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Lecture 1A. How can atoms be used to test the SM and search for new physics?

* Atomic parity violation

Lecture 1B. Time-reversal violating electric dipole moments

e Atomic EDMs, enhancement mechanisms

Lecture 2A. Precision atomic theory

 Many-body methods, relativistic Hartree-Fock, QED in many-electron atoms

Lecture 2B. Adventures at the intersection of atomic and nuclear physics

* Case study in the hyperfine structure



Lecture 2A.
Precision atomic theory



Our precision atomic theory group at UQ — goal

To maximise the discovery potential of precision atomic experiments
» Push state-of-the-art atomic calculations to 0.1% precision

» Development of high-precision many-body methods

» Improved benchmarking of atomic theory
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AiIm — accurate wave functions across all scales

Upper radial component, Cs 6s:
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TBased upon o e () indicates the mass number of the longest-lived isotope.

Relativistic vs. non-relativistic
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For the most precise values and uncertainties visit ciaaw.org and pmlnist.govidata.
NIST SP 966 (Julv 2018)



How to treat
correlations?

Depends on how
many valence
electrons
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Overview

valence electron

N\

e Starting point for the many-
electron problem: relativistic
Hartree-Fock (RHF)

e Beyond RHF: the
correlation potential

nucleus \

e QED radiative corrections: electron “core”
vacuum polarisation and
self-energy

Viue = Viue + Vrad ,  radiative potential V,..q = Vag + Virp
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Seek solution to: ho = €p

e Schrodinger Hamiltonian
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One-electron problem

Seek solution to: ho = €p

e Schrodinger Hamiltonian

e Dirac Hamiltonian



One-electron problem

Seek solution to: ho = €p

e Schrodinger Hamiltonian

h = -V
5 T V()
e Dirac Hamiltonian
h=co-p-+
| | (O 0')
Dirac matrices: o = :
o 0

1
Solution has form: Drm (T) = . (



One-electron problem

Coupled radial equations:

! :E"' I— f! +["2(Vnuc(r)+ Vel)! 2]9! = 2#9!

dr r
- d,
r

!
(Vhue (r) + Vet + T g ="f



One-electron problem

Coupled radial equations:

d w0

! E-l- F ¥ +["2(Vnuc(r)+ Vel)! 2]9! — HO)
: |
(Mnuc (r) + V)t + Er! F g = "fi
o e dy
Express this as: ol F(y,r)

I

ith .

Wi Y = g

Method described in detall in: W. R. JohnsAtgmic Structure Theoryspringer, Berlin, 2007)



One-electron problem

Coupled radial equations:

d

! a"' F ¥ +["2(Vnuc(r)+ Vel)! 2]9! = 2#9!
: I
(Voe (1) + Va)f 1+ 01— g =1,
i e dy
Express this as: o = F(y,r)

r

ith - f

Wi Y = g

Solve using finite-difference method — Adams-Moulton

Method described in detall in: W. R. JohnsAtgmic Structure Theoryspringer, Berlin, 2007)
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In practice, we use a variable radial grid, point-spacing exponentially increasing at
small distances, becoming linear at large distances
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e start with solutions at large distances that satisfy the equation with potential
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Solving the radial Dirac equation

In practice, we use a variable radial grid, point-spacing exponentially increasing at
small distances, becoming linear at large distances

e start with solutions at large distances that satisfy the equation with potential

V(r)=(N! Z1 D
and integrate inwards

* |[ntegrate outwards starting with solutions at small distances where

V(r)!" ZIr

Method described in detall in: W. R. JohnsAtgmic Structure Theoryspringer, Berlin, 2007)



Solving the radial Dirac equation

In practice, we use a variable radial grid, point-spacing exponentially increasing at
small distances, becoming linear at large distances

e start with solutions at large distances that satisfy the equation with potential

V(r)=(N! Z1 D
and integrate inwards

* |[ntegrate outwards starting with solutions at small distances where

V(r)!" ZIr

* Meet at outer turning point

Method described in detall in: W. R. JohnsAtgmic Structure Theoryspringer, Berlin, 2007)



Solving the radial Dirac equation

0.5

lllustration of matching:
radial 4p orbital
(non-relativistic)

in Coulomb potential

dP(r)/dr
-
(@)

O
U

—

Method described in detall in: W. R. JohnsAtgmic Structure Theoryspringer, Berlin, 2007)



Solving the radial Dirac equation

0.5

lllustration of matching:
radial 4p orbital
(non-relativistic)

in Coulomb potential

dP(r)/dr
-
(@)

Check number of “zeros’

O
U

—

nN=ng+ 1 +1

Crude adjustment to
energy until correct

Method described in detall in: W. R. JohnsAtgmic Structure Theoryspringer, Berlin, 2007)



Solving the radial Dirac equation

0.5

lllustration of matching:
radial 4p orbital
(non-relativistic)

in Coulomb potential

dP(r)/dr
-
(@)

Check number of “zeros”

O
= Ol

nN=ng+ 1 +1

Crude adjustment to
energy until correct

. . | | Fine adjustment until
0 10 20 30 40 function and derivative
are smooth

Method described in detall in: W. R. JohnsAtgmic Structure Theoryspringer, Berlin, 2007)



Relativistic Hartree-Fock

e Hamiltonian for many-electron atom:

