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M L  P u b l i c a t i o n s  i n  S c i e n c e
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M a x  W e l l i n g ’s  t a l k

•“Where is fundamental physics in AI4Science?” — Lukas Heinrich 

• Hint: was not referring to condensed matter physics

3



A I  f o r  S c i e n c e  W o r k s h o p  S e r i e s
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https://ai4sciencecommunity.github.io/ 

https://ai4sciencecommunity.github.io/
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C o m p a r e  w i t h  B i g  D a t a
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What are some of the dominant narratives 
about AI for Science? 

How does fundamental physics fit in?
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https://acceleratescience.github.io/resources/machine-learning-for-science-bridging-data-driven-and-mechanistic-modelling.html


https://www.microsoft.com/en-us/research/blog/ai4science-to-empower-the-fifth-paradigm-of-scientific-discovery/

Scientific Paradigms: 
1. Empirical 
2. Theoretical 
3. Computational 
4. Data-Driven / Data-Intensive Discovery 
5. AI/ML + Simulation + Data



– PA U L  D I R A C

“The underlying physical laws necessary 
for the mathematical theory of a large part 
of physics and the whole of chemistry are 
thus completely known, and the difficulty 
is only that the exact application of 
these laws leads to equations much too 
complicated to be soluble.”



S i m u l a t i o n  &  E m u l a t o r s
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A I / M L  a s  e m u l a t o r s  o f  c o m p l e x  s i m u l a t i o n s

11Alvaro Sanchez-Gonzalez, Jonathan Godwin, Tobias Pfaff, Rex Ying, Jure Leskovec, Peter W Battaglia, arXiv:2002.09405
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I n  f u s i o n  e n e r g y
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Ve r e n a  K a i n ’s  t a l k

13AI for particle accelerators, EuCAIF, V. Kain, 01-May-2024

RL4AA - workshop
Pushing the frontiers of RL for accelerators  autonomous accelerators. →

AI for particle accelerators, EuCAIF, V. Kain, 01-May-2024

Reinforcement Learning (RL)
Learn dynamics (once and for all) through trial-and-error, no 
exploration after training! 

RL elegant (if not ideal) solution, but online training often not possible! 

๏ Not sample-efficient enough 

๏ Safety constraints 

  RL (like MPC) needs to be built into accelerator design.→

Next generation accelerators to be built for 
RL: 

 fast executing (accurate) simulation / digital 
twin

for training


 instrumentation designed with control 
algorithm

→

→
RL setup for trajectory steering

AI for particle accelerators, EuCAIF, V. Kain, 01-May-2024

Optimisation algorithms work best and are most sample-efficient with gradient 
information of the objective function. 

Differentiable simulation codes

AI for particle accelerators, EuCAIF, V. Kain, 01-May-2024

AI for particle 
accelerators



S u r r o g a t e s  a n d  d i f f e r e n t i a b l e  p r o g r a m m i n g
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Differentiable versions 
of all steps in the particle  
physics processing chain

Either as ML-based 
surrogate models

Or via e.g. differentiable 
programming  

What can we do with this?

Heinrich, Kagan 2308.16680


Experimental  
Design

Automatically learn to arrange 
sensors given a physics target 

Example tuning positions of 
detectors for a gamma ray 
observatory


Experiment Design

https://mode-collaboration.github.io/'; Dorigo et al 2310.01857 Slides from Gregor Kasieczka’s talk



Inductive Bias 
Compositionality 

Relationships 
Symmetry 
Causality



G e o m e t r i c  D e e p  L e a r n i n g

•A hot topic in AI/ML research 

• How do we incorporate domain 
knowledge? 

