -4.7%:            Skripnikov, J. Chem. Phys. (2020)            

133Cs 135Ba+ 211Fr 225Ra+

Many-body 9229.5 7286.8 45374 -29113

BW -17.0(131) -91.8(275) -641(244) 1267(380)

QED -35.1(58) -27.1(30) -273(56) 159(23)

Total theory 9177.4 7167.9 44460 -27687

Experiment 9192.6 7183.3 43570 -27731

Difference -15.2 -15.4 890 44

Difference (%) -0.17(16) -0.21(38) 2.0(6)(20) -0.2(14)

Calculations of hyperfine intervals and comparison with experiment. Units: MHz

And from molecules!  RaF            S. Wilkins et al., arxiv:2311.04121            

Hyperfine intervals



A (1) / A (2) = g(1)
I /g (2)

I (1 + 1 ! 2)
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Ratio of hyperfine constants of different isotopes of same element:

Typically for nuclei of different spin:  1! 2 ! ! (1) " ! (2)
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TABLE I. Bohr-Weisskopf corrections! and hyperÞne anomalies1" 2 calculated in the ball and single-particle (SP) nuclear magnetization
models for the lowest states of several atoms of interest, and comparison with experimental differential anomalies.A is the atomic mass number
for the isotope, andI # is the nuclear spin and parity.

Isotope 1 Isotope 2 Differential anomaly1" 2 (%)

A I# ! Ball (%) ! SP (%) A I# ! Ball (%) ! SP (%) Ball SP Expt. [59]

37Rb 5s1/ 2 85 5/ 2! ! 0.306 0.044 87 3/ 2! ! 0.306 ! 0.278 ! 0.001 0.323 0.35142(30)
86 2! ! 0.306 ! 0.139 0.000 0.183 0.17(9)

47Ag 5s1/ 2 107 1/ 2! ! 0.497 ! 4.20 103 7/ 2+ ! 0.493 ! 0.347 ! 0.018 ! 3.88 ! 3.4(17)
109 1/ 2! ! 0.498 ! 3.78 0.007 ! 0.431 ! 0.41274(29)

55Cs 6s1/ 2 133 7/ 2+ ! 0.716 ! 0.209 131 5/ 2+ ! 0.716 ! 0.596 ! 0.001 0.389 0.45(5)a

135 7/ 2+ ! 0.716 ! 0.247 0.002 0.039 0.037(9)b

134 4+ ! 0.716 ! 0.371 0.000 0.163 0.169(30)

56Ba+ 6s1/ 2 135 3/ 2+ ! 0.747 ! 1.03 137 3/ 2+ ! 0.747 ! 1.03 0.001 0.001 ! 0.191(5)
70Yb+ 6s1/ 2 171 1/ 2! ! 1.37 ! 2.41 173 5/ 2! ! 1.38 ! 1.79 0.014 ! 0.618 ! 0.425(5)
79Au 6s1/ 2 197 3/ 2+ ! 1.97 15.5 199 3/ 2+ ! 1.97 7.47 0.013 7.48 3.64(29)
80Hg+ 6s1/ 2 199 1/ 2! ! 2.04 ! 3.57 201 3/ 2! ! 2.05 ! 2.20 0.016 ! 1.39 ! 0.16257(5)
81Tl 7s1/ 2 203 1/ 2+ ! 2.13 ! 2.13 205 1/ 2+ ! 2.13 ! 2.13 0.015 0.015 0.0294(81)c

81Tl 6p1/ 2 203 1/ 2+ ! 0.780 ! 0.780 205 1/ 2+ ! 0.781 ! 0.781 0.005 0.005 0.01035(15)

aReference [69].
bReference [70].
cReference [71].

III. DIFFERENTIAL HYPERFINE ANOMALY

The differential hyperÞne anomaly1" 2 is deÞned via the
ratio of the hyperÞne constants for different isotopes of the
same atom (see, e.g., Ref. [59]):

A (1)

A (2)
=

g(1)
I

g(2)
I

!
1 + 1" 2"

. (7)

This quantity, which is a measure of the deviation of the
hyperÞne structure from the case of a pointlike nucleus, may
be found with high accuracy from experiment, provided the
nuclear magnetic moments are known well and determined
independently of the hyperÞne measurements [59]. As for the
theoretical determination of1" 2, the correlation corrections
beyond RPA that contribute to the hyperÞne constantsA (1)

and A (2) cancel in the ratio [66,68], making the electronic
structure calculations robust at the level of RPA and of high
accuracy. Note that there is a strong cancellation of the BR
corrections in the differential anomaly,$(1) ! $(2). For nuclei
with different spins, the differential hyperÞne anomaly is typ-
ically dominated by the BW effect [59],

1" 2 " ! (1) ! ! (2). (8)

The comparison of calculated and measured hyperÞne anoma-
lies therefore presents a powerful test of the validity of nuclear
magnetization models.

In Table I we present our results for the BW effects and
differential hyperÞne anomalies obtained using the ball (2)
and single-particle (3) models. The numerical accuracy for the
BW calculations is better than 1%, well below the model un-
certainty. We present results for the lowest states of systems of
interest for atomic parity violation and electric dipole moment
studies, and we also present results for Ag and Au, which
may be treated as single-valence-electron systems and for
which the BW effects and hyperÞne anomalies are particularly

large. The anomaly is calculated using Eq. (7) rather than
Eq. (8), which means that the small differential BR effect is
included. The calculated values for1" 2 are compared against
available experimental data [59]. Note that the uncertainties
in the measured values are dominated by uncertainties in the
nuclear magnetic moments [72].

We draw attention to several points. First, the BW correc-
tion is a signiÞcant effect, typically entering at the level of
several 0.1% to several 1% for the considered systems. For
Ag and Au the effect is even larger, contributing at around
10% for Au. Second, the ball and single-particle models often
lead to substantially different BW effects. For85Rb and133Cs,
the difference is as large as 0.4% and 0.5%, respectively,
matching or exceeding the atomic structure theory uncertainty
[28,30]. Finally, from a comparison of the calculated and
measured hyperÞne anomalies in TableI, it is seen that the
nuclear SP model leads to substantially better agreement with
experiment for the majority of cases. The agreement is partic-
ularly good for isotopes of Rb, Cs, and Ag, and is reasonably
good for Yb+ . Our results for Au reproduce the (atypical)
sign and large size of the effect, and agree well with the SP
results of recent atomic many-body calculations [73]. We note
that in Ref. [73] it was found that the BW effect for197Au
in the SP model is too large to be consistent with a value
directly extracted from the measured hyperÞne constant, and
our own calculations, including correlation corrections, agree
with this conclusion. In the ball model, the only difference
in the BW effect between isotopes comes from changing the
nuclear radius, similarly to the differential BR effect, so the
calculated anomaly is always small and the model generally
cannot produce the observed anomalies.

Recently, we considered the case of Fr in detail, and we
demonstrated using ÒdoubleÓ differential hyperÞne anoma-
lies [74] that the single-particle model works very well for
both odd and doubly-odd isotopes between 207 and 213 [30]
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Relative Bohr-Weisskopf correction

•  In the nuclear region, the electrons see the unscreened 
Coulomb field of the nucleus

•  Since the binding energies                   , wave functions 
with the same angular dependence are proportional.

! ! V (r )
<latexit sha1_base64="y9+75TUEpkL5xfePjusrwPhxtHQ=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAYhXsKuCHoMevEYwTwgu4TZSW8yZHZmmZkNxBD8FS8eFPHqf3jzb5wke9DEgoaiqpvurijlTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKFlpijUqeRStSKigTMBdcMMh1aqgCQRh2Y0uJ36zSEozaR4MKMUwoT0BIsZJcZKHfc4GBIFqWZcChxwjhtldd5xS17FmwEvEz8nJZSj1nG/gq6kWQLCUE60bvteasIxUYZRDpNikGlICR2QHrQtFSQBHY5n10/wmVW6OJbKljB4pv6eGJNE61ES2c6EmL5e9Kbif147M/F1OGYizQwIOl8UZxwbiadR4C5TQA0fWUKoYvZWTPtEEWpsYEUbgr/48jJpXFR8r+LfX5aqN3kcBXSCTlEZ+egKVdEdqqE6ougRPaNX9OY8OS/Ou/Mxb11x8pkj9AfO5w+RMJSf</latexit><latexit sha1_base64="y9+75TUEpkL5xfePjusrwPhxtHQ=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAYhXsKuCHoMevEYwTwgu4TZSW8yZHZmmZkNxBD8FS8eFPHqf3jzb5wke9DEgoaiqpvurijlTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKFlpijUqeRStSKigTMBdcMMh1aqgCQRh2Y0uJ36zSEozaR4MKMUwoT0BIsZJcZKHfc4GBIFqWZcChxwjhtldd5xS17FmwEvEz8nJZSj1nG/gq6kWQLCUE60bvteasIxUYZRDpNikGlICR2QHrQtFSQBHY5n10/wmVW6OJbKljB4pv6eGJNE61ES2c6EmL5e9Kbif147M/F1OGYizQwIOl8UZxwbiadR4C5TQA0fWUKoYvZWTPtEEWpsYEUbgr/48jJpXFR8r+LfX5aqN3kcBXSCTlEZ+egKVdEdqqE6ougRPaNX9OY8OS/Ou/Mxb11x8pkj9AfO5w+RMJSf</latexit><latexit sha1_base64="y9+75TUEpkL5xfePjusrwPhxtHQ=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAYhXsKuCHoMevEYwTwgu4TZSW8yZHZmmZkNxBD8FS8eFPHqf3jzb5wke9DEgoaiqpvurijlTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKFlpijUqeRStSKigTMBdcMMh1aqgCQRh2Y0uJ36zSEozaR4MKMUwoT0BIsZJcZKHfc4GBIFqWZcChxwjhtldd5xS17FmwEvEz8nJZSj1nG/gq6kWQLCUE60bvteasIxUYZRDpNikGlICR2QHrQtFSQBHY5n10/wmVW6OJbKljB4pv6eGJNE61ES2c6EmL5e9Kbif147M/F1OGYizQwIOl8UZxwbiadR4C5TQA0fWUKoYvZWTPtEEWpsYEUbgr/48jJpXFR8r+LfX5aqN3kcBXSCTlEZ+egKVdEdqqE6ougRPaNX9OY8OS/Ou/Mxb11x8pkj9AfO5w+RMJSf</latexit><latexit sha1_base64="y9+75TUEpkL5xfePjusrwPhxtHQ=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAYhXsKuCHoMevEYwTwgu4TZSW8yZHZmmZkNxBD8FS8eFPHqf3jzb5wke9DEgoaiqpvurijlTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKFlpijUqeRStSKigTMBdcMMh1aqgCQRh2Y0uJ36zSEozaR4MKMUwoT0BIsZJcZKHfc4GBIFqWZcChxwjhtldd5xS17FmwEvEz8nJZSj1nG/gq6kWQLCUE60bvteasIxUYZRDpNikGlICR2QHrQtFSQBHY5n10/wmVW6OJbKljB4pv6eGJNE61ES2c6EmL5e9Kbif147M/F1OGYizQwIOl8UZxwbiadR4C5TQA0fWUKoYvZWTPtEEWpsYEUbgr/48jJpXFR8r+LfX5aqN3kcBXSCTlEZ+egKVdEdqqE6ougRPaNX9OY8OS/Ou/Mxb11x8pkj9AfO5w+RMJSf</latexit>