IN IN 1

H = ho(ri) +

. :
=1 I<| ‘I’,. rJ‘
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!N !N

H = ho(ri)+
1=1 <]
e \Wish to solve



Relativistic Hartree-Fock

e Hamiltonian for many-electron atom:
!N !N

H = ho(ri)+
1=1 <]

1
Iri ! oryf

e Wish to solve

HI (rqy,ro ..., ry) = EN (Mg, 1oy 0001

It Is perhaps worthwhile repeating here an obsenation by Hartree (1957, p.
16) concerning OexactGsolutions to Eq.(3.38) in the many-electron case. If we
consider, for example, the 26 electron iron atom, the function ! (rq,r,,ada,ry)
dependson 3" 26 = 78 variables. Using a coursegrid of only 10 points for
ead variable, it would require 10’® numbers to tabulate the wave function for
iron. Sincethis number exceedsthe estimated number of particles in the solar
system, it is di" cult to understand how the wave function would be stored
even If it could be calculated! Of more practical interest are approximations
to OexactGsolutions and methods for systematically improving the accuracy of
sudh approximations.

From: W. R. Johnsostomic Structure Theorispringer, Berlin, 2007)



Relativistic Hartree-Fock

e Hamiltonian for many-electron atom:

IN IN
H = ho(ri)+
1=1 I<]

e Wish to solve

e Approximate solution — single Slater determinant

a(ri) !'p(ri) adéa ! ,(r1)
a(r2) 'o(rz) aaa!ln(ra)

Z

~~
-
—
N
—
Z
~—"
[
|-

|
. |
| a(.rN) lp(rn) aaal n(rN)i

where hl g =(hg+ U(r))! 2= "3!3,



Relativistic Hartree-Fock

 Expectation value of full Hamiltonian: =1 [HT"
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 Expectation value of full Hamiltonian: =1 [HT"

 Require that the energy is stationary with respect to variations of the
radial wave functions, subject to the normalisation condition



Relativistic Hartree-Fock

 Expectation value of full Hamiltonian: E=I1TH["

 Require that the energy is stationary with respect to variations of the
radial wave functions, subject to the normalisation condition

 Finally, obtain relativistic Hartree-Fock equations, with potential:

VHERa(r) = (2p+ 1) Yo(D,DPRaA(r)! L1 akt pVik(B, @, N Rp(r)

b direct #k - %% &
exchange
where

() . rk ! ) ) ) )
vk(a,b,r) = dr rkil Fa(r )fo(r)+ ! %ga(r )op(r)

0 >

o i k
!!ak!b — |18;2 1/2 O " (|a+k+|b)1
+
1, | even

M= 0 1 odd



Relativistic Hartree-Fock

e Solving the RHF equations, Ve = V4

! :E'F I_ f! +["2(Vnuc(r)+ Vel)! 2]9! =" 2#9!

dr r
d !
— |
r

(Mhue (r) + Vet + v g ="f



Relativistic Hartree-Fock

 Solving the RHF equations, Ve = Vur
d ]
s [ (Ve () + Ve | 2l = 7 g
= |
a3
[

(Mhue (r) + Vet + v g ="f

e Self-consistently for electrons of core



Relativistic Hartree-Fock

e Solving the RHF equations, Ve = V4

‘ |
| %"' F i +["2(Vnuc(r)+ Vel)! 2]9! =" 2#9!
d !
(Mhuc (r) + Ve))t) + _r! v g ="f

e Self-consistently for electrons of core

» Freeze potential of core, V. *



Relativistic Hartree-Fock

e Solving the RHF equations, Ve = V4

[ (Ve () + Ve) ! 200 = " g

dr r
- d !
(Mhue (r) + Vet + _r! v g ="f

e Self-consistently for electrons of core

» Freeze potential of core, V. *

 Solve for valence electron in V. *
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Correlation potential

Starting point: relativistic Hartree-Fock (RHF),

|4 |1 2 | no— g Excitation energies,
ch ap+(!! 1)cc! ZIr + Vur t# orror — 100%
] n n ] u ! 1 !
Perturbation theory in residual Coulomb interaction, A | VHE |

<] i

Lowest-order correlation corrections - 2nd order in Coulomb interaction

d
N

-
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time

S valence electron
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Correlation potential

time
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> > >
! ] o
Il

nucleus \

electron “core”
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Correlation potential

time

S valence electron

a | d A

> > > odc
|
[l

nucleus \
electron “core”
b tan|e e i |2 |na”
la|! |a" = 13

o + i # H H#H H



Correlation potential

Starting point: relativistic Hartree-Fock (RHF),

|4 |1 2 | no— g Excitation energies,
ch ap+(!! 1)cc! ZIr + Vur t# orror — 100%
" ] ] ] ] ! 1 !
Perturbation theory in residual Coulomb interaction, ! VHE |

Iril ri]

<] i

Lowest-order correlation corrections - 2nd order in Coulomb interaction

Pull out the and add it to the Hartree-Fock equations,

Ve | VhE +|( r,r’,!)