• Should we? “The bitter lesson”

16

Geometric Deep Learning
Grids, Groups, Graphs,
Geodesics, and Gauges

Michael M. Bronstein1, Joan Bruna2, Taco Cohen3, Petar Veli�koviÊ4

May 4, 2021

1Imperial College London / USI IDSIA / Twitter
2New York University
3Qualcomm AI Research. Qualcomm AI Research is an initiative of Qualcomm

Technologies, Inc.
4DeepMind
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4. GEOMETRIC DOMAINS: THE 5 GS 31

Figure 9: The 5G ofGeometric Deep Learning: grids, groups&homogeneous
spaces with global symmetry, graphs, geodesics & metrics on manifolds,
and gauges (frames for tangent or feature spaces).

tor bundles in general). These notions will be explained in more detail later.
In the next sections, we will discuss in detail the main elements in common
and the key distinguishing features between these structures and describe
the symmetry groups associated with them. Our exposition is not in the
order of generality – in fact, grids are particular cases of graphs – but a way
to highlight important concepts underlying our Geometric Deep Learning
blueprint.

4.1 Graphs and Sets

In multiple branches of science, from sociology to particle physics, graphs
are used as models of systems of relations and interactions. From our per-
spective, graphs give rise to a very basic type of invariance modelled by the
group of permutations. Furthermore, other objects of interest to us, such as
grids and sets, can be obtained as a particular case of graphs.

A graph G = (V, E) is a collection of nodes Depending on the
application field, nodes may
also be called vertices, and
edges are often referred to as
links or relations. We will use
these terms interchangeably.

V and edges E ✓ V⇥V between pairs
of nodes. For the purpose of the following discussion, wewill further assume
the nodes to be endowed with s-dimensional node features, denoted by xu for
all u 2 V . Social networks are perhaps among the most commonly studied
examples of graphs, where nodes represent users, edges correspond to
friendship relations between them, and node features model user properties
such as age, profile picture, etc. It is also often possible to endow the edges,
or entire graphs, with features;

Isomorphism is an
edge-preserving bijection
between two graphs. Two
isomorphic graphs shown
here are identical up to
reordering of their nodes.

but as this does not alter the main findings
of this section, we will defer discussing it to future work.



G e o m e t r i c  D e e p  L e a r n i n g

•Particle physics & astrophysics are 
highlighted in review 

• Continues to be an effective 
connection with AI community

17

112 BRONSTEIN, BRUNA, COHEN & VELI�KOVI∆

Particle physics and astrophysics High energy physicists were perhaps
among the first domain experts in the field of natural sciences to embrace
the new shiny tool, graph neural networks. In a recent review paper, Shlomi
et al. (2020)

Part of the Large Hadron
Collider detectors.

note that machine learning has historically been heavily used in
particle physics experiments, either to learn complicated inverse functions
allowing to infer the underlying physics process from the information mea-
sured in the detector, or to perform classification and regression tasks. For
the latter, it was often necessary to force the data into an unnatural repre-
sentation such as grid, in order to be able to used standard deep learning
architectures such as CNN. Yet, many problems in physics involve data in
the form of unordered sets with rich relations and interactions, which can
be naturally represented as graphs.

One important application in high-energy physics is the reconstruction and
classification of particle jets – sprays of stable particles arising from multiple
successive interaction and decays of particles originating from a single initial
event. In the Large Hardon Collider, the largest and best-known particle
accelerator built at CERN, such jet are the result of collisions of protons at
nearly the speed of light. These collisions produce massive particles, such as
the long though-for Higgs boson or the top quark. The identification and
classification of collision events is of crucial importance, as it might provide
experimental evidence to the existence of new particles.

Multiple Geometric Deep Learning approaches

Example of a particle jet.

have recently been proposed
for particle jet classification task, e.g. by Komiske et al. (2019) and Qu and
Gouskos (2019), based on DeepSet and Dynamic Graph CNN architectures,
respectively. More recently, there has also been interest in developing spe-
cialsed architectures derived from physics consideration and incorporating
inductive biases consistent with Hamiltonian or Lagrangian mechanics (see
e.g. Sanchez-Gonzalez et al. (2019); Cranmer et al. (2020)), equivariant to
the Lorentz group (a fundamental symmetry of space and time in physics)
(Bogatskiy et al., 2020), or even incorporating symbolic reasoning (Cran-
mer et al., 2019) and capable of learning physical laws from data. Such
approaches are more interpretable (and thus considered more ‘trustworthy’
by domain experts) and also o�er better generalisation.