Roberts, Ranclaud, Ginges, PRA (2022)

BOHR-WEISSKOPF EFFECT: FROM HYDROGENLIKE-ION É PHYSICAL REVIEW A105, 052802 (2022)

For hydrogenlike ions, the simple atomic structure allows
for calculations with particularly high precision. Accurate de-
termination of the Bohr-Weisskopf effect from experiments is
therefore possible,

A 1s
expt = A 1s

0 (1 + ! 1s) + "A 1s
QED, (5)

as long as the QED contribution"A 1s
QED and the nuclear

magnetic momentÑwhich enters both terms on the right-
hand side of Eq. (5)Ñare known sufÞciently well. Indeed,
the QED contributions have been evaluated with high pre-
cision for hydrogenlike ions spanning much of the periodic
table [8,21,34,36,37,40,42,44Ð49]. The BW effect is known
to ! 1% or better from measurements with203,205Tl

80+
[9],

207Pb81+ [31], and209Bi82+ [2].

A. Electron screening

For many-electron atoms, the situation is different, and
direct extraction of the BW effect from comparison of theory
with experiment is strongly limited by uncertainties in the
atomic structure that enterA 0. We proceed by introducing an
electron screening factor,

xscr = ! / ! H-like, (6)

and express the hyperÞne constant for many-electron systems
as

A = A 0(1 + xscr ! H" like) + "A QED, (7)

where ! H" like is the BW effect for the 1s or 2p1/ 2 state of
the H-like ion of the same nucleus. For states withj > 1/ 2,
the Bohr-Weisskopf effect is essentially zero in the hydro-
genlike case, and only becomes nonzero for many-electron
atoms due to core polarization effects. The screening factors
depend only very weakly on the nuclear model and on atomic
many-body effects beyond core polarization, as we explore
further below, and they may therefore be determined with high
accuracy.

Indeed, the possibility to accurately determine such elec-
tronic screening factors forms the basis of the speciÞc
difference approach for removal of the BW effect in tests of
QED, which has been formulated for Li-like ions and imple-
mented for Li-like Bi [3,21,50].

It is worth noting that QED corrections"A QED to the hy-
perÞne structure for many-electron atoms may be rigorously
evaluated, with uncertainties well below those connected to
nuclear structure evaluation of the BW effect. Calculations
have been performed for the ground states of the alkali-metal
atoms in Ref. [41], and for the lowest-lyingp1/ 2 and p3/ 2
states in Refs. [42,49]. High-precision calculations of the hy-
perÞne structure for the ground states of Rb, Cs, Ba+ , Fr, and
Ra+ were carried out in Ref. [24], and the QED corrections
evaluated with uncertainties amounting to only 0.1% or less
of the hyperÞne constants.

To elucidate the behavior of the electron wave functions at
small distances and the BW effect, consider the single-particle
Dirac equation (HD " #)$ = 0, where

HD = c! áp + (%" 1)c2 + V, (8)

with p the electron momentum operator,%a Dirac matrix, and
V the sum of nuclear and electronic potentials. We express the

single-particle electron orbitals as

$n&m(r) =
1
r

!
fn&(r ) ' &m(n)

ign&(r ) ' " &,m(n)

"
, (9)

where f and g are the large and small radial components
of the orbital [normalized as

#
( f 2 + g2) dr = 1], ' are

two-component spherical spinors,n is the principal quan-
tum number, and& = (l " j )(2j + 1) is the Dirac quantum
number (with j and l the total and orbital angular momen-
tum quantum numbers, andm = jz). Then, for a spherically
symmetric potentialV (r ), the single-particle radial Dirac
equation may be expressed for a given& as

$
V(r ) " # c(&/ r " ( r )

c(&/ r + ( r ) V (r ) " # " 2c2

%$
fn&
gn&

%
= 0. (10)

The Bohr-Weisskopf effect can be seen via Eqs. (1) and (4)
to depend on the factorF (r ) " 1, which is nonzero only inside
the nucleus:

! n& =

#rm

0 fn&(r )gn&(r ) [F (r ) " 1]/ r 2 dr
#

fn&(r )gn&(r )/ r 2 dr
. (11)

At small radial distances,r # a0/Z, the electronic screen-
ing potential is negligible, andV $ " Z/ r . It is seen from
Eq. (10) that for a given& the only state dependence comes
from the energy#. Since|V| % |#|, the electron wave func-
tions for each angular symmetry differ only by a multiplicative
constant in this region, determined by the normalization of
the wave function. This applies to states of different principal
quantum numbern of the same atom, and is valid across all
degrees of ionization of the atom, from neutral to H-like. In
the context of the Bohr-Weisskopf effect, this behavior has
been exploited in the formulation of the speciÞc difference
[21] and ratio [22] methods, and then independence of the
BW effect has been observed experimentally in neutral85,87Rb
[51,52].

Note furthermore that in the nuclear region the potential
|V| % mc2, and there is a symmetry between thef& andg&&

components with&&= " &, as may be seen from Eq. (10).
Therefore, in this regionfs1/ 2 ' gp1/ 2 and fp1/ 2 ' gs1/ 2, and the
integrand in the numerator of Eq. (11) for s andp1/ 2 states is
different only by a numerical factor. The above consideration
means that the nuclear magnetization effects in atoms (and
molecules) may be related fundamentally to the BW matrix
element for the 1s state of the H-like system, a point that was
highlighted in a recent work by Skripnikov [23] in which the
theory for molecules was set out and applied to RaF.

Though thes-state Bohr-Weisskopf effect depends only
weakly on correlation effects, the many-body effect known
as core polarization (hyperÞne correction to the states in the
atomic core) gives an important contribution, particularly for
states withl > 0 [53]. We include this effect in the calcula-
tions via the relativistic time-dependent Hartree-Fock (TDHF)
method, equivalent to the random-phase approximation with
exchange. Calculations are performed in theVN" 1 approxima-
tion (N refers to the total number of electrons in the system),
with the N " 1 core electrons solved for self-consistently in
the average potential formed by the remaining core electrons.
Thallium is also treated using this approach, with the 6s2 sub-
shell relegated to the core. Without core polarization, this is
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•  In the nuclear region, the electrons see the unscreened 
Coulomb field of the nucleus

•  Since the binding energies                   , wave functions 
with the same angular dependence are proportional.

! ! V (r )
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BW effect is independent of principal quantum number!
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For hydrogenlike ions, the simple atomic structure allows
for calculations with particularly high precision. Accurate de-
termination of the Bohr-Weisskopf effect from experiments is
therefore possible,

A 1s
expt = A 1s

0 (1 + ! 1s) + "A 1s
QED, (5)

as long as the QED contribution"A 1s
QED and the nuclear

magnetic momentÑwhich enters both terms on the right-
hand side of Eq. (5)Ñare known sufÞciently well. Indeed,
the QED contributions have been evaluated with high pre-
cision for hydrogenlike ions spanning much of the periodic
table [8,21,34,36,37,40,42,44Ð49]. The BW effect is known
to ! 1% or better from measurements with203,205Tl

80+
[9],

207Pb81+ [31], and209Bi82+ [2].

A. Electron screening

For many-electron atoms, the situation is different, and
direct extraction of the BW effect from comparison of theory
with experiment is strongly limited by uncertainties in the
atomic structure that enterA 0. We proceed by introducing an
electron screening factor,

xscr = ! / ! H-like, (6)

and express the hyperÞne constant for many-electron systems
as

A = A 0(1 + xscr ! H" like) + "A QED, (7)

where ! H" like is the BW effect for the 1s or 2p1/ 2 state of
the H-like ion of the same nucleus. For states withj > 1/ 2,
the Bohr-Weisskopf effect is essentially zero in the hydro-
genlike case, and only becomes nonzero for many-electron
atoms due to core polarization effects. The screening factors
depend only very weakly on the nuclear model and on atomic
many-body effects beyond core polarization, as we explore
further below, and they may therefore be determined with high
accuracy.

Indeed, the possibility to accurately determine such elec-
tronic screening factors forms the basis of the speciÞc
difference approach for removal of the BW effect in tests of
QED, which has been formulated for Li-like ions and imple-
mented for Li-like Bi [3,21,50].

It is worth noting that QED corrections"A QED to the hy-
perÞne structure for many-electron atoms may be rigorously
evaluated, with uncertainties well below those connected to
nuclear structure evaluation of the BW effect. Calculations
have been performed for the ground states of the alkali-metal
atoms in Ref. [41], and for the lowest-lyingp1/ 2 and p3/ 2
states in Refs. [42,49]. High-precision calculations of the hy-
perÞne structure for the ground states of Rb, Cs, Ba+ , Fr, and
Ra+ were carried out in Ref. [24], and the QED corrections
evaluated with uncertainties amounting to only 0.1% or less
of the hyperÞne constants.