Correlation potential

Starting point: relativistic Hartree-Fock (RHF),

Excitation energies,

, 2 ) N [
ch ap+(!! 1)cc! ZIr + Vyp +! T g = "g ! g error ~ 1%



All-orders correlation potential

Classes of diagrams included to all @ U _
orders using the Feynman diagram | / " / \
technique
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Dzuba, Flambaum, Sushkov (1989)



All-orders correlation potential

Classes of diagrams included to all
orders using the Feynman diagram
technique

1. Electron-electron screening
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All-orders correlation potential

Classes of diagrams included to all
orders using the Feynman diagram
technique

1. Electron-electron screening

2. Hole-particle interaction

(O+O+dD+UDHE

—
- -~ -~

\~——’

1.5+
1.0¢

0.5¢

Electricfield In Cs

Electricfield Bty

0.0t

1 0.5+

—  Radiusla.u.'

10 4 0.01

100

Dzuba, Flambaum, Sushkov (1989)



All-orders correlation potential

Classes of diagrams included to all
orders using the Feynman diagram
technique

1. Electron-electron screening

2. Hole-particle interaction
O+ + + +E

Non-linear-in-! contributions

o+ )] | | +E

\~—_’

Electricfield Bty

1.5¢
1.0-

0.5¢

Electricfield In Cs

0.0r

1 0.5¢

—  Radiusla.u.'

10 4 0.01 1 100

Excitation energies, error ~ 0.1%

Dzuba, Flambaum, Sushkov (1989)
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All-orders correlation potential

valence electron

N\

nucleus \

electron “core”



Effect on wave function

0.2F y
; A
. A
0.0 |
> \/ . —— RHF
c v\ i Y ¥ 1 a---- Brueckner
w< —0.2r -
31
-0.4 y
O [ ! L1l ! R R R A ! R R R R ! R R R A ! ! A
1077 0.001 0.010 0.100 1 10

d r(a.u.)



“Small corrections’

Brelt corrections

"

Retardation and magnetic corrections to
Coulomb interaction

1| L., 1:| a . +!1.an! . an

where 1 =nr =rj! r;

QED corrections in many-body calculations

+ EMM%% +

Radiative potential method - Flambaum, Ginges, PRA (2005)
Model operator approach - Shabaev, Tupitsyn, Yerokhin, PRA (2013)
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“Small corrections’

valence electron

N\

self-energy .

A

: nucleus \

electron “core”

vacuum
polarisation electron

nucleus ‘,/’/ vacuum polarisation



Radiative potential

Typical range of quantum electrodynamics radiative
interactions

r! I'/mc" 1/137 au.
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Radiative potential

Typical range of quantum electrodynamics radiative
interactions

r! I'/mc" 1/137 au.

within the 1sorbit, r ! 1/Z

Electron sees unscreened nucleus, V !'" ZJr

Binding energies of valence electrons, ! ! 10 °>mc?

_____




Radiative potential

Typical range of quantum electrodynamics radiative

Interactions 1137
r! I'/mc" 1/137 au. 1z

within the 1s orbit, ! 1/Z 1S

Electron sees unscreened nucleus, V !'" ZJr

Binding energies of valence electrons, ! ! 10 °>mc?

In this region, valence electron of a neutral atom behaves like an electron in a
highly-excited state of a hydrogen-like ion!



Radiative potential

os radialwavefunctionsftor H! like andneutralCs
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Radiative potential

6s radialwavefunctionsfor H! like andneutralCs 6s radialwavefunctionsfor H! like andneutralCs
' L dial
Largeraldl(?!componen argera |a_componen neutral
| (\ | 0.30"
0_5__ H-like
_ 0.25¢ H-like (rescaled)
0.0 9 0.20}
| neutral 0.15¢
1 0.5+ :
11.0F 0.05" _1_ 1
- : 137 55
S S e Radiusla.u." 1 Radiusla.u."
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Radiative potential

e Define radiative potential: 1 [Meag (DY " = "#se + "Aup
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Radiative potential

e Define radiative potential: 1 [Meag (DY " = "#se + "Aup

Note: [ Mrad [P _ M Viad ! "Hi ke

"(rn) "(rn)H!Ime

e |ntroduce local radiative potential:

Viad (1) = Vueh (1) + Vinag () + V29" (r) + VIO (r)

o N

Flambaum, Ginges (2005)



Radiative potential

e Define radiative potential: 1 [Meag (DY " = "#se + "Aup

Note: [ Mrad [P _ M Viad ! "Hi ke

"(rn) "(rn)H!Ime

e |ntroduce local radiative potential:
Viad (1) = Vuen (1) + Vinag (1) + V@ (r) + Ve (r)

e Fitting factors found by reproducing SE shifts in exact QED to H-like ions

i) 2 ! Zv’+ d o 1 +#+70
yPointrpy == 2" n 4 = dt —' g 2ty q
mag () = g ro1 2 1211
#Il #$ !|| # %
. | 7 & 1 1 3 1
Vi) = A@Zr) - = dt 11— [n(t?! 1)+ 4In(UzZ! + YU2)]! S+ = 27"
high (r) 1 ) 8 r . 21 1 52 [In( ) ( )] 5 12

low
Flambaum, Ginges (2005)



Radiative potential

Self-energy shifts and comparison to exact
QED

In frozen atomic potential (Kohn-Sham)

#(Z#)* 2
" g = F(Z#)mc
SE= 7 3 (Z#)
F(Z!)
Radiative  Radiative Exact Model
potential potential + QED Operator
screening

Cs 6s 0.01o7/ 0.0164 0.0162 0.0163
Fr 7s 0.0099 0.0098 0.0098  0.0099

T

Sapirstein and
Cheng, PRA (2002)

Ginges and Berengut, PRA (2016)



Radiative potential SE shifts for Cs. Units: I¥a.u.