Besides particle accelerators, particle detectors are now being used by as-
trophysicist for multi-messenger astronomy – a new way of coordinated obser-
vation of disparate signals, such as electromagnetic radiation, gravitational
waves, and neutrinos, coming from the same source. Neutrino astronomy is

6. PROBLEMS AND APPLICATIONS 113

of particular interest, since neutrinos interact only very rarely with matter,
and thus travel enormous distances practically una�ected.

The characteristic pattern of
light deposition in IceCube
detector from background
events (muon bundles, left)
and astrophysical neutrinos
(high-energy single muon,
right). Choma et al. (2018)

Detecting neutri-
nos allows to observe objects inaccessible to optical telescopes, but requires
enormously-sized detectors – the IceCube neutrino observatory uses a cubic
kilometer of Antarctic ice shelf on the South Pole as its detector. Detecting
high-energy neutrinos can possibly shed lights on some of the most mysteri-
ous objects in the Universe, such as blazars and black holes. Choma et al.
(2018) used a Geometric neural network to model the irregular geometry of
the IceCube neutrino detector, showing significantly better performance in
detecting neutrinos coming from astrophysical sources and separating them
from background events.

While neutrino astronomy o�ers a big promise in the study of the Cosmos,
traditional optical and radio telescopes are still the ‘battle horses’ of as-
tronomers. With these traditional instruments, Geometric Deep Learning
can still o�er new methodologies for data analysis. For example, Scaife
and Porter (2021) used rotationally-equivariant CNNs for the classification
of radio galaxies, and McEwen et al. (2021) used spherical CNNs for the
analysis of cosmic microwave background radiation, a relic from the Big
Bang that might shed light on the formation of the primordial Universe. As
we already mentioned, such signals are naturally represented on the sphere
and equivariant neural networks are an appropriate tool to study them.

Virtual andAugmentedReality Another field of applicationswhich served
as the motivation for the development of a large class of Geometric Deep
Learning methods is computer vision and graphics, in particular, dealing
with 3D bodymodels for virtual and augmented reality. Motion capture tech-
nology used to produce special e�ects in movies like Avatar often operates
in two stages: first, the input from a 3D scanner capturing the motions of the
body or the face of the actor is put into correspondence with some canonical
shape, typically modelled as a discrete manifold or a mesh (this problem is
often called ‘analysis’). Second, a new shape is generated to repeat the mo-
tion of the input (‘synthesis’). Initial works on Geometric Deep Learning in
computer graphics and vision (Masci et al., 2015; Boscaini et al., 2016a; Monti
et al., 2017) developed mesh convolutional neural networks to address the
analysis problem, or more specifically, deformable shape correspondence.

First geometric autoencoder architectures for 3D shape synthesis were pro-
posed independently by Litany et al. (2018) and Ranjan et al. (2018). In



Scientific Understanding



M a t t  S c h w a r t z ’s  t a l k

19

In the past, we made progress
depsite many dead ends

Are we even making forward progress 
anymore?

Maybe the problems are just too difficult (for us)

Could a cat ever learn to play chess?

goal

Theoretical High Energy Physics may have stalled

• Humans have limits too

Beyond augmented intelligence

• The authors of Popular science books
understand the details; we just get the general idea

If a machine understands fundamental physics it can
1. Dumb it down so we can get the general idea
2. Find practical applications 

Is this what we want? No. 
But maybe it’s the best we will get.

I don’t understand the proof of Fermat’s last theorem
• I’m glad that somebody does
• Does it matter that the person is human? 

Suppose a machine understands the theory of everything but we don’t
• e.g. can calculate the fine-structure constant from scratch
• e.g. can preduct the endpoint of black-hole evaporation

Is this enough or do we need to understand it too?

Because of AI, I am now optimistic 
for substantive progress in high-
energy theory in my lifetime



S c i e n t i f i c  u n d e r s t a n d i n g

•How does AI enable or enhance scientific understanding?

20

On scientific understanding with artificial intelligence
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Imagine an oracle that correctly predicts the outcome of every particle physics experiment, the
products of every chemical reaction, or the function of every protein. Such an oracle would revolu-
tionize science and technology as we know them. However, as scientists, we would not be satisfied
with the oracle itself. We want more. We want to comprehend how the oracle conceived these
predictions. This feat, denoted as scientific understanding, has frequently been recognized as the
essential aim of science. Now, the ever-growing power of computers and artificial intelligence poses
one ultimate question: How can advanced artificial systems contribute to scientific understanding
or achieve it autonomously?

