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OUTLINE
• Background:  

N-jettiness and the Method of Regions

• Calculation:  
SoftSERVE with N jets

• Results

• Endpoints



HOW MANY JETS ARE THERE?



N-JETTINESS
[Stewart, Tackmann, Waalewijn, ’10]

• General definition:

Momenta of particles in the event
Momenta of signal jets/beams
Weight factors

<latexit sha1_base64="8B+2+IIHZ2kaSlj/mJ5LDB5n70Q="></latexit>

Qj :

<latexit sha1_base64="dwijq3M2bxiwbk88n/vG3GfgjH0="></latexit>

qµj :

<latexit sha1_base64="JQLN74/WQ0kYqlikv8cXTEs75NE="></latexit>

kµi :

• We choose               , then                   , and  <latexit sha1_base64="OpUQe0U+1LthyrUplFaMdhZunA4="></latexit>

Qj = 2Ej

<latexit sha1_base64="6NQQPfLU1sjo+POfoRwtNegpAdU="></latexit>

TN =
X

m

min
j

nj · km

<latexit sha1_base64="Ey+VtyO37ckc8094Z0hCBIbSSsg="></latexit>

nj = (1,~nj)

<latexit sha1_base64="2pNSweAT1WG9HiddP70pNnl+eS0="></latexit>

TN =
X

m

min
{qj}

2qj · km
Qj



FRAMES

• Choices of      are related by boosts

• The minimisation splits the detector into sectors:

<latexit sha1_base64="Io3PethLD0kZVjVYusc5AtbPeeQ=">AAAEkXicvVNdb9MwFPW2AqMwtrFHXiK2SQhVVdK13fY2DSRACLEx9iHN1eQ4N4lZElu2M1pZ/gm8wm/j3+C0QSPVeOCFK0W6OffY59x75VBkTGnf/7mwuNS6d//B8sP2o8crT1bX1p+eKV5KCqeUZ1xehERBxgo41UxncCEkkDzM4Dy8flXVz29AKsaLz3oiYJSTpGAxo0Q76OT46svV2qbf7Q0G/WDXmyWDwSzZ2R94Qdefxi </latexit>

Qj

<latexit sha1_base64="bOHXhFPH7z5C4ekdEPCwZtNFHMo="></latexit>) Frame dependent!



UN-OBSERVED OBSERVABLE

• Reason: underlying event, pileup

• Few measurements

• Modifications: Leptons (Thrust), DIS, tracks,…

ATLAS
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[Mijušković, ’22]
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Figure 4.24: Data to simulation comparison and di⇤erential cross section as a
function of one-jettiness.
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Figure 4.25: Data to simulation comparison and di⇤erential cross section as a
function of one-jettiness for 6 < p

Z
T < 12 GeV.

[Aad et al, ’16]



THRUST
• Lepton collider observable

• Exhibits large logarithms:

1st order
2nd order
3rd order
4th order

resummed and matched
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[Farhi, ’77]

• These can be resummed to all orders

1st order
2nd order
3rd order
4th order

resummed and matched
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[Becher, Schwartz, ’08]

<latexit sha1_base64="fOOrtpFADko621TPsjiUqqs3Tow="></latexit>

↵n
s ln2n ⌧

<latexit sha1_base64="nFf3jtMruK1/9tKvyYSO0opo0sE="></latexit>

n = (1,~nT )

<latexit sha1_base64="8SkujIq2ZDvfchjAvWOHWeBMyj8="></latexit>

⌧ = Q(1� T )

=
X

m

min(n · km, n̄ · km)
<latexit sha1_base64="LmzjLYFrqW+rAyf3Iv/44uYtvUU="></latexit>

n̄ = (1,�~nT )



PHASE SPACE SLICING

• How to get finite NNLO cross section predictions?

