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The plan

Today:
From the Standard Model to molecular structure theory

Standard Model of particle physics, cosmology and
beyond
A crash course in relativistic molecular structure

Parity violation
Rovibrational spectroscopy
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NMR spectroscopy

Thursday:
Molecular probes of New Physics

Molecular parity violation within and
beyond the Standard Model
Lorentz invariance violation
New bosons/fifth force
Electric dipole moments in atoms and
molecules

Dark matter and Lorentz invariance violation
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The plan

Today:
From the Standard Model to molecular structure theory

Standard Model of particle physics, cosmology and
beyond
A crash course in relativistic molecular structure

Parity violation
Rovibrational spectroscopy

B∆P− ∼ |dEω|2−|dEωikAWa|
ω2−B2∆2
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B∆ B∆ P− ∼ |dEω|2+|dEωikAWa|
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NMR spectroscopy

Thursday:
Molecular probes of New Physics

Molecular parity violation within and
beyond the Standard Model
Lorentz invariance violation
New bosons/fifth force
Electric dipole moments in atoms and
molecules

Dark matter and Lorentz invariance violation
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The Standard Models of particle physics, cosmology and beyond
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The Standard Models of particle physics, cosmology and beyond
The building blocks of nature: bosons and fermions

Force rel. Strength Range/m Mediator

Gravity 1 × 10−43 ∞ graviton?
Weak 1 × 10−14 1 × 10−18 , and /

Electromagnetic 1 × 10−3 ∞ photon
Strong 1 1 × 10−15 gluon
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The Standard Models of particle physics, cosmology and beyond
The building blocks of nature: bosons and fermions

Force rel. Strength Range/m Mediator

Gravity 1 × 10−43 ∞ graviton?
Weak 1 × 10−14 1 × 10−18 , and /

Electromagnetic 1 × 10−3 ∞ photon
Strong 1 1 × 10−15 gluon

Standard Model (Quantum field theory)
▶ Standard electroweak theory

⋆ Quantum electrodynamcis
⋆ Fermi’s theory of weak interactions

▶ Quantum chromodynamics
General relativity

Standard model of particle physics
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The Standard Models of particle physics, cosmology and beyond
Symmetries in the Standard Model

Symmetry Conserved quantity Non-observable SM

Continuous symmetries
translation in time energy absolute time ✓

translation in space linear momentum absolute spatial position ✓

rotation angular momentum absoulte spatial direction ✓

Lorentz symmetry CPT absolute velocity ✓

Discrete symmetries
permutation symmetry Bose-Einstein/Fermi-Dirac statistics di�erence between

identical particles ✓

inversion in space parity (P) absolute left/right ✗

inversion in time time-reversal (T) absolute direction of time ✗

inversion of electric charge charge conjugation (C) absolute sign of electric
charge ✗

Unitary symmetries
* (1) gauge invariance electric charge &

phase shifts between
states of di�erent & ✓

(*L (2) gauge invariance weak charge &W
phase shifts between
states of di�erent &W

✓

(* (3) gauge invariance color charge &c
phase shifts between
states of di�erent &c

✓

T. D. Lee, Particle Physics and Introduction to Field Theory, Harwood Academic Publishers, Chur, Switzerland, 1981.
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The Standard Models of particle physics, cosmology and beyond
The SM: An impressive success story

The Standard Model agrees with
experimental data to highest precision in
history of physics!
Prediction of, , / , �, t, c... and Higgs boson!

CERN

Most precise predictions in QED
▶ Anomalous magnetic dipole moment of the electron

0e = (� − 2)/2:
0e (exp) = 0.00115965218059(13)

0e (theo) = 0.00115965218178(77)

1 part in 1012 agreement!
▶ Other magnetic dipole moments (muon, tauon, etc.)
▶ Lifetime of muon
▶ Many more...

T. Aoyama et al., Phys. Rev. Lett. 2012, 109, 111807, X. Fan et al., Phys. Rev. Lett. 2023, 130, 071801.
8
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The Standard Models of particle physics, cosmology and beyond
Limitations of the Standard Model

Dark Matter

26%

Dark Energy

69% Visible Matter
5%

Unexplained phenomena:
Gravity
Dark matter and dark energy (Standard Model of cosmology)
Inflation (flatness and isotropy of the universe)
Baryonasymmetry (imbalance of matter and antimatter in the observed universe)
Neutrino oscillations (extension of the Standard Model)

“Discrepancies”:
“Neutron lifetime puzzle”, B meson decay, missing hadrons and “glueballs”, sterile neutrinos, muon-`, proton radius
Theoretical/conceptual “problems”:
Empirical formulas (Koide, CKM mixing matrix, masses and Higgs vacuum expectation value), solving QCD, hierachy problem, number of
parameters (19/28), quantum triviality, strong CP “problem”, etc.