We are convinced that this is not a mere technical question but lies at the core of science. There-
fore, here we set out to answer where we are and where we can go from here. We first seek advice
from the philosophy of science to understand scientific understanding. Then we review the current
state of the art, both from literature and by collecting dozens of anecdotes from scientists about how
they acquired new conceptual understanding with the help of computers. Those combined insights
help us to define three dimensions of android-assisted scientific understanding: The android as a I)
computational microscope, II) resource of inspiration and the ultimate, not yet existent III) agent
of understanding. For each dimension, we explain new avenues to push beyond the status quo and
unleash the full power of artificial intelligence’s contribution to the central aim of science. We hope
our perspective inspires and focuses research towards androids that get new scientific understanding
and ultimately bring us closer to true artificial scientists.

I. INTRODUCTION

Artificial Intelligence (A.I.) has recently been called
a “new tool in the box for scientists”[1] and that “ma-
chine learning with artificial networks is revolutioniz-
ing science“[2]. Additionally, it has been conjectured
“that machines could have a significantly more cre-
ative role in future research.” [3]. For instance, it has
even been postulated that “[t]he new goal of theoret-
ical chemistry should be that of providing access to
a chemical ’oracle’: an A.I. environment which can
help humans solve problems, associated with the fun-
damental chemical questions of the fourth industrial
revolution [...], in a way such that the human cannot

∗
mario.krenn@mpl.mpg.de

†
alan@aspuru.com

distinguish between this and communicating with a
human expert” [4].

However, this excitement has not been shared
among all scientists. Specifically, it has been ques-
tioned whether advanced computational approaches
can go beyond numerics [5–9] and contribute funda-
mentally to one of the essential aims of science, that
is, gaining of new scientific understanding [10–12].

In this work, we address how artificial systems can
contribute to scientific understanding – specifically,
what is the state-of-the-art and how we can push fur-
ther. Besides a thorough literature review, we sur-
veyed dozens of scientists at the interface of biol-
ogy, chemistry or physics on the one hand, and arti-
ficial intelligence and advanced computational meth-
ods. These personal narratives focus on the concrete
discovery process of ideas and are a vital augmenta-
tion to the scientific literature. We put the literature
and personal accounts in the context of a philosophi-
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Imagine an oracle that correctly predicts the outcome of every particle physics experiment, the
products of every chemical reaction, or the function of every protein. Such an oracle would revolu-
tionize science and technology as we know them. However, as scientists, we would not be satisfied
with the oracle itself. We want more. We want to comprehend how the oracle conceived these
predictions. This feat, denoted as scientific understanding, has frequently been recognized as the
essential aim of science. Now, the ever-growing power of computers and artificial intelligence poses
one ultimate question: How can advanced artificial systems contribute to scientific understanding
or achieve it autonomously?

We are convinced that this is not a mere technical question but lies at the core of science. There-
fore, here we set out to answer where we are and where we can go from here. We first seek advice
from the philosophy of science to understand scientific understanding. Then we review the current
state of the art, both from literature and by collecting dozens of anecdotes from scientists about how
they acquired new conceptual understanding with the help of computers. Those combined insights
help us to define three dimensions of android-assisted scientific understanding: The android as a I)
computational microscope, II) resource of inspiration and the ultimate, not yet existent III) agent
of understanding. For each dimension, we explain new avenues to push beyond the status quo and
unleash the full power of artificial intelligence’s contribution to the central aim of science. We hope
our perspective inspires and focuses research towards androids that get new scientific understanding
and ultimately bring us closer to true artificial scientists.