" (1) + " relax
Self-energy shifts and comparison to exact 6S1/2 813 8 43
QED Core relaxation 6pr2 0.11 -0.38
IS Important! 6pz2  0.32 -0.09
In frozen atomic potential (Kohn-Sham) 52 -0.06 -1.21
5k, 0.07 -1.12
. _ #(Z#) 2
I"sg = e F(Z#)mc o
F(Z!) o Uehling
— . potential and
Radiative  Radiative Exact Model - | induced
potential potential + QED Operator S f 7 (direct)
screening S I . Hartree-Fock
Cs 6s 0.0167 0.0164 0.0162 0.0163 — '*" VUeh | 105 g
Fr 7s 0.0099 0.0098 0.0098 0.0099 ar ~ >
I g e mmmmmmmmmmm =TT
T T |
Sapirstein and r(a.u.)

Cheng, PRA (2002)
Ginges and Berengut, JPB (2016)



What else?

e This is a snapshot of some of our methods

* Need to go further to:

- take into account external fields

- consider multi-valence electron atoms

 There are other high-precision methods out there



Lecture 2B.
Adventures at the intersection of atomic and nuclear physics




Our precision atomic theory group at UQ — aim

To maximise the discovery potential of precision atomic experiments
» Push state-of-the-art atomic calculations to 0.1% precision
» Development of high-precision many-body methods

» Improved benchmarking of atomic theory

Remove nuclear structure uncertainties that hinder tests of atomic theory



Benchmarking atomic theory

Upper radial component, Cs 6s:

<€ >

hyperfine structure /\ E1 amp“tudes
< /\
> radius (a.u.
106 10—4—/\/ 10/ 50 (@4

<€

weak matrix elements energles

- hyperfine structure, few 0.1%-1% <«—
* energies, 0.1%
- E1 amplitudes, few 0.1%

<751/2\D]nP1/2><nP1/2\HpV]651/2> <7Sl/2’HP\/‘nP1/2><71P1/2’D‘651/2>
By =Y 3

= §Qw
EGSl/Q R EnP1/2 E7Sl/2 o EnP1/2

n n



Fine and hyperfine structure

Fine and hyperfine splitting of levels in 133Cs

Nuclear spin | = (7/2)",
total angular momentum F =1+ J

F=5
e < 5<me<5
- F=4
2P /=1 <4S mFS4
3/2
s=1/2 - < 83< mg<3
j=3/2 — " 2<mps2
n=6 F=4 — 4<mg<4
F_
/=1 - T~
2P1/2 \ /
s=1/2 - < 3<me<3
j=1/2 -
n=6 F=4 -
4< me<4
\ F
[=0
23, , < ¢ 9192 631 770 Hz



Fine and hyperfine structure

Fine and hyperfine splitting of levels in 133Cs

Nuclear spin | = (7/2)",

NIST-F2 Atomic clock
total angular momentum F =1+ J

Primary standard for the SI

F=5 - unit for time, the second
n=6 ca \SSmFS5
) o 1 — <4s me<4
P3/2 s=1/2 < 3< m,_—SS
- F=3 . _ . .
j=3/2 . — 2<mp<2 Hyperfine splitting in cesium
n=6 F=4 - F =4
4< me<4
— T~ F 2
2P1/2 =1 / 6 81/2 /
o T~ — < 3< me<3 \ 919263177 MH:
j=1/2 -
F =3
n=6 F=4 -
=0 / \4S m,_—S4
S,/ ~ ¢ 9192 631 770 Hz
S=1/2 F—3 ~—_ 3£ m,:SS



133Cs: I'=(7/12)", F=1+J

Hyperfine structure and anomaly

n=>6 F=4 -
4< me<4
2P [=1 / ~—_ <mF<

. 1 alr! | 1/2
Interaction Nhis = ha 2 )F(r) sz T — < 3<m<3
C r j=1/2
n=6 F=4
g, 20 — ¢ 9192 631 770 H semest
Z

1/2 S 1/0 \ < 3Sm,.—§3

F=3



133Cs: I'=(7/12)", F=1+J

Hyperfine structure and anomaly

n=>6 F=4 -
= 1 / ~—_ 4 < m,:S4
: 1 a(r 1| *P1/o
Interaction hhfS - — H a( 3 )F(r) s=1/2 \ F3 < 3<me<3
C r j=1/2
Magnetic hyperfine constant A: 7:06 o r=4 < 4<mgp<4
S,/ ~— ¢ 9192 631 770 Hz
s=1/2 < 3< me<3
Hy$= A((F(F + 1) %I(1 + 1) %J(J + 1))/2 1 F=3

Contributions:

A= Agpt Agrt Asw t Aoer



138Cs: I'=(7/2)",F=1+J

Hyperfine structure and anomaly

< 4<mp<4
ar! 1) 2P, — <
. 1 rt | 1/2
Interaction Npis = — M &( - F(r) s=1/2 — < 3<mg<3
C r j=1/2
Magnetic hyperfine constant A: 7:06 - r=4 < 4<mgp<4
Si/2 1/ \ ¢ 9192 631 770 Hz< 3 e
Hp P = A( (F(F+ 1) %I(l + 1) %J(J + 1)) /2 i1/ F=3