9



The Standard Models of particle physics, cosmology and beyond
Einstein’s General Relativity

'`a −
1

2
'�`a = 8c�)`a

Measure of deformation
along shortest path

“Size of curvature”

Metric tensor

energy/momentum
density and flux

⇒ Gravity is a pseudo-force
https://commons.wikimedia.org/wiki/File:One-sided_spacetime_curvatures.png
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The Standard Models of particle physics, cosmology and beyond
ΛCDM: The standard model of cosmology

Dark Matter

26%

Dark Energy

69% Visible Matter
5%

In GR absolute energy matters!
Constant vacuum energy density dvac adds to )`a
Λ =

dvac

8c�
is the cosmological constant

Our universe is fairly flat and matter dominated:
1 −Ωc ≈ ΩΛ +ΩM

From the Friedmann equationa

Matter- (M), radiation- (R) and vacuum (Λ) density
parameters today:
ΩΛ ∝ Ω20

2 ∝ ΩM03 ∝ ΩM04

Observation Ω2 ≈ 0, ΩM = 0.3 ± 0.1, ΩΛ = 0.7 ± 0.01

↔ Best estimates of baryon density Ωb = 0.04± 0.02!
aS. M. Carroll, Spacetime and Geometry: An Introduction to General Relativity, Cambridge University

Press, 2019.

NASA/WMAPscienceteam

11

NASA/WMAP science team
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Either GR is wrong or most of the matter content of the universe is dark!

NASA/WMAP science team
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Either GR is wrong or most of the matter content of the universe is dark!
Modified Newtonian Dynamics (MOND)?→
Not able to explain gravitational lensing, waves. . .

NASA/WMAP science team


What is dark matter?
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The Standard Models of particle physics, cosmology and beyond
Dark matter in science-fiction

“Shadows are particles of con-
sciousness. You ever heard any-
thing so stupid? Nowonder we can’t
get our grant renewed... And here
goes the crazy part: you can’t see
them unless you expect to. Un-
less you put your mind in a certain
state.” —Mary Melone (Dark matter
research unit, Oxford) in “The amber
spyglass” by Philip Pullman

Dark matter creatures. . .
They might tell us what they are
made of?

13



The Standard Models of particle physics, cosmology and beyond
Dark matter in science//////////-fiction

10−22 eV/c2 keV/c2
WDM limit

GeV/c2 100TeV/c2 MPlanck

∼ 1028 eV/c2

10M⊙

∼ 1067 eV/c2

“Ultralight” CDM

bosonic

non-relativistic

QCD-Axion

classic window

1 – 100 µeV/c2Fuzzy DM

“Light” DM

sterile ν
WDM or CDM

WIMPs Composite DM Primordial black

holes

Pseudoscalar bosons for solving
strong CP problem

\
�2
s

32c2
�̃

`a
0 �0

`a

(Weinberg and Wilczek)
Many low-energy searches:
axion-electric e�ect (light
through wall) or the axion-wind
(magnetic field sensing)

Primordial black holes (MACHOs)

Zel’dovich, Nowikow and later Hawking
Formed shortly after big bang (before stars!)
Masses down to 1012 m ⇔ size of a fm!
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The Standard Models of particle physics, cosmology and beyond
New bosons?

L. Cong et al., Rev. Mod. Phys. 2025, 97, 025005 15



Why is there matter at all?
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The Standard Models of particle physics, cosmology and beyond
Baryon asymmetry

https://www.symmetrymagazine.org/article/october- 2005/explain- it- in- 60- seconds

1928/32 Feynman–Stückelberg interpretation of Dirac equation
→ Antimatter

1933 Discovery of the positron by Anderson.
Where is the antimatter?
Hidden anti-matter clusters? → #anti/#mat < 10−6!

1967 Sakharov conditions
1 Baryon number (�) violation Δ�,
2 C- and CP-violation,
3 Deviation from thermal equilibrium.

A. D. Sakharov, JETP Lett. 1967, 5, 24, A. D. Sakharov, Sov. Phys. Usp. 1991, 34, 392–393.
L. Canetti et al., New J. Phys. 2012, 14, 095012.
G. ’t Hooft, Phys. Rev. Lett. 1976, 37, 8–11. 17

https://www.symmetrymagazine.org/article/october-2005/explain-it-in-60-seconds


The Standard Models of particle physics, cosmology and beyond
Baryon asymmetry
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The Standard Models of particle physics, cosmology and beyond
Baryon asymmetry

https://www.symmetrymagazine.org/article/october- 2005/explain- it- in- 60- seconds

1928/32 Feynman–Stückelberg interpretation of Dirac equation
→ Antimatter

1933 Discovery of the positron by Anderson.
Where is the antimatter?
Hidden anti-matter clusters? → #anti/#mat < 10−6!

1967 Sakharov conditions
1 Baryon number (�) violation Δ�,
2 C- and CP-violation,
3 Deviation from thermal equilibrium.

✓C is maximally violated in the SM (electroweak)
✓CP is violated in the SM (CKM, neutrino oscillations)
✓H is violated in the SM (non-perturbative, electroweak)
✓Primordial plasma was out of equilibrium in the expanding universe
✗CP-violation very small in the SM (Jarlskog invariant ∼ 10−5)
✗�-violation minuscule (sphalerons, at ) = 0: Γ/+ ∼ <4