I. INTRODUCTION

Artificial Intelligence (A.I.) has recently been called
a “new tool in the box for scientists”[1] and that “ma-
chine learning with artificial networks is revolutioniz-
ing science“[2]. Additionally, it has been conjectured
“that machines could have a significantly more cre-
ative role in future research.” [3]. For instance, it has
even been postulated that “[t]he new goal of theoret-
ical chemistry should be that of providing access to
a chemical ’oracle’: an A.I. environment which can
help humans solve problems, associated with the fun-
damental chemical questions of the fourth industrial
revolution [...], in a way such that the human cannot
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among all scientists. Specifically, it has been ques-
tioned whether advanced computational approaches
can go beyond numerics [5–9] and contribute funda-
mentally to one of the essential aims of science, that
is, gaining of new scientific understanding [10–12].

In this work, we address how artificial systems can
contribute to scientific understanding – specifically,
what is the state-of-the-art and how we can push fur-
ther. Besides a thorough literature review, we sur-
veyed dozens of scientists at the interface of biol-
ogy, chemistry or physics on the one hand, and arti-
ficial intelligence and advanced computational meth-
ods. These personal narratives focus on the concrete
discovery process of ideas and are a vital augmenta-
tion to the scientific literature. We put the literature
and personal accounts in the context of a philosophi-
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Mario Krenn, et. al. https://arxiv.org/abs/2204.01467 
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Adrian Jinich,7 AkshatKumar Nigam,2, 3 Zhenpeng Yao,2, 8, 9, 10 and Alán Aspuru-Guzik2, 3, 4, 11, †

1
Max Planck Institute for the Science of Light (MPL), Erlangen, Germany.

2
Chemical Physics Theory Group, Department of Chemistry, University of Toronto, Canada.

3
Department of Computer Science, University of Toronto, Canada.

4
Vector Institute for Artificial Intelligence, Toronto, Canada.

5
Institute of Nanotechnology, Karlsruhe Institute of Technology, Eggenstein-Leopoldshafen, Germany.

6
Department of Chemistry and Chemical Biology, Harvard University, Cambridge, USA.

7
Division of Infectious Diseases, Weill Department of Medicine,

Weill-Cornell Medical College, New York, USA.
8
Center of Hydrogen Science, Shanghai Jiao Tong University,

800 Dongchuan Road, Shanghai 200240, China.
9
The State Key Laboratory of Metal Matrix Composites,

School of Materials Science and Engineering, Shanghai Jiao Tong University,

800 Dongchuan Road, Shanghai 200240, China.
10
Innovation Center for Future Materials, Zhangjiang Institute for Advanced Study,

Shanghai Jiao Tong University, 429 Zhangheng Road, Shanghai 201203, China.
11
Canadian Institute for Advanced Research (CIFAR) Lebovic Fellow, Toronto, Canada.

Imagine an oracle that correctly predicts the outcome of every particle physics experiment, the
products of every chemical reaction, or the function of every protein. Such an oracle would revolu-
tionize science and technology as we know them. However, as scientists, we would not be satisfied
with the oracle itself. We want more. We want to comprehend how the oracle conceived these
predictions. This feat, denoted as scientific understanding, has frequently been recognized as the
essential aim of science. Now, the ever-growing power of computers and artificial intelligence poses
one ultimate question: How can advanced artificial systems contribute to scientific understanding
or achieve it autonomously?

We are convinced that this is not a mere technical question but lies at the core of science. There-
fore, here we set out to answer where we are and where we can go from here. We first seek advice
from the philosophy of science to understand scientific understanding. Then we review the current
state of the art, both from literature and by collecting dozens of anecdotes from scientists about how
they acquired new conceptual understanding with the help of computers. Those combined insights
help us to define three dimensions of android-assisted scientific understanding: The android as a I)
computational microscope, II) resource of inspiration and the ultimate, not yet existent III) agent
of understanding. For each dimension, we explain new avenues to push beyond the status quo and
unleash the full power of artificial intelligence’s contribution to the central aim of science. We hope
our perspective inspires and focuses research towards androids that get new scientific understanding
and ultimately bring us closer to true artificial scientists.

I. INTRODUCTION

Artificial Intelligence (A.I.) has recently been called
a “new tool in the box for scientists”[1] and that “ma-
chine learning with artificial networks is revolutioniz-
ing science“[2]. Additionally, it has been conjectured
“that machines could have a significantly more cre-
ative role in future research.” [3]. For instance, it has
even been postulated that “[t]he new goal of theoret-
ical chemistry should be that of providing access to
a chemical ’oracle’: an A.I. environment which can
help humans solve problems, associated with the fun-
damental chemical questions of the fourth industrial
revolution [...], in a way such that the human cannot
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human expert” [4].

