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Gauge transformations

Abelian

Dµ ⌘ @µ +Aµ ! U�1DµU

Aµ ! U�1AµU + U�1@µU

Aµ = ieqAµ

U = eieq⇤
Aµ ! Aµ + @µ⇤

Non-abelian
Aµ = ig

X

a

Aa
µ(

1
2�

a)

Pure gauge
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term m̂(n)ṅ2/2 (dot denotes time derivative) to obtain the corresponding one-dimensional time-

independent Schrödinger equation in which the CS number n is the coordinate to be quantized.

For values away from half-integers, n 6= 0,±1/2,±1, ..., the definition of n is not unique, as

the CS current is not gauge-invariant. We find that µ/⇡, instead of the standard choice of n,

is the most appropriate CS number that takes continuous values (where n⇡ = µ � sin(2µ)/2).

Introducing Q = µ/mW (so Q has the dimension of a coordinate) we obtain a constant mass m

and ✓
� 1

2m

@2

@Q2

+ V (Q)

◆
 (Q) = E (Q). (1.1)

Using the known Higgs vacuum expectation value v = 246 GeV, W Boson mass mW = 80 GeV

and the Higgs Boson mass mH = 125 GeV, we obtain

V (Q) ' 4.75 TeV
�
1.31 sin2(mWQ) + 0.60 sin4(mWQ)

�
,

Esph = max[V (Q)] = V

✓
⇡

2mW

◆
= 9.11 TeV,

m = 17.1 TeV, (1.2)

where the potential V (Q) was obtained by Manton (see Fig. 1). Determining the value of this

mass m is a main result of this paper. Note that a rescaling of Q rescales m, though the physics

is unchanged.

Figure 1: The periodic sphaleron potential V (Q) as a function of the coordinate Q in the

electroweak theory. The barrier height is 9 TeV. The dimensionless µ = mWQ is related to the

Chern-Simons number n via n = µ/⇡ � sin(2µ)/(2⇡). The extrema of V (Q) are at sin(2µ) = 0:

the minima (vacua) are at integers n = µ/⇡ = ...,�2,�1, 0,+1,+2, ... and the peaks (i.e., the

sphaleron) are at n+ 1/2 [9].

To find the mass m, we have to make a couple of appropriate changes (gauge rotations) in

the existing works. This is necessary because, although the static potential is gauge-invariant,

di↵erent choices of static gauges tend to yield di↵erent masses in the time dependent kinetic

term. The static sphaleron potential barrier has been calculated in two ways, namely the Manton

method [9] and the method due to Akiba, Kikuchi and Yanagida (AKY) [22]. After the necessary
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Link between Chern Simons number and anomalies

The triangle diagrams contribute to the amplitude ✏aµ(k)✏b⌫(p)✏c⇢(q)V
µ⌫⇢(k, p, q), where

✏aµ(k) is a polarization vector of a vector boson. Here all three polarization tensors could
be di↵erent, i.e they may belong to di↵erent vector bosons. If the classical symmetry is
respected, then the amplitude must vanish if we replace any of the polarization tensors
by the momentum of the vector bosons. This follows from the momentum space version
of current conservation, @µJµ = 0. Hence the Green’s function V µ⌫⇢(k, p, q) should satisfy

kµV
µ⌫⇢(k, p, q) = 0 , (5.38)

where k is one of the external momenta. An analogous relation should hold for the other
two external momenta if the symmetry is to hold quantum mechanically.

The relevant triangle diagrams are:

pν,b pν,bqρ,cqρ,c

kμ,a kμ,a

l

l + p l + ql � q l � p

l

This turns into an integral over a trace of the fermions, with three propagators and
three vertices coupling to vector bosons, which can be either �µ or �µ�

5

(and similarly,
for ⌫, ⇢). It turns out that if the fermionic trace contains a �

5

, no regularization of the
diagram preserves the classical symmetry. One can impose conservation of two of the
three currents, for example the ones coupling to the vertices labeled ⌫ and ⇢, but then
one gets for the third current

ikµV
µ⌫⇢(k, p, q) =

1

2⇡2

✏⌫⇢↵�p↵q� . (5.39)

This result holds for a single fermion with axial vector couplings i ̄�µ�
5

 to the external
currents. The anomaly can be shifted to any of the three vertices, but cannot be removed.

If none of the currents in the diagram is gauged there is no problem, since then the
diagram will never contribute to any Green’s function. The same is true if only one vertex
is a gauge current. If two or three external lines are gauge bosons there are important
consequences, however.
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Traces with γ5 lead to current non-conservation 

(γ5 may originate from gauge boson coupling or current)



NF is the number of Weyl multiplets
(taken to be left-handed)

Qglobal is equal to 1 for each left-handed Weyl multiplet 
coupling to the gauge group, 0 for all other matter 
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’t Hooft vertex

One incoming line for each left-handed Weyl fermion

For example in QCD:
Up quark: One Dirac fermion ψu 

Two Weyl components ψu,L and ψu,R 

Equivalent to two left-handed Weyl components ψu,L and ψū,L

uL ūL uL uR



uL uR

uL uL
Non-perturbative

perturbative
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For three families
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Weak interactions
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For example

SU(2) invariance: take six from row 1 and six from row 2; 
(use crossing as needed)

r=red
g=green
b=blue

�B = �L = 3 �(B � L) = 0

�(B + L) = 6

urug ! e+µ+⌧+ūbc̄r c̄g c̄bb̄r b̄g b̄b