,
exp(−8c2/�2) ∼ <4

W
10−180)

A. D. Sakharov, JETP Lett. 1967, 5, 24, A. D. Sakharov, Sov. Phys. Usp. 1991, 34, 392–393.
L. Canetti et al., New J. Phys. 2012, 14, 095012.
G. ’t Hooft, Phys. Rev. Lett. 1976, 37, 8–11. 17

✗In the SM only C-violation is su�cient!
⇒ We need other mechanisms for CP and � violation!

https://www.symmetrymagazine.org/article/october-2005/explain-it-in-60-seconds


Searching for New Physics at di�erent scales
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Searching for New Physics at di�erent scales

Astrophysics

https://www.eso.org/public/germany/images/potw1604a/

High-energy physics

CERN: https:

//home.cern/resources/image/accelerators/lhc-images-gallery

Low-energy precision tests

ACME Collaboration: http://www.electronedm.org/

https://first-tf.fr/grand-public-scolaires/ressources-grand-public/

19
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Searching for New Physics at di�erent scales
How to do a low-energy precision test: Two strategies

1. Precise comparison of theory and experiment

✓ Small well controllable systems:
H,D,He,HD,H2 etc.

✓ Accuracy of calculations ≪ 1%

✗ System selection usually limited by nuclear
structure

2. Looking for non-observables of the SM

✓ Symmetry violation beyond the Standard Model
✓ Forbidden transitions in atoms and molecules
✓ Measuring very precisely zero
✓ Weakly dependent on theory uncertainty
✗ Very important to control experimental
systematics

Search for new physics with atoms and molecules

M. S. Safronova

REVIEWS OF MODERN PHYSICS, VOLUME 90, APRIL–JUNE 2018

M.S. Safronova1,2, D. Budker3,4,5, D. DeMille6, Derek F. Jackson Kimball7, A. Derevianko8 and Charles W.

Clark2
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We will follow the second route!
Searches for P-violation, CP/P,T -violation, P-violating dark matter, local Lorenz invariance violations,

variations of fundamental constants, etc. . .

20



Searching for New Physics at di�erent scales
why molecules?

Pro Contra
✓Complex many body system ✗Complex many body system
✓Internally broken symmetries ✗Lower resolution than in atoms
✓Nucleus-nucleus interactions ✗Ab initio description can be limited
✓Can have simpler electronic structure than atoms
✓Recent breakthroughs in molecular spectroscopy

Computational limitations come most often from the nucleus.
Experimental limitations can be outrivaled by internal enhancement
mechanisms.

⇒ Tailoring a tuned quantum sensor from the periodic table!

21



A crash course in relativistic molecular structure
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A crash course in relativistic molecular structure
From the SM to atoms and molecules

Molecules are composed of electrons and nuclei
✓In good approximation only electromagnetic force matters!

G. A. Aucar, Phys. Chem. Chem. Phys. 2014, 16, 4420–4438.
K. G. Dyall, J. Chem. Phys. 1997, 106, 9618–9626, M. Reiher, A. Wolf, Relativistic Quantum Chemistry, John Wiley & Sons, Ltd, 2014. 23
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©­­«
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ª®®¬`a
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0 −1
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(
0 2:

−2: 0
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= i$0$1$2$3; # = $0; ®" = $0 ®$; ®� = $0$5 ®$

✗ Interaction term is particle field dependent! → Many-body problem is tough in QED (For two particles: Bethe-Salpeter equation)
✗ Combination of electron correlation and QED an open problem (how to treat virtual positronic states?)!

G. A. Aucar, Phys. Chem. Chem. Phys. 2014, 16, 4420–4438.
K. G. Dyall, J. Chem. Phys. 1997, 106, 9618–9626, M. Reiher, A. Wolf, Relativistic Quantum Chemistry, John Wiley & Sons, Ltd, 2014. 23



A crash course in relativistic molecular structure
From the SM to atoms and molecules

Molecules are composed of electrons and nuclei
✓In good approximation only electromagnetic force matters!

LQED = −
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✗ Interaction term is particle field dependent! → Many-body problem is tough in QED (For two particles: Bethe-Salpeter equation)
✗ Combination of electron correlation and QED an open problem (how to treat virtual positronic states?)!
✓ Fortunately: QED is perturbative!