Contributions: hyperfine anomaly
A= Agpt Agrt Asw t Aoer

finite nuclear o o
finite nuclear magnetisation

. charge v LT _
I00|In distribution dlstr|but|op correction —
nucleus correction Bohr-Weisskopf effect



133Cs: I'=(7/12)", F=1+J

Hyperfine structure and anomaly

n=6 F=4

< 4<mp<4
, %p, [=1 <
. lpa(r! ! 112 o
Interaction Npis = — M &( - )F(r) 5=1/2 — < 3<mg<3
C r j=1/2
n=06 —
Magnetic hyperfine constant A: o - r=4 — 4<mp<4
Si/2 1/ \ ¢ 9192 631 770 Hz< 3 e
b= A((F(F + 1) %I(l + 1) %J(J + 1))/2 i=1/2 F=3

Contributions:
A= Agpt Agrt Asw t Aoer
= Ag(1+ ") + Ager

relative
Bohr-Weisskopf
effect



133Cs: I'=(7/12)", F=1+J

Hyperfine structure and anomaly

n=6 F=4

< 4<mp<4
1 ar! 1) Py <
Interaction Nhis = ~H —F(r) s=1/2 — < 3<m<3
C r3 j=1/2 )
Magnetic hyperfine constant A: 7:06 - r=2 < 4<mgp<4
281/2 1/ \ ¢ 9192 631 770 HZ< 3 e
b= A((F(F + 1) %I(l + 1) %J(J + 1))/2 i~ 12 F=3

Contributions:
A= Agpt Agrt Asw t Aoer
= Ag(1+ ") + Ager

# g% &
= dr f(Na(r)E(r)/r? +
rqu(J+1)!O (r)g(r)F(r) AoED
distribution of nuclear

magnetic moment

What is F(r)?



133Cs: I'=(7/12)", F=1+J

Hyperfine structure and anomaly

n=6 F=4 -
-1 / < 4<me<4
A(r 1 | *P1/o
Interaction Npis = 1K a(r?). ' )F(r) s=1/2 T — < 3<mg<3
C I j=1/2
Magnetic hyperfine constant A: 7_=O6 - r=4 < 4<mgp<4
28, — —__ ¢ 9192631770 Hz
s=1/2 < 3<me<3
b= A((F(F + 1) %I(l + 1) %J(J + 1))/2 =1/ F=3
Contributions: Standard ways to model F(r), until recently:
A= Agpt Agrt Asw t Aoer 'm 1 'm 1
<
= Ag(1+ ") + Ager
# g|$ & > | - > |
= dr f(r)g(r)F(r)/r? + m m
D!, O OO/ A,

distribution of nuclear
magnetic moment

What is F(r)?



Hyperfine structure and anomaly

o = lpar! 1)

Interaction

F(r)
Magnetic hyperfine constant A:

S = A((F(F + 1) %I (1 + 1) %I + 1))/2

Contributions:
A= Ayt Agrt Asw t Aoer
= Ag(1+ ") + Ager

# g% &
dr f(r F(r)/ré+
0D, T IOIOFON+ Ao
distribution of nuclear

magnetic moment

What is F(r)?

183Cs: 1! = (7/2)", F= | +J

n=6 F=4 /
4< me<4
_ T~ F
2P1/2 [=1 <
— /
s=1/2 - < 3<mg<3
j=1/2
n==6 F=4 /
°S 9 192 631 770 Hz
1/2
s=1/2 T <3< meg<3
F=3 i
j=1/2

A A
y
L l: > [
Single-particle model, | =1+ 1/2:
T 3"1! 3|n= oy, 201 211 1

OL

TR T I



Hyperfine comparisons

ATPE I Ag(l+ 1)+ "ARED

Provides test of atomic many-body theory in the
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

» QED radiative corrections ! AQEP

» Nuclear magnetic moments M

» Bohr-Weisskopf effect !



Hyperfine comparisons

r-—<
self { |
energy {i

AeXpt .rl AO(l + I) + IIAQED L4
Provides test of atomic many-body theory in the m@ L
nuclear vicinity only if the following properties/ M@ P vacuum
contributions are known well (< 0.1% uncertainty): | m@ polarization

» QED radiative corrections ! AQEP

» Nuclear magnetic moments M

» Bohr-Weisskopf effect ! QED corrections to g.s. hyperfine constants (%)

Cs Ba+ Fr Ra+ Reference

-0.38(6) -0.37(4) -0.60(1) -0.55(8) Ginges, Volotka, Fritzsche, PRA (2017)

-0.42 -0.6 Sapirstein and Cheng, PRA (2003)
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Hype rf|ne COmpanSOnS Known with 1-2% uncertainty for Fr isotopes.

We can do better!
ASPU AT (e (W )

Found p with 0.5% uncertainty

ASPL T AL+ 1)+ "ARED

Provides test of atomic many-body theory in the
nuclear vicinity only if the following properties/ A(7s)/A(7pa2) vs atomic mass for francium
contributions are known well (< 0.1% uncertainty): 271 | | | | |

i Ball 2 Experiment il
Single-patrticle '
SP (corrected)

» QED radiative corrections ! AQEP

» Nuclear magnetic moments M

A?s/ A?p

» Bohr-Weisskopf effect !