To elucidate the behavior of the electron wave functions at
small distances and the BW effect, consider the single-particle
Dirac equation (HD " #)$ = 0, where

HD = c! áp + (%" 1)c2 + V, (8)

with p the electron momentum operator,%a Dirac matrix, and
V the sum of nuclear and electronic potentials. We express the

single-particle electron orbitals as

$n&m(r) =
1
r

!
fn&(r ) ' &m(n)

ign&(r ) ' " &,m(n)

"
, (9)

where f and g are the large and small radial components
of the orbital [normalized as

#
( f 2 + g2) dr = 1], ' are

two-component spherical spinors,n is the principal quan-
tum number, and& = (l " j )(2j + 1) is the Dirac quantum
number (with j and l the total and orbital angular momen-
tum quantum numbers, andm = jz). Then, for a spherically
symmetric potentialV (r ), the single-particle radial Dirac
equation may be expressed for a given& as

$
V(r ) " # c(&/ r " ( r )

c(&/ r + ( r ) V (r ) " # " 2c2

%$
fn&
gn&

%
= 0. (10)

The Bohr-Weisskopf effect can be seen via Eqs. (1) and (4)
to depend on the factorF (r ) " 1, which is nonzero only inside
the nucleus:

! n& =

#rm

0 fn&(r )gn&(r ) [F (r ) " 1]/ r 2 dr
#

fn&(r )gn&(r )/ r 2 dr
. (11)

At small radial distances,r # a0/Z, the electronic screen-
ing potential is negligible, andV $ " Z/ r . It is seen from
Eq. (10) that for a given& the only state dependence comes
from the energy#. Since|V| % |#|, the electron wave func-
tions for each angular symmetry differ only by a multiplicative
constant in this region, determined by the normalization of
the wave function. This applies to states of different principal
quantum numbern of the same atom, and is valid across all
degrees of ionization of the atom, from neutral to H-like. In
the context of the Bohr-Weisskopf effect, this behavior has
been exploited in the formulation of the speciÞc difference
[21] and ratio [22] methods, and then independence of the
BW effect has been observed experimentally in neutral85,87Rb
[51,52].

Note furthermore that in the nuclear region the potential
|V| % mc2, and there is a symmetry between thef& andg&&

components with&&= " &, as may be seen from Eq. (10).
Therefore, in this regionfs1/ 2 ' gp1/ 2 and fp1/ 2 ' gs1/ 2, and the
integrand in the numerator of Eq. (11) for s andp1/ 2 states is
different only by a numerical factor. The above consideration
means that the nuclear magnetization effects in atoms (and
molecules) may be related fundamentally to the BW matrix
element for the 1s state of the H-like system, a point that was
highlighted in a recent work by Skripnikov [23] in which the
theory for molecules was set out and applied to RaF.

Though thes-state Bohr-Weisskopf effect depends only
weakly on correlation effects, the many-body effect known
as core polarization (hyperÞne correction to the states in the
atomic core) gives an important contribution, particularly for
states withl > 0 [53]. We include this effect in the calcula-
tions via the relativistic time-dependent Hartree-Fock (TDHF)
method, equivalent to the random-phase approximation with
exchange. Calculations are performed in theVN" 1 approxima-
tion (N refers to the total number of electrons in the system),
with the N " 1 core electrons solved for self-consistently in
the average potential formed by the remaining core electrons.
Thallium is also treated using this approach, with the 6s2 sub-
shell relegated to the core. Without core polarization, this is
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! =

! r m

0 drf (r )g(r )[F (r ) ! 1]/r 2

! !
0 drf (r )g(r )/r 2
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•  In the nuclear region, the electrons see the unscreened 
Coulomb field of the nucleus

•  Since the binding energies                   , wave functions 
with the same angular dependence are proportional.

! ! V (r )
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BW effect is independent of principal quantum number!

Also, in the nuclear region, for heavy systems:

f s1/ 2 ! gp1/ 2
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BW effects in atoms related to BW matrix element 
for 1s state of H-like ion
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For hydrogenlike ions, the simple atomic structure allows
for calculations with particularly high precision. Accurate de-
termination of the Bohr-Weisskopf effect from experiments is
therefore possible,

A 1s
expt = A 1s

0 (1 + ! 1s) + "A 1s
QED, (5)

as long as the QED contribution"A 1s
QED and the nuclear

magnetic momentÑwhich enters both terms on the right-
hand side of Eq. (5)Ñare known sufÞciently well. Indeed,
the QED contributions have been evaluated with high pre-
cision for hydrogenlike ions spanning much of the periodic
table [8,21,34,36,37,40,42,44Ð49]. The BW effect is known
to ! 1% or better from measurements with203,205Tl

80+
[9],

207Pb81+ [31], and209Bi82+ [2].

A. Electron screening

For many-electron atoms, the situation is different, and
direct extraction of the BW effect from comparison of theory
with experiment is strongly limited by uncertainties in the
atomic structure that enterA 0. We proceed by introducing an
electron screening factor,

xscr = ! / ! H-like, (6)

and express the hyperÞne constant for many-electron systems
as

A = A 0(1 + xscr ! H" like) + "A QED, (7)

where ! H" like is the BW effect for the 1s or 2p1/ 2 state of
the H-like ion of the same nucleus. For states withj > 1/ 2,
the Bohr-Weisskopf effect is essentially zero in the hydro-
genlike case, and only becomes nonzero for many-electron
atoms due to core polarization effects. The screening factors
depend only very weakly on the nuclear model and on atomic
many-body effects beyond core polarization, as we explore
further below, and they may therefore be determined with high
accuracy.

Indeed, the possibility to accurately determine such elec-
tronic screening factors forms the basis of the speciÞc
difference approach for removal of the BW effect in tests of
QED, which has been formulated for Li-like ions and imple-
mented for Li-like Bi [3,21,50].

It is worth noting that QED corrections"A QED to the hy-
perÞne structure for many-electron atoms may be rigorously
evaluated, with uncertainties well below those connected to
nuclear structure evaluation of the BW effect. Calculations
have been performed for the ground states of the alkali-metal
atoms in Ref. [41], and for the lowest-lyingp1/ 2 and p3/ 2
states in Refs. [42,49]. High-precision calculations of the hy-
perÞne structure for the ground states of Rb, Cs, Ba+ , Fr, and
Ra+ were carried out in Ref. [24], and the QED corrections
evaluated with uncertainties amounting to only 0.1% or less
of the hyperÞne constants.

To elucidate the behavior of the electron wave functions at
small distances and the BW effect, consider the single-particle
Dirac equation (HD " #)$ = 0, where

HD = c! áp + (%" 1)c2 + V, (8)

with p the electron momentum operator,%a Dirac matrix, and
V the sum of nuclear and electronic potentials. We express the

single-particle electron orbitals as

$n&m(r) =
1
r

!
fn&(r ) ' &m(n)

ign&(r ) ' " &,m(n)

"
, (9)

where f and g are the large and small radial components
of the orbital [normalized as

#
( f 2 + g2) dr = 1], ' are

two-component spherical spinors,n is the principal quan-
tum number, and& = (l " j )(2j + 1) is the Dirac quantum
number (with j and l the total and orbital angular momen-
tum quantum numbers, andm = jz). Then, for a spherically
symmetric potentialV (r ), the single-particle radial Dirac
equation may be expressed for a given& as

$
V(r ) " # c(&/ r " ( r )

c(&/ r + ( r ) V (r ) " # " 2c2

%$
fn&
gn&

%
= 0. (10)

The Bohr-Weisskopf effect can be seen via Eqs. (1) and (4)
to depend on the factorF (r ) " 1, which is nonzero only inside
the nucleus:

! n& =

#rm

0 fn&(r )gn&(r ) [F (r ) " 1]/ r 2 dr
#

fn&(r )gn&(r )/ r 2 dr
. (11)

At small radial distances,r # a0/Z, the electronic screen-
ing potential is negligible, andV $ " Z/ r . It is seen from
Eq. (10) that for a given& the only state dependence comes
from the energy#. Since|V| % |#|, the electron wave func-
tions for each angular symmetry differ only by a multiplicative
constant in this region, determined by the normalization of
the wave function. This applies to states of different principal
quantum numbern of the same atom, and is valid across all
degrees of ionization of the atom, from neutral to H-like. In
the context of the Bohr-Weisskopf effect, this behavior has
been exploited in the formulation of the speciÞc difference
[21] and ratio [22] methods, and then independence of the
BW effect has been observed experimentally in neutral85,87Rb
[51,52].

Note furthermore that in the nuclear region the potential
|V| % mc2, and there is a symmetry between thef& andg&&

components with&&= " &, as may be seen from Eq. (10).
Therefore, in this regionfs1/ 2 ' gp1/ 2 and fp1/ 2 ' gs1/ 2, and the
integrand in the numerator of Eq. (11) for s andp1/ 2 states is
different only by a numerical factor. The above consideration
means that the nuclear magnetization effects in atoms (and
molecules) may be related fundamentally to the BW matrix
element for the 1s state of the H-like system, a point that was
highlighted in a recent work by Skripnikov [23] in which the
theory for molecules was set out and applied to RaF.

Though thes-state Bohr-Weisskopf effect depends only
weakly on correlation effects, the many-body effect known
as core polarization (hyperÞne correction to the states in the
atomic core) gives an important contribution, particularly for
states withl > 0 [53]. We include this effect in the calcula-
tions via the relativistic time-dependent Hartree-Fock (TDHF)
method, equivalent to the random-phase approximation with
exchange. Calculations are performed in theVN" 1 approxima-
tion (N refers to the total number of electrons in the system),
with the N " 1 core electrons solved for self-consistently in
the average potential formed by the remaining core electrons.
Thallium is also treated using this approach, with the 6s2 sub-
shell relegated to the core. Without core polarization, this is
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BW effect: ratio method
By taking a ratio of two states with different principal 
quantum number, dependence on BW effect may 
be removed! 

Ratio method:           Ginges and Volotka, PRA (2018)

An$ = A0,n$(1 + " + xQED)
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TABLE III. Summary of results for the line centers of the hyperÞne components of the 6s ! 12s and 6s ! 13s transitions, and the state
energiesEcg/ h of the 12s, 13s, 11d3/ 2, and 11d5/ 2 states of133Cs. The numbers in parentheses following each value are the 1! standard error
of the mean in the least signiÞcant digits.

Ecg/ h (MHz)

Line " 33 (MHz) " 44 (MHz) This work Prior expt. [36]

6s ! 12s 444 726 731.369 (22) 444 722 187.689 (19) 889 448 351.098 (29) 889 448 348.5 (60)
6s ! 13s 450 227 707.055 (13) 450 223 147.601 (15) 900 450 284.724 (20) 900 450 282.0 (60)
6s ! 11d3/ 2 896 269 630.698 (65) 896 269 624.7 (60)
6s ! 11d5/ 2 896 365 856.56 (24) 896 365 852.6 (60)

while the difference gives the hyperÞne coupling constant

Ahfs,ns = Ahfs,6s " 1
2{" 33 " " 44}. (5)

We have includedEcg/ h in TableIII . The values of the state
energiesEcg/ h are in agreement with, but more precise by a
factor of a few hundred than the previous determination [36].

