Statistical
methods 3D
(continued)

Expected results, upper limits
and asymptotic formulae

Wouter Verkerke, NIKHEF



Roadmap of this course

e Start with basics, gradually build up to complexity

Model building Statistical methods

Counting models

Statistical tests with counting experiments

Modeling distributions

Test statistics for models describing distributions

Signal parameterization strategies

Models with nuisance parameters, joint models,
modeling systematic uncertainties

Inference with nuisance parameters

Diagnosing inference on complex models

Advanced signal modeling techniques




Physics or statistics?

e An important and recurring dilemma facing analyzers is what to do
with inference results of a statistical model that cover unphysical
regions in the parameter space of the underlying theory

e Simplest example: Poisson counting experiment P(N|S+B)

— Expect 5 background events, and 3 signal event

— We observe 4 events — What result will we report? What conclusion will we draw?

e The data tells us precisely this : Likelihood L(s)=Poisson (4|S+5)

e Estimation procedures report:

1.2

(s) = ~log A(s) = -1og(§g;)

ML parameter estimate 2> S= -1
ML variance estimate - /V(S) = 1.83
MINOS Conf. Interval - [-1.68,2.34] 68% C.L. os[-%

e Only S>0is physical, )
what do we report?
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— Option A) Report as is? 0
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— Option B) Try to exclude unphysical regions from result
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Physics or statistics?

Q: Only S>0 is physical, what do we report?

Option A) Report as is?

Option B) Try to exclude unphysical regions from result?

A: Depends on your goal!

Goal 1: reporting, as accurately as possible, result of experiment

ion of -log(likelihood)
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Observed result is not peculiar:
44% of experiments of hypothesis S=0 with B=5 result in Nobs<5
10% of experiments of hypothesis S=3 with B=5 result in Nobs<5

Problem arises only in interpretation of N in terms of S+B - defer interpretation
Report S, V(S), or confidence on S as usual (as proxy for the full likelihood)
Downside: interpretation deferred

Upside: easy to combine results of multiple experiments reported in this form
(combination = inference on product of likelihoods

lection of -log(likelihood)




Physics or statistics?

e Q: Only S>0 is physical, what do we report?
— Option A) Report as is?

— Option B) Try to exclude unphysical regions from result?

e A: Depends on your goal!

e (Goal 2: make physics interpretation of your model
— Confidence interval should in that case not cover unphysical values

— But you cannot simply exclude unphysical region without spoiling
coverage properties (=calibration of 68%/95% promise)

— Subset of 4

4 —
- reported interval .
3= — 3=
Reported { : 1 in physical region {

2 — — 2
interval 1 : = unphysical1 :
1 : region §

0 0 ||1| 7 0
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Physics or statistics?

e (Goal 2: make physics interpretation of your model
— Confidence interval should in that case not cover unphysical values

— But you cannot simply exclude unphysical region without spoiling
coverage properties (=calibration of 68%/95% promise)

— But you are allowed to modify the test statistic (=observed quantity)
so that confidence belt never enters the unphysical region

7 LI UL | LR B

NG

C ] Subset of F ] Interval _* E
Reported 3 - reported interval §3 | 1 fully contained in _[3 2
interval 1, £ in physical region L 2 in physical region 2
Y= - unphysical & unphysical £
: region region |
’ 0 “il 7 ¢ 0 ()I 1 2 3 4
Xobs Yobs

e (Can we modify test statistic such that boundaries are obeyed?
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Physical boundaries frequentist confidence intervals

e Solution is to modify the statistic
to avoid unphysical region

t(x)= -2log Lixw)
L(xlu)
Introduce
“ohysical bound”
>0
—210gL(x”f) Vi=0
- L(xlu)
G T
—-2log il Vi<0
L(xIO)'>

If u<0, use O in denominator
- Declare data maximally
compatible with hypothesis =0

Projection of f

Projection of f
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Physical boundaries in frequentist confidence intervals

e \What is effect on distribution

f test statistic? Distribution of t, for p=2
of test statistic”

: Unmodified. ..
L(xlu)
t(x)= -2log (x T |
L(xlu) wh
Introduce ‘°o§ |
“ohysical bound”
k>0 <—Spike at zero contains all
- “unphysical” observations
L(x| . Distribution of t, for =0
-2log ( lf) Yiu=0 5
L(x|w)
tM (.X:) = < L( I ) @ 192 -
X A
-2 log Y Vii<0 wh
L(x10)
) 10I_\I\IIII\I\1II|V\I\IIII\I\IIII\I\\IIIV\I\ :%’{:VL
If u<0, use 0 in denominator AT

- Declare data maximally

) ) ) Wouter Verkerke, NIKHER
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Physical boundaries frequentist confidence intervals

e \What is effect on acceptance interval ~
of test statistic?

: Unmodified. ..
L(xlu)
()= —2log 1K
L(xlu)
Introduce 100 05 1 15 2 28 3 EETY jsﬁls
“ohysical bound” ' ' ' ' S ue
>0 <— Spike at zero contains all
- “unphysical” observations
L(x| R Distribution of t, for p=0
-2log ( lf) Yu=0 5| |
L(x | M) £ Effect: Acceptance
L (%) =1 Lix | ) ) interval is shortened
X N
-2 log Y Vii<0
L(x10)
- 10 ++L
If u<0, use 0 in denominator e R Rt g

