
Peter Kluit (Nikhef) 1Theory Meets experiment 1 March 2024

Experimental Higgs 
Quantum Observables in ATLAS

                                                                                           
7

P o l a r i z a t i o n  d e n s i t y  m a t r i x  o f  P o l a r i z a t i o n  d e n s i t y  m a t r i x  o f  t w ot w o  s p i n - 1   s p i n - 1  

in the center of mass frame

= velocity in c.m. frame

scattering angle

quarks assumed massless

same procedure as for Qubits 
but for spin-1 → 3 polarizations 
→ Qutrits

right-handed basis

more complicated !

Boosted (n,r,k) basis in c.m. frame →  n(1) and n(2) stands for particle V
1
 and V

2

Spin eigenstates embedded in
covariant polarization vectors

Performing a Bell test in Higgs to WW decays

ATLAS Nikhef brainstorm in May 2023

Vince Croft, Karsten Burgard, Robin Hayes and Ivo van Vulpen

Triggered by a paper by Barr et al

‘Testing Bell inequalities in Higgs boson decays’ 
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• Last day of cavern access on Mar 23rd  

• First stable beam collisions at 6.8 TeV  
in April, along with special runs
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https://arxiv.org/pdf/2106.01377.pdf
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A Bell test in Higgs to WW decays 

Barr argued: The Higgs decaying (S=0) into a pair of W 
bosons (S=1) is ideal for measuring spin if the W decays 
to a charged lepton and a neutrino. The lepton from the 
W is fully polarized. 

A pair of bosons can form three states and are therefore 
called qutrits (see figure from Karsten Burgard).  

To exploit the physics one has to reconstruct the lepton 
directions in the Higgs rest frame.  Due to the spins the 
charged leptons are going in “similar” directions.  
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A Bell test in Higgs decays 

Barr showed: by measuring the angular distribution of the two 
charged leptons in the Higgs rest frame, one can perform an angular 
analysis and a sensitive test of the Bell inequality, in this case the 
Collins-Gisin-Linden-Massar-Popescu (CGLMP) inequality. 

The rest frame definition is a bit tricky: a) do we mean the rest 
frame of the Higgs or the W and W* rest frames? b) what is the 
precise orientation of the frame (next slide)?  c) there is some 
freedom of choice of the orientation - like in the classical experiment 
- where the Bell or CGLMP theorem is maximally violated. 
NB: In ATLAS all is measured, no need to rotate the detector (polarimeter)

  E. Gabrielli                                                                                                                                                  Joint Institutes ATLAS physics meetings, March 30  2023    
 1
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A Bell test in Higgs to WW decays 

slide from E Gabrieli

arXiv: 2302.00683 [hep-ph];
EPJC 83 (2023) 2, 162, arXiv: 
2208.11723 [hep-ph] 

A definition of the rest frame
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Can one reconstruct the Higgs rest 
frame in WW decays?

Rosemarie Aben wrote her thesis 
“Spinning the Higgs” (2015) exactly 
about this topic.  And the answer is yes 
we can do that pretty well.

In ATLAS it was thought of little interest to 
reconstruct the Higgs rest frame. Contrary we 
were of the opinion that the rest frame 
variables are the key to Higgs physics, e.g. to 
determine the spin and parity of Higgs.
For a Bell test it is required to measure the 
lepton angles in the Higgs rest frame.
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https://www.nikhef.nl/pub/services/biblio/theses_pdf/thesis_R_Aben.pdf
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A Bell test in Higgs to WW decays  
What is the expression for the differential cross section?

from E Gabrieli
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A Bell test in Higgs to WW decays  

from E Gabrieli
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An experimental point of view

The differential distribution is described by 8 fundamental distributions (Wigner qn
± in 

previous slide or 𝜙!
"±	 from Barr). Experimentally one can measure the full 4D distribution 

– or 8x8 Matrix:

𝑁	(𝑐𝑜𝑠𝜗+, 𝜑+, 𝑐𝑜𝑠𝜗−, 𝜑−)
𝑁𝑡𝑜𝑡𝑎𝑙

= -
!,&'(

!,&')

9 < 𝑐!&	 > 	𝜙!
"* 𝜙&

"+	 + 3-
!'(

!')