We show our results for the hyperÞne coupling constants
Ahfs,12s and Ahfs,13s in Table IV. The relative uncertainty of
each is smaller than 0.06%. We also present in TableIV
values of these coupling constants measured previously using
level-crossing spectroscopy [24,25]. Their results agree with
our results well within their uncertainties. Our uncertainties
are smaller by a factor of almost 10. There are two theoretical
values ofAhfs,12s available for comparison. The authors of
Ref. [37] used the Dirac-Fock wave functions, with third-
order many-body perturbation theory, and a coupled-cluster
method in single and double approximations. Their result
differs by 0.14% from our value. The theoretical calculations
of Gingeset al. [16] is in better agreement with our value,
differing by slightly less than their estimated uncertainty of
0.08%. ForAhfs,13s, the result of Ref. [16] is in similar good
agreement with our value, consistent to within less than the
combined estimated uncertainties.

III. 11 d 2D3/ 2 and 11d 2D5/ 2 MEASUREMENTS

We used a similar procedure to measure the hyperÞne
structure of the 11d3/ 2 and 11d5/ 2 levels at a wavelength of

TABLE IV. Summary of results for the hyperÞne coupling con-
stantsAhfs of the 12s, 13s, 11d3/ 2, and 11d5/ 2 states of133Cs. The
numbers in parentheses following each value are the 1! standard
error of the mean in the least signiÞcant digits. The techniques
employed in Refs. [38] and [39] yielded the magnitude ofAhfs, but
not its sign. Therefore, we have listed these results preceded by the
Ò± Ó sign.

Ahfs (MHz)

Experiment Theory

State This work Prior expt. Ref. [37] Ref. [16]

12s 26.318 (15) 26.31 (10) [24] 26.28 26.30 (2)
13s 18.431 (10) 18.40 (11) [25] 18.42 (1)
11d3/ 2 + 1.0530 (69) ± 1.055 (15) [38] 1.06

± 1.05 (4) [39]
11d5/ 2 " 0.21 (6) ± 0.24 (6) [38] " 0.142

# = 668.98 and 668.91 nm, respectively. The most signiÞcant
differences between these measurements and those of the 12s
and 13sstates are that the 11d lines are somewhat stronger, the
hyperÞne structure is more interesting (four or Þve hyperÞne
components within each spectrum), and the hyperÞne splitting
is much smaller. We show an energy level diagram of the
11d3/ 2 and 11d5/ 2 states in Fig.6.

We show sample spectra in Fig.7. The upper two spectra
are 6s, F ! 11d3/ 2, F#, with F = (a) 4 and (b) 3, while the
lower spectra are 6s, F ! 11d5/ 2, F#, with F = (c) 4 and (d)
3. Selection rules for these two-photon transitions allow|$ F|
up to 2. The vertical lines in Fig.7 show the positions of the
individual components of these transitions, with the height
of the lines indicating the calculated relative strength of the
transition, andF# labeled for each. Some of the individual
peaks in the 11d3/ 2 spectra are resolved. We Þt a multicom-
ponent line shape to the measured spectra, using computed
values for the relative spacing and heights of the individual
components, and show the results as the green solid lines in
the Þgures. The only adjustable parameters for these Þts are
the line center frequency, the linewidth of individual lines, the
hyperÞne coupling constantAhfs, the baseline, and an overall
peak height.

For the 6s, F ! 11d5/ 2, F# spectra, shown in Figs.7(c)
and 7(d), the spacing between the hyperÞne components of
the transition is much smaller than the linewidth of the in-

FIG. 6. Energy level diagram showing the hyperÞne components
of the 11d3/ 2 and 11d5/ 2 states in cesium. Not shown here is the
ground state from which we excite the cesium atoms. Note that
the 11d5/ 2 state is inverted, with the level energy decreasing with
increasingF#. The energy spacings of the 11d3/ 2 state are not drawn
to scale with the energy spacings of the 11d5/ 2 state, nor is the
Þne-structure interval between the 11d3/ 2 and 11d5/ 2 states to scale.
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TABLE I. Summary of results for the hyperÞne coupling con-
stant A, in MHz, of the 8 p1/ 2 level. The numbers in paren-
theses following each value are the 1! standard error of the
mean in the least signiÞcant digits.

A Source
Experiment

42.97 (10) Tai et al., 1973 [40]
42.92 (25) Cataliotti et al., 1996 [48]
42.95 (25) Liu & Baird, 2000 [49]
42.933 (8) This work

Theory
42.43 Safronovaet al., 1999 [46]
42.32 Tang et al., 2019 [47]

42.95 (9) Þt method, Grunefeld et al., 2019 [34]
42.93 (7) ratio method, Grunefeld et al., 2019 [34]

(Safronova et al., 1999 [46] and Tanget al., 2019 [47]).
Our measured value ofA di! ers from these results by
! 1-1.5%.

The sources of uncertainty for these measurements are
recorded in Table II. The uncertainty in the Þt includes
the statistical uncertainty in the repeated measurements
of the center frequency, along with the uncertainty in ex-
trapolating to zero laser power. The uncertainty in the
frequency comb laser (FCL) is the uncertainty derived
from the fractional uncertainty (10 ! 12) of the GPS con-
ditioned time base used to stabilize the comb and the
comb tooth number. The uncertainty in the shift due to
the Zeeman e! ect is determined by the resolution of our
measurement and the degree to which we cancel out mag-
netic Þelds. We observe no shifts in center frequency for
any of the lines when applying a one Gauss Þeld and we
zero the magnetic Þeld to better than 10 mGauss. With
this, we estimate that the uncertainty is less than the
resolution of the measurement times 1/100. The uncer-
tainty due to beam misalignment is the residual Doppler
error due to imperfect retro reßection. This uncertainty
is only included in the absolute frequency determinations,
discussed in Section IV.

TABLE II. Sources of error and the uncertainty resulting from
each, for the determinations of line centers for each of the
spectra. We add the errors in quadrature to obtain the total
uncertainty. *Beam misalignment a ! ects only the absolute
frequency determinations.

Source ! int (kHz)

Fit, ! ! 12-28
FCL frequency, " FLC < 0.5
Zeeman < 0.2
Beam misalignment* 145

Total Uncertainty, ! total
int 12-28

FIG. 5. Energy level diagram showing the hyperÞne compo-
nents (not to scale) of the 8p3/ 2 states of cesium.

III. 8p 2P3/ 2 MEASUREMENTS

The energy levels of the 8p3/ 2 states are shown in
Fig. 5. The energies of the hyperÞne components of the
8p 2P3/ 2 state are shifted from the center-of-gravity en-
ergy Ecg of the 8p state by the magnetic dipole (A),
electric quadrupole (B ), and magnetic octupole (C) in-
teractions. The coupling constants for these interactions
are represented byA, B , and C, as indicated. The energy
shifts due to each of these terms are

EF ! =5 = Ecg +
h
4

(21A + B + 4C)

EF ! =4 = Ecg +
h
28

(7A " 13B " 132C) (3)

EF ! =3 = Ecg +
h
28

(" 105A " 5B + 220C)

EF ! =2 = Ecg +
h
28

(" 189A + 15B " 132C)

as given in Refs. [43, 50]. The spacing between lines then
yield the hyperÞne coupling constantsA, B , and C, using

A =
11
120

" ! 54 +
2
21

" ! 43 +
3
56

" ! 32

B =
77
120

" ! 54 "
1
3

" ! 43 "
5
8

" ! 32 (4)

C =
7

480
" ! 54 "

1
24

" ! 43 +
1
32

" ! 32,

where" ! ij = ( EF ! = i " EF ! = j )/h is the frequency spacing
between the hyperÞne peaks.

A. Experimental ConÞguration and Procedure

The experimental procedure for measuring the hyper-
Þne splitting on the 8p3/ 2 line is similar to that for the
8p1/ 2, but varies in a few ways. The wavelength of the
transition is similar, 387.7 nm, so the same laser source
and LBO crystal are used. The hyperÞne splitting on
the 8p3/ 2 line is less than that of the 8p1/ 2 line, allowing
us to scan across all of the allowable transitions in a sin-
gle sweep. The required scan length is larger by 1.5 to
2 times to include each peak in a single scan. Unfortu-
nately, this smaller spectral spacing also means that the
individual lines are not completely resolvable (see Figs. 6

Ahfs (MHz) for Cs 8p1/2                Quirk et al., PRA (2023)
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TABLE III. Summary of results for the line centers of the hyperÞne components of the 6s ! 12s and 6s ! 13s transitions, and the state
energiesEcg/ h of the 12s, 13s, 11d3/ 2, and 11d5/ 2 states of133Cs. The numbers in parentheses following each value are the 1! standard error
of the mean in the least signiÞcant digits.
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Line " 33 (MHz) " 44 (MHz) This work Prior expt. [36]

6s ! 12s 444 726 731.369 (22) 444 722 187.689 (19) 889 448 351.098 (29) 889 448 348.5 (60)
6s ! 13s 450 227 707.055 (13) 450 223 147.601 (15) 900 450 284.724 (20) 900 450 282.0 (60)
6s ! 11d3/ 2 896 269 630.698 (65) 896 269 624.7 (60)
6s ! 11d5/ 2 896 365 856.56 (24) 896 365 852.6 (60)

while the difference gives the hyperÞne coupling constant

Ahfs,ns = Ahfs,6s " 1
2{" 33 " " 44}. (5)

We have includedEcg/ h in TableIII . The values of the state
energiesEcg/ h are in agreement with, but more precise by a
factor of a few hundred than the previous determination [36].

We show our results for the hyperÞne coupling constants
Ahfs,12s and Ahfs,13s in Table IV. The relative uncertainty of
each is smaller than 0.06%. We also present in TableIV
values of these coupling constants measured previously using
level-crossing spectroscopy [24,25]. Their results agree with
our results well within their uncertainties. Our uncertainties
are smaller by a factor of almost 10. There are two theoretical
values ofAhfs,12s available for comparison. The authors of
Ref. [37] used the Dirac-Fock wave functions, with third-
order many-body perturbation theory, and a coupled-cluster
method in single and double approximations. Their result
differs by 0.14% from our value. The theoretical calculations
of Gingeset al. [16] is in better agreement with our value,
differing by slightly less than their estimated uncertainty of
0.08%. ForAhfs,13s, the result of Ref. [16] is in similar good
agreement with our value, consistent to within less than the
combined estimated uncertainties.

III. 11 d 2D3/ 2 and 11d 2D5/ 2 MEASUREMENTS

We used a similar procedure to measure the hyperÞne
structure of the 11d3/ 2 and 11d5/ 2 levels at a wavelength of

TABLE IV. Summary of results for the hyperÞne coupling con-
stantsAhfs of the 12s, 13s, 11d3/ 2, and 11d5/ 2 states of133Cs. The
numbers in parentheses following each value are the 1! standard
error of the mean in the least signiÞcant digits. The techniques
employed in Refs. [38] and [39] yielded the magnitude ofAhfs, but
not its sign. Therefore, we have listed these results preceded by the
Ò± Ó sign.