- Declare data maximally

) ) ) Wouter Verkerke, NIKHER
compatible with hypothesis =0



Physical boundaries frequentist confidence intervals

e Putting everything together — the confidence with modified t,,
e (Confidence belt ‘pinches’ towards physical boundary

e (ffsetting of likelihood curves for measurements that prefer p<O

t, (X, 1)
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Physical boundaries frequentist confidence intervals

e Putting everything together — the confidence with modified t,,
e (Confidence belt ‘pinches’ towards physical boundary

e (ffsetting of likelihood curves for measurements that prefer p<O

~

LY

--------

-
—
—

parameter |

< Small p>0
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Physical boundaries frequentist confidence intervals

e Putting everything together — the confidence with modified t,,

e (Confidence belt ‘pinches’ towards physical boundary

e Offsetting of likelihood curves for measurements that prefer p<0O

parameter |

~

--------

Likelihood Ratio

u<0 -2
‘upper limit’ interval



Physical boundaries frequentist confidence intervals

e Example for unconstrained unit Gaussian measurement

L =Gauss(x|u,l)

(0¢]

parameter u
parameter |
o

T . - .
3 4 5 6 7

Likelihood Ratio

L

Gauss(x|y,1)

95% Confidence belt in (x,y)
defined by cut on t,
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Physical boundaries frequentist confidence intervals

* First map back horizontal axis of confidence belt from t,,(x)=>x

parameter u

N “Feldman-Cousins”
tu(x, U)
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Likelihood Ratio

i;ussj(xhjﬂ)

95% Confidence bglt in (x,H)

observable x

defined by cut on t,



Comparison of Bayesian and Frequentist limit treatment

e Bayesian 95% credible upper-limit interval with flat prior u>0
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Recap on test statistics

e The ‘default’ frequentist test statistic
is the likelihood ratio t,,

Confident belt (t,, vs p) is asymptotically a box
Observed value t, depends on p
Confidence intervals as reported by MINOS

No notion of boundaries in parameters

e The ‘modified’ frequentist test statistics
is likelihood ration t,

Confident belt will pinch near boundary in p

Observed value t, identical to t,, in the
physical region

Reported interval will by construction be
contained in the physical region

Built-in procedure that changes from 2-sided
to 1-sided interval with increasing signal yield

Best known as ‘Feldman-Cousins’

parameter u
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Yi=0
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< Small p>0
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The order of things

e The goal of the ‘ordering’ is to sort potential observations by
signal extremity. Let’s reexamine discovery counting experiment

e [or a Poisson counting distribution this is was trivial

— Larger observed event count = more extreme

Poisson Example: B=20, Nyps=25

distribution

e A Likelihood-Ratio test statistic generalizes this concept to
measurement of any type, but note that it quantifies the
(incompatibility) of the data with a fixed hypothesis

X2 (n=1) Example: B=20, Nops=25

distribution

t, = —2log

Poisson(N | S +20) _1.14
Poisson(N | S’+20) '

= [ 1)

Wouter Verkerke, NIKHEF



The order of things

e \Why do we get a different answer?

e Because in the Likelihood Ratio test for discovery we
order observations by compatibility with the hypothesis B=20

" For upward fluctuations
E 0.0355—
0.03;
0.025;
0.02
0.015;
001
0.00S%
00:“ rs ‘ﬁo
102
Compatible -} Incompatible
with B=20 | with B=20
S — Wouter Verkerke, NIKHER



The order of things

e \Why do we get a different answer?

e Because in the Likelihood Ratio test for discovery we
order observations by compatibility with the hypothesis B=20

2 0045

© =
c |
o =
% 0.04—
Q@ -
o C
@ 0.035—
0.03—

0.025[—

For upward fluctuations

But also for downward fluctuations!

0.02—
0.015[—

ended for

0.01—

This is clearly not what we int
a discovery test!

0.005—

easures consistency with

fidence interval
poundary of a con '
> but inside poundary has different
meaning than outside boundary...

LR test m

COmpatlb|e 10”;
with B=20 |

Incompatible

with B=20
o) Wouter Verkerke, NIKHEF




Formulating a test statistic for discovery

e Ve can formulate a new test statistic q,

L(x
which all negative fluctuations are (x)=- -2log LEx : M; Vi=0
considered to be maximally compatible %o H

0 Viu<0

with the background

2 0045

© =
c |
o =
% 0.04—
Q@ -
o C
@ 0.035—
0.03—

0.025[—

Asymptotically half of fluctuations around
null hypothesis are negative

0-02§— (for small N, actual distribution may deviate from asymptotic)
0.015;
o.oi—

0.005—

Now very close to Poisson result (0.156)

(remaining difference due to discreteness of Poisson distribution)

o)

O-function

at go=0
N Flgw = 126(q0+/0X2(a0

Example: B=20, Ngps=25
Poisson(N | S+20)) _1.14

N—

t =-2log <
g Poisson(N | S +20)

Py = J 100+ 11t dt, = | gfxz(ru)dry

L

Compatible “f
withB=20 | =~ S




Formulating a test statistic for discovery

e Ve can formulate a new test statistic q,
which all negative fluctuations are

Note that qq is in fact not a new test statistic, but rather
a special case of the Feldman-Cousins test statistic t,!

Ry acar)]
q,(x) = L(x|w)

0 Via<0
QO — It (0.156)
Son distribution)

ogZH s
L(x1u)

21og LED
L(x10)

Vi=0

Vii<0 =0 forp=0

T 100,01, = [ 7,0, €0145)
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But walit... there is more

e A similar problem of dilution of sensitivity applies when considering
results in the form of upper limits

Incompatible DISCOVGI'y
with Hy (N<bkg) ~ pP(u=0) = ...

Compatible Incompati'agfg
with H, with Hy (N>bkg)

—2logL(x—|M) V=0

q,(x) = L(x | )

. wHgae
fluctuations beIOt . ygotheS\s

not counted 292\N°

Measurement
Hiow<H<Hnigh (68% C.L.)