< 𝑞!*	> 𝜙!
"*	 + 3-

!'(

!')

< 𝑞!+	> 𝜙!
"+	

where the off -diagonal <cnm> coefficients are the correlation factors, that are relevant for 
Bell tests. The last two terms give the uncorrelated distributions.
In general, large values for |<cnm>| - so large quantum correlations – mean large Bell 
violations or big entanglement and “spooky actions at a distance”.
As experimentalist, we cannot use the Wigner pn

± projectors (that assume 100% flat 
efficiency in phase space). We will have to fit the 4D angular distribution. 
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An experimental point of view

Eqs. (3.34)–(3.35) provide the means to reconstruct the correlation functions of the density matrix from the distribution

of the lepton momenta and thus allow to infer the expectation values of the observables I3 and C2 from the data. In a

numerical simulation, or working with actual events, one extracts from each single event the coefficient of the combinations

of trigonometric functions indicated in Eq. (B.6) in B.2; that coefficient is the corresponding entry of the correlation matrix

in Eqs. (3.34)–(3.35). Running this procedure over all events gives an average value and its standard deviation.

An example showing the corresponding parameters, after this averaging for the process H ! WW (⇤) ! `+⌫`�⌫̄,

assuming that the parental rest frames can be determined is shown in Figure 3.3.

Figure 3.3: Reconstructed Gell-Mann parameters obtained from quantum state tomography of pairs of simulated W
±

bosons obtained from

H ! WW
(⇤) ! `

+
⌫`

�
⌫̄, (he bottom row of each plot contains the ai parameters for a W

+
boson, the leftmost column the bj parameters for

the W
�

boson and the rows and columns 1-8 the cij parameters. Bins are marked with ‘+’ or ‘�’ to indicate the sign of the reconstructed

coefficient. The (0,0) element has no meaning. Adapted from [127] (CC BY 4.0).

3.3.3. Tensor representation for qutrits

The Gell-Mann representation of the density matrix Eq. (2.61) is only one possible parameterization. An alternative

representation of the density matrix is in terms of tensor operator components, which for a single system can be writ-

ten [128–131]

⇢ =
1

2s+ 1

X

L,M

(2L+ 1)(tL
M
)⇤TL

M
, (3.39)

where TL

M
are the matrices that represent the irreducible spherical tensor operators. We note that for the case of a qubit

representation of the density matrix the Tensor representation and the General Gell-Mann representation are identical,

since both are provided by the standard Bloch vector, that is a parameterisation based on the Pauli matrices.

For the general tensor representation, the orthogonality relationship

Tr
⇣
TL

0

M 0TL†
M

⌘
=

2s+ 1

2L+ 1
�LL0�MM 0 (3.40)

allows determination of the coefficients

tL
M

= Tr
�
⇢TL

M

�
(3.41)

28

Recent review  paper by Barr and Gabrieli al Zoom slide 7 by Gabrieli 

Shouldn’t this be the same? It looks pretty different
Left plot is similar to the expression on the previous slide … 

Ehh is there 
something I 

missed?

(a) (b)

(c) (d)

Figure 4: Reconstructed Gell-Mann parameters obtained from quantum state to-

mography of pairs of simulated W
± bosons obtained from (a) W

+
W

�
! `

+
⌫`

�
⌫̄ (b)

H ! WW
(⇤)

! `
+
⌫`

�
⌫̄, (c) and a 200 GeV scalar decaying to WW then to a state with

a 30GeV ‘⌧ ’ lepton. We also show (d) the results expected for an ideal singlet state (8.1)

of two qutrits. The bottom row of each plot contains the ai parameters for a W
+ boson,

the leftmost column the bj parameters for the W
� boson and the rows and columns 1-8

the cij parameters. The (0,0) element has no meaning.

state to which it would reduce in the non-relativistic and narrow-width approximation. A

di↵erence is observed particularly in the a3 and a8 parameters which are related to to the

longitudinal polarisation of the vector boson. The tomographic method also performs as

expected for the state with the heavy ‘⌧ ’ lepton, provided that the generalised Wigner P

symbols (C.7) for the non-projective decay are used, normalised such that only j = 1 states

are reconstructed.