• N-jettiness to resolve additional emissions

<latexit sha1_base64="DSzjVMsqLv0qZ4N3zvLftSXwTRc="></latexit>

�V V + �RV + �RR = finite

• Slice phase space to add unresolved reals to virtuals

[Boughezal, Focke, Liu, Petriello, ’15]
[Gaunt, Stahlhofen, Tackmann, Walsh, ‘15]

{
approximate using small

<latexit sha1_base64="pbyQExgGLGcGeQgrFAHJI4zx4/Y="></latexit>

�NNLO = �NNLO(TN < T cut
N ) + �NLO+1(TN > T cut

N )

<latexit sha1_base64="XNjlBNnBySZBQn1uEPA72WMS87M="></latexit>

T cut
N



<latexit sha1_base64="HTKuSZkFKQS1UNxq4I9LKxlVbPQ=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchgnlAsoTZyWwyZmZ2mZkVwpKjd6/6C97Eqx/iH/gZziZ70MSChqKqm+6uIOZMG9f9cgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywus781iNVmkXy3oxj6gs8kCxkBBsrNUWXc3TbK1fcqjsFWiReTiqQo94rf3f7EUkElYZwrHXHc2Pjp1gZRjidlLqJpjEmIzygHUslFlT76fTaCTqySh+FkbIlDZqqvydSLLQei8B2CmyGet7LxH+9TFE61HP7TXjpp0zGiaGSzNaHCUcmQlkgqM8UJYaPLcFEMfsBIkOsMDE2tpKNxpsPYpE0T6reefXs7rRSu8pDKsIBHMIxeHABNbiBOjSAwAM8wwu8Ok/Om/PufMxaC04+sw9/4Hz+AO1ymDE=</latexit>

m ⌧ M
<latexit sha1_base64="N8METJ444CZzvm2YYFG3iIthPUs="></latexit>

I =

Z 1

0
dk k

(k2 +m2)(k2 +M2)

<latexit sha1_base64="oxCzPKN/H8ndN19ILuuIhWCCH6A="></latexit>

I =
ln m

M

m2 �M2
⇡ � 1

M2
ln

m

M
• Analytically:

• Try to expand before integrating:
<latexit sha1_base64="uuWJOR8CxhxGl3uQjIUXNu+pLnA="></latexit>

I 6=
Z 1

0
dk 1

k(k2 +M2)

THE METHOD OF REGIONS
[Beneke, Smirnov, ’97]

• Toy example:

• Isolates dominant singular contributions to integrals

[Becher, Broggio, Ferroglia, ’14]



INTRODUCE REGIONS
• Use cutoff / factorisation scale:

<latexit sha1_base64="bJ8nVlKiqNS/4l85xgikXEY5hC8=">AAACD3icbVDLSsNAFL2pr1pfUZduBovgqiTia1l040Khgn1AE8pkMmmHziRhZlIopR/h3q3+gjtx6yf4B36GkzYLrR4YOJxzD/fOCVLOlHacT6u0tLyyulZer2xsbm3v2Lt7LZVkktAmSXgiOwFWlLOYNjXTnHZSSbEIOG0Hw+vcb4+oVCyJH/Q4pb7A/ZhFjGBtpJ5tC49z79YEQmwYuuvZVafmzID+ErcgVSjQ6NlfXpiQTNBYE46V6rpOqv0JlpoRTqcVL1M0xWSI+7RraIwFVf5kdvkUHRklRFEizYs1mqk/ExMslBqLwEwKrAdq0cvFf71ckSpSC/t1dOlPWJxmmsZkvj7KONIJystBIZOUaD42BBPJzA8QGWCJiTYVVkw17mIRf0nrpOae187uT6v1q6KkMhzAIRyDCxdQhxtoQBMIjOAJnuHFerRerTfrfT5asorMPvyC9fENIDGclw==</latexit>