ComRatibIe Ingompatible
with p with p (both dir.)
L
t,(x)= 2log—(x | Lf)
L(x|w)

Exclusion limit
<X (95% C.L.)

Compatible Incompatible
with p(limit) with p(limit)

both directions

Lix|w)
L(x | )

t, (x)=2log

When considering \'\m\’t_‘ p<X
' bove F,

fluctuations & ‘

are counted against hypothes!s




But walit... there is more

e A similar problem of dilution of sensitivity applies when considering
results in the form of upper limits

Discovery
pp=0) = ...

Incompatible
with Hy (N<bkg)

g
o

Compatible Incompati'agfg
with H, with Hy (N>bkg)
-2 logL(x—“f) V=0
q,(x) = L(x|u)
0 VYi<0

When considering d'\scovs%ry
fluctuations bgalovv Ho at © e
not counted against hypo

Measurement
Hiow<H<Hnigh (68% C.L.)

10°

Lo bvva v b b b b b o o R il
0 1 2 3 4 5 6 7 8 9

ComRatibIe Ingompatible

with p with p (both dir.)

t, (x)= 2logig—:ié;

Exclusion limit
Incompatible U<X (95% CL)

with H, (u>p)

lambgg

Compatible Observed p
with p(limit) below p(limit)
log EXIW vy
q,(x)= L(x|u)
0 Yi>u

When considering limit p<X

fluctuations apove H, a{ﬁeS‘S
not counted against hypo




Summary of likelihood ratio test statistics

All LR test statistics have a calibrated coverage

— ‘Size of the test’ — generalization of concept of fixed ‘false positive rate’

The power of the LR test statistics depends on underlying question

— Discovery (exclusion of Hy) = Use qq

— Signal exclusion (exclusion of H ) > Use q, } These suppress influence of

fluctuations in the ‘wrong’ direction
— Measurement (Conf. Interval on ) = Use t, g

For maximum sensitivity choose the correct one

The discovery statistic qg is a special case of
the ‘Feldman-Cousins’ test statistic t,

- Bonus of feature of FC is that it automatically transitions from
the optimal formulation for discovery qg to
the optimal formulation for measurement (t,)
as the signal strength increases (without spoiling coverage)

- Note that while FC deals with downward fluctuations,
it does not deal with upward fluctuations like q,
- limit setting power with FC {t u) is weaker than ol

Wouter Verkerke, NIKHEF



Summary of likelihood ratio test statistics

e All LR test statistics have a calibrated coverage

— ‘Size of the test’ — generalization of concept of fixed ‘false positive rate’

e The power of the LR test statistics depends on underlying question

— Discovery (exclusion of Hy) = Use qq

— Signal exclusion (exclusion of H ) > Use q, } These suppress influence of

fluctuations in the ‘wrong’ direction
— Measurement (Conf. Interval on ) = Use t, g

For maximum sensitivity choose the correct one

° Features of FC and g, can be combined into a new test statistic qy;:

<0 Improved limit setting power
(upward fluctuations not counted
against hypothesis p

that is being excluded)

Exclusion limit is guaranteed to be >0
(avoid all signal strengths being
excluded on fluctuation below bkg-only level)

Wouter Verkerke, NIKHEF



Summary of likelihood ratio test statistics

e All LR test statistics have a calibrated coverage

— ‘Size of the test’ — generalization of concept of fixed ‘false positive rate’

e The power of the LR test statistics depends on underlying question
— Discovery (exclusion of Hy) = Use qq

— Signal exclusion (exclusion of H,) - Use q,, } These suppress influence of

fluctuations in the ‘wrong’ direction
— Measurement (Conf. Interval on ) = Use t, g

For maximum sensitivity choose the correct one for your purpose!

A popular (but less formal) approach to ensuring that exclusion limits

do not report an empty interval in case of a fluctuation below the background-only
expectation is the so-called ClLg technique

Essence: instead of setting limit at 95% C.L. using test statistic gy,

one aims for the 95% target in a ratio of p-values

AN

_ Idea: if a (negative) fluctuation is as
CL (u)= p(u) <€ p-valuefor I/J\<U improbable under H(0) as under H(u)

1- p(0) €= p-value for u<0 it is considered to carry no information
N o
(since p(0) is p-value for pu>0) on H(u) that value of u is not excluded

Wouter Verkerke, NIKHEF

‘exl4 roostats cls limit.C’



Bayesian intervals using priors to exclude unphysical regions

e Priors provide simple method to exclude unphysical regions

e Simplified example situations for a measurement of m,?
1. Central value comes out negative (= unphysical).
2. Even upper limit (68%) may come out negative, e.g. m2<-5.3,
3. What is inference on neutrino mass, given that is must be >07?

p(U[Xo) with flat prior P’ (1) P(ulxo) with p’(u)

- 5 Q24
0514'— gzzg—
c | D.2F
08121~ w1sf
E S165
Eon iuf—
0.008[- E,zi_
0.008 01
: 0.08F
0.004] 0.06}
0.002[- O'M?
g 0.02F

02020 a0 50" 80 oo O 045 20 3550450

m2 m2

— Introducing prior that excludes unphysical region ensure limit in physical range of
observable (m?<6.4)

e Beware of apparent simplicity — strong entanglement with ill-defined
concept of ‘flat prior’! Wouter Verkerke, NIKHEF



Numeric comparison Bayes/FC limit results for Gaussian measurement

e Bayesian 95% credible upper-limit interval with flat prior u>0

~

tu(x, U)
7 &&I LI UL |
1 =
=
-+ _—
) I
& s —_—
@© =]
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2 f
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parameter u

Note that tZ/ Feldman-Cousins automatically
switches from ‘upper limit’ to ‘two-sided’
- “unified procedure”