1.5 - -

X% 6 3¢ ¢ ¢
I I I I

N2 N/
7N N
I

20/ 208 209 210 211 212 213
A

Roberts and Ginges, PRL (2020)
Experimental values: FrPNC collaboration
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Hyperfine comparisons

ASPL T AL+ 1)+ "ARED

Provides test of atomic many-body theory in the
nuclear vicinity only if the following properties/

contributions are known well (< 0.1% uncertainty):

» QED radiative corrections ! AQEP

» Nuclear magnetic moments M

» Bohr-Weisskopf effect !

Single-particle model:

s o T 211 211 1
F(r)= — 11 3In N

'm 'm M '8(I+1)gSJr 2

oL

for I1=L+1/2

BW corrections (%) to hyperfine constants

nuclear model 133Cs 135Ba+  211Fr  225Ra+
ball -0.71 -0.74  -2.7 -2.8
single-particle (SP) -0.21 -1.0 -1.3 -2.8
SP (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)
Difference 0.5% 1.3%

Ginges, Volotka, Fritzsche , PRA (2017)
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Hyperfine intervals

Calculations of hyperfine intervals and comparison with experiment. Units: MHz

133Cs 135 g+ 211Fy 225R g

Many-body 9229.5 7286.8 45374 -29113
BW -17.0(131) -91.8(275) -641(244) 1267(380)

QED -35.1(58) -27.1(30) -273(56) 159(23)

Total theory 91/77.4 7167.9 44460 -27687

Experiment 9192.6 7183.3 43570 -27731

Difference -15.2 -15.4 890 44
Difference (%) -0.17(16) -0.21(38) 2.0(6)(20) -0.2(14)

Ginges, Volotka, Fritzsche, PRA (2017)
Extraction of Ra+ BW effect, -4.7%: Skripnikov, J. Chem. Phys. (2020)

And from molecules! RaF S. Wilkins et al., arxiv:2311.04121



Differential hyperfine anomaly

Ratio of hyperfine constants of different isotopes of same element:

1) AR — A1)~ @) 1) 2 — 0
Typically for nuclei of different spin: 1 21 1(1) » 1(2)
I Gives difference in BW effect for different isotopes
Isotope 1 Isotope 2 Differential anomaty 2 (%)
A I# lgan (%)  lsp(%) A M 'gan (%)  !sp (%) Ball SP Expt. 9]
57Rb 5y, 85 H2  10.306 0044 87 R 10306 !0.278 ! 0.001 0.323 0.35142(3(
86 2 1 0.306 ! 0.139 0.000 0.183 0.17(9)
17AQ 5sy, 107  ¥2' 10497 1420 103 72* 10493 10.347 10.018 !3.88 ! 3.4(17)
109 12 10498 | 3.78 0.007 ! 0.431 ! 0.41274(29
55CS 6y, 133 72 10716 10.209 131 B2* 10.716 ! 0.596 ! 0.001 0.389 0.45(B)
135 72¢ 10716 ! 0.247 0.002 0.039 0.037(9)
134 4 10716 ! 0.371 0.000 0.163 0.169(30)
sBa”  6sy, 135 32* 10747 1103 137 32" 10747 ! 1.03 0.001 0.001 ! 0.191(5)

Roberts and Ginges, PRA (2021)

Expt. data from: Persson, At. Data Nucl. Data Tables (2013)



BW effect — properties

Relative Bohr-Weisskopf correction

_ o A (NINIF() ¢ 1yr?

o drf (r)g(r)/r =

Shabaev, Artemyeyv, Yerokhin, Zherebtsov, Soff, PRL (2001)
Skripnikov, J. Chem. Phys. (2020)
Roberts, Ranclaud, Ginges, PRA (2022)



BW effect — properties

Relative Bohr-Weisskopf correction

_ o A (NINIF() ¢ 1yr?

o drf (r)g(r)/r =

* In the nuclear region, the electrons see the unscreened
Coulomb field of the nucleus

- Since the binding energies ! |  V(r), wave functions
with the same angular dependence are proportional.
b . N 7UP VAY)
V" # o @t () e _
c&r+ () V()" #" 2¢° gne

Shabaev, Artemyeyv, Yerokhin, Zherebtsov, Soff, PRL (2001)
Skripnikov, J. Chem. Phys. (2020)
Roberts, Ranclaud, Ginges, PRA (2022)
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Relative Bohr-Weisskopf correction

_ o A (NINIF() ¢ 1yr?

o drf (r)g(r)/r =

* In the nuclear region, the electrons see the unscreened
Coulomb field of the nucleus

- Since the binding energies ! |  V(r), wave functions
with the same angular dependence are proportional.

7UP VAY

TVt # @ () e
T+ () V()" #" 2 g

BW effect is independent of principal qguantum number!

Shabaev, Artemyeyv, Yerokhin, Zherebtsov, Soff, PRL (2001)
Skripnikov, J. Chem. Phys. (2020)
Roberts, Ranclaud, Ginges, PRA (2022)



BW effect — properties

Relative Bohr-Weisskopf correction

_ o A (NINIF() ¢ 1yr?

o drf (r)g(r)/r =

* In the nuclear region, the electrons see the unscreened
Coulomb field of the nucleus

- Since the binding energies ! |  V(r), wave functions
with the same angular dependence are proportional.

VAY

P o 0 7UP
V" # o c@rt () e

C&r+ (r) V()" #" 2¢° gne

BW effect is independent of principal qguantum number!

! n!