m ⌧ ⇤ ⌧ M

<latexit sha1_base64="uB2iqysFPYtJvHSkr/7n08sZDPs=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4kCHVaafLohsXLirYB0yHkslk2tDMgyQjlKE/4N6t/oI7cetf+Ad+hpm2gha9EHI451zuvcdLOJMKoQ+jsLK6tr5R3Cxtbe/s7pX3DzoyTgWhbRLzWPQ8LClnEW0rpjjtJYLi0OO0642vcr17T4VkcXSnJgl1QzyMWMAIVppyHHTWv9FuHzuDcgWZFzXbqlsQmfq3rRygBrIbdVg10awqYFGtQfmz78ckDWmkCMdSOlWUKDfDQjHC6bTUTyVNMBnjIXU0jHBIpZvNVp7CE834MIiFfpGCM/ZnR4ZDKSehp50hViO5rOXkn1rOCBnIpfkqaLgZi5JU0YjMxwcphyqGeSrQZ4ISxScaYCKYvgCSERaYKJ1dSUfzfT/8H3TOzWrdrN1aleblIqQiOALH4BRUgQ2a4Bq0QBsQEINH8ASejQfjxXg13ubWgrHoOQS/ynj/AtYaml0=</latexit>

[0,⇤[
<latexit sha1_base64="A2k9awB5isoz31XRbBiBh5lJu6U=">AAACD3icdVDLSsNAFJ34rPUVdelmsAguJCShz13RjQsXFewDklIm00k7dDIJM5NCCf0I9271F9yJWz/BP/AznD4ELXpg4HDOudy5J0gYlcq2P4y19Y3Nre3cTn53b//g0Dw6bsk4FZg0ccxi0QmQJIxy0lRUMdJJBEFRwEg7GF3P/PaYCEljfq8mCelGaMBpSDFSWuqZpuff6nQfXfqUh2ri9cyCbRVt16050LacYqVcLWlSKttuzYWOZc9RAEs0euan349xGhGuMENSeo6dqG6GhKKYkWneTyVJEB6hAfE05SgispvNfz6F51rpwzAW+nEF5+rPiQxFUk6iQCcjpIZy1ZuJf3ozRchQruxXYbWbUZ6kinC8WB+mDKoYzsqBfSoIVmyiCcKC6gsgHiKBsNIV5nU13/fD/0nLtZyyVborFupXy5Jy4BScgQvggAqogxvQAE2AwRg8gifwbDwYL8ar8baIrhnLmRPwC8b7F8ntnQY=</latexit>

[⇤,1[<latexit sha1_base64="scyIUOnR23xkqViKcWr/B5Il5j0=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dllZlYIISfvXvUXvIlXv8Q/8DOcTfagiQUNRVU33V1BIrg2rvvlFFZW19Y3ipulre2d3b3y/kFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbzG89otI8lg9mnKAf0YHkIWfUZFKXpUmvXHGr7gxkmXg5qUCOeq/83e3HLI1QGiao1h3PTYw/ocpwJnBa6qYaE8pGdIAdSyWNUPuT2a1TcmKVPgljZUsaMlN/T0xopPU4CmxnRM1QL3qZ+K+XKUqHemG/Ca/9CZdJalCy+fowFcTEJIuD9LlCZsTYEsoUtx8QNqSKMmNDK9lovMUglknzrOpdVi/uzyu1mzykIhzBMZyCB1dQgzuoQwMYDOEZXuDVeXLenHfnY95acPKZQ/gD5/MH9h+Xsw==</latexit>[
<latexit sha1_base64="iK1MFdcZzYgj7uLtCuEfP9A9Dew=">AAACCHicbVDLSsNAFJ3UV62vqks3wSK4kJKIr41QdOOygn1AGspkOmmHTmbCzI0QQn/AvVv9BXfi1r/wD/wMJ20W2nrgwuGce7n3niDmTIPjfFmlpeWV1bXyemVjc2t7p7q719YyUYS2iORSdQOsKWeCtoABp91YURwFnHaC8W3udx6p0kyKB0hj6kd4KFjICAYjeZ5z0mMihNS77ldrTt2Zwl4kbkFqqECzX/3uDSRJIiqAcKy15zox+BlWwAink0ov0TTGZIyH1DNU4IhqP5uePLGPjDKwQ6lMCbCn6u+JDEdap1FgOiMMIz3v5eK/Xq4oHeq5/RBe+RkTcQJUkNn6MOE2SDtPxR4wRQnw1BBMFDMf2GSEFSZgsquYaNz5IBZJ+7TuXtTP789qjZsipDI6QIfoGLnoEjXQHWqiFiJIomf0gl6tJ+vNerc+Zq0lq5jZR39gff4Ai76aKg==</latexit>