However, this excitement has not been shared
among all scientists. Specifically, it has been ques-
tioned whether advanced computational approaches
can go beyond numerics [5–9] and contribute funda-
mentally to one of the essential aims of science, that
is, gaining of new scientific understanding [10–12].

In this work, we address how artificial systems can
contribute to scientific understanding – specifically,
what is the state-of-the-art and how we can push fur-
ther. Besides a thorough literature review, we sur-
veyed dozens of scientists at the interface of biol-
ogy, chemistry or physics on the one hand, and arti-
ficial intelligence and advanced computational meth-
ods. These personal narratives focus on the concrete
discovery process of ideas and are a vital augmenta-
tion to the scientific literature. We put the literature
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Imagine an oracle that correctly predicts the outcome of every particle physics experiment, the
products of every chemical reaction, or the function of every protein. Such an oracle would revolu-
tionize science and technology as we know them. However, as scientists, we would not be satisfied
with the oracle itself. We want more. We want to comprehend how the oracle conceived these
predictions. This feat, denoted as scientific understanding, has frequently been recognized as the
essential aim of science. Now, the ever-growing power of computers and artificial intelligence poses
one ultimate question: How can advanced artificial systems contribute to scientific understanding
or achieve it autonomously?

We are convinced that this is not a mere technical question but lies at the core of science. There-
fore, here we set out to answer where we are and where we can go from here. We first seek advice
from the philosophy of science to understand scientific understanding. Then we review the current
state of the art, both from literature and by collecting dozens of anecdotes from scientists about how
they acquired new conceptual understanding with the help of computers. Those combined insights
help us to define three dimensions of android-assisted scientific understanding: The android as a I)
computational microscope, II) resource of inspiration and the ultimate, not yet existent III) agent
of understanding. For each dimension, we explain new avenues to push beyond the status quo and
unleash the full power of artificial intelligence’s contribution to the central aim of science. We hope
our perspective inspires and focuses research towards androids that get new scientific understanding
and ultimately bring us closer to true artificial scientists.

I. INTRODUCTION

Artificial Intelligence (A.I.) has recently been called
a “new tool in the box for scientists”[1] and that “ma-
chine learning with artificial networks is revolutioniz-
ing science“[2]. Additionally, it has been conjectured
“that machines could have a significantly more cre-
ative role in future research.” [3]. For instance, it has
even been postulated that “[t]he new goal of theoret-
ical chemistry should be that of providing access to
a chemical ’oracle’: an A.I. environment which can
help humans solve problems, associated with the fun-
damental chemical questions of the fourth industrial
revolution [...], in a way such that the human cannot
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distinguish between this and communicating with a
human expert” [4].

However, this excitement has not been shared
among all scientists. Specifically, it has been ques-
tioned whether advanced computational approaches
can go beyond numerics [5–9] and contribute funda-
mentally to one of the essential aims of science, that
is, gaining of new scientific understanding [10–12].

In this work, we address how artificial systems can
contribute to scientific understanding – specifically,
what is the state-of-the-art and how we can push fur-
ther. Besides a thorough literature review, we sur-
veyed dozens of scientists at the interface of biol-
ogy, chemistry or physics on the one hand, and arti-
ficial intelligence and advanced computational meth-
ods. These personal narratives focus on the concrete
discovery process of ideas and are a vital augmenta-
tion to the scientific literature. We put the literature
and personal accounts in the context of a philosophi-
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is, gaining of new scientific understanding [10–12].
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what is the state-of-the-art and how we can push fur-
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Imagine an oracle that correctly predicts the outcome of every particle physics experiment, the
products of every chemical reaction, or the function of every protein. Such an oracle would revolu-
tionize science and technology as we know them. However, as scientists, we would not be satisfied
with the oracle itself. We want more. We want to comprehend how the oracle conceived these
predictions. This feat, denoted as scientific understanding, has frequently been recognized as the
essential aim of science. Now, the ever-growing power of computers and artificial intelligence poses
one ultimate question: How can advanced artificial systems contribute to scientific understanding
or achieve it autonomously?

