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● Standard Model of particles

● Extensions for Dark Matter, 
Baryon asymmetry, neutrino masses etc.

● Puzzles in the fundamental parameters of the SM

● CKM matrix elements essential for quark interactions
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● Can be done via exclusive e.g. 
or inclusive decays

● We focus on inclusive decays 
calculable using Heavy Quark 
Expansion (HQE)

● Extraction of  CKM element Vcb   
from weak decays 

● Puzzling difference between results 
from exclusive and inclusive decays 
(3.3 σ)

Bernlochner, Prim and Vos, 2024, EPJ. Spec. Top. 
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● 1/mb correction drops out because of equations of motion

● Total decay rate split in first order and higher order terms suppressed by 1/mb

● Each term has         corrections and depends on so called HQE parameters that need to be 
extracted from data

● Extract Vcb at percent precision

Bernlochner, Prim and Vos, 2024, EPJ. Spec. Top. 
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● Quark Hadron Duality (QHD) allows translation 
of predictions at the quark level to observables at the hadron level 

Ratio of cross section e+ e- as a function of centre of mass energy, 

M. Tanabashi et al. (PDG), 2019

● Integrating away resonances similar 
to looking at the inclusive decay
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Motivation
● Quark Hadron Duality (QHD) allows translation 

of predictions at the quark level to observables at the hadron level 
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● Develop a model of QHDV in the context of  the Heavy Quark Expansion (HQE)

● Apply our model to observables of Semi-leptonic inclusive B decays

● In the quest of sub-percent            precision QHD Violation (QHDV)  might become the 
limiting factor

● As in the R ratio, QHD seems to hold in semi-leptonic inclusive B decays
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Modelling Duality Violation
● Asymptotic behaviour of the OPE expansion in             resulting in a 

non-converging series (like the perturbative case)

● Would induce factorial growth of HQE coefficients 

● Cannot be expanded in             

● For example, an exponential  function 
contributing (e.g. instanton)

8Chibisov et al. 1996, hep-ph/9605465 
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● How does this model enter into the theory expression we need?
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● Differential decay rate from leptonic tensor 
hadronic tensor

● Decompose in 5 scalar functions

● Modelled Duality Violation contribution for the 1st and 4th scalar correlation function

● Our model estimates the shape but not the size of the DV contribution
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Duality Violation model
● OPE + DV model

● Default scale choice

● Normalised so that partonic and DV contributions
 are equal for CDV=1   ( = 100% Duality Violation)   

11LLSA:  arXiv:1407.4384

 



Observables
● Moments of the spectrum integrated

with different lower bound (q2
cut) 

12

● Normalised to the rate

● Measured in Belle and Belle II

Belle II: F. Abudinén et al. 2023, Phys. Rev. D 107, 072002 R. van Tonder et al.  (Belle Collaboration) ,2021, Phys. Rev. D 104, 
11201



DV sensitive observables

● q2 moment decomposition

13



DV sensitive observables

● Construct observables depending only on Ri  
by cancelling lower order contributions

● q2 moment decomposition

13



DV sensitive observables

● No contribution from lower orders HQE

● Construct observables depending only on Ri  
by cancelling lower order contributions

● q2 moment decomposition
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QHDV from Belle data
● q2 moment data from Belle 

electron channel (2021)

Data used from Belle collaboration, 2021 
arxiv 2109.01685
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ODV  (q2
cut ) obtained from Belle data compared to theory and 

model predictions
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● Comparison with theory 
(LLSA) 

LLSA:  arXiv:1407.4384

 



QHDV from Belle data

● Determine CDV from data
using LLSA values

14

● Results consistent with CDV= 0

● Strongest constraint at low cuts

● Comparison with theory 
(LLSA) 

LLSA:  arXiv:1407.4384
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Setting up the HQE
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● Differential decay rate from leptonic tensor 
hadronic tensor

● Decompose in 5 scalar functions

● Functions of the HQE parameters



q2  moments
● Non centralised q2 moments

● DV most pronounced at low cut

● DV cut dependance differs slightly 
from power corrections

● Higher moments show a similar 
picture (see backup slides)

● DV may be difficult to disentangle
 from power corrections

cut q2 moments using LLSA values with DV 
contribution for ΛHQE =0.5 GeV and CDV = 0.1

49



Setting up the HQE
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● Background field propagator

Dassigner et al. 2006
ArXiV: 0611168

● Expand in orders of the covariant derivative

● Choose mc = 0



Setting up the HQE
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● Obtained by taking the forward matrix element

● Scalar Hadronic Structure functions  

● Polynomial containing non-perturbative HQE parameters  



Modelling Duality Violation
● Function with factorial growth

Only converges if             suppresses 
the factorial

● Borel Transform to kill 
the factorial

● Inverse Borel to re-obtain 
the function

52



Modelling Duality Violation
● Asymptotic function!

● One has to deal with the poles

53

● We identify this ambiguity with QHDV

● Choice introduces an ambiguity

● Why does this identification make sense?



Illustrative example

● Expand at x2 = 0 to form a 
kind of “OPE”

● Clearly missing the 
exponential term

● Symmetric combination 
captures the uncertainty of 
the expansion coming from 
the singularity

54

Chibisov et al. 1996 
hep-ph/9605465

● We found the lost exponential!

https://arxiv.org/abs/hep-ph/9605465


Duality Violation model
● Anzats  model polynomials 

based on the HQE 
parameters  
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● Identifying the ambiguity through Borel 
transform

● Use optical theorem to obtain DV contribution to hadronic tensor



Duality Violation model
● Choose polynomials based 

on calculating the 
parameters 
up to l=5 and 1/mb5 
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Duality Violation model
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Duality Violation model
● Model ansatz polynomials 

based on the HQE parameters 
assuming factorial growth*  

58* Similar models for P 2,3 and 5

● Model scalar hadronic structure functions
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Duality Violation model
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Differential rate
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Instanton-like contribution
● Comparison with instanton terms

motivates to keep the scale as a free
fit parameter 

● Choosing a small scale produces
the expected ‘wiggle’ around the OPE

● For larger scale the period increases
 beyond the q2 interval Differential spectrum up to 1/mb2 with DV for 

Λ DV =   10-4 GeV  using N = 0.2508 CDV

62



Kinematic moments
● q2 moments

● Lepton Energy moments

● Normalised and re-expanded 
in 1/mb and CDV neglecting 
CDV /mb terms
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Effect of the scale parameter
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q2 moments
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q2  moments

66



Lepton energy moments

67



Lepton energy moments
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Input values
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