With knowledge of the full joint density matrix one can then consider other operators.

For example one may reconstruct the expectation value of various Cartesian spin operators

of the individual bosons and of their correlated spin expectation values. For spin-half

systems the spin operators are proportional to the GGM operators so their expectation

– 25 –

https://arxiv.org/pdf/2402.07972.pdf
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Reconstructing the Higgs rest frame

What is measured by ATLAS in H->WW* ->µ n e n ? 

• The momentum vector of the two charged leptons (in ATLAS 
electron and muon). And the missing transverse momentum.
• In the xy frame the momentum of the Higgs is known. 
• We don’t know the z momentum component (along beam) of 
the neutrino’s. The trick is to apply a Higgs mass constraint (125 
GeV) and solve the z momentum component of the neutrino’s. 
• There are some details like the imposed Mvv mass and the 
choice of the solution as explained in the thesis chapter 5 and 
summarized on the next slide  

 

46 Chapter 2 The Large Hadron Collider and the ATLAS detector

x      

z
   

y   

θ 

ϕ 

Figure 2.4: Definition of the right-handed coordinate systems used to define po-
sitions and directions in the ATLAS detector. The z-axis points along the beam
pipe in the anti-clockwise direction and the x-axis points towards the centre of the
LHC. The azimuthal angle, �, is defined in the x-y plane and, and the polar angle,
✓, in the r-z plane.

2.2.1 The inner detector

The inner detector is closest to the beam axis and provides information on particles

with |⌘| < 2.5 and pT > 100 MeV. Its objective is the reconstruction of the tracks

of charged particles, to enable momentum, charge and direction measurements, and

to identify the vertices of an event. The curvature of the tracks is provided by a 2

T magnetic field that is generated by the superconducting solenoid magnet system

surrounding the inner detector.

The design resolution of momentum measurements with the inner detector is �pT
/pT =

0.05% pT � 1%, with pT in GeV. To achieve this high resolution, very fine detector

granularity is required in order to obtain su�cient measurement points; while the

amount of material should be kept to a minimal, in order to prevent energy loss and

scattering of particles. Furthermore, due to its position, the inner detector has to

deal with high radiation rates: around 1000 particles cross the inner detector every

25 ns. To meet the requirements, the inner detector consists of three separate detec-

tion systems: a pixel detector, a silicon strip Semi Conductor Tracker (SCT) and a

Transition Radiation Tracker (TRT), as is depicted in figure 2.5.

44 Chapter 2 The Large Hadron Collider and the ATLAS detector

Figure 2.3: Cut-away view of the ATLAS detector. The dimensions of the detector
are 25 m in height and 44 m in length. The weight of the detector is approximately
7000 tonnes.

2.2 The ATLAS detector

The energy and luminosity of the pp collisions that the LHC will ultimately deliver, re-

quire a detector able to cope with high interaction rates, radiation doses, and particle

multiplicities and energies. Furthermore, the physics objectives of the ATLAS detec-

tor, being precision measurements of known processes and searches for new physics,

require sensitivity to a wide variety of final state signatures. These requirements

dictate the design of the ATLAS (A Toroidal LHC AparatuS) detector.

The ATLAS detector is forward-backward symmetric with respect to the interaction

point, and its geometry is defined by four di↵erent detector systems and two magnet

systems [45, 46]. The design aims for almost hermetic coverage to avoid that par-

ticles escape detection. Figure 2.2 shows a cut-away view of the ATLAS detector.