Ahfs (MHz)

Experiment Theory

State This work Prior expt. Ref. [37] Ref. [16]

12s 26.318 (15) 26.31 (10) [24] 26.28 26.30 (2)
13s 18.431 (10) 18.40 (11) [25] 18.42 (1)
11d3/ 2 + 1.0530 (69) ± 1.055 (15) [38] 1.06

± 1.05 (4) [39]
11d5/ 2 " 0.21 (6) ± 0.24 (6) [38] " 0.142

# = 668.98 and 668.91 nm, respectively. The most signiÞcant
differences between these measurements and those of the 12s
and 13sstates are that the 11d lines are somewhat stronger, the
hyperÞne structure is more interesting (four or Þve hyperÞne
components within each spectrum), and the hyperÞne splitting
is much smaller. We show an energy level diagram of the
11d3/ 2 and 11d5/ 2 states in Fig.6.

We show sample spectra in Fig.7. The upper two spectra
are 6s, F ! 11d3/ 2, F#, with F = (a) 4 and (b) 3, while the
lower spectra are 6s, F ! 11d5/ 2, F#, with F = (c) 4 and (d)
3. Selection rules for these two-photon transitions allow|$ F|
up to 2. The vertical lines in Fig.7 show the positions of the
individual components of these transitions, with the height
of the lines indicating the calculated relative strength of the
transition, andF# labeled for each. Some of the individual
peaks in the 11d3/ 2 spectra are resolved. We Þt a multicom-
ponent line shape to the measured spectra, using computed
values for the relative spacing and heights of the individual
components, and show the results as the green solid lines in
the Þgures. The only adjustable parameters for these Þts are
the line center frequency, the linewidth of individual lines, the
hyperÞne coupling constantAhfs, the baseline, and an overall
peak height.

For the 6s, F ! 11d5/ 2, F# spectra, shown in Figs.7(c)
and 7(d), the spacing between the hyperÞne components of
the transition is much smaller than the linewidth of the in-

FIG. 6. Energy level diagram showing the hyperÞne components
of the 11d3/ 2 and 11d5/ 2 states in cesium. Not shown here is the
ground state from which we excite the cesium atoms. Note that
the 11d5/ 2 state is inverted, with the level energy decreasing with
increasingF#. The energy spacings of the 11d3/ 2 state are not drawn
to scale with the energy spacings of the 11d5/ 2 state, nor is the
Þne-structure interval between the 11d3/ 2 and 11d5/ 2 states to scale.
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TABLE I. Summary of results for the hyperÞne coupling con-
stant A, in MHz, of the 8 p1/ 2 level. The numbers in paren-
theses following each value are the 1! standard error of the
mean in the least signiÞcant digits.

A Source
Experiment

42.97 (10) Tai et al., 1973 [40]
42.92 (25) Cataliotti et al., 1996 [48]
42.95 (25) Liu & Baird, 2000 [49]
42.933 (8) This work

Theory
42.43 Safronovaet al., 1999 [46]
42.32 Tang et al., 2019 [47]

42.95 (9) Þt method, Grunefeld et al., 2019 [34]
42.93 (7) ratio method, Grunefeld et al., 2019 [34]

(Safronova et al., 1999 [46] and Tanget al., 2019 [47]).
Our measured value ofA di! ers from these results by
! 1-1.5%.

The sources of uncertainty for these measurements are
recorded in Table II. The uncertainty in the Þt includes
the statistical uncertainty in the repeated measurements
of the center frequency, along with the uncertainty in ex-
trapolating to zero laser power. The uncertainty in the
frequency comb laser (FCL) is the uncertainty derived
from the fractional uncertainty (10 ! 12) of the GPS con-
ditioned time base used to stabilize the comb and the
comb tooth number. The uncertainty in the shift due to
the Zeeman e! ect is determined by the resolution of our
measurement and the degree to which we cancel out mag-
netic Þelds. We observe no shifts in center frequency for
any of the lines when applying a one Gauss Þeld and we
zero the magnetic Þeld to better than 10 mGauss. With
this, we estimate that the uncertainty is less than the
resolution of the measurement times 1/100. The uncer-
tainty due to beam misalignment is the residual Doppler
error due to imperfect retro reßection. This uncertainty
is only included in the absolute frequency determinations,
discussed in Section IV.

TABLE II. Sources of error and the uncertainty resulting from
each, for the determinations of line centers for each of the
spectra. We add the errors in quadrature to obtain the total
uncertainty. *Beam misalignment a ! ects only the absolute
frequency determinations.

Source ! int (kHz)

Fit, ! ! 12-28
FCL frequency, " FLC < 0.5
Zeeman < 0.2
Beam misalignment* 145

Total Uncertainty, ! total
int 12-28

FIG. 5. Energy level diagram showing the hyperÞne compo-
nents (not to scale) of the 8p3/ 2 states of cesium.

III. 8p 2P3/ 2 MEASUREMENTS

The energy levels of the 8p3/ 2 states are shown in
Fig. 5. The energies of the hyperÞne components of the
8p 2P3/ 2 state are shifted from the center-of-gravity en-
ergy Ecg of the 8p state by the magnetic dipole (A),
electric quadrupole (B ), and magnetic octupole (C) in-
teractions. The coupling constants for these interactions
are represented byA, B , and C, as indicated. The energy
shifts due to each of these terms are

EF ! =5 = Ecg +
h
4

(21A + B + 4C)

EF ! =4 = Ecg +
h
28

(7A " 13B " 132C) (3)
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as given in Refs. [43, 50]. The spacing between lines then
yield the hyperÞne coupling constantsA, B , and C, using
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where" ! ij = ( EF ! = i " EF ! = j )/h is the frequency spacing
between the hyperÞne peaks.

A. Experimental ConÞguration and Procedure

The experimental procedure for measuring the hyper-
Þne splitting on the 8p3/ 2 line is similar to that for the
8p1/ 2, but varies in a few ways. The wavelength of the
transition is similar, 387.7 nm, so the same laser source
and LBO crystal are used. The hyperÞne splitting on
the 8p3/ 2 line is less than that of the 8p1/ 2 line, allowing
us to scan across all of the allowable transitions in a sin-
gle sweep. The required scan length is larger by 1.5 to
2 times to include each peak in a single scan. Unfortu-
nately, this smaller spectral spacing also means that the
individual lines are not completely resolvable (see Figs. 6
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c.f. specific difference in QED tests in H-like ions 
e.g., difference in hyperfine splitting between H-like 
and Li-like bismuth to remove BW effect
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BW effect: from H-like ions

P. Ranclaud, Honours Thesis (2020)

Skripnikov, J. Chem. Phys. (2020) — for molecules

Nuclear structure uncertainty entirely removed from 
atomic calculations!
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H-like ion result may be used to find BW effect in 
many-electron atoms!

electronic screening factor
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Roberts, Ranclaud, Ginges, PRA (2022)

BW effect: from H-like ions

P. Ranclaud, Honours Thesis (2020)

Skripnikov, J. Chem. Phys. (2020) — for molecules

Nuclear structure uncertainty entirely removed from 
atomic calculations!

A1s
exp = A1s

0 (1 + " 1s) + A1s
QED

Aexp = A0(1 + xscr"
1s) + AQED

Note: direct extraction from atoms/molecules?

(Touched on a few pages earlier)
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H-like ion result may be used to find BW effect in 
many-electron atoms!

electronic screening factor

s states:                 , negligible uncertaintyxscr ! 1
<latexit sha1_base64="FHPiX4wSGOylVlhVNi1H9/GI92w=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwVZIitt0V3bisYB/QGYZMmmlDMw+SjLQOxV9x40IRt/6HO//GTFtBRQ9cOJxzL/fe4yeCK43Qh7W0vLK6tl7YKG5ube/s2nv7bRWnkrIWjUUsuz5RTPCItTTXgnUTyUjoC9bxR5e537llUvE4utGThLkhGUQ84JRoI3n24djLHBlCReXUIUki4zHEnl1CZYQQxhjmBFfPkSH1eq2CaxDnlkEJLND07HenH9M0ZJGmgijVwyjRbkak5lSwadFJFUsIHZEB6xkakZApN5tdP4UnRunDIJamIg1n6veJjIRKTULfdIZED9VvLxf/8nqpDmpuxqMk1Syi80VBKqCOYR4F7HPJqBYTQwiV3NwK6ZBIQrUJrGhC+PoU/k/alTJGZXx9VmpcLOIogCNwDE4BBlXQAFegCVqAgjvwAJ7As3VvPVov1uu8dclazByAH7DePgG15ZVi</latexit><latexit sha1_base64="FHPiX4wSGOylVlhVNi1H9/GI92w=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwVZIitt0V3bisYB/QGYZMmmlDMw+SjLQOxV9x40IRt/6HO//GTFtBRQ9cOJxzL/fe4yeCK43Qh7W0vLK6tl7YKG5ube/s2nv7bRWnkrIWjUUsuz5RTPCItTTXgnUTyUjoC9bxR5e537llUvE4utGThLkhGUQ84JRoI3n24djLHBlCReXUIUki4zHEnl1CZYQQxhjmBFfPkSH1eq2CaxDnlkEJLND07HenH9M0ZJGmgijVwyjRbkak5lSwadFJFUsIHZEB6xkakZApN5tdP4UnRunDIJamIg1n6veJjIRKTULfdIZED9VvLxf/8nqpDmpuxqMk1Syi80VBKqCOYR4F7HPJqBYTQwiV3NwK6ZBIQrUJrGhC+PoU/k/alTJGZXx9VmpcLOIogCNwDE4BBlXQAFegCVqAgjvwAJ7As3VvPVov1uu8dclazByAH7DePgG15ZVi</latexit><latexit sha1_base64="FHPiX4wSGOylVlhVNi1H9/GI92w=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwVZIitt0V3bisYB/QGYZMmmlDMw+SjLQOxV9x40IRt/6HO//GTFtBRQ9cOJxzL/fe4yeCK43Qh7W0vLK6tl7YKG5ube/s2nv7bRWnkrIWjUUsuz5RTPCItTTXgnUTyUjoC9bxR5e537llUvE4utGThLkhGUQ84JRoI3n24djLHBlCReXUIUki4zHEnl1CZYQQxhjmBFfPkSH1eq2CaxDnlkEJLND07HenH9M0ZJGmgijVwyjRbkak5lSwadFJFUsIHZEB6xkakZApN5tdP4UnRunDIJamIg1n6veJjIRKTULfdIZED9VvLxf/8nqpDmpuxqMk1Syi80VBKqCOYR4F7HPJqBYTQwiV3NwK6ZBIQrUJrGhC+PoU/k/alTJGZXx9VmpcLOIogCNwDE4BBlXQAFegCVqAgjvwAJ7As3VvPVov1uu8dclazByAH7DePgG15ZVi</latexit><latexit sha1_base64="FHPiX4wSGOylVlhVNi1H9/GI92w=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwVZIitt0V3bisYB/QGYZMmmlDMw+SjLQOxV9x40IRt/6HO//GTFtBRQ9cOJxzL/fe4yeCK43Qh7W0vLK6tl7YKG5ube/s2nv7bRWnkrIWjUUsuz5RTPCItTTXgnUTyUjoC9bxR5e537llUvE4utGThLkhGUQ84JRoI3n24djLHBlCReXUIUki4zHEnl1CZYQQxhjmBFfPkSH1eq2CaxDnlkEJLND07HenH9M0ZJGmgijVwyjRbkak5lSwadFJFUsIHZEB6xkakZApN5tdP4UnRunDIJamIg1n6veJjIRKTULfdIZED9VvLxf/8nqpDmpuxqMk1Syi80VBKqCOYR4F7HPJqBYTQwiV3NwK6ZBIQrUJrGhC+PoU/k/alTJGZXx9VmpcLOIogCNwDE4BBlXQAFegCVqAgjvwAJ7As3VvPVov1uu8dclazByAH7DePgG15ZVi</latexit>