We are convinced that this is not a mere technical question but lies at the core of science. There-
fore, here we set out to answer where we are and where we can go from here. We first seek advice
from the philosophy of science to understand scientific understanding. Then we review the current
state of the art, both from literature and by collecting dozens of anecdotes from scientists about how
they acquired new conceptual understanding with the help of computers. Those combined insights
help us to define three dimensions of android-assisted scientific understanding: The android as a I)
computational microscope, II) resource of inspiration and the ultimate, not yet existent III) agent
of understanding. For each dimension, we explain new avenues to push beyond the status quo and
unleash the full power of artificial intelligence’s contribution to the central aim of science. We hope
our perspective inspires and focuses research towards androids that get new scientific understanding
and ultimately bring us closer to true artificial scientists.
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chine learning with artificial networks is revolutioniz-
ing science“[2]. Additionally, it has been conjectured
“that machines could have a significantly more cre-
ative role in future research.” [3]. For instance, it has
even been postulated that “[t]he new goal of theoret-
ical chemistry should be that of providing access to
a chemical ’oracle’: an A.I. environment which can
help humans solve problems, associated with the fun-
damental chemical questions of the fourth industrial
revolution [...], in a way such that the human cannot
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However, this excitement has not been shared
among all scientists. Specifically, it has been ques-
tioned whether advanced computational approaches
can go beyond numerics [5–9] and contribute funda-
mentally to one of the essential aims of science, that
is, gaining of new scientific understanding [10–12].

In this work, we address how artificial systems can
contribute to scientific understanding – specifically,
what is the state-of-the-art and how we can push fur-
ther. Besides a thorough literature review, we sur-
veyed dozens of scientists at the interface of biol-
ogy, chemistry or physics on the one hand, and arti-
ficial intelligence and advanced computational meth-
ods. These personal narratives focus on the concrete
discovery process of ideas and are a vital augmenta-
tion to the scientific literature. We put the literature
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tionize science and technology as we know them. However, as scientists, we would not be satisfied
with the oracle itself. We want more. We want to comprehend how the oracle conceived these
predictions. This feat, denoted as scientific understanding, has frequently been recognized as the
essential aim of science. Now, the ever-growing power of computers and artificial intelligence poses
one ultimate question: How can advanced artificial systems contribute to scientific understanding
or achieve it autonomously?

We are convinced that this is not a mere technical question but lies at the core of science. There-
fore, here we set out to answer where we are and where we can go from here. We first seek advice
from the philosophy of science to understand scientific understanding. Then we review the current
state of the art, both from literature and by collecting dozens of anecdotes from scientists about how
they acquired new conceptual understanding with the help of computers. Those combined insights
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of understanding. For each dimension, we explain new avenues to push beyond the status quo and
unleash the full power of artificial intelligence’s contribution to the central aim of science. We hope
our perspective inspires and focuses research towards androids that get new scientific understanding
and ultimately bring us closer to true artificial scientists.
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what is the state-of-the-art and how we can push fur-
ther. Besides a thorough literature review, we sur-
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H o w  d o e s  A I  h e l p ?

•An android can act  

• I) as a computational microscope, 
providing information not (yet) 
attainable by experiment  

• II) as a resource of inspiration or an 
artificial muse, expanding the scope of 
human imagination and creativity.  

•In those two classes, the human scientist is 
essential to take the new insight and 
inspiration and develop it to full 
understanding. Finally, an android can be  

• III) an agent of understanding, 
replacing the human in generalizing 
observations and transferring scientific 
concepts to new phenomena. 
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Use of ML in  
Physics vs. Molecules & Materials



D r u g  &  M a t e r i a l s  D i s c o v e r y

•Many uses of AI aimed at accelerating drug discovery and materials discovery 

• Experimental follow up needed to confirm the predicted properties 

• OK if the predictions are wrong as long as it accelerates the discovery process

27Image credits: RFDiffusion from Baker Lab, Institute for Protein Design, U Washington; 

Chanin Nantasenamat from Towards reproducible computational drug discovery. J Cheminform 12, 9 (2020). https://doi.org/10.1186/s13321-020-0408-x https://dpmd.ai/PK-materials
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E x p e r i m e n t a l  P h y s i c s ,  A s t r o p h y s i c s ,  C o s m o l o g y

•In contrast, AI/ML in experimental physics, astrophysics, and cosmology is often a 
component of a hypothesis testing / statistical inference pipeline.  