From inside out the main subdetectors are: the inner detector, the electromagnetic

calorimeter, the hadronic calorimeter and the muon spectrometer.

The inner detector allows for the tracking of charged particles and vertex recon-

struction, while the calorimeters and the muon spectrometer are used for particle

identification and high precision momentum and energy measurements. In this way,
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Reconstructing the Higgs rest frame
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⇢⇢W H rest frame reconstruction

calculate p
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2
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M‹‹ is a free parameter, set to the mean of the distribution at 30 GeV to avoid bias
if system cannot be solved, instead try M‹‹ = 0 GeV
in case of no solution, abandon MH constraint and use p

‹‹
z that allow for largest MH

prefer solutions with min |cos Âú
¸¸| to push the leptons close to the transverse plane

Âú
¸¸: the angle of the dilepton system in the (r ≠ z) plane of the H rest frame)

need to study bias introduced by this choice

Summary from
Karsten Burgard
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Reconstructing the Higgs rest frame

What is measured  and reconstructed in the experiment?
The momentum vector of the Higgs and the momenta of electron, 
muon and the vv system are measured.

Because the Higgs momentum vector is know, one can go to the 
rest frame of the Higgs, and Lorentz boost the electron and muon. 
This gives the angles and momenta in the rest frame.

That is in principle enough for the proposed Bell measurements. 
NB we can use any well-defined frame of axes. 
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Reconstructing the Higgs rest frame

Experimental resolutions are best in the xy frame 
(f) compared to rz (q)     

 

5.5. Performance of the reconstruction algorithm 125
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Figure 5.7: The reconstructed values on the x-axis versus the true values on the
y-axis for the composite rest frame variables. Distributions are obtained from the
standard analysis sample, including the 0-jet and 1-jet channels.

From the thesis opening angle in rest frame in
       xy (f) and 3D opening angle (y) vs truth

Pretty nice 
reconstruction 
of the di-lepton 
opening angles 
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• First stable beam collisions at 6.8 TeV  
in April, along with special runs
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Reconstructing the Higgs rest frame

Off the road: theorist propose a Bell test without angles but using the W* (Z*)  
mass.  Can we define an observable like mW*/mW = min(pl0,pl1) /max(pl0, pl1)?

From the thesis momenta of the leptons in rest frame in vs truth124 Chapter 5 Higgs rest frame reconstruction

0

20

40

60

80

100

120

140

160

180

* [GeV]
lep0

reco p
20 25 30 35 40 45 50 55 60 65 70

* 
[G

e
V

]
le

p
0

tr
u

th
 p

20

25

30

35

40

45

50

55

60

65

70

0

50

100

150

200

250

* [GeV]
lep1

reco p
0 5 10 15 20 25 30 35 40 45 50

* 
[G

e
V

]
le

p
1

tr
u

th
 p

0

5

10

15

20

25

30

35

40

45

50

0

20

40

60

80

100

* [Rad]
lep0

ψreco 
0 0.5 1 1.5 2 2.5 3

* 
[R

a
d

]
le

p
0

ψ
tr

u
th

 

0

0.5

1

1.5

2

2.5

3

0

20

40

60

80

100

120

* [Rad]
lep1

ψreco 
0 0.5 1 1.5 2 2.5 3

* 
[R

a
d

]
le

p
1

ψ
tr

u
th

 

0

0.5

1

1.5

2

2.5

3

0

20

40

60

80

100

120

140

* [GeV]
0ν

reco p
20 25 30 35 40 45 50 55 60 65 70

* 
[G

e
V

]
0

ν
tr

u
th

 p

20

25

30

35

40

45

50

55

60

65

70

0

20

40

60

80

100

120

* [GeV]
1ν

reco p
0 5 10 15 20 25 30 35 40 45 50

* 
[G

e
V

]
1

ν
tr

u
th

 p

0

5

10

15

20

25

30

35

40

45

50

Figure 5.6: The reconstructed values on the x-axis versus the true values on the y-
axis for the lepton observables and neutrino momenta, reconstructed in the Higgs
rest frame. Distributions are obtained from the standard analysis sample, including
the 0-jet and 1-jet channels.