 independent of the nuclear model! xscr
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Roberts, Ranclaud, Ginges, PRA (2022)

BW effect: from H-like ions

P. Ranclaud, Honours Thesis (2020)

Skripnikov, J. Chem. Phys. (2020) — for molecules

Nuclear structure uncertainty entirely removed from 
atomic calculations!

A1s
exp = A1s

0 (1 + " 1s) + A1s
QED

Aexp = A0(1 + xscr"
1s) + AQED

Note: direct extraction from atoms/molecules?

Only when    >>  theory uncertainty."

E.g., radium! 

                 Skripnikov, J. Chem. Phys. (2020)" = %4.7%
                          Ginges, Volotka, Fritzsche, PRA (2017)

And in molecules! RaF             Wilkins et al., arxiv (2023)

Also, of course, differential anomalies…

Persson, At. Data Nucl. Data Tab. (2023)

(Touched on a few pages earlier)
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these systems a different sensitivity to the nuclear mag-
netization distribution acrossr . To more clearly illustrate
this, the functionF!r"=r2, in the three simple models
considered above, is shown alongside.

To translate the empirical BWeffect in a muonic atom to a
BWeffect for the H-like system, and account for the nuclear
model dependence, we follow the procedure introduced in
Ref.[46]. We use the simple SP magnetization models from
that work, and find effective nuclear magnetic radiiRm such
that the experimental BW effects in muonic atoms are
reproduced. These SP models have different parametriza-
tions for the unpaired nucleon wave function across the
nucleus: zeroth, first, and second powers ofr and!Rm ! r".
Thesemodelsare then applied to theH-like systems,and BW
effects determined. The uncertainty due to the model
dependence is captured through the spread in results, and
thecentral value isgivenby themidpoint.ForH-like133Cswe
obtain! # ! 0.227!174"! 10"%,where the first uncertainty is
experimental and the second is due to the model dependence.

Our final results are presented in TableII . The uncer-
tainties for the H-like results determined from muonic atom
experiments comprise of those from experiment (the
relative uncertainty is taken to be equal to that for the
muonic atom valueA exp

BW) and those from the model
dependence of the magnetization distribution, added in
quadrature. For Cs and Bi, the former dominates, while for
Tl the latter is larger by 2Ð3 times. The results for Tl80$ and
Bi82$ may be checked against accurate data from direct
H-like experiments, shown in the table. It is seen that the
data for Bi82$ are in agreement, and for Tl80$ the results lie
only marginally outside the1" error bars. This gives
confidence in the result for Cs54$ , and that any missed
effects, such as from nuclear polarization (considered, e.g.,
for the hyperfine structure in muonic deuterium in Ref.[62]
and for energies of heavy muonic atoms in Ref.[63]), may
be omitted at the current level of uncertainty.

In the final column of TableII we present the result for
the ground state of133Cs. This is found using an electronic

ÒscreeningÓfactor [47], which relates the BW effect in a
many-electron atom or ion to the BW effect in the
corresponding H-like ion,xscr!6s" # 1.047. Our empiri-
cally derived BW effect for the6s state of atomic133Cs,
! 0.24!18"%, agrees with nuclear single-particle predic-
tions, with the SP value! 0.21% [11,16] and the SP-WS
value ! 0.19!14"% [16], and with configuration mixing
calculations,! 0.22% [65]. However, it deviates signifi-
cantly from predictions (! 0.7%) of the commonly used
uniform distribution, amounting to a sizable 0.5% differ-
ence in the hyperfine structure constant. Taken together
with the high-precision many-body result of Ref.[16] for
the ground-state hyperfine structure constant for133Cs, our
empirical result corresponds to an absolute BW correction
of ! 5.5!4.2" MHz. This yields a total value of
2293.1 MHz, which agrees with experiment (2298.157É
MHz [67]) at the level of the uncertainty from the BW
effect.

The BW effects ins andp states exhibit weak depend-
ence on principal quantum number[29,68,69], and the
obtained result for6s is valid also for excitedns states of
133Cs. Furthermore, since the BW effect in atomic states
may be determined from the1s state in the corresponding
H-like ion[47] (see also[48]), the effect in other states may
also be found. We find the BW effects! 0.015!12"% for
np1=2 states and! 0.065!50"% for np3=2 states.

We use the empirical BW result for133Cs to obtain values
of the BWeffects for other isotopes using measured data for
differential hyperfine anomalies. The differential anomaly
(1! 2) between isotopes 1 and 2 is defined as[19]

1! 2 # ! A 1=A 2"! g2=g1" ! 1 " 1#2 $ ! !1" ! ! !2"; !10"

where 1#2 # #!1" ! #!2" is the differential Breit-Rosenthal
(BR) effect [modeled accurately using a Fermi charge
distribution forVnuc! r " in Eq.(1)], and! !1" and! !2" are BW
effects for isotopes 1 and 2. The results fors states for
isotopesA # 131, 134, 135 are presented in TableIII .

In summary, we have determined accurate empirical
Bohr-Weisskopf effects fors andp states of Cs isotopes.

TABLE II. Relative BW corrections! ! (%) to lowests states of
muonic atoms, H-like ions, and neutral Cs. SubheadingsÒ$ expÓ
andÒH-like expÓindicate that results are extracted from muonic
and H-like experiments, respectively.

$-atoms H-like ions Atomsa

$ exp $ exp H-like exp $ exp
133Cs 18(14) 0.23(17) % % % 0.24(18)
203Tl 50.8(1.6) 1.93(15) 2.21(8)b

205Tl 51.8(8) 1.98(15) 2.25(8)b

209Bi 28.8(3.9) 0.98(14) 1.03(5)c

aBW effects for other atomic states (e.g.,p states) may also be
deduced from the effect in H-like ion[47]; see text for details.

bReference[43].
cReference[64].

TABLE III. Relative BW corrections! !2"
s for s states of atomic

cesium isotopes, from measured differential anomalies1! 2
exp, our

BW value for 133Cs, ! !1" # ! 0.24!18"%, and calculated differ-
ential BR effects1#2. A!1", A!2" and I %

1, I %
2 are atomic mass

numbers and nuclear spins of isotopes 1 and 2.

A!1" I %
1 A!2" I %

2
1! 2

exp (%) 1#2 (%) ! ! !2"
s (%)

133 7=2$ 131 5=2$ 0.45(5)a ! 0.001 0.69(19)
133 7=2$ 134 4$ 0.169(30)b 0.000 0.41(18)
133 7=2$ 135 7=2$ 0.037(9)c 0.001 0.27(18)

aReference[70];
bReference[19];
cReference[71].
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these systems a different sensitivity to the nuclear mag-
netization distribution acrossr . To more clearly illustrate
this, the functionF!r"=r2, in the three simple models
considered above, is shown alongside.

To translate the empirical BWeffect in a muonic atom to a
BWeffect for the H-like system, and account for the nuclear
model dependence, we follow the procedure introduced in
Ref.[46]. We use the simple SP magnetization models from
that work, and find effective nuclear magnetic radiiRm such
that the experimental BW effects in muonic atoms are
reproduced. These SP models have different parametriza-
tions for the unpaired nucleon wave function across the
nucleus: zeroth, first, and second powers ofr and!Rm ! r".
Thesemodelsare then applied to theH-like systems,and BW
effects determined. The uncertainty due to the model
dependence is captured through the spread in results, and
thecentral value isgivenby themidpoint.ForH-like133Cswe
obtain! # ! 0.227!174"! 10"%,where the first uncertainty is
experimental and the second is due to the model dependence.

Our final results are presented in TableII . The uncer-
tainties for the H-like results determined from muonic atom
experiments comprise of those from experiment (the
relative uncertainty is taken to be equal to that for the
muonic atom valueA exp

BW) and those from the model
dependence of the magnetization distribution, added in
quadrature. For Cs and Bi, the former dominates, while for
Tl the latter is larger by 2Ð3 times. The results for Tl80$ and
Bi82$ may be checked against accurate data from direct
H-like experiments, shown in the table. It is seen that the
data for Bi82$ are in agreement, and for Tl80$ the results lie
only marginally outside the1" error bars. This gives
confidence in the result for Cs54$ , and that any missed
effects, such as from nuclear polarization (considered, e.g.,
for the hyperfine structure in muonic deuterium in Ref.[62]
and for energies of heavy muonic atoms in Ref.[63]), may
be omitted at the current level of uncertainty.

In the final column of TableII we present the result for
the ground state of133Cs. This is found using an electronic

ÒscreeningÓfactor [47], which relates the BW effect in a
many-electron atom or ion to the BW effect in the
corresponding H-like ion,xscr!6s" # 1.047. Our empiri-
cally derived BW effect for the6s state of atomic133Cs,
! 0.24!18"%, agrees with nuclear single-particle predic-
tions, with the SP value! 0.21% [11,16] and the SP-WS
value ! 0.19!14"% [16], and with configuration mixing
calculations,! 0.22% [65]. However, it deviates signifi-
cantly from predictions (! 0.7%) of the commonly used
uniform distribution, amounting to a sizable 0.5% differ-
ence in the hyperfine structure constant. Taken together
with the high-precision many-body result of Ref.[16] for
the ground-state hyperfine structure constant for133Cs, our
empirical result corresponds to an absolute BW correction
of ! 5.5!4.2" MHz. This yields a total value of
2293.1 MHz, which agrees with experiment (2298.157É
MHz [67]) at the level of the uncertainty from the BW
effect.

