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General Relativity 

Einstein’s dynamical field theory of gravity

Equivalence principle

Gravitational acceleration is independent of mass or 
composition of falling body:

Gravity

F = ma =
GMm
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(S. Schlamminger et al., PRL(2008), 100.041101; arXiv:0712.0607)



John Philoponus  (517 AD)

commentary on Aristotle’s Physics

Simon Stevin (1586)

Galileo (1638)

static gravitational force

- equivalence of gravitational and inertial mass 

- direct action at a distance (violates relativity)

- universal attraction

Gravity
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Kepler’s law

circular orbit of test mass              :
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Ṙ2

�V

µ =
1

2
�A

�

V

⌫

R

µ

�⌫

�V = V�✓ = V

�A

R

2

G

µ⌫

⌘ R

µ⌫

� 1

2
g

µ⌫

R = �8⇡G

c

4
T

µ⌫

v

2 = c

2 , dr

2 = c

2
dt

2 , d⌧

2 = 0

ds

2 = �c

2
dt

2 + a

2(t)

✓
dr

2

1� kr

2
+ r

2
d✓

2 + r

2 sin2
✓ d'

2

◆

dx

µ

d⌧

= u

µ = (ut

, 0, 0, 0) g

tt

u

t 2 = 1 ) u

t =
cp

1� 2µ/R

d

d⌧

(g
µ⌫

u

µ

u

⌫) = 2u
µ

a

µ = 0 a

µ =
du

µ

d⌧

+ � µ

�⌫

u

µ

u

⌫ = 0 + � µ

tt

u

t 2

a

µ = (0, ar, 0, 0) a

r =
µc

2

R

2
=

GM

R

2
g

µ⌫

u

µ

u

⌫ = g

tt

u

t 2 = c

2

g

µ⌫

= ⌘

µ⌫

+ 2h
µ⌫

@

µ

h̄

µ⌫

= 0

h̄

µ⌫

= h

µ⌫

=

Z

k

"

µ⌫

(k)eik·x

E

V

=

Z

V

d

3
x E =

Z

V

d

3
x

✓
1

c

@h

µ⌫

@t

◆2

+ (rh

µ⌫

)2

dE

V

dt

=

I

@V

d

2
��

n

d

dt

 
X

i

m

i

r

i

!
=

dP

dt

= 0 f =
!

⇡

=
1

⇡

r
GM

R

3

30 Hz < f < 300 Hz

a =
GM

R

2
=

v

2

R

v =
2⇡R

T

T

2 =
4⇡2

GM

R

3

m ⌧ M

5

N.B: similar mass binaries             :

✓
1� 2µ

r

◆
c

2
dt

2 =
dr

2

1� 2µ/r
) dr

cdt

= ±
✓
1� 2µ

r

◆

Ṙ2
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Universality of gravity

universality of gravitational acceleration  
        with the same initial conditions (position and velocity)
        all massive (test) bodies follow the same trajectory

in homogeneous gravitational fields nearby bodies in 
free fall are not accelerated w.r.t. each other: 
they move in a local inertial frame

non-homogeneous gravitational fields produce 
relative acceleration of nearby bodies:
tidal forces



Light rays

- In local inertial frames light travels in straight lines 
  and the velocity of light is a universal constant c 
                          (~300 000 km/sec)

- light rays are affected by tidal forces: 
  light rays in free fall in one frame are red/blueshifted as 
  seen by a distant observer in a different inertial frame 
  if there is relative acceleration between those frames

Inertial frames:  
Minkowski space times

O

light cone:

✓
1� 2µ

r

◆
c

2
dt

2 =
dr

2

1� 2µ/r
) dr

cdt

= ±
✓
1� 2µ

r

◆

Ṙ2
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(co-moving in free fall)
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Lorentz invariant



Space-time is a mesh of local inertial frames  
(free-falling coordinate systems) glued together 
to form a smooth 3+1 dimensional manifold

the shortest path between points is constructed by 
glueing short sections of straight lines in each local 
inertial frame            geodesics
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where R is the constant radial co-ordinate of the motion. Circular geodesics are character-
ized by special values of the constants of motion (⌅, ⌃) corresponding to energy and angular
momentum per unit of test mass:
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For more general orbits ⌅ and ⌃ are unrelated, and r is not constant. Using the same initial
conditions bound orbits can be parametrized as deformations of circular orbits of the form
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where both the amplitudes aµ
n and the angular frequency ⇤ are to be expanded as power series

in terms of a deformation parameter �, the series for the co-e⇥cients aµ
n starting at order �n.

The parameter � is defined in terms of the distance between the perturbed and the circular
orbit at ⇥ = 0,
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Analytic approximations to the orbits are obtained by cutting the expansions at some finite
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n, n ⇤ 3, and the dots representing terms of order �3 and higher. Also the
angular frequency is to be computed order by order in the expansion parameter:
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Non-circular bound orbits: deviations

eccentric orbits:  
precession of perihelium

Dynamical geometry

The evolution of space-time geometry is 
described by the Einstein equations: 
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Here       is the energy-momentum tensor 
of matter and radiation

`Matter tells space how to curve, 
 space tells matter how to move`
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Static and spherically 
symmetric space-time
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Gravitational physics

Static spherically symmetric geometry around a mass    :
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gravitational time dilation

kinematic time dilation
    (special relativity)
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GPS satellites
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