G. A. Aucar, Phys. Chem. Chem. Phys. 2014, 16, 4420–4438.
K. G. Dyall, J. Chem. Phys. 1997, 106, 9618–9626, M. Reiher, A. Wolf, Relativistic Quantum Chemistry, John Wiley & Sons, Ltd, 2014. 23



A crash course in relativistic molecular structure
From the SM to atoms and molecules

Molecules are composed of electrons and nuclei
✓In good approximation only electromagnetic force matters!
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; $5

= i$0$1$2$3; # = $0; ®" = $0 ®$; ®� = $0$5 ®$

✗ Interaction term is particle field dependent! → Many-body problem is tough in QED (For two particles: Bethe-Salpeter equation)
✗ Combination of electron correlation and QED an open problem (how to treat virtual positronic states?)!
✓ Fortunately: QED is perturbative!
✓ Common approximations:

▶ “No-pair” approximation (Electron-positron pair creation at ∼ 1 MeV!)
▶ Instantaneous interactions (classical Coulomb)

→ Perturbative QED correction from the photon field
▶ Nuclei are hard spherical charges 4/d(A )
▶ Electronic and nuclear motion is separated (Born–Oppenheimer approximation)
▶ U → ∞ (non-relativistic limit) (Perturbation theory on the Schrödinger equation is predictive for � ≪ <e2

2 ∼ 511 keV)
▶ Bound-state atomic/molecular Hamiltonians:

�̂ = 2®" · ®̂? + #<e2
2 + +̂eN + +̂ee + +̂NN, lim

U→0
�̂ − <e2

2
= �̂nr =

®̂?2

2<e
+ +̂eN + +̂ee + +̂NN

G. A. Aucar, Phys. Chem. Chem. Phys. 2014, 16, 4420–4438.
K. G. Dyall, J. Chem. Phys. 1997, 106, 9618–9626, M. Reiher, A. Wolf, Relativistic Quantum Chemistry, John Wiley & Sons, Ltd, 2014. 23



A crash course in relativistic molecular structure
One-particle Dirac equation and Schrödinger equation

Time-independent Dirac/Schrödinger equation for a central Coulomb potential (+eN =
−4/

4cn0A
for d(A ) = 4c X (A )):

�̂Ψ= = �=Ψ=

For Dirac Ψ= =

©­­­­
«

ª®®®®
¬
⊗

(
|↑⟩
|↓⟩

)
is a bi-spinor (four-vector)

“Large component” for electronic states
and “small component” for positronic states

�=, 9 = <22



1 +

©­­­­­­­­­­
«

/U

= − 9 − 1
2
+

√
( 9 +

1

2
)2 − (/U)2

︸                       ︷︷                       ︸
Electronic Lorentz factor

ª®®®®®®®®®®
¬

2

−1/2

lim
U→0

�=, 9 − <22
= −

<22 (/U)2

2=2

Shifting energies by <22 to obtain a non-relativistic analogue!
Dirac sea? → Negative energy states are empty!

Schwabel, Quantenmechanik für Fortgeschrittene (QM II), Springer, 2008.
�

−2<42
2

0

−<42
2

2<42
2

Schrödinger Dirac

(hydrogen-like atom)
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A crash course in relativistic molecular structure
Relativistic e�ects? Paul Dirac’s assessment

P. A. M. Dirac, Proc. Roy. Soc. Lond. A 1929, 123, 714–733.
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A crash course in relativistic molecular structure
Do relativistic e�ects really not matter for physics and chemistry?

Classics in chemistry:

Why is gold so shiny-yellow?

Why does your (old) car start?

Why is mercury liquid at room temperature?

K. G. Dyall, K. Fægri, Jr., Introduction to Relativistic Quantum Chemistry, Oxford University Press, 2007, N. E. Christensen, B. O. Seraphin, Phys. Rev. B 1971, 4, 3321–3344, P. Romaniello,
P. L. de Boeij, J. Chem. Phys. 2005, 122, 164303, R. Ahuja et al., Phys. Rev. Lett. 2011, 106, 018301, F. Calvo et al., Angew. Chem. Int. Ed. 2013, 52, 7583–7585. 26



A crash course in relativistic molecular structure
Two-component approximations/Quasi-relativistic calculations

Positronic states not populated in the molecule⇒ implicit treatment
of the small component!
Elimination of the small component at the one-particle level:
▶ Two-step approaches (elimination on the matrix level, RI): DKH, X2C
▶ One-step approaches (elimination on the operator level): (Beit-)Pauli, ZORA

(
+̂ − n 2 ®2 · ®̂?

2 ®2 · ®̂? +̂ − n − 2<e2
2

) (
kL

kS

)
=

(
0

0

)

⇒ kS =

(
2<e2

2 − +̂ + n
)−1

2 ®2 · ®̂?kL

Expansion of
(
2<e2

2 − +̂ + n
)−1

▶ Pauli: 1

2<e22

∑∞
:=0

[
+̂−n

2<e22

]:
▶ Regular: 1

2<e22−+̂

∑∞
:=0

[
−n

2<e22−+̂

]:
⇒ ZORA: 1

2<e22−+̂

�

−2<42
2

0

−<42
2

2<42
2

Dirac ZORA
(hydrogen-like atom)

ZORA usually captures all important relativistic e�ects for valence states!
Core states can be renormalized (IORA)
Missing two-electron e�ects usually negligible ≪ 1% for heavy elements!
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A crash course in relativistic molecular structure
Two-component approximations/Quasi-relativistic calculations
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ZORA usually captures all important relativistic e�ects for valence states!
Core states can be renormalized (IORA)
Missing two-electron e�ects usually negligible ≪ 1% for heavy elements!
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TABLE III. SE (Flambaum–Ginges) and VP (Uehling) contributions in eV to the 2P1/2 ←
2S1/2 and 2P3/2 ←

2S1/2 transitions calculated as expectation values based on ZORA-
HF/dyall.cv3z calculations, using prefactor (6). A comparison31 with four-component numerical DHF calculations with perturbative treatment of the QED contributions. Z is the
nuclear charge and N is the number of electrons.