.n!!

os radialwavefunctionsfor H! like andneutralCs
Largeradialcomponen

: neutral
0.30}
0.25" H-like
: (rescaled)
0.20F
0.15°
0.10-
0055— - -
T 137 55
—_— Radius!a.u."
0.00% 0.01C 0.01F

Also, in the nuclear region, for heavy systems:

I:51/2! gpl/Z , g31/2! fp1/2

BW effects in atoms related to BW matrix element
for 1s state of H-like ion

Shabaev, Artemyeyv, Yerokhin, Zherebtsov, Soff, PRL (2001)
Skripnikov, J. Chem. Phys. (2020)
Roberts, Ranclaud, Ginges, PRA (2022)



BW effect: ratio method

By taking a ratio of two states with different principal
guantum number, dependence on BW effect may
be removed!

Ans = Pong(1 + " + XopD)

Ratio method: Ginges and Volotka, PRA (2018)
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the hyperfine constants!
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BW effect: ratio method

By taking a ratio of two states with different principal
guantum number, dependence on BW effect may
be removed!

Ans = Pong(1 + " + XopD)
| An A(% n$( Aex / AO n($)

theory, theory,
pomt mag. pOint mag.

May be used to make high-precision predictions of
the hyperfine constants!

Ratio method: Ginges and Volotka, PRA (2018)

From Quirk et al., PRA (2022) [Dan Elliott group, Purdue]

Ahfs (MHZ)
Experiment Theory
State This work Prior expt. Ref3f] Ref.[16]

12s 26.318 (15)  26.31 (10PH]  26.28  26.30 (2
13s 18.431 (10)  18.40 (11PH] 18.42 (1)

Ref. [16] : Grunefeld, Roberts, Ginges, PRA (2019)

Ants (MH2z) for Cs 8p1.2 Quirk et al., PRA (2023)

A Source
Experiment
42.97 (10) Tai et al., 1973 [40]
42.92 (25) Cataliotti et al., 1996 [4§]
42.95 (25) Liu & Baird, 2000 [49]
42.933 (8) This work
Theory
42.43 Safronovaet al., 1999 [46]
42.32 Tang et al., 2019 [4/]
42.95 (9) bt method, Grunefeld et al., 2019 [34]
42.93 (7) ratio method, Grunefeld et al., 2019 [34]




BW effect: ratio method

By taking a ratio of two states with different principal
guantum number, dependence on BW effect may
be removed!

Ans = Pong(1 + " + XopD)
- Ag= A(%,n$(Ar$(§p/ Aone)

theory, theory,
pomt mag. pOint mag.

May be used to make high-precision predictions of
the hyperfine constants!

c.f. specific difference in QED tests in H-like ions

e.g., difference in hyperfine splitting between H-like
and Li-like bismuth to remove BW effect

Shabaev, Artemyev, Yerokhin, Zherebtsov, Soff, PRL (2001)

Ratio method: Ginges and Volotka, PRA (2018)
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BW eftect: from H-like ions
o= AT+ ")+ Agp

BW effect with I 1% uncertainty from H-like 203.205T],
207Ph, 209B;
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o= AT+ ")+ Agp

BW effect with I 1% uncertainty from H-like 203.205T],

207Pp, 209B;

H-like ion result may be used to find BW effect in
many-electron atoms!

Aexp = AO(]- T Xscr" 15) T AQED
t

electronic screening factor

Xscr Independent of the nuclear model!
sstates: X ! 1, negligible uncertainty

P. Ranclaud, Honours Thesis (2020)
Roberts, Ranclaud, Ginges, PRA (2022)
Skripnikov, J. Chem. Phys. (2020) — for molecules
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BW effect: from H-like ions
1>§p: ACZ)LS(]_ 4 " 15) + A(lgséD (Touched on a few pages earlier)

BW effect with ! 1% uncertainty from H-like 203,205T], Note: direct extraction from atoms/molecules?
207Pp, 209Bj

H-like ion result may be used to find BW effect in
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atomic calculations!
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BW eftect: from H-like ions
o= AT+ ")+ Agp

BW effect with I 1% uncertainty from H-like 203.205T],

207Pp, 209B;

H-like ion result may be used to find BW effect in
many-electron atoms!

Aexp = AO(]- T Xscr" 15) T AQED
t

electronic screening factor

Xscr Independent of the nuclear model!
sstates: X ! 1, negligible uncertainty

Nuclear structure uncertainty entirely removed from
atomic calculations!

P. Ranclaud, Honours Thesis (2020)
Roberts, Ranclaud, Ginges, PRA (2022)
Skripnikov, J. Chem. Phys. (2020) — for molecules

(Touched on a few pages eatrlier)

Note: direct extraction from atoms/molecules?

Only when  >> theory uncertainty.

E.g., radium!

"= %4.7% Skripnikov, J. Chem. Phys. (2020)

Ginges, Volotka, Fritzsche, PRA (2017)

And in molecules! RaF Wilkins et al., arxiv (2023)

Also, of course, differential anomalies...

Persson, At. Data Nucl. Data Tab. (2023)



BW effect: from muonic atoms
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muonic hyperfine
structure for Cs!
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------ Nuclear density
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Radius (atomic units)



BW effect: from muonic atoms

—— Muonic Cs
Atomic Cs
------ Nuclear density

10-¢ 104 102  10°
Radius (atomic units)

102

Historical data on
muonic hyperfine
structure for Cs!