The BW effects ins andp states exhibit weak depend-
ence on principal quantum number[29,68,69], and the
obtained result for6s is valid also for excitedns states of
133Cs. Furthermore, since the BW effect in atomic states
may be determined from the1s state in the corresponding
H-like ion[47] (see also[48]), the effect in other states may
also be found. We find the BW effects! 0.015!12"% for
np1=2 states and! 0.065!50"% for np3=2 states.

We use the empirical BW result for133Cs to obtain values
of the BWeffects for other isotopes using measured data for
differential hyperfine anomalies. The differential anomaly
(1! 2) between isotopes 1 and 2 is defined as[19]

1! 2 # ! A 1=A 2"! g2=g1" ! 1 " 1#2 $ ! !1" ! ! !2"; !10"

where 1#2 # #!1" ! #!2" is the differential Breit-Rosenthal
(BR) effect [modeled accurately using a Fermi charge
distribution forVnuc! r " in Eq.(1)], and! !1" and! !2" are BW
effects for isotopes 1 and 2. The results fors states for
isotopesA # 131, 134, 135 are presented in TableIII .

In summary, we have determined accurate empirical
Bohr-Weisskopf effects fors andp states of Cs isotopes.

TABLE II. Relative BW corrections! ! (%) to lowests states of
muonic atoms, H-like ions, and neutral Cs. SubheadingsÒ$ expÓ
andÒH-like expÓindicate that results are extracted from muonic
and H-like experiments, respectively.

$-atoms H-like ions Atomsa

$ exp $ exp H-like exp $ exp
133Cs 18(14) 0.23(17) % % % 0.24(18)
203Tl 50.8(1.6) 1.93(15) 2.21(8)b

205Tl 51.8(8) 1.98(15) 2.25(8)b

209Bi 28.8(3.9) 0.98(14) 1.03(5)c

aBW effects for other atomic states (e.g.,p states) may also be
deduced from the effect in H-like ion[47]; see text for details.

bReference[43].
cReference[64].

TABLE III. Relative BW corrections! !2"
s for s states of atomic

cesium isotopes, from measured differential anomalies1! 2
exp, our

BW value for 133Cs, ! !1" # ! 0.24!18"%, and calculated differ-
ential BR effects1#2. A!1", A!2" and I %

1, I %
2 are atomic mass

numbers and nuclear spins of isotopes 1 and 2.

A!1" I %
1 A!2" I %

2
1! 2

exp (%) 1#2 (%) ! ! !2"
s (%)

133 7=2$ 131 5=2$ 0.45(5)a ! 0.001 0.69(19)
133 7=2$ 134 4$ 0.169(30)b 0.000 0.41(18)
133 7=2$ 135 7=2$ 0.037(9)c 0.001 0.27(18)

aReference[70];
bReference[19];
cReference[71].
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F(r) depends on radial distribution of unpaired 
nucleon u(r). Use simple nucleon functions with 
magnetic radius found by fitting to experiment.
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these systems a different sensitivity to the nuclear mag-
netization distribution acrossr . To more clearly illustrate
this, the functionF!r"=r2, in the three simple models
considered above, is shown alongside.

To translate the empirical BWeffect in a muonic atom to a
BWeffect for the H-like system, and account for the nuclear
model dependence, we follow the procedure introduced in
Ref.[46]. We use the simple SP magnetization models from
that work, and find effective nuclear magnetic radiiRm such
that the experimental BW effects in muonic atoms are
reproduced. These SP models have different parametriza-
tions for the unpaired nucleon wave function across the
nucleus: zeroth, first, and second powers ofr and!Rm ! r".
Thesemodelsare then applied to theH-like systems,and BW
effects determined. The uncertainty due to the model
dependence is captured through the spread in results, and
thecentral value isgivenby themidpoint.ForH-like133Cswe
obtain! # ! 0.227!174"! 10"%,where the first uncertainty is
experimental and the second is due to the model dependence.

Our final results are presented in TableII . The uncer-
tainties for the H-like results determined from muonic atom
experiments comprise of those from experiment (the
relative uncertainty is taken to be equal to that for the
muonic atom valueA exp

BW) and those from the model
dependence of the magnetization distribution, added in
quadrature. For Cs and Bi, the former dominates, while for
Tl the latter is larger by 2Ð3 times. The results for Tl80$ and
Bi82$ may be checked against accurate data from direct
H-like experiments, shown in the table. It is seen that the
data for Bi82$ are in agreement, and for Tl80$ the results lie
only marginally outside the1" error bars. This gives
confidence in the result for Cs54$ , and that any missed
effects, such as from nuclear polarization (considered, e.g.,
for the hyperfine structure in muonic deuterium in Ref.[62]
and for energies of heavy muonic atoms in Ref.[63]), may
be omitted at the current level of uncertainty.

In the final column of TableII we present the result for
the ground state of133Cs. This is found using an electronic

ÒscreeningÓfactor [47], which relates the BW effect in a
many-electron atom or ion to the BW effect in the
corresponding H-like ion,xscr!6s" # 1.047. Our empiri-
cally derived BW effect for the6s state of atomic133Cs,
! 0.24!18"%, agrees with nuclear single-particle predic-
tions, with the SP value! 0.21% [11,16] and the SP-WS
value ! 0.19!14"% [16], and with configuration mixing
calculations,! 0.22% [65]. However, it deviates signifi-
cantly from predictions (! 0.7%) of the commonly used
uniform distribution, amounting to a sizable 0.5% differ-
ence in the hyperfine structure constant. Taken together
with the high-precision many-body result of Ref.[16] for
the ground-state hyperfine structure constant for133Cs, our
empirical result corresponds to an absolute BW correction
of ! 5.5!4.2" MHz. This yields a total value of
2293.1 MHz, which agrees with experiment (2298.157É
MHz [67]) at the level of the uncertainty from the BW
effect.

The BW effects ins andp states exhibit weak depend-
ence on principal quantum number[29,68,69], and the
obtained result for6s is valid also for excitedns states of
133Cs. Furthermore, since the BW effect in atomic states
may be determined from the1s state in the corresponding
H-like ion[47] (see also[48]), the effect in other states may
also be found. We find the BW effects! 0.015!12"% for
np1=2 states and! 0.065!50"% for np3=2 states.

We use the empirical BW result for133Cs to obtain values
of the BWeffects for other isotopes using measured data for
differential hyperfine anomalies. The differential anomaly
(1! 2) between isotopes 1 and 2 is defined as[19]

1! 2 # ! A 1=A 2"! g2=g1" ! 1 " 1#2 $ ! !1" ! ! !2"; !10"

where 1#2 # #!1" ! #!2" is the differential Breit-Rosenthal
(BR) effect [modeled accurately using a Fermi charge
distribution forVnuc! r " in Eq.(1)], and! !1" and! !2" are BW
effects for isotopes 1 and 2. The results fors states for
isotopesA # 131, 134, 135 are presented in TableIII .

In summary, we have determined accurate empirical
Bohr-Weisskopf effects fors andp states of Cs isotopes.

TABLE II. Relative BW corrections! ! (%) to lowests states of
muonic atoms, H-like ions, and neutral Cs. SubheadingsÒ$ expÓ
andÒH-like expÓindicate that results are extracted from muonic
and H-like experiments, respectively.

$-atoms H-like ions Atomsa

$ exp $ exp H-like exp $ exp
133Cs 18(14) 0.23(17) % % % 0.24(18)
203Tl 50.8(1.6) 1.93(15) 2.21(8)b

205Tl 51.8(8) 1.98(15) 2.25(8)b

209Bi 28.8(3.9) 0.98(14) 1.03(5)c

aBW effects for other atomic states (e.g.,p states) may also be
deduced from the effect in H-like ion[47]; see text for details.

bReference[43].
cReference[64].

TABLE III. Relative BW corrections! !2"
s for s states of atomic

cesium isotopes, from measured differential anomalies1! 2
exp, our

BW value for 133Cs, ! !1" # ! 0.24!18"%, and calculated differ-
ential BR effects1#2. A!1", A!2" and I %

1, I %
2 are atomic mass

numbers and nuclear spins of isotopes 1 and 2.

A!1" I %
1 A!2" I %

2
1! 2

exp (%) 1#2 (%) ! ! !2"
s (%)

133 7=2$ 131 5=2$ 0.45(5)a ! 0.001 0.69(19)
133 7=2$ 134 4$ 0.169(30)b 0.000 0.41(18)
133 7=2$ 135 7=2$ 0.037(9)c 0.001 0.27(18)

aReference[70];
bReference[19];
cReference[71].
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these systems a different sensitivity to the nuclear mag-
netization distribution acrossr . To more clearly illustrate
this, the functionF!r"=r2, in the three simple models
considered above, is shown alongside.

To translate the empirical BWeffect in a muonic atom to a
BWeffect for the H-like system, and account for the nuclear
model dependence, we follow the procedure introduced in
Ref.[46]. We use the simple SP magnetization models from
that work, and find effective nuclear magnetic radiiRm such
that the experimental BW effects in muonic atoms are
reproduced. These SP models have different parametriza-
tions for the unpaired nucleon wave function across the
nucleus: zeroth, first, and second powers ofr and!Rm ! r".
Thesemodelsare then applied to theH-like systems,and BW
effects determined. The uncertainty due to the model
dependence is captured through the spread in results, and
thecentral value isgivenby themidpoint.ForH-like133Cswe
obtain! # ! 0.227!174"! 10"%,where the first uncertainty is
experimental and the second is due to the model dependence.

Our final results are presented in TableII . The uncer-
tainties for the H-like results determined from muonic atom
experiments comprise of those from experiment (the
relative uncertainty is taken to be equal to that for the
muonic atom valueA exp

BW) and those from the model
dependence of the magnetization distribution, added in
quadrature. For Cs and Bi, the former dominates, while for
Tl the latter is larger by 2Ð3 times. The results for Tl80$ and
Bi82$ may be checked against accurate data from direct
H-like experiments, shown in the table. It is seen that the
data for Bi82$ are in agreement, and for Tl80$ the results lie
only marginally outside the1" error bars. This gives
confidence in the result for Cs54$ , and that any missed
effects, such as from nuclear polarization (considered, e.g.,
for the hyperfine structure in muonic deuterium in Ref.[62]
and for energies of heavy muonic atoms in Ref.[63]), may
be omitted at the current level of uncertainty.