Z N VSE,2P1/2 Dev. (%) VSE,2P3/2 Dev. (%) VVP,2P1/2 Dev. (%) VVP,2P3/2 Dev. (%)

10 3 −1.498 × 10−2 0.0 −1.436 × 10−2 0.0 7.643 × 10−4 0.0 7.643 × 10−4 0.0

20 3 −2.065 × 10−1 0.5 −1.936 × 10−1 0.0 1.414 × 10−2 1.4a 1.417 × 10−2 0.7b

30 3 −8.864 × 10−1 0.1 −8.179 × 10−1 0.1 7.562 × 10−2 0.7 7.616 × 10−2 0.7

40 3 −2.448 0.3 −2.238 0.4 2.526 × 10−1 0.4 2.568 × 10−1 0.4

50 3 −5.379 0.5 −4.906 0.6 6.631 × 10−1 0.3 6.838 × 10−1 0.2

60 3 −1.032 × 101 1.1 −9.467 1.0 1.513 0.1 1.591 0.3

70 3 −1.810 × 101 1.1 −1.691 × 101 1.3 3.169 0.4 3.420 0.6

80 3 −2.988 × 101 1.2 −2.885 × 101 1.6 6.293 0.5 7.040 0.9

− × − × × ×



A crash course in relativistic molecular structure
Many electrons

Many-electron wave function Ψ(®A1, . . . , ®A# ) must be totally anti-symmetric under
exchange of two electrons (Spin-statistics theorem):

Φ 9 ∼ Â
∏
8

k8 9 (®A8) Slater determinant

Ψ 9 does not need to be of structure Φ 9 but it can be shown that for any Ψ 9 :

Ψ 9 =

∑
�

2� 9Φ� (Configuration Interaction),

where the sum runs over all configurations Φ� in the full single-particle space. . .
Number of determinants grows

("
#

)
for # electrons and " one-particle functions.

⇒ Intractable problem for most atoms and molecules!

A. Szabo, N. S. Ostlund, Modern Quantum Chemistry: Introduction to Advanced Electronic Structure Theory, Dover Publications, INC., Mineola, New York, 1996, T. Helgaker et al.,
Molecular Electronic-Structure Theory, John Wiley & Sons, Ltd, 2000.
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A crash course in relativistic molecular structure
Quantum Chemistry

Quantum chemistry⇔ Obtaining the most e�cient and accurate approximations to Ψ 9 .

Approximating the one-particle space
Expand single-particle function q8 in set of known func-
tions

{
j`

}
inspired by H-atom solutions:

j` ( ®A ) = (G − -` )
;G` (~ − .` )

;~` (I − /` )
;G`

× exp

(
−Z`

���®A − ®'`

���:
)

q8 ( ®A ) =

"∑
`=1

�`8j` ( ®A )

In most cases we choose : = 2 (Gaussian) for numerical
simplicity. Closer to H-atom solution would be : = 1.

STO

∑i
NGTOci GTOi

0 1 2 3 4 5

0.0

0.1

0.2

0.3

0.4

0.5

r

f(
r)

Approximating the T-particle space
Ψ 9 ≈ Φ 90 , scales "3

Hartree–Fock
minq8 � [Φ 90 ({q8 }) ]

Ψ 9 ≈
∑

�∈M 

Φ 9� , scales
(#+ 
#

)
Multi-reference methods
MCSCF, CASSCF, RASSCF, DMRG,. . .
minq8 ,Φ 9�

� [Φ 9 ({q8 }) ]

Ψ 9 ≈
#exc∑
:

)̂:Φ 90 , scales "5-"7 ,. . .

Single-reference correlated methods
CI,CC,MBPT,MPn,. . .
Not necessarily variational

Ψ 9 ≈
#exc∑
:

)̂: Ψ̃ 9 ; Ψ̃ 9 ≈
∑

�∈M 

Φ 9�

Multi-reference correlated methods
MRCI, MRCC, CASPTn, GASCI, FSCC,. . .