Mind: different 
horizontal scale

Reflects off-shell 
ness of W*

https://arxiv.org/pdf/2402.07972.pdf
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More Bell tests in Higgs to WW decays? 

What about Higgs production modes? 

The Higgs to WW Bell test only takes into account the decay part of 
the process. For gluon-gluon we cannot measure the initial state.

Higgs production in the Vector Boson process?   
Here one measures the jets and one can imagine 
a Bell test by correlating the jet directions and leptons …
What is a suitable reference (rest) frame here? 
What are important Bell observables? 

82 Chapter 4 Events in ATLAS

H

W+

W−

g

g

νµ

µ+

ν̄e

e−

t .

Figure 4.8: Leading order Feynman diagram of the gg ! H ! W
+
W

� ! `
+
⌫`

�
⌫̄

Higgs signal.

4.2.3 H ! W
+
W

� decay channel

The WW
⇤ channel has a branching fraction of 21.5% for a 125 GeV Higgs mass.

This includes all possible final state. As a W-boson can decay both leptonically and

hadronically, these final states involve `⌫`⌫, `⌫qq and qqqq. Given the large QCD

background, the most sensitive final state is the fully leptonic decay.

Due to the neutrinos in the final state the Higgs boson mass cannot be precisely deter-

mined. Therefore the search for the Higgs boson is limited to a counting experiment

of the events in broad bins of the reconstructed Higgs mass. In the rate and proper-

ties analyses, events with two leptons of opposite charge and with substantial missing

energy are selected, where additionally up to two jets are considered. To increase the

signal selection e�ciency the analyses are performed in mutually exclusive categories

that are determined on the basis of the lepton flavour combination and the number

of jets in the final state. Di↵erent backgrounds are dominant within the di↵erent

categories, as will be detailed in section 6.4.2. The relevant categories for the analysis

presented in this thesis are the 0-jet and 1-jet channel, that refer to the presence of

either no or one jet in the final state.

In principle, all production mechanisms are considered in this channel, however, given

the total statistics of the Run I dataset, only the ggF production mode allows for a

discovery and is considered in the Higgs properties measurements. Figure 4.8 shows

the LO Feynman diagram of production through ggF and decay into the fully leptonic

final state, where the e⌫µ⌫ final state is depicted. This is the signal studied in this

thesis. Only electrons and muons are considered in the final state. ⌧ -leptons are not

explicitly considered. In the hadronic ⌧ decay the signal is di�cult to distinguish

from the background, and is mostly removed by cuts that are used to reduce the

4.2. Higgs events in ATLAS 79
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(d) Associated production with top quarks

Figure 4.4: Leading order Feynman diagrams of the four main SM Higgs production
mechanisms at the LHC.
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Figure 4.5: Production cross sections for the SM Higgs boson as a function of its
mass, produced in pp collisions at a centre-of-mass energy of 8 TeV. The bands
include the theoretical uncertainties [67].
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Perspective of a Bell test 
in Higgs to WW decays 

• The idea of performing a Bell test in the Higgs to WW decays, 
reconstructing the angles in the Higgs rest frame looks both 
challenging, interesting and feasible to me.

• Need to works out better the mathematical framework to apply to 
the ATLAS data (reference frame, the 8 Wigner/Gell-Mann Matrix, 
and Bell sensitive variables).

• Experimentally, quite a lot of work to do – but e.g. a H to WW 
event selection is available. Backgrounds need to be studied in the 
4D differential cross section (cosq+,f+,cosq-,f-) in particular for the 
Bell sensitive observables (off-diagonal elements). 
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An experimental point of view

Eqs. (3.34)–(3.35) provide the means to reconstruct the correlation functions of the density matrix from the distribution

of the lepton momenta and thus allow to infer the expectation values of the observables I3 and C2 from the data. In a

numerical simulation, or working with actual events, one extracts from each single event the coefficient of the combinations

of trigonometric functions indicated in Eq. (B.6) in B.2; that coefficient is the corresponding entry of the correlation matrix

in Eqs. (3.34)–(3.35). Running this procedure over all events gives an average value and its standard deviation.