Note that Bayesian and Frequentist intervals

at x>2 would agree exactly for Gaussian example

if both would be taken as ‘two-sided’

\
\
\

0

- 1
~~aao’ observable x

N Gauss(x|y,1)
95% Confidence belt in (x,u)
defined by cut on t, for



Using priors to exclude unphysical regions

e Do you want publish (only) results restricted to the physical region?
— It depends very much to what further analysis and/or combinations is needed...
e Aninterval / parameter estimate that in includes unphysical still
represents the best estimate of this measurement

— Straightforward to combined with future measurements,
new combined result might be physical (and more precise)

— You need to decide between ‘reporting outcome of this measurement’ vs
‘updating belief in physics parameter’

e Procedures exist to guarantee that procedures result in non-empty
intervals in physics domain
— Frequentist confidence intervals - Modified test statistics
— Bayesian credible intervals = Priors that exclude unphysical regions
e \When reporting results constrained to physical region
always aim to also report unconstrained results

— Unconstrained results carry more information for future
combination/interpretation \Wouter Verkerke, NIKHEF



Expected results

e An important part of experimental design is being able to quantify
the expected sensitivity of your proposed analysis

Briefly touched on this already when discussing connection between LR and

optimal event selection

Only considered simplest analysis design (Poisson counting)
and one metric (p-value of background-only hypothesis)

e Will now generalize in 2 ways

1.

Type of statistical models:
calculate sensitivity for
any type of statistical model

Via a LR test statistic

Types of output statement

Discovery (p0), Signal Exclusion,
and Measurement

In addition to median expectation
(of pO etc) also calculate
uncertainty interval due to
expected statistical fluctuations

Choosing the ‘best’ high-signal region

= e oo ver . i L2 ka
* A common scenario for searches in a low-statistics ; =/ Lz
regime is to perform a simplified analysis £ z
1. Train MVA to obtain discriminant D
2. ApplyacutonD
3. Perform onlv a counting analvsis BT scoe

e Anda

- NB:
Ifa
‘the]

- Toé
the
exp

- At
cha
Poig

- Ab
calc

Choosing the ‘best’ high-signal region

e The estimated significance assuming a Poisson process modeled
by Poisson(N|S+B) is /2 ((s +b)In(1 +s/b) =) .

e E.g. for ‘discovery FOM’ s/\Jb illustration of approximation for

Significance in Gaussian sigma's

s=2,5,10 and b in range [0.01-100] shows significant deviations of
s/\Jb from actual significance at low b

Vao,a=1/2((s +b)In(1+s/b) —s) .

= 5 (1+06/) -

Wouter Verkerke, NKHEF




Expected sensitivity distributions - Poisson

20.09

e (Given a Poisson counting experiment

S
20.08

P(N|S+B) with B=5 events
e Q: What is the median expected p-value e
for a hypothetical signal S=157 >
e A p,= Y Poisson(i|5)=2.1110" > Z=500 L M| Sl )
i=20

e (Q: What is spread in p-values for a
hypothetical signal S=157

e A:To obtain 68% (95%) intervals for p-values,
map 68%(95%) intervals of observable
distribution (N) to p/Z-value intervals
68% interval p-values: [ 6.09 10°-8.07 10'9], Z[ 3.8-6.0 |
95% interval p-values: | 1.37 102 —-1.70 10°"° |, Z [ 2.2-7.2 ]

Wouter Verkerke, NIKHEF



Expected sensitivity — comparison with Likelihood Ratio

e (Compare distributions of counting experiment, direct vs LR

o
©
TTTT

Expression for Poisson distributions
Fo(N)=Poisson(N|0+5)

F15(N)=Poisson(N|15+5)

45 50
N

f=Poisson

Expression for discovery test statistic q,
asymptotic distributions

Projection of f1

025/

Folao) = 0.56(qp) + 0.5fxx(qp, 1)

F15(00)= (1-P(A\15))0(0l0) + 0.5fncxo(To, 1,/A15)

N5 = qo(15)

=]
o
o
[ o o e e e e

IIII|IIII|II
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Wouter Verkerke, NIKHEF



Expected sensitivity — comparison with Likelihood Ratio

e (Compare distributions of counting experiment, direct vs LR

o
)
'

Expression for Poisson distributions

Fo(N)=Poisson(N|0+5)

fanoxe (K, /\) = non-central X2 distribution for k d.o.f.
with impact parameter A\

vo2§ 1 f(EINE %\/%[oxp (—%(\/i_#%- ﬁ)z) + exp <_%(\/’7— \/K)zﬂ

fyo(x,k) = X2 distribution for k d.o.f.

Expression forndiscovery teyg statistic qq
asymptotic distribytions

Projection of f1

025/

Folao) = 0.56(qp) + 0.5fx2(qp, 1)

F15(00)= (1-P(\15))0(010) + 0.5fnexe(0o, 1,/A15)

//5

Wouter Verkerke, NIKHEF
= Cumulative of unit Gaussian

o
P
o0
e ———————————— - -

IIII|IIIIII

OO



Expected sensitivity — Poisson Likelihood Ratio asymptotics

e |f you have sufficient statistics in your measurement asymptotic
expressions for distributions of qy(0) and gg(u) allow for
direct calculation of median significance and its statistical uncertainty

0.3

= I qodistribution for S=0 observed Median|do,15] = Ao(15)
gos Qg distribution for S=15 observed
02%- ( l\/Iedian[Zo(1 5)] = \/Med[qO,15]= 5.00
- e p(?,ed |
‘D\S 0\056 68% !nterval [ JMed|q, 15]-1, yMed[qq 15]+1] = [ 4.0, 6.0]
64\6 95% interval = [ {Med[qy 15]-2, VMed[qy 15]+2] = [ 3.0, 7.0 ]