Ψ 9 ≈
∑
�
Φ 9�

Full CI
exact diagonaliztion
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A crash course in relativistic molecular structure
“Cheated” correlation: Broken symmetry Hartree–Fock

We can obtain mixed electronic configuration by breaking the symmetry of the Hamiltonian
(Löwdin symmetry dilemma):

TICS
G

(rRHF)

ASCW
AT,M

(pUHF)

ASDW
AM

(rUHF)

CCW
S

(cRHF)

ASW
A

(cUHF)

TSDW
M

(rGHF)

TSCW
T

(pGHF)

TSW
1

(cGHF)

6S 6T
6M

6A
6AT

6T

6A
6M

6T

6A
6M6T

Hamiltonian invariant under T = {−1, 1,−Θ̂, Θ̂}

Non-relativistic Hamiltonian additionally invariant under  ̂ &
B(®=, \) = exp

(
y \2 =82

8
)

S = {B(®=, \) : ®= = R3, | | ®=| | = 1, \ ∈ {0, 4c}}

G = S ⊗ T , has eight subgroups:
G, S, T, A(®=) = {B(®=, \) : \ ∈ {0, 4c}}, M(®=) = {1,ΘB(®=, c)},
A(®=)M(®=′) with ®= ⊥ ®=′, A ⊗ T and E = {−1, 1}

✓ Multi-reference wave-function at the cost of HF (∝ #3)!
✓ Simple application of perturbation theory (property
calculations)

✗ Possibility for unphysical mixtures of configurations
✗ Wave-function has wrong symmetry
✗ Di�cult to describe low-spin states

H. Fukutome, Int. J. Quantum Chem. 1981, 20, 955–1065.
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A crash course in relativistic molecular structure
Density functional theory (DFT)

The ground state energy is fully determined by the one-electron four-current 9` (®A):

9` (®A1) = #

∫
· · ·

∫
d®A2 · · · d®A# Ψ̄4c$

`

1
⊗ $0

2 ⊗ · · · ⊗ $0
#Ψ4c ,

Idea: instead of using the complex 3# dimensional wave functions minimize energy with respect to 9` (®A):
� [` (®A)] = ) [ 9` (®A)]︸     ︷︷     ︸

kinetic energy

+ +ext [ 9
` (®A)]︸         ︷︷         ︸

external potential (incl e-N interaction)

+ +H [ 9` (®A)]︸       ︷︷       ︸
Hartree potential (classical Coulomb repulsion)

+ �XC [ 9` (®A)]︸          ︷︷          ︸
exchange correlation functional

Problem: Exact closed expression for �XC unknown.

✓ DFT is formally exact
✓ DFT can be formulated consistently with QFT
✓ Pure Kohn-Sham DFT is of lower cost than HF (# (# + 1)/2#grid)

✗ �XC is unknown
✗ Semi-empiricial estimates of �XC introduce systematic errors
✗ Relativistic calculations rely currently on non-relativistic �XC

P. Hohenberg, W. Kohn, Phys. Rev. B 1964, 136, 864–871, A. K. Rajagopal, J. Callaway, Phys. Rev. B 1973, 7, 1912–1919.
J. Martin, G. Santra, Israel. J. Chem. 2019, 60, DOI 10.1002/ijch.201900114. 31
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A crash course in relativistic molecular structure
Adiabatic approximation/Born–Oppenheimer approximation

Nuclei are assumed to be non-relativistic!
Vibronic coupling 317 

Table 1, Three frequently discussed adiabatic approximations 

I I1 I11 
Crude adiabatic Born-Oppenheimer Born-Huang 
approximation adiabatic approximation adiabatic approximation 

Adiabatic wavefunction c:(r, Q) = $y(r, Qo)~yp(Q) 

mass. The relation between these two approaches 

has been examined’by Lin and Eyring (1974). 

111. ADIABATIC APPROXIMATIONS 

The approximation scheme in which the total 
wavefunction is expressed as the product of the 
electronic and vibrational wavefunctions, as in (13) 
and (17), will be denoted hereafter as the adiabatic 

upproximation. In terms of differences in electronic 
and vibrational wavefunctions we have already 

defined, we may think of variety of adiabatic 
approximations. Among them, the three most fre- 

quently encountered approximations are tabulated in 
Table 1. n h e  table is a modification of a more com- 
plete table given by Hirakawa (1975).] As is seen in 

Table 1, the adiabatic wavefunction in Approxima- 
tion I is, as in (17), written as the product of static 
electronic wavefunction defined by (7) and the vibra- 
tional wavefunction defined by (1 8). Following 
Longuet-Higgins (1961) and Ballhausen and Hansen 
(1972) we call this approximation a crude adiabatic 

approximation (CA). The adiabatic wavefunction in 

Approximation I11 is as in (13) expressed as the 
product of the dynamical electronic wavefunction 
defined by (6) and the vibrational wavefunction 
defined by (14). This approximation is named by 
Ballhausen and Hansen (1972) as the Born-Huang 

adiabatic approximation (BH), due to the authoritative 
work of Born and Huang (1954). The necessary 
conditions for this approximation are expressed in (1 1) 
and (12); however more severe conditions are often 
imposed, namely that all the electronic integrals over 
a/aQ, and a’/aQ,” are approximated to zero inclusive 

of the diagonal matrix elements, In this case, the 
adiabatic wavefunction 

(19) p~tOCl.3 Q) = I(/ j ( r ,  Q)xTt“(Q) 

is expressed as the product of the dynamical electronic 
wavefunction defined by (6) and the vibrational wave- 
function defined as 