An example showing the corresponding parameters, after this averaging for the process H ! WW (⇤) ! `+⌫`�⌫̄,

assuming that the parental rest frames can be determined is shown in Figure 3.3.

Figure 3.3: Reconstructed Gell-Mann parameters obtained from quantum state tomography of pairs of simulated W
±

bosons obtained from

H ! WW
(⇤) ! `

+
⌫`

�
⌫̄, (he bottom row of each plot contains the ai parameters for a W

+
boson, the leftmost column the bj parameters for

the W
�

boson and the rows and columns 1-8 the cij parameters. Bins are marked with ‘+’ or ‘�’ to indicate the sign of the reconstructed

coefficient. The (0,0) element has no meaning. Adapted from [127] (CC BY 4.0).

3.3.3. Tensor representation for qutrits

The Gell-Mann representation of the density matrix Eq. (2.61) is only one possible parameterization. An alternative

representation of the density matrix is in terms of tensor operator components, which for a single system can be writ-

ten [128–131]

⇢ =
1

2s+ 1

X

L,M

(2L+ 1)(tL
M
)⇤TL

M
, (3.39)

where TL

M
are the matrices that represent the irreducible spherical tensor operators. We note that for the case of a qubit

representation of the density matrix the Tensor representation and the General Gell-Mann representation are identical,

since both are provided by the standard Bloch vector, that is a parameterisation based on the Pauli matrices.

For the general tensor representation, the orthogonality relationship

Tr
⇣
TL

0

M 0TL†
M

⌘
=

2s+ 1

2L+ 1
�LL0�MM 0 (3.40)

allows determination of the coefficients

tL
M

= Tr
�
⇢TL

M

�
(3.41)
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Coefficients look the same f3, f8, h16 etc.  

(a) (b)

(c) (d)

Figure 4: Reconstructed Gell-Mann parameters obtained from quantum state to-

mography of pairs of simulated W
± bosons obtained from (a) W

+
W

�
! `

+
⌫`

�
⌫̄ (b)

H ! WW
(⇤)

! `
+
⌫`

�
⌫̄, (c) and a 200 GeV scalar decaying to WW then to a state with

a 30GeV ‘⌧ ’ lepton. We also show (d) the results expected for an ideal singlet state (8.1)

of two qutrits. The bottom row of each plot contains the ai parameters for a W
+ boson,

the leftmost column the bj parameters for the W
� boson and the rows and columns 1-8

the cij parameters. The (0,0) element has no meaning.

state to which it would reduce in the non-relativistic and narrow-width approximation. A

di↵erence is observed particularly in the a3 and a8 parameters which are related to to the

longitudinal polarisation of the vector boson. The tomographic method also performs as

expected for the state with the heavy ‘⌧ ’ lepton, provided that the generalised Wigner P

symbols (C.7) for the non-projective decay are used, normalised such that only j = 1 states

are reconstructed.

With knowledge of the full joint density matrix one can then consider other operators.

For example one may reconstruct the expectation value of various Cartesian spin operators

of the individual bosons and of their correlated spin expectation values. For spin-half

systems the spin operators are proportional to the GGM operators so their expectation

– 25 –

The non-vanishing fa elements are

f3 =
1

6

�m4
H
+ 2(1 + f2)m2

H
M2

V
� (1� f2)2M4

V

m4
H
� 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

,

f8 = � 1p
3
f3 , (3.5)

and we find ga = fa for a 2 {1, . . . , 8}. The non-vanishing hab elements are

h16 = h61 = h27 = h72 =
fM2

V

h
�m2

H
+ (1 + f2)M2

V

i

m4
H
� 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

,

h33 =
1

4

h
m2

H
� (1 + f2)M2

V

i2

m4
H
� 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

,

h38 = h83 = � 1

4
p
3

h44 = h55 =
2f2M4

V

m4
H
� 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

,

h88 =
1

12

m4
H
� 2(1 + f2)m2

H
M2

V
+ (1� 14f2 + f4)M4

V

m4
H
� 2(1 + f2)m2

H
M2

V
+ (1 + 10f2 + f4)M4

V

, (3.6)