In the final column of TableII we present the result for
the ground state of133Cs. This is found using an electronic

ÒscreeningÓfactor [47], which relates the BW effect in a
many-electron atom or ion to the BW effect in the
corresponding H-like ion,xscr!6s" # 1.047. Our empiri-
cally derived BW effect for the6s state of atomic133Cs,
! 0.24!18"%, agrees with nuclear single-particle predic-
tions, with the SP value! 0.21% [11,16] and the SP-WS
value ! 0.19!14"% [16], and with configuration mixing
calculations,! 0.22% [65]. However, it deviates signifi-
cantly from predictions (! 0.7%) of the commonly used
uniform distribution, amounting to a sizable 0.5% differ-
ence in the hyperfine structure constant. Taken together
with the high-precision many-body result of Ref.[16] for
the ground-state hyperfine structure constant for133Cs, our
empirical result corresponds to an absolute BW correction
of ! 5.5!4.2" MHz. This yields a total value of
2293.1 MHz, which agrees with experiment (2298.157É
MHz [67]) at the level of the uncertainty from the BW
effect.

The BW effects ins andp states exhibit weak depend-
ence on principal quantum number[29,68,69], and the
obtained result for6s is valid also for excitedns states of
133Cs. Furthermore, since the BW effect in atomic states
may be determined from the1s state in the corresponding
H-like ion[47] (see also[48]), the effect in other states may
also be found. We find the BW effects! 0.015!12"% for
np1=2 states and! 0.065!50"% for np3=2 states.

We use the empirical BW result for133Cs to obtain values
of the BWeffects for other isotopes using measured data for
differential hyperfine anomalies. The differential anomaly
(1! 2) between isotopes 1 and 2 is defined as[19]

1! 2 # ! A 1=A 2"! g2=g1" ! 1 " 1#2 $ ! !1" ! ! !2"; !10"

where 1#2 # #!1" ! #!2" is the differential Breit-Rosenthal
(BR) effect [modeled accurately using a Fermi charge
distribution forVnuc! r " in Eq.(1)], and! !1" and! !2" are BW
effects for isotopes 1 and 2. The results fors states for
isotopesA # 131, 134, 135 are presented in TableIII .

In summary, we have determined accurate empirical
Bohr-Weisskopf effects fors andp states of Cs isotopes.

TABLE II. Relative BW corrections! ! (%) to lowests states of
muonic atoms, H-like ions, and neutral Cs. SubheadingsÒ$ expÓ
andÒH-like expÓindicate that results are extracted from muonic
and H-like experiments, respectively.

$-atoms H-like ions Atomsa

$ exp $ exp H-like exp $ exp
133Cs 18(14) 0.23(17) % % % 0.24(18)
203Tl 50.8(1.6) 1.93(15) 2.21(8)b

205Tl 51.8(8) 1.98(15) 2.25(8)b

209Bi 28.8(3.9) 0.98(14) 1.03(5)c

aBW effects for other atomic states (e.g.,p states) may also be
deduced from the effect in H-like ion[47]; see text for details.

bReference[43].
cReference[64].

TABLE III. Relative BW corrections! !2"
s for s states of atomic

cesium isotopes, from measured differential anomalies1! 2
exp, our

BW value for 133Cs, ! !1" # ! 0.24!18"%, and calculated differ-
ential BR effects1#2. A!1", A!2" and I %

1, I %
2 are atomic mass

numbers and nuclear spins of isotopes 1 and 2.

A!1" I %
1 A!2" I %

2
1! 2

exp (%) 1#2 (%) ! ! !2"
s (%)

133 7=2$ 131 5=2$ 0.45(5)a ! 0.001 0.69(19)
133 7=2$ 134 4$ 0.169(30)b 0.000 0.41(18)
133 7=2$ 135 7=2$ 0.037(9)c 0.001 0.27(18)

aReference[70];
bReference[19];
cReference[71].
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these systems a different sensitivity to the nuclear mag-
netization distribution acrossr . To more clearly illustrate
this, the functionF!r"=r2, in the three simple models
considered above, is shown alongside.

To translate the empirical BWeffect in a muonic atom to a
BWeffect for the H-like system, and account for the nuclear
model dependence, we follow the procedure introduced in
Ref.[46]. We use the simple SP magnetization models from
that work, and find effective nuclear magnetic radiiRm such
that the experimental BW effects in muonic atoms are
reproduced. These SP models have different parametriza-
tions for the unpaired nucleon wave function across the
nucleus: zeroth, first, and second powers ofr and!Rm ! r".
Thesemodelsare then applied to theH-like systems,and BW
effects determined. The uncertainty due to the model
dependence is captured through the spread in results, and
thecentral value isgivenby themidpoint.ForH-like133Cswe
obtain! # ! 0.227!174"! 10"%,where the first uncertainty is
experimental and the second is due to the model dependence.

Our final results are presented in TableII . The uncer-
tainties for the H-like results determined from muonic atom
experiments comprise of those from experiment (the
relative uncertainty is taken to be equal to that for the
muonic atom valueA exp

BW) and those from the model
dependence of the magnetization distribution, added in
quadrature. For Cs and Bi, the former dominates, while for
Tl the latter is larger by 2Ð3 times. The results for Tl80$ and
Bi82$ may be checked against accurate data from direct
H-like experiments, shown in the table. It is seen that the
data for Bi82$ are in agreement, and for Tl80$ the results lie
only marginally outside the1" error bars. This gives
confidence in the result for Cs54$ , and that any missed
effects, such as from nuclear polarization (considered, e.g.,
for the hyperfine structure in muonic deuterium in Ref.[62]
and for energies of heavy muonic atoms in Ref.[63]), may
be omitted at the current level of uncertainty.

In the final column of TableII we present the result for
the ground state of133Cs. This is found using an electronic

ÒscreeningÓfactor [47], which relates the BW effect in a
many-electron atom or ion to the BW effect in the
corresponding H-like ion,xscr!6s" # 1.047. Our empiri-
cally derived BW effect for the6s state of atomic133Cs,
! 0.24!18"%, agrees with nuclear single-particle predic-
tions, with the SP value! 0.21% [11,16] and the SP-WS
value ! 0.19!14"% [16], and with configuration mixing
calculations,! 0.22% [65]. However, it deviates signifi-
cantly from predictions (! 0.7%) of the commonly used
uniform distribution, amounting to a sizable 0.5% differ-
ence in the hyperfine structure constant. Taken together
with the high-precision many-body result of Ref.[16] for
the ground-state hyperfine structure constant for133Cs, our
empirical result corresponds to an absolute BW correction
of ! 5.5!4.2" MHz. This yields a total value of
2293.1 MHz, which agrees with experiment (2298.157É
MHz [67]) at the level of the uncertainty from the BW
effect.

The BW effects ins andp states exhibit weak depend-
ence on principal quantum number[29,68,69], and the
obtained result for6s is valid also for excitedns states of
133Cs. Furthermore, since the BW effect in atomic states
may be determined from the1s state in the corresponding
H-like ion[47] (see also[48]), the effect in other states may
also be found. We find the BW effects! 0.015!12"% for
np1=2 states and! 0.065!50"% for np3=2 states.

We use the empirical BW result for133Cs to obtain values
of the BWeffects for other isotopes using measured data for
differential hyperfine anomalies. The differential anomaly
(1! 2) between isotopes 1 and 2 is defined as[19]

1! 2 # ! A 1=A 2"! g2=g1" ! 1 " 1#2 $ ! !1" ! ! !2"; !10"

where 1#2 # #!1" ! #!2" is the differential Breit-Rosenthal
(BR) effect [modeled accurately using a Fermi charge
distribution forVnuc! r " in Eq.(1)], and! !1" and! !2" are BW
effects for isotopes 1 and 2. The results fors states for
isotopesA # 131, 134, 135 are presented in TableIII .

In summary, we have determined accurate empirical
Bohr-Weisskopf effects fors andp states of Cs isotopes.

TABLE II. Relative BW corrections! ! (%) to lowests states of
muonic atoms, H-like ions, and neutral Cs. SubheadingsÒ$ expÓ
andÒH-like expÓindicate that results are extracted from muonic
and H-like experiments, respectively.

$-atoms H-like ions Atomsa

$ exp $ exp H-like exp $ exp
133Cs 18(14) 0.23(17) % % % 0.24(18)
203Tl 50.8(1.6) 1.93(15) 2.21(8)b

205Tl 51.8(8) 1.98(15) 2.25(8)b

209Bi 28.8(3.9) 0.98(14) 1.03(5)c

aBW effects for other atomic states (e.g.,p states) may also be
deduced from the effect in H-like ion[47]; see text for details.

bReference[43].
cReference[64].

TABLE III. Relative BW corrections! !2"
s for s states of atomic

cesium isotopes, from measured differential anomalies1! 2
exp, our

BW value for 133Cs, ! !1" # ! 0.24!18"%, and calculated differ-
ential BR effects1#2. A!1", A!2" and I %

1, I %
2 are atomic mass

numbers and nuclear spins of isotopes 1 and 2.

A!1" I %
1 A!2" I %

2
1! 2

exp (%) 1#2 (%) ! ! !2"
s (%)

133 7=2$ 131 5=2$ 0.45(5)a ! 0.001 0.69(19)
133 7=2$ 134 4$ 0.169(30)b 0.000 0.41(18)
133 7=2$ 135 7=2$ 0.037(9)c 0.001 0.27(18)

aReference[70];
bReference[19];
cReference[71].
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— tests of atomic theory in the nuclear region
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May be a nuisance, though is an effect to be embraced!

Understanding it is important for:

— tests of atomic theory in the nuclear region

  — determination of nuclear moments

— tests of nuclear theory

  — probing the neutron distribution

  — tests of quantum electrodynamics

May be key to increasing the discovery potential in precision atomic and molecular experiments

Hyperfine anomaly



Summary

Lecture 1A. How can atoms be used to test the SM and search for new physics?

• Atomic parity violation


Lecture 1B. Time-reversal violating electric dipole moments 

• Atomic EDMs, enhancement mechanisms 


Lecture 2A. Precision atomic theory 

• Many-body methods, relativistic Hartree-Fock, QED in many-electron atoms


Lecture 2B. Adventures at the intersection of atomic and nuclear physics

• Case study in the hyperfine structure



Thank you!