CTN(Q) + VQI + EXQ) - E$’Ix?’(Q) = 0- (20) 

This last approximation, which is classified as Ap 

proximation 11, is named by Ballhausen and Hansen 
(1972) as the Born-Oppenheimer adiabatic approxima- 

tion. It is important to note that in the three 
adiabatic approximations the vibrational wave- 
functions differ. The difference has been clarified by 

placing a superscript to x(Q), such as xCA(Q), xBo(Q), 
and x”yQ), as in (1 3), (1 7), (19), and (20). 

IV. DIFFERENCE IN TERMINOLOGIES 

The three different adiabatic approximations dis- 

cussed above have been denoted with a variety of 

different terminologies. This difference is enumerated 
in Table 2. In some of earlier papers, the distinctions 

among the three approximations are not necessarily 
clearly stated. For example, in his textbooks, Herzberg 
(1966, 1971) uses the word “Born-Oppenheimer ap- 
proximations” to mean any of the three approxima- 
tions discussed above. [Specially, in the latter book 
(Herzberg, 1971), Approximation I in pages 71 and 97, 
and Approximations II or Ill in page 38.1 As 

Herzberg, the word “Born-Oppenheimer approxima- 
tion” is often used to mean the “adiabatic approxima- 
tion” defined in this paper. Some people use the same 
word to mean Approximations I1 and 111 (Geldof 

et al., 1971). More confusing is that the word 
Born-Oppenheimer approximation is very often used 
to mean exclusively one of the three approximations, 
yet as is seen in Table 2, to which of the three 
approximations this term is associated with is entirely 
different from author to author. Furthermore, in the 
majority of papers (probably in more than 99 percent 

of published papers) the word is used without defini- 
tion. As is evident from Table 2, it is entirely 
meaningless to use “Born-Oppenheimer approxima- 

tion” without clear definition. We hope that the 
terminologies given in the first row of Table 2 will 

become standardized. 

V. CORRECTION OF VARIOUS ADIABATIC 

APPROXIMATIONS. I. CORRECTION WITHIN 

ADIABATIC APPROXIMATION 

We now discuss how the breakdown of any of the 
approximations discussed in the preceding section is 

Vibronic coupling 325 

term is due to the correction within the Born- 
Oppenheimer adiabatic approximation, and is fre- 
quently referred to as the Herzberg- Teller coupling 

term. The third term is due to the breakdown of the 

Born-Oppenheimer adiabatic approximation, and is 
frequently referred to as the Born-Oppenheimer 

coupling term. The last term is usually considered 
small. Lin and Eyring (1974) have shown that the 
Herzberg-Teller coupling term appears to the first 
order, and the Born-Oppenheimer coupling term 
appears to the third order in (m/M)”“. However, there 
have been proposals (Orlandi and Siebrand, 1973; 
Geldof et al., 1971) that in some cases the Born- 

Oppenheimer coupling term is of importance. We 
note that the two terms in the Herzberg-Teller 

coupling term are connected with a minus sign, 
whereas the two terms in the Born-Oppenheimer 
coupling term are connected with a plus sign. Thus, 
if the two terms in the former add destructively, 
they add constructively in the latter, in which case 
the Born-Oppenheimer coupling term becomes im- 
portant. Orlandi and Siebrand (1973) state that such 
a case may well occur for aromatic hydrocarbon 
molecules. Recent CNDO/S calculations by Ziegler 

and Albrecht (1974), however, indicate that the Born- 

Oppenheimer coupling term is negligibly small in 
inducing the vibronic bands of benzene. 

It should be noted that (71) was derived with the 
three additional assumptions which are not inherent 
to the Born-Oppenheimer adiabatic representation. 
A more rigorous expression, though somewhat com- 
plicated, is easily given. 

(3) The Born-Huang adiabatic representation. In the 
above discussion, the diagonal matrix element (44) 
vanishes due to the assumption inherent in (69). Thus 
the Born-Oppenheimer adiabatic representation be- 

comes essentially identical to Born-Huang adiabatic 
representation, the difference being only in the 
vibrational part. Thus, the transition moment in the 

Born-Huang adiabatic representation is obtained by 
replacing all the xB0(Q) in (71) with xBH(Q), the 
electronic integral part remaining identical. In the 
above discussion, we have stated that the non- 

adiabatic correction from the Born-Oppenheimer 
adiabatic approximation is referred to as the Born- 
Oppenheimer coupling. In the similar way, the non- 
adiabatic correction from the Born-Huang adiabatic 
approximation could be referred to as the Born- 

Huang coupling. 