The unpolarized squared amplitude |MH |2 of the process instead reads

|MH |2 =
g2⇠2

V

4f2M2
V

h
m4

H � 2(1 + f2)m2
HM2

V + (1 + 10f2 + f4)M4
V

i
. (3.7)

The main theoretical uncertainty a↵ecting the correlation coe�cients in Eq. (3.6) is due to higher
order corrections to the tree-level values. To estimate the size of these contributions, we take as
guidance the results in [26]—in which the NLO EW corrections have been computed. According to
these results, we expect the error induced by these missing corrections yields at most a few percent of
uncertainty on the main entanglement observables, in the relevant kinematic regions in which one of
the two EW gauge boson are on-shell [26]. This expectation is based on the fact that these corrections
give a 1-2% e↵ect on the total width [26].

We then compute through Eq. (2.37) the polarization density matrix ⇢H for the two vector bosons
emitted in the decay of the Higgs boson

⇢H = 2

0

BBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 h44 0 h16 0 h44 0 0
0 0 0 0 0 0 0 0 0
0 0 h16 0 2h33 0 h16 0 0
0 0 0 0 0 0 0 0 0
0 0 h44 0 h16 0 h44 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCA

, (3.8)
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Let us now assume that Alice and Bob share a system made of two qutrits, so that the outcome of their measurements

involve three possible entries, (0, 1, 2). Let us also denote with P (Ai = Bj + k) the probability that the measurement

outcome of the observables Âi and B̂j differ by k modulo 3 and rewrite the left-hand side of (2.56) as

P (A1 = B1) + P (A2 + 1 = B1) + P (A2 = B2) + P (A1 = B2) ; (2.57)

clearly P (A2 + 1 = B1) = P (A2 6= B1) in the case of qubits.

Let us now assume that Alice and Bob share only local resources. Then consider one possible outcome of their

measurements such that A1 = B1, A1 = B2 and A2 = B2; but then locality would enforce A2 = B1 and the probability

P (A2 +1 = B1) can not be one. Clearly, any triple of similar conditions would lead to the same conclusion: for instance,

the choice A1 = B1, A1 = B2 and A2 + 1 = B1 would lead to A2 + 1 = B2 and thus P (A2 = B2) can not be one. As a

result the combination of probabilities (2.57) can not exceed 3, exactly as in the case of qubits. One can prove that under

any local deterministic assumptions the maximum of (2.57) is 3 as only three probabilities out of four can be satisfied in

the sum (2.57) [71, 97].

One can further restrict this result by subtracting from the combination (2.57) the conditions enforced by the four

simplest deterministic choices, thst is P (A2 = B1) in the first case discussed above, P (A2 + 1 = B2) in the second, and

so on. In this way one ends up with the condition:

I3 ⌘ P (A1 = B1) + P (A2 + 1 = B1) + P (A2 = B2) + P (A1 = B2)

� P (A2 = B1)� P (A2 = B2 � 1)� P (A1 = B1 � 1)� P (B2 = A1 � 1)  2 . (2.58)

This is the Bell inequality introduced in [103, 104]; one can prove that, as in the case of qubits for the inequality (2.40),

this inequality is optimal, in the sense that any other Bell inequality involving two shared qutrits is equivalent to (2.58).