[0,1[= “Soft”
“Hard”

<latexit sha1_base64="Qj2ipMHFPp7VTfBRl0bAc3LkS/o="></latexit>

IS =

Z ⇤

0
dk k

(k2 +m2)M2

<latexit sha1_base64="gD73PViRBOXv/9903o/GCY0JKmY="></latexit>

IH =

Z 1

⇤
dk k

k2(k2 +M2)

• Solve and add:
<latexit sha1_base64="BsDtXZzqBuqgIL45nll/u7DW9Rg="></latexit>

IS + IH =
ln ⇤2

m2

2M2
+

ln M
2

⇤2

2M2
= � 1

M2
ln

m

M



MODES FOR N-JETTINESS
• Look at thrust, for small

<latexit sha1_base64="BhiWuV8ssgA3AFcI19mqRp+pDnw="></latexit>

⌧ =
X

m

min(n · km, n̄ · km)
<latexit sha1_base64="n623UblJFyoizOejezYDytbNlQY="></latexit>⌧

• Possible modes:         or        must be of        :

<latexit sha1_base64="Oqt1jgm64JKoedtT+KpcOE+rY8g="></latexit>

(Q, ⌧,
p
Q⌧)

<latexit sha1_base64="7Yz/RGNdXkSbZdR+JZ8wlKWW3BU="></latexit>

(⌧, Q,
p
Q⌧)

<latexit sha1_base64="hdV631hMpwUgr+MUGhwMhgcSrDs="></latexit>

(⌧, ⌧, ⌧)

<latexit sha1_base64="f1BGI5ajimxM4v6NOqNS0kEyOaA="></latexit>

(n · k, n̄ · k, k?)

<latexit sha1_base64="zioXIFWAYgKPEsgayuxeg4Bmp/o="></latexit>

n · k
<latexit sha1_base64="/+iJWIXqVhc2fDKnio3b1epmzNE="></latexit>

n̄ · k
<latexit sha1_base64="hi/TTsVgGxKiF+4TnYM8kY6E6og="></latexit>

O(⌧)

-collinear
-collinear

soft

• For N-Jettiness: N+2 collinear modes

• Virtual corrections: also hard mode             allowed
<latexit sha1_base64="K0W2BblVSsAa5XsCAoQJ6bMlalE="></latexit>

(Q,Q,Q)

<latexit sha1_base64="i61s/Dwgkz6y6kBVeYj1rP+LtZo="></latexit>

n̄
<latexit sha1_base64="eyetBiV+Bkga6QfRuTWajB2iPUY="></latexit>n



WILSONIAN EFT
• Associate each region with a dedicated field

• Perform high energy mode path integral

• High- and low energy contributions factorise 

<latexit sha1_base64="EhOjRgAAuavtznp7cbkFmMZHvTU="></latexit>

 (k) =  l(k) + h(k)

<latexit sha1_base64="PXHMTlK3090V11QQli5uAmCPBPQ="></latexit>

[0,⇤]
<latexit sha1_base64="p0KZqQn6pif9d+h12N7p4ZizfnU=">AAAEoHicvVPbbtNAEN22AUqgNIVHXqxeJISiyE6btLxVBYkigdoCvYhuFK3XY3vV9UW745Bo5T/hFf6Jv2GdBBVH5YEXRrI0PnN2z5kZrZ9LodF1fy4trzTu3X+w+rD56PHak/XWxtMLnRWKwznPZKaufKZBihTOUaCEq1wBS3wJl/7N66p+OQKlRZZ+xkkOg4RFqQgFZ2ihYat1Td9bdsDaVKQhTgbD1pbb6fZ6e96+M0t6vV </latexit>

[⇤,1]Support on Support on 

{{
<latexit sha1_base64="Wq8YJYZtOwtXGiKxca0fiHTJQBc="></latexit>Z

D eiS[ ] =

Z
D lD h e

iS[ l, h] =

Z
D l e

iSEFT[ l]