Proposed and
implemented method
to extract BW effect in
muonic Cs and translate to Cs

Empirically-deduced BW effect (- ) in %

$-atoms H-like ions Aton _
$ exp $ exp H-like exp $ exp
13Cs 18(14) 0.23(17) % %%  0.24(18
203T] 50.8(1.6)  1.93(15) 2.21( )
20| 51.8(8) 1.98(15) 2.25( )
209} 28.8(3.9)  0.98(14) 1.03( i)

c.f. Cs atom — SP: 0.21% ; SP(WS): 0.19(14)% ; uniform: 0.7%

Elizarov, Shabaev, Oreshkina, Tupitsyn, Stoehlker., Opt. Spectrosc. (2006)
Sanamyan, Roberts, Ginges, PRL (2023)



BW effect: from muonic atoms

Historical data on
muonic hyperfine
structure for Cs!

—_— Muonic Cs PI’OpOSGd and
Atomic Cs implemented method
""" Nuclear density to extract BW effect in

Radius (atomic units)

Empirically-deduced BW effect (- ) in %

$-atoms H-like ions Aton _
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203T] 50.8(1.6)  1.93(15) 2.21( )
20| 51.8(8) 1.98(15) 2.25( )
209} 28.8(3.9)  0.98(14) 1.03( i)

c.f. Cs atom — SP: 0.21% ; SP(WS): 0.19(14)% ; uniform: 0.7%

10-6  10~% 102 100° 102 muonic Cs and translate to Cs

F(r)depends on radial distribution of unpaired
nucleon u(r). Use simple nucleon functions with
magnetic radius found by fitting to experiment.

Ly [[1 AVRITHEE
F(r) = FN< [5g5+(1—§)g4j‘drr2u2(r)
“ 0

3

(I— %)gL:|oJidr'r'2u2(r')(r/r')3 >

J

+[_ 2-1
8(1+1)°°

Elizarov, Shabaev, Oreshkina, Tupitsyn, Stoehlker., Opt. Spectrosc. (2006)
Sanamyan, Roberts, Ginges, PRL (2023)
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BW effect: from muonic atoms

Historical data on
muonic hyperfine
structure for Cs!

—_— Muonic Cs PI’OpOSGd and
Atomic Cs implemented method
""" Nuclear density to extract BW effect in

Radius (atomic units)

Empirically-deduced BW effect (- ) in %

$-atoms H-like ions Aton _
$ exp $ exp H-like exp $ exp
13Cs 18(14) 0.23(17) % %%  0.24(18
203T] 50.8(1.6)  1.93(15) 2.21( )
20| 51.8(8) 1.98(15) 2.25( )
209} 28.8(3.9)  0.98(14) 1.03( i)

c.f. Cs atom — SP: 0.21% ; SP(WS): 0.19(14)% ; uniform: 0.7%

10-6  10~% 102 100° 102 muonic Cs and translate to Cs

Nuclear polarisation?

May be deduced by combining H-like and
muonic-atom experiments with atomic

theory!

e)|:(>p = Aaxp Y0Ag YoAqep Y0Aw

RSy

Vandeleur, Sanamyan, Smits, Valuev, Oreshkina, Ginges, PRL (2025)



BW effect: from muonic atoms

Historical data on
muonic hyperfine
structure for Cs!

—_— Muonic Cs Proposed and
Atomic Cs implemented method
""" Nuclear density to extract BW effect in

Radius (atomic units)

Empirically-deduced BW effect (- ) in %

$-atoms H-like ions Aton _
$ exp $ exp H-like exp $ exp
13Cs 18(14) 0.23(17) % %%  0.24(18
203T] 50.8(1.6)  1.93(15) 2.21( )
20| 51.8(8) 1.98(15) 2.25( )
209} 28.8(3.9)  0.98(14) 1.03( i)

c.f. Cs atom — SP: 0.21% ; SP(WS): 0.19(14)% ; uniform: 0.7%

10-6  10~% 102 100° 102 muonic Cs and translate to Cs

A

Nuclear polarisation?

May be deduced by combining H-like and
muonic-atom experiments with atomic

theory,

e)ép = Agxp Y0Ag YoAgep YoAgyy

Semi-empirical:  Ayp < 0.1Agy
Semi-analytical: Ayp) 0.001Ag,

Motivation for new experiments at Paul Scherrer
Institute!

Vandeleur, Sanamyan, Smits, Valuev, Oreshkina, Ginges, PRL (2025)
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— tests of atomic theory in the nuclear region
— determination of nuclear moments

— tests of nuclear theory

— probing the neutron distribution

— tests of quantum electrodynamics



Hyperfine anomaly

May be a nuisance, though is an effect to be embraced!

Understanding it is important for:

— tests of atomic theory in the nuclear region

— determination of nuclear moments

— tests of nuclear theory

— probing the neutron distribution

— tests of quantum electrodynamics

May be key to increasing the discovery potential in precision atomic and molecular experiments



Summary

Lecture 1A. How can atoms be used to test the SM and search for new physics?

* Atomic parity violation

Lecture 1B. Time-reversal violating electric dipole moments

 Atomic EDMs, enhancement mechanisms

Lecture 2A. Precision atomic theory

 Many-body methods, relativistic Hartree-Fock, QED in many-electron atoms

Lecture 2B. Adventures at the intersection of atomic and nuclear physics

e Case study in the hyperfine structure
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