
Gravitational lensing: 
deflection of light

in equatorial plane:
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Radial distances

at constant     and   :
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measures distance from lower bound
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horizonTime dilation

at fixed position            time dilation is
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Light cones
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radial light rays:

If a mass     is concentrated in a sphere of surface area
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the object becomes a black hole
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Galactic black holes

galactic center (Sag A)
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On large scales our universe is homogeneous and isotropic 
          line element of cosmic geometry:

Cosmology: dynamical geometry
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Gravitational waves
- fluctuations of metric  
  in the form of traveling waves  

- asympotic form:  
  waves on Minkowski background
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gµ⌫ = ḡµ⌫ + 2hµ⌫ gµ⌫ = ⌘µ⌫ + 2hµ⌫

T

2 =
4⇡2

GM

R

3

Ri = 3RS =
6GM

c

2
MGC ' 4⇥ 106 M�

v

2

c

2
=

Ri

6R
 (0.4)2 f

2
GW =

c

2

6⇡2
R

2
i

✓
Ri

R

◆3

Ri ' 4⇥ 107 km

v

c

' 0.4

fGW ' 1mHz

m

M

= 10�6 - 10�5 ! h = 10�20 - 10�19

Rµ⌫ �
1

2
gµ⌫R = �8⇡G

c

4
Tµ⌫

ds

2 = gµ⌫ dx
µ
dx

⌫ du

µ

ds

+ � µ
�⌫ u

�
u

⌫ = 0

R

�
µ⌫ = @µ�

�
⌫ � @⌫�

�
µ � � �

µ �
�

⌫� + � �
⌫ �

�
µ�

D

2
n

µ

D⌧

2
= R

µ
⌫� u


u

�
n

⌫
r = 0

ds

2 =

✓
1� 2GM

c

2
r

◆
dt

2 � dr

2

1� 2GM
c2r

+ r

2
d⌦2

RS =
2GM

c

2

gµ⌫ = ḡµ⌫ + 2hµ⌫ gµ⌫ = ⌘µ⌫ + 2hµ⌫

this implies energy-momentum conservation:

T

2 =
4⇡2

GM

R

3

R

i

= 3R
S

=
6GM

c

2
M

GC

' 4⇥ 106 M�

v

2

c

2
=

R

i

6R
 (0.4)2 f

2
GW

=
c

2

6⇡2
R

2
i

✓
R

i

R

◆3

R

i

' 4⇥ 107 km

v

c

' 0.4

f

GW

' 1mHz

m

M

= 10�6 - 10�5 ! h = 10�20 - 10�19

R

µ⌫

� 1

2
g

µ⌫

R = �8⇡G

c

4
T

µ⌫

ds

2 = g

µ⌫

dx

µ

dx

⌫

du

µ

ds

+ � µ

�⌫

u

�

u

⌫ = 0

R

�

µ⌫

= @

µ

� �

⌫

� @

⌫

� �

µ

� � �

µ

� �

⌫�

+ � �

⌫

� �

µ�

D

2
n

µ

D⌧

2
= R

µ

⌫�

u



u

�

n

⌫

r = 0

ds

2 =

✓
1� 2GM

c

2
r

◆
dt

2 � dr

2

1� 2GM

c

2
r

+ r

2
d⌦2

R

S

=
2GM

c

2

g

µ⌫

= ḡ
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linear approximation of Einstein equations:
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Ṙ2

�V

µ =
1

2
�A

�
V

⌫
R

µ
�⌫ �V = V�✓ = V

�A

R

2

Gµ⌫ ⌘ Rµ⌫ �
1

2
gµ⌫R = �8⇡G

c

4
Tµ⌫

v

2 = c

2 , dr

2 = c

2
dt

2 , d⌧

2 = 0

ds

2 = �c

2
dt

2 + a

2(t)

✓
dr

2

1� kr

2
+ r

2
d✓

2 + r

2 sin2
✓ d'