<latexit sha1_base64="C598Tkpz2SK31IXCL9tgV3Jleho="></latexit>

M ⇡ cW MEFT

[Wilson, ’65+]



SCET FOR THRUST

Classic 
Wilsonian EFT

Soft-Collinear  
Effective Theory

• Slightly different mode picture

• Still factorises
<latexit sha1_base64="aB5TJOMErOywJ5+HWAPjINvTCjA="></latexit>
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STATE OF THE ART

• Hard, beam, and jet functions known to NNLO+

• NLO soft function, NNLO for 0-, 1-, partial 2-jettiness known

<latexit sha1_base64="tWmKqvu+QhbP0nCqCbvjjvFOn3k="></latexit>

d�
dTN

=
X

i,j,{kn}

Bi ⌦Bj ⌦

NY

n=1

Jkn ⌦ tr[Hij!{kn} ⇤ Sij!{kn}] +O(TN )

• Recently: recipe for NNLO N-jettiness (confirming/-ed)
Calculate NNLO Soft function for at least N=2

<latexit sha1_base64="bOHXhFPH7z5C4ekdEPCwZtNFHMo="></latexit>)

[Broggio et al., ’14]
[Stewart et al., ’10; Berger et al., ’11; Gaunt et al., ’14; Ebert et al., ’20; Baranowski et al. ’22]
[Bauer et al, ’04; Bosch et al., ’04; Becher et al., ’06, ’10, ‘11; Brüser et al., ’18; Banerjee et al., ’18]

[Jouttenous et al., ’11]

[Agarwal, Melnikov, Pedron, ’24]

[Kelley et al., ’11; Monni et al., ’11; Hornig et al., ’17] 
[Campbell et al., ’18; Boughezal et al., ‘15]
[Bell et al., ’18; Jin et al., ’19]



• Soft functions can be calculated from 

• Amplitude is divergent, measurement harmless

Isolate divergences analytically,  
do all the rest numerically

<latexit sha1_base64="bOHXhFPH7z5C4ekdEPCwZtNFHMo="></latexit>)

Soft function
Simulation and
Evaluation of 
Real and
Virtual 
Emissions

[Bell, RR, Talbert, ’18, ‘20]

<latexit sha1_base64="X7g1DAhazcCWZLtBd4DoJtaleVc="></latexit>

S(⌧, ✏) =

Z
d⇧i |A({ki}, ✏)|2 �(⌧ � ⌧({ki}))



QUICK EXAMPLE: NLO
• Matrix element

• Expose divergences
<latexit sha1_base64="FiyzraPCvpd7mCUXzzRYQ5FW+DE="></latexit>

kµ = kT
p
y nµ +

kTp
y
n̄µ + ...

• Divergences exposed: 

• Classify observable behaviour:

<latexit sha1_base64="Vpk8l0SWt1l9k0wgZtwT+2hGjFc="></latexit>Z
ddk |A|2 ⇠

Z
dkT dy k�1�✏

T y�1
(Angles and  
observable  
omitted)

<latexit sha1_base64="EvzsqiHgmEqaRgzVSzaq7XHto+k="></latexit>

⌧(k) = kT y
n
2 f(y, {#})

Mass dimension

Leading behaviour

<latexit sha1_base64="Nqj5rgjLs5zv5u6vcns1o2MLrDo="></latexit>

|A(k)|2 ⇠ 1

k · n k · n̄



QUICK EXAMPLE: NLO
• Master formula

• Leads to a (bare) soft function involving integrals of f

• SoftSERVE wraps this in C++, and integrates using Cuba
[Hahn, ’05]
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TWO EMISSIONS
• Four divergence cases:
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TWO EMISSIONS
• Four divergence cases:
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Read off

IRC safety

IRC safety

Mass dimension

• Observable:
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• Extension to N-jet cases:

‣ More emitters

‣ Nontrivial colour

‣ Complicated geometry

‣ Integration dimensions



‣ More emitters

• NLO:

• NNLO:

•                    dipoles,                         RV tripoles,  
many RR tri-/quadupoles
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‣ Nontrivial colour:

• Dijet:
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• From N=2, explicit colour matrices                   appear
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• Tripoles and quadrupoles: e.g.
NAE accounts for most, except for real-virtual tripoles
(They appear as                       )
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‣ Complicated geometry, see e.g. 2-jettiness
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‣ Grids grow very large

1-jettiness: 1 angle 
2-jettiness: 3 angles 
3-jettiness: 5 angles 
N-jettiness: 2N-1 angles



‣ Integration dimensions, dijet:

• Three physical dimensions 
(two beams, one transverse reference)

• One emission can probe 4th dimension, 
Two emissions can probe 4th and 5th dimension:
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‣ Integration dimensions, N-jet:

• Four physical dimensions 
(all the beams and jets)

• One emission can probe 5th dimension, 
Two emissions can probe 5th and 6th dimension:
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ALMOND
(Adapted for Wilson Lines in Multiple Occurring n-Directions)

• Added support for nontrivial geometry, RV tripoles, 
external geometry sampling, cluster deployment



THE CALCULATIONS
• Sample in steps of     , yielding 34476 samples  

(29904 2-jettiness, rest 0- and 1-jettiness)

• Fourfold symmetry reduces this to 8619

• 24 tripole and 18 dipole programs per point 
(NLO, CA, and nf for 6 dipoles)

• 900GB binaries and log files, 30min per point 
(NNLO programs, particularly CA, the slowest)
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THE TARGET
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• What I’m about to plot:



1-JETTINESS
• Pole cancellations

• Finite results
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1-JETTINESS COMPARISON
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• Compare with result from Campbell et al.

• Only fit functions for physical channels provided

[Campbell, Ellis, Mondini, Williams, ’18]



2-JETTINESS - B2B

• Pole cancellations
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2-JETTINESS - B2B
• Finite results
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2-JETTINESS - PLANAR
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EDGE CASES
• When jets become collinear, some results diverge
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• Non-dipole jet collinear to dipole jet: divergence

• Origin: contribution from one jet enhanced by 
collinearity to dipole jet



METHOD OF REGIONS!
• Two regions:    

            bulk       and        collinear

<latexit sha1_base64="bOHXhFPH7z5C4ekdEPCwZtNFHMo="></latexit>

)
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(N-1)-jet base + Universal correction



IMPLICATIONS
• A kind of refactorisation 

(global soft base and collinear soft correction)

• Pattern should be general

• Correction is observable and dipole dependent

• N-Jettiness:
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CONVERGENCE
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IS THIS USEFUL?
• 1-jettiness at N3LL for GENEVA

• Z+jet production in lab frame vs CS-frame

• For some     ,       
has to be probed

[Alioli, Bauer, Berggren, Tackmann, Walsh, ’15]

<latexit sha1_base64="lND0q73/2QvGwsPomDNWXnmEBss="></latexit>

Qj

<latexit sha1_base64="YvoFhKP/LSu8umhfLFvE1lW/Yo4="></latexit>

n13 ⇠ 10�12

[Alioli, Bell, Billis, Broggio, Dehnadi, Lim, Marinelli, Nagar, Napoletano, RR ’24]

0.0

0.5

1.0

1.5

d
æ

/
d
T 1

[p
b
/
G

eV
]

pp ! `+`° + j + X

50 < M`+`°/GeV < 150
p

S = 13 TeV; qT > 100 GeV

CS frame

NLL0

NNLL
NNLL0

N3LL

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
T1 [GeV]

°0.2

°0.1

0.0

0.1

0.2

ra
ti
o

°
1



CONCLUSIONS AND 
OUTLOOK

• We extended the SoftSERVE code to N-jet cases and applied it 
to the N-jettiness at NNLO

• Derived a grid for the 2-jettiness soft function

• Investigated logarithmic divergences at the edges of phase space 
using the Method of Regions

• Used our results for an N3LL resummation

• Next: non-global logarithms, N-gularities, …
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