Direct calculation of median upper limit and it's statistical uncertainty

Q15 distribution for S=15 observed
= 5 distribution for S=0 observed To obtain 95% excl. limit on S, find value of X that

for which a test statistic q,,_y for S=0 observed yields 0.05

o
w

Projection of f1
o
N
(%))

o
L)

v
ef \\m\x Oﬂ(\] @d
VPP 5/0 0P
fof

o
o

- No analytical solution = must scan q|,_y for Xx=0...15

4

0.05F

Wouter Verkerke, NIKHEF




Expected sensitivity — Asymptotic upper limits

e \jsualization of scanning process

g 45 distribution for S=15 observed
Soxf- 5 distribution for S=0 observed
F(a,l1) 2 Med[q,[|1]=0.18
F(o,l2) > Med[q,,|2]=0.63
107 “&\ F(q,/8.8) > Med[q,[8.8]=2.7
\
Q:§§ F(a,|15) > Med[qg,|1]=16.0
o 05 E
B 9% %% ~ Result s<8.8 at 95% C.L.
E % S NNSSSS
I/ / \ \\\ Asymptotically:
102 / N \ HuLess=0"®(0.95) > O=lyLose/1.67=5.27
Y / N HUL95%:No=0"(P(0.95)£N)
[/ \
I/ \ 10 band = [ 3.5,14.1]
10—4VII1|III|II1|II |I l|T\ll III| Illl I|II 20band:[_1.8,19.4]
0 2 4 6 *8 10 12 14 16 18 30

p-value = 0.05 for q,>2.7 (defined by f(q,|p) Woutter Verkerke, NKHE-



Expected sensitivity — Asymptotic vs Toys

med[ZOI1]

Demonstrated asymptotic formulas for

expected discovery p0O and

expected signal exclusions

along with N sigma uncertainty bands for Poisson counting model

Use of asymptotic formulas only valid in limit of sufficient statistics!

[02)

Easy to verify numerically
for counting experiments

Decent results already for N>=10!

(®))
. __¢J"

If outside validity regime
- obtain f(qy|p’) from simulation
—> very CPU intensive because
* For 50 discovery need, O(109) toys
to model tail of f(q,|0) far out
* For 95% limits need repeatedly generate
O(10%) toys to remodel distribution f(q|u’)

at every scan point Of Wy e




Expected sensitivity — Asymptotic vs Toys

Numeric limit scan: las for
For every line in this plot

pands for Poisson counting model

valid in limit of sufficient statistics!

N N N N
LING PR P S L

0 12 14 16 18 y}go Easy to Verify numerica”y
for counting experiments

Make a toy MC run to make a histogram

. * Decent results already for N>=10!
medlan[qu 0]

s If outside validity regime
- obtain f(qy|p’) from simulation
—> very CPU intensive because
* For 50 discovery need, O(109°) toys

to model tail of f(q|0) far out
* For 95% limits need repeatedly generate
O(10%) toys to remodel distribution f(q|u’)

10" 1 10 102 at every scan point of By | oo e

‘exl4 roostats cls limit toys.C’ b




Expected sensitivity — Beyond counting experiments

e NB: Asymptotic formulas make use of concept
‘expectation value data’ sets

H i Expression for discovery test statistic q,
goxs i asymptotic distributions
Fol@o) = 0.58(qp) + 0.5fyx(a, 1)

F15(Q0)= (1-®\15)8(Q0) + 0.5f\cxo(Clos 1.A15)

i
1
]
]
i
i
1
]
[ 1
F i
C i
F i
X 1
- ]
- 1
oy I S I L T e,
0 5 10 15 20 25 30 35 40 45 50

f= ‘ Wouter Verkerke, NIKHEF
Qo

e [or counting experiments this trivial, e.g. dataset N=20,
represent exactly expectation value of Poisson(N|20)

20.09F
5 E
: E

Wouter Verkerke, NIKHEF



Expected sensitivity — Beyond counting experiments

E : 3 E Exprestsi;J_n fqrtd_isc;)_very test statistic q,
e NB: Asymptotic formulas make use *. e
. y i Folao) = 0.58(q) + 0.5fy,(0, 1
of concept ‘expectation value data | om0 ¢ 051l
sets Coaman )

%
q Wouter ke
f:qo Wouter Verkerke, NIKHEF

e [or generic data (e.g. with distributions) an analogous concept
can defined — the ‘so-called Asimov dataset’

— For example for Gaussian distribution in an observable x,
the Asimov dataset is a dataset without any statistical fluctuations

‘regular’ sampled dataset ‘Asimov’ dataset

E
B 8 8 8
[TTTTrrrrreee
—
——
e
— e
— %
—
Events /(0.2)
S 8
| I
—
—y——
%
——
>—0—«!
S

ot

0 2 4 6 8 10 12 14 16 18 20
X

é@ﬁ&w o Hﬁﬁﬁﬂ@

e Asymptotic formulas can thus be used for
measurements of any shape and form (given enough statistics)



Expected results

e Example plot from

Higgs boson discovery

o rrrrpTTT T T T T T T T T
ATLAS 2011 - 2012

{s=7TeV: [Ldt=4.6-4.8 b <o Exp.
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Software tools 2

RooStats and its interface to RooFit

Wouter Verkerke, NIKHEF



Everything starts with the likelihood

Frequentist statistics  Bayesian statistics Maximum Likelihood

- U .