2

◆

dx

µ

d⌧

= u

µ = (ut
, 0, 0, 0) gttu

t 2 = 1 ) u

t =
cp

1� 2µ/R

d

d⌧

(gµ⌫u
µ
u

⌫) = 2uµa
µ = 0 a

µ =
du

µ

d⌧

+ � µ
�⌫ u

µ
u

⌫ = 0 + � µ
tt u

t 2

a

µ = (0, ar, 0, 0) a

r =
µc

2

R

2
=

GM

R

2
gµ⌫u

µ
u

⌫ = gttu
t 2 = c

2

gµ⌫ = ⌘µ⌫ + 2hµ⌫ @

µ
h̄µ⌫ = 0

5

with

dispersion law

T

2 =
4⇡2

GM

R

3

R

i

= 3R
S

=
6GM

c

2
M

GC

' 4⇥ 106 M�

v

2

c

2
=

R

i

6R
 (0.4)2 f

2
GW

=
c

2

6⇡2
R

2
i

✓
R

i

R

◆3

R

i

' 4⇥ 107 km

v

c

' 0.4

f

GW

' 1mHz

m

M

= 10�6 - 10�5 ! h = 10�20 - 10�19

R

µ⌫

� 1

2
g

µ⌫

R = �8⇡G

c

4
T

µ⌫

ds

2 = g

µ⌫

dx

µ

dx

⌫

du

µ

ds

+ � µ

�⌫

u

�

u

⌫ = 0

R

�

µ⌫

= @

µ

� �

⌫

� @

⌫

� �

µ

� � �

µ

� �

⌫�

+ � �

⌫

� �

µ�

D

2
n

µ

D⌧

2
= R

µ

⌫�

u



u

�

n

⌫

r = 0

ds

2 =

✓
1� 2GM

c

2
r

◆
dt

2 � dr

2

1� 2GM

c

2
r

+ r

2
d⌦2

R

S

=
2GM

c

2

g

µ⌫

= ḡ

µ⌫

+ 2h
µ⌫

g

µ⌫

= ⌘

µ⌫

+ 2h
µ⌫

h

µ⌫

(x) =

Z

k

"

µ⌫

(k)eik·x

k

2 = 0 , !

2 = k2
c

2

amplitude polarization

T

2 =
4⇡2

GM

R

3

R

i

= 3R
S

=
6GM

c

2
M

GC

' 4⇥ 106 M�

v

2

c

2
=

R

i

6R
 (0.4)2 f

2
GW

=
c

2

6⇡2
R

2
i

✓
R

i

R

◆3

R

i

' 4⇥ 107 km

v

c

' 0.4

f

GW

' 1mHz

m

M

= 10�6 - 10�5 ! h = 10�20 - 10�19

R

µ⌫

� 1

2
g

µ⌫

R = �8⇡G

c

4
T

µ⌫

ds

2 = g

µ⌫

dx

µ

dx

⌫

du

µ

ds

+ � µ

�⌫

u

�

u

⌫ = 0

R

�

µ⌫

= @

µ

� �

⌫

� @

⌫

� �

µ

� � �

µ

� �

⌫�

+ � �

⌫

� �

µ�

D

2
n

µ

D⌧

2
= R

µ

⌫�

u



u

�

n

⌫

r = 0

ds

2 =

✓
1� 2GM

c

2
r

◆
dt

2 � dr

2

1� 2GM

c

2
r

+ r

2
d⌦2

R

S

=
2GM

c

2

g

µ⌫

= ḡ
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energy-momentum of gravitational waves

integral of energy density = hamiltonian
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Energy flux of plane gravitational waves



Non-relativistic sources
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(momentum conservation)

Quadrupole radiation:
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frequency
of newtonian binaries:
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PSR1913+16

Binary pulsar data:

masses

period

radius

distance
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expected 
gravitational waves: 

Q
ij

=

Z
d3x0

✓
x0
i

x0
j

� 1

3
�
ij

x

0 2
◆
⇢(x0, t� r/c)

dE

dt
= � G

5c5

···
Q

ij

2 !2 =

✓
2⇡

T

◆2

=
GM

R3

Q
ij

=
µR2

2

0

@
cos 2!t + 1

3 sin 2!t 0
sin 2!t � cos 2!t + 1

3 0
0 0 �2

3

1

A

1

4⇡D2

����
dE

dt

����

=
8Gµ2R4!6

5⇡c5D2

=
8G4

5⇡c5
m2

1m
2
2M

R5D2

v

c
> 0.1 f =

1

⇡

r
GM

R3
µ

1.441M�, 1.387M� 7.75 hr hRi = 1950 000 km 6.4 kpc

f = 0.7⇥ 10�4 Hz

h = 10�22



Non-binary sources

- continuous sources           

- transient sources  

- cosmological sources

msec pulsars

supernovae

tensor modes in CMB: 
- B-mode polarization
- quantum gravity