Similarly to the case (2.39) for qubits, the combination of probabilities in I3 can be expressed in quantum mechanics

as an expectation value of a suitable Bell operator B as

I3 = Tr
⇥
⇢B

⇤
, (2.59)

where ⇢ is the 9⇥9 density matrix representing the state of the two qutrits. Following the current convention5, we denote

fi =
1

9
A(3)

i
, gj =

1

9
B(3)
j

and hij =
1

9
C(3)
ij

. (2.60)

The density operator in Eq. (2.50) can thus be written

⇢ =
1

9
[1 ⌦ 1] +

8X

a=1

fa [T
a ⌦ 1] +

8X

a=1

ga [1 ⌦ T a] +
8X

a,b=1

hab

⇥
T a ⌦ T b

⇤
, (2.61)

in the form of (2.50), specialised to d = 3, where now the generators are the the standard Gell-Mann matrices T a.

The explicit form of B depends on the choice of the four measured operators Âi and B̂i. For the case of the maximally

correlated qutrit state, analogous to the qubit state in (2.47), the problem of finding an optimal choice of measurements

5
While some authors maintain the overall 1/d2 factor in Eq. (2.50) in their computation, others directly use the rescaled coefficients. In

the following, we adopt the first convention for qubits and the second when dealing with qutrits.
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has been solved [103], and the Bell operator takes a particular simple form [105]:

B =

0

BBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0

0 0 0 � 2p
3

0 0 0 0 0

0 0 0 0 � 2p
3

0 2 0 0

0 � 2p
3

0 0 0 0 0 0 0

0 0 � 2p
3

0 0 0 � 2p
3

0 0

0 0 0 0 0 0 0 � 2p
3

0

0 0 2 0 � 2p
3

0 0 0 0

0 0 0 0 0 � 2p
3

0 0 0

0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCCCA

. (2.62)

The observable I3 defined in Eq. (2.59), which parametrizes the violations of Bell inequalities for two qutrits systems,

then can be written in terms of the coefficients hab as

I3 = 4
⇣
h44 + h55

⌘
� 4

p
3

3

h
h61 + h66 + h72 + h77 + h11 + h16 + h22 + h27

i
. (2.63)

Within the choice of measurements leading to the Bell operator (2.62), there is still the freedom of modifying the

measured observables through local unitary transformations, which effectively corresponds to local changes of basis,

separately at Alice and Bob’s sites. Correspondingly, the Bell operator undergoes the change:

B ! (U ⌦ V )† · B · (U ⌦ V ) , (2.64)

where U and V are independent 3 ⇥ 3 unitary matrices. One can use this additional freedom in order to maximize the

value of I3 for any given qutrit state ⇢.

The Bell test in (2.58) can be extended to the case in which Alice and Bob share two d-dimensional systems, with

d > 3; also, Bell tests involving more than two parties have also been proposed (see, for example, [71, 91]). A classification

of these generalized Bell inequalities is quite intricate [106–108].

2.4. Quantum correlations and relativity

As particles at colliders are created at relativistic velocities, one may wonder what is the fate of quantum correlations,

and entanglement in particular, under the action of a Lorentz transformation. One should keep in mind that these

transformations are implemented on the Hilbert space of particle states by means of unitary operators that always act

separately on each particle created in a high-energy collision. As local quantum operations can not change the amount

of quantum correlation of a state, its entanglement remains unchanged by the action of any Lorentz transformation.

Nevertheless, when the change of reference frame is implemented by a transformation involving different degrees of

freedom, for instance momentum and spin, then the entanglement encoded in the purely spin part of the multi-party state

might change [109–111]. Indeed, it is known that the von Neumann entropy of the reduced spin state is not in general

relativistic invariant [112]. However, violations of Bell inequalities is assured in any reference frame by a careful choice of

the directions along which particle spin is measured [113, 114]. In this respect, observables as (2.49) that optimize this

choice are indeed of most valuable practical utility.
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I3 Bell = 4 (h44+h55> 0) – 4/ 3 (2 h16 + 2 h17 <0)
h44 >0 h55> 0  h61=h16 < 0 h27=h72 < 0 
h11, h22, h66 and h77 =0 
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