. L(N ) .
M (N = _ P < I(xlu):mx dlnL(p)
(N op) LV 1 0) () o L(x ) 7w(u) 0

Number of toys
o

05I "‘1HOM‘II1J5|'H]HT20 E
Test Statistic qa, R R 4
Confidence interval Posterior on s S=XzYy

or p_va|ue or Bayes faCtor Wouter Verkerke, NIKHEF



How is Higgs discovery different from a simple fit"?

Gaussian + polynomial Higgs combination model
<500 z
%Z*x
& Ay N
200:
- —)ZZ-)IIII H-)TT H—)WW—)uvu
100f e~ ; :j._
Yo s PR

¥
LN, )= n Poisson(Ny,,..) LN, \u6)= l'l Poisson(N.,...) LN, \u.6)= n Poisson(N,,, ...)

L(N | M, 6) = H POiSSOI’l(Nl I f(.xl s M, 0) L(N,/.N,,,l\./‘m | 14,0) = l_[Pni.\'.\-nn(N‘,,....)‘I_I PniA\.\‘:m(N’"’...)-n Poisson(N y...) ..

“inside ROOT” i

L(N,,.N 1\ I;lH)

ML estimation of

parameters p,0 using MINUIT ANy Ny N, ) = Sz |
(MIGRAD, HESSE, MINOS)

A

L(N ;. Ny .N,, 1j1,6)

pH,)= [ f(IH)dA=..
As

u=53=x1.7



How is Higgs discovery different from a simple fit?

Gaussian + polynomial Likelihood Model
orders of magnitude more
37 complicated. Describes

- O(100) signal distributions
- O(100) control sample distr.
- O(1000) parameters
representing
syst. uncertainties

ROOT TH1 ROOT TFA1

L(]V | ,u,é) = HPoisson(N A f (xi,u,é) LN 13N oy | 0.8) = [T Poisson(Niy,..) T ] Poisson(N'.) T ] Poisson(Nipgs-).
‘inside ROOT” i
. B
ML estimation of Frequentist confidence interval
parameters p,0 using MINUIT construction and/or p-value
(MIGRAD, HESSE, MINOS) calculation not available
as ‘ready-to-run’ algorithm

A

in ROOT

u=53=x1.7



How is Higgs discovery different from a simple fit"?

Gaussian + polynomial Higgs combination model

%wo_ Model Building phase (formulation of L(x|H)

H->ZZ->ll H>TT DWW vjj

3= o L Pty e
T Mt e S wyliemee o A A
| g - -~ E =
b B = g =

. oz4$$‘1‘n _I.M - i}h’x\f’m&]
ROOT THA ROOT TF1 maf 2 (L0

LN, |.6)= l'[ Poisson(Ny,..) LN, |u.6)= l'l Poisson(N,...) LN, | 10.0)= n Poisson(Njyy ,...)

L(N | ‘LL,G) = H POiSSO”(Nl I f(xl,M,e) L(N’,,N,,.N,m I;l.lj)-l_[Pni;\'.\'nn(N',,....)'nPnix.wm(N'"....)-I—[I’ni.\'.\'nn(N:m....):..

“inside ROOT” i

ML estimation of o e
parameters y,0 using MINUIT S 2T
(MIGRAD, HESSE, MINOS) .‘
g “\kwm\ pH,)= f fOH )dh=..
il YV

H=53+1.7 Wouter Verkerke, NIKHEF




Proyection ol |

How is Higgs discovery different from a simple fit"?

Gaussian + polynomial Higgs combination model

o

a8

S
I

Events /(0.2)
8
-

300(-

200}

- H-)ZZ—)IIII H-)TT H—)WW—)uvu
. \ "m i
ROOT TH1 ROOT TFA1 &
LN, |u.8) =[] Poisson(N,...) LN, |u.8)=]]Poisson(N,,...) LN, |u8)=]]Poisson(Ny,...)
L(N | M, 6) = H POiSSOfl(Nl | f(.xl s M, 8) L(l\",,.f\},,,l\.’““ | 14,0) = r[I’ai\'.mn(N'/,....)‘nI’ni.\A\‘un(N’"’...)-n Poisson(N y...) ..

‘inside ROOT” i

\ 4

DBy F V)I(N N, NI;H)

ML estimation of

parameters y,0 using MINUIT T R
(MIGRAD, HESSE, MINOS)

\ 4

Model Usage phase (use L(x|H) to make statement on H)

ptH,)= [ f(AIH,)dA=..
A



How is Higgs discovery different from a simple fit?

Gaussian + polynomial Higgs combination model

Design goal:
Separate building of Likelihood model as much as possible
from statistical analysis using the Likelihood model

- More modular software design
- ‘Plug-and-play with statistical techniques

- Factorizes work in collaborative effort
R

L estimation of o e
parameters y,0 using MINUIT T
(MIGRAD, HESSE, MINOS) “
e \M”\ p(H“)-j‘f(/'.IH,,)(I).-...
il YV

u=53=+1.7 Wouter Verkerke, NIKHEF




The idea behind the design of RooFit/RooStats/HistFactory

e Modularity, Generality and flexibility
e Step 1 — Construct the likelihood function L(x|p)

RooFit, or RooFit+HistFactory

e Step 2 - Statistical tests on parameter of interest p

Procedure can be Bayesian, Frequentist, or Hylbrid),
but always based on L(x|p)

RooStats

e Steps 1 and 2 are conceptually separated,
and in Roo™ suit also implemented separately.