VIII. SUMMARY-THE MEANING OF THE TERM 

“VIBRONIC COUPLING 

We have thus far discussed the various approaches 
to obtain more exact wavefunctions. The general 
scheme is illustrated in Fig. 1. The expression of the 
Born-Oppenheimer adiabatic wavefunction in terms 
of crude adiabatic wavefunctions is referred to as 

Herzberg-Teller coupling. The expression of the Born- 
Huang adiabatic wavefunction in terms of the Born- 
Oppenheimer adiabatic wavefunction is usually re- 

ferred to as the diagonal correction. We emphasize 
again that these two approaches are the correction 
of wavefunctions within the adiabatic approximation. 
The expression of exact non-adiabatic wavefunction 
in terms of the Born-Oppenheimer adiabatic wave- 
function is referred to as the Born-Oppenheimer 

coupling. Similarly, the term Born-Huung coupling is 

proposed. 
The term “vibronic coupling” seems to designate 

general concept for the correction of some sort of 
inexact wavefunctions. ,Thus, any of the corrections 
discussed above could be referred to as vibronic 

Figure 1. Various routes to approach the exact non-adiabatic wavefunction. As to the three types of 
adiabatic wavefunctions, see Table 1. 

BO is an e�ective field theory. Perturbation series in the electron-to-proton-mass-ratio:

�elec ∝

√
<e

<p
�vib ∝

<e

<p
�rot

P. R. Bunker, P. Jensen, Molecular Symmetry and Spectroscopy, 2nd ed., NRC Research Press, Ottawa, Ontaria, Canada, 2006, T. Azumi, K. Matsuzaki, Photochem. Photobiol. 1977, 25, 315–326.
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A crash course in relativistic molecular structure
Computation of molecular properties

For small perturbations (new physics e�ects are definitely small!) �̂8 we can use perturbation theory!
First order for variational Ψ 9

m�

m_8
=

〈
Ψ 9

�� �̂8

��Ψ 9

〉
Not true for CC or MPn!
→ numeric di�erentiation (finite field) or perturbation of Lagrangian within response theory!
For second order:

m2�
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�� �̂8;

��Ψ 9

〉
+

〈
mΨ 9

m_;

���� �̂8

����Ψ 9

〉
+ hc
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m_;
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〉
=

∑
0 ̸ 9

〈
Ψ 9

�� �̂8 ��Ψ0〉〈Ψ0 �� �̂; ��Ψ 9 〉
� 9−�0 Depends on excited states!

⇒ HF/DFT level: Linear response theory (random phase approximation, RPA)

P. Norman et al., Principles and Practices of Molecular Properties, John Wiley & Sons, Ltd, 2018.
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A crash course in relativistic molecular structure
Do we really need all those ab initio calculations? Fermi–Segré model

1933 Fermi and Segré: simple e�ective one-electron approach to describe hyperfine coupling constants within quantum defect theory.
1958 Improvement of the model by Foldy.
1972 Generalization of the model by Fröman and Fröman.
1975 Bouchiat and Bouchiat: extend it to parity violation.

Simple e�ective one-electron wave functions at distances A ≪ 00/
−1/3:
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E�ective quantum numbers a contain all many-body information (O(a^ ) ∼ 1!)
⇒ Estimate the expectable order of magnitude of a property!

⇒Fundamental symmetry violating properties are often relativistically enhanced!
E. Fermi, E. Segrè, Z. Phys. 1933, 82, 729–749, L. L. Foldy, Phys. Rev. 1958, 111, 1093–1098, N. Fröman, P. O. Fröman, Phys. Rev. A 1972, 6, 2064–2067, C. Bouchiat, M. A. Bouchiat, J. Phys. (Paris) 1975,

36, 493–509.
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A crash course in relativistic molecular structure
Quantum chemistry for new physics searches: a few remarks

For identifying molecular probes DFT usually su�cient
(if open-shell broken-symmetry HF/DFT!)
Broken symmetries appear in the valence:
Two-component methods are quantitative < 1 %

Standard basis sets are not designed for physics
beyond the Standard Model properties!
→ Be very careful!
Assisting spectroscopy requires usually accurate
predictions with relative errors < 10%

Extraction of limits on new physics is dependent on
the theory uncertainty and requires
▶ Highly correlated methods (CC, MRCI, etc.)
if the uncertainty is limited by electronic structure

▶ HF/DFT is usually OK
if the uncertainty is limited by nuclear structure

Second order properties can be tough!

Single-particle space

Many-particle space

Hamiltonian

STO-3G DZ TZ QZ 5Z CBS

HF

MP2

CISD

CCSD

CCSD(T)

CCSDT

CCSDTQ

FCI

NR

1c

2c

4c/Non-BO/1e-QED

Non-Adiabatic

2e-QED

DFT
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Phenomenological estimate

In observable range
(±1 order of magnitude)?

Closed shell?

Yes

DFT/HF Broken-Symmetry
DFT/HF

Yes No

Clear trend and
HF/DFT disagree
less than 30%?

This is your value! Higher level correlation
(MP2 → CCSD → CCSD(T))

Yes No

Give up on this pathNo
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