Wouter Verkerke, NIKHEF



The idea behind the design of RooFit/RooStats/HistFactory

e Steps 1 and 2 can be ‘physically’ separated (in time, or user)

e Step 1 — Construct the likelihood function L(x|p)

RooFit, or RooFit+HistFactory

' Complete description
of likelihood model,

persistable in ROOT file

ROOWO rkS pace (RooFit pdf function)

Allows full introspection
and a-posteriori editing
e Step 2 - Statistical tests on parameter of interest p
RooStats

Wouter Verkerke, NIKHEF



The benefits of modularity

e Perform different statistical test on exactly the same model

RooFit, or RooFit+HistFactory

$

RooWorkspace
“Simple fit” RooStats RooStats RooStats

(ML Fit with (Frequentist  (Frequentist Bayesian

MINOS) with toys) asymptotic) MCMC

Wouter Verkerke, NIKHEF



Running RooStats interval calculations ‘out-of-the-box

Confidence intervals calculated with model

‘Simple
Fit’

Feldman
Cousins
(Frequentist
Confidence
Interval)

Bayesian
(MCMC)

RooAbsReal* nl1 = myModel->createNLL(data) ;
RooMinuit m(*nll1) ;

m.migrad() ;

m.hesse() ;

FeldmanCousins fc;

fc.SetPdf (myModel) ;

fc.SetData(data); fc.SetParameters(myPOU);
fc.UseAdaptiveSampling(true);
fc.FluctuateNumDataEntries(false);

fc.SetNBins(100); // number of points to test per parameter
fc.SetTestSize(.1);

ConfInterval* fcint = fc.GetInterval(Q);

UniformProposal up;

MCMCCalculator mc;

mc.SetPdf(w: :PC);

mc.SetData(data); mc.SetParameters(s);
mc.SetProposalFunction(up);
mc.SetNumIters(100000); // steps in the chain
mc.SetTestSize(.1); // 90% CL

mc.SetNumBins(50); // used in posterior histogram
mc.SetNumBurnInSteps (40);

ConfInterval* mcmcint = mc.GetInterval(Q);



But you can also look ‘in the box’ and build your own

High-level tool that constructs the confidence belt

// create first HypoTest calculator (N.B null is s+b model)
FrequentistCalculator fc(*data, *bModel, *sbModel)

// configure ToyMCSampler and set the test statistics
ToyMCSampler *toymcs = (ToyMCSampler*)fc.GetTestStatSampler()

ProfileLikelihoodTestStat profll (*sbModel->GetPdf ()) ;

// for CLs (bounded intervals) use one-sided profile likelihood
profll.SetOneSided (true) ;

toymcs->SetTestStatistic (&profll) ;

HypoTestInverter calc(*fc);
calc.UseCLs (true) ;

// configure and run the scan
calc.SetFixedScan (npoints,poimin,poimax) ;
HypoTestInverterResult * r = calc.GetInterval() ;

// get result and plot it
double upperLimit = r->UpperLimit();
double expectedLimit = r->GetExpectedUpperLimit (0) ;

HypoTestInverterPlot *plot = new HypoTestInverterPlot("hi","",r);
plot->Draw () ;

Offset advanced control over details of statistical
procedure (use of CLS, choice of test statistic, boundaries...)

parameter u

x=3.2

observable x




But you can also look ‘in the box’ and build your own

flg,|u)

Tool to construct
test statistic distribution

// configure ToyMCSampler and set the test statistics
ToyMCSampler *toymcs = (ToyMCSampler*)fc.GetTestStatSampler();

ProfilelLikelihoodTestStat profll (*sbModel->GetPdf()) ;

// for CLs (bounded intervals) use one-sided profile likelihood
profll.SetOneSided (true) ;
toymcs->SetTestStatistic (&profll) ;

/
q,(1)
The test statistic
to be used for

the calculation
of p-values

Offset advanced control over details of statistical
procedure (use of CLS, choice of test statistic, boundaries...)



But you can also look ‘in the box’ and build your own

1
/

Il

P P Y P P | T T N0 T O I N
L — 6*8 10 12 14 16 18 20
q

Tool to scan over
values of p to find a qy,

that results in a p-value

HypoTestInverter calc(*fc);
calc.UseCLs (true) ; of 0.05 (for 95% C.L.)

Offset advanced control over details of statistical
procedure (use of CLS, choice of test statistic, boundaries...)



But you can also look ‘in the box’ and build your own

Optionally choose
a technique to avoid

I ot Cls: ianiad AN ST R TP T T spurious exclusions
or S un intervals) use one-si prorile 1i1kelinoo (a// at 95% C|_

profll.SetOneSided (true) ;

signal excluded
HypoTestInverter calc(*fc); due to low fluctuation)
calc.UseCLs (true) ;
Options are
1) FC-style test stat g,
2) CLS: calculate
p-value from q,
divide by p-value
of bkg hypothesis

in scan for 95% point.

Offset advanced control over details of statistical
procedure (use of CLS, choice of test statistic, boundaries...)



But you can also look ‘in the box’ and build your own

// configure and run the scan
calc.SetFixedScan (npoints,poimin,poimax) ;
HypoTestInverterResult * r = calc.GetInterval();

Run calculation

// get result and plot it Extract result

double upperlLimit = r->UpperLimit () ;
double expectedLimit = r->GetExpectedUpperLimit (0) ;

HypoTestInverterPlot *plot = new HypoTestInverterPlot("hi","",r); hﬂakecaptknwalpﬂot
plot->Draw() ;

Offset advanced control over details of statistical
procedure (use of CLS, choice of test statistic, boundaries...)



Summary

e RooFit and RooStats allow you to perform advanced statistical data

analysis

— LHC Higgs results a prominent example

e RooFit provides (almost) limitless
model building facilities

— Concept of persistable model workspace allows to
separate model building and model interpretation

— HistFactory package introduces structured model
building for binned likelihood template models that

are common in LHC analyses

e (Concept of RooFit Workspace has
completely restructured HEP analysis
workflow with ‘collaborative modeling’

e RooStats provide a wide set of statistical
tests that can be performed on RooFit
models

— Bayesian, Frequentist and Likelihood-based test
concepts

fE=7TeV.L=511" E=8TeV.L=531
1 R

CL; of SM Higgs hypothesis

1 1 1 b 1 1
115 120 125 130 135 140

VOINTI NG, NIPNE T

199%

J09.9%

145



Full demo of RooFit/RooStats calculation

‘ex09 build Poisson.C’

Phase 1 — Build model (here just a Poisson), prepare for use

RooWorkspace w("w") ;

// Construct a single Poisson model P (N|mu*S+B)
w.factory("Poisson: :model ('mu*S+B',mufl,-1,10],S[10],B[20])")
w.factory ("expr::Nexp( (Nobs[0,100],Nexp)") ;

// Construct a dataset containing N=25

RooDataSet d4d("d","d", *w.var ("Nobs")) ;

w.var ("Nobs") ->setVal (25) ;

d.add (*w.var ("Nobs")) ;

w.import (d,RooFit: :Rename ("observed data")) ;

// Construct interpretatation of model used by RooStats
RooStats: :ModelConfig mc ("ModelConfig", &w) ;

// Define the pdf, the parameter of interest and the observables
mc (*w.pdf ("model"™)) ;

mc.SetParametersOfInterest (*w.var ("mu")) ;
mc.SetObservables.SetPdf (*w.var("Nobs")) ;

// Define the current value mu (1) as an hypothesis
mc.SetSnapshot (*w.var ("mu")) ;

// import model in the workspace
w.limport (mc) ;
w.writeToFile ("model.root")

0.07

Projection of p

o
=4

J\\\‘\\Illlllll\\H‘H!Illlll‘\\\\‘\l

cleve bvna b NI ENTEATE ATRTATA ATATETArE A
10 20 30 40 50 60

80 90

=
o

Poisson::modeI(NobsluSN+B)
f(N|u) = model

POIl=p

P obs=Ngps

H;=model(u=1)
Ho=model(u=0) [ implicit ]

Wouter Verkerke, NIKHEF



Full demo of RooFit/RooStats calculation

e Phase 2 — Perform limit calculation NSl iae A N I e o
‘exl4 roostats cls limit.C’
// Retrieve components ‘exl4_roostats_cls_limit_toys.C’

RooWorkspace* w = (RooWorkspace*) f->Get ("w") ;
RooAbsData* data = w->data ("observed data")
RooStats::ModelConfig* sbModel = (RooStats::ModelConfig*) w->obj ("ModelConfig")

// Construct B-only model (for CLS) as clone of P(N|muS+B) with B=0
RooStats::ModelConfig* bModel = (RooStats::ModelConfig*) sbModel->Clone ("BonlyModel™)
RooRealVar* poi = (RooRealVar*) bModel->GetParametersOfInterest ()->first();
poi->setval (0) ;

bModel->SetSnapshot ( *poi );

// Use calculator based on asymptotic formulas
RooStats: :AsymptoticCalculator asympCalc(*data, *bModel, *sbModel);
asympCalc.SetOneSided (true) ;

// Request 90% C.L. upper limit with CLS technique enabled
RooStats: :HypoTestInverter inverter (asympCalc);
inverter.SetConfidencelevel (0.90) ;

inverter.UseCLs (true) ;

// Run interval calculation

inverter.SetVerbose (false) ;

inverter.SetFixedScan(50,0.0,6.0); // set number of points , xmin and xmax
RooStats: :HypoTestInverterResult* result = inverter.GetInterval();

// Report results

cout << 100*inverter.Confidencelevel () << "% wupper limit : " << result->UpperLimit () << endl;
std::cout << "Expected upper limits, using the B (alternate) model : " << std::endl;

std::cout << " expected limit (median) " << result->GetExpectedUpperLimit (0) << std::endl;
std::cout << " expected limit (-1 sig) " << result->GetExpectedUpperLimit (-1) << std::endl;
std::cout << " expected limit (+1 sig) " << result->GetExpectedUpperLimit (1) << std::endl;

, NIKHER



Full demo of RooFit/RooStats calculation

e Phase 2 — Perform limit calculation

// Retrieve components

HypoTest Scan Result

RooWorkspace* w = (RooWorkspace*)
RooAbsData* data = w->data ("observed data")
RooStats: :ModelConfig* sbModgl = (RooStats::Mo

// Construct B-only mode
RooStats: :ModelConfig* bModel =_(ROO

RooRealVar* poi .‘ .
poi->setval (0) ;§CLg ratio divides
p(s+b)

bModel->SetSnaps

// Use calculato
RooStats: :Asympt
asympCalc.SetOneSided (true) ;

// Request 90% C.L. upper limit with CLS tech
RooStats: :HypoTestInverter inverter (asympCalc)
inverter.SetConfidencelevel (0.90) ;
inverter.UseCLs (true) ;

// Run interval calculation
inverter.SetVerbose (false) ;
inverter.SetFixedScan (50,0.0,6.0); // set nu
RooStats: :HypoTestInverterResult* result

// Report res /\
cout << 100*1i
std::cout <<
std::cout <<
std::cout <<
std::cout <<

symptoticCalculator
calculates p-values

upper 1i
he B (alter
result->Get
result->Get
result->Get

—3}— Observed CLs
wde Observed CLs+b
—3}— Observed CLb

---------- Expected CLs - Median

- ExpectedCLs +1c
E ExpectedCLs +2 &

target p-value (0.10) for 90% C.L.

o—a-lo—ol N | - lo—olo—d- [ L b—ole—d L lod lo—ol l | 1

3 4 5 6

mu

Hypothesis inverter finds
intersection of CLS with
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