• Robustness to distribution shift is important!  

• Mistakes matter — we need to be able to calibrate & perform uncertainty 
quantification!

28

Scientific ClaimsData Collection Data Analysis Pipeline
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C o m p u t e r- A s s i s t e d  S c i e n t i f i c  U n d e r s t a n d i n g
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Simulation-based Inference



S c i e n c e  i s  r e p l e t e  w i t h  h i g h - f i d e l i t y  s i m u l a t o r s

•Simulators are causal, generative models of the data generating process

31
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Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).
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INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
distribution to a distribution pXðxÞ that is
similar to the desired Boltzmann distribution
of the system of interest. 3.To compute
thermodynamics quantities, the samples are
reweighted to the Boltzmann distribution
using statistical mechanics methods.
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Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).
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make tiny changes to it over time, e.g., by using
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namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.
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Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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problems between long-lived states.The
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network is trained to transform this simple
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of the system of interest. 3.To compute
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•The expressiveness of programming languages facilitates the development of 
complex, high-fidelity simulations, and the power of modern computing provides the 
ability to generate synthetic data from them. 
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Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).
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Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
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learned by Boltzmann generators, a plethora
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•Unfortunately, these simulators are  poorly suited for inference. 

•Often involve many latent variables, non-differentiable components, or they are just too slow.
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Evolution

Latent variables

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>
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Evolution

Latent variables

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>
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Evolution

Latent variables

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

[CMS]
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Evolution

Latent variables

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>
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Latent variables

Prediction (simulation)

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>
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Latent variables

Inference

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>

Z
dzd

Z
dzs

Z
dzp

<latexit sha1_base64="3QqUXkjI/9W5HgMcIsL03s1lYzU="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="FpObNG65Uc+0rDaOyXieyCj+f20="></latexit>

p(x|✓) =
<latexit sha1_base64="AcNV+p6EfcfqicL9caw7jS+EafQ="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="jApDs7na6jNuX+U748CZyoN/x9g="></latexit>
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Latent variables

Inference

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
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•Deep learning and neural density estimation are effective at learning approximate 
surrogates for the likelihood and posterior, revolutionizing principled statistical 
inference in science! 

• Removes the need for hand-engineered summary statistics that sacrifice power
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Figure 15. GW170823.

Real-time gravitational-wave science with neural posterior estimation

Maximilian Dax,1, ⇤ Stephen R. Green,2, † Jonathan Gair,2, ‡

Jakob H. Macke,1, 3 Alessandra Buonanno,2, 4 and Bernhard Schölkopf1

1Max Planck Institute for Intelligent Systems, Max-Planck-Ring 4, 72076 Tübingen, Germany
2Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Am Mühlenberg 1, 14476 Potsdam, Germany

3Machine Learning in Science, University of Tübingen, 72076 Tübingen, Germany
4Department of Physics, University of Maryland, College Park, MD 20742, USA

We demonstrate unprecedented accuracy for rapid gravitational-wave parameter estimation with
deep learning. Using neural networks as surrogates for Bayesian posterior distributions, we analyze
eight gravitational-wave events from the first LIGO-Virgo Gravitational-Wave Transient Catalog
and find very close quantitative agreement with standard inference codes, but with inference times
reduced from O(day) to a minute per event. Our networks are trained using simulated data, including
an estimate of the detector-noise characteristics near the event. This encodes the signal and noise
models within millions of neural-network parameters, and enables inference for any observed data
consistent with the training distribution, accounting for noise nonstationarity from event to event.
Our algorithm—called “DINGO”—sets a new standard in fast-and-accurate inference of physical
parameters of detected gravitational-wave events, which should enable real-time data analysis without
sacrificing accuracy.

Introduction.—Since the first detection of a signal from
a pair of merging black holes [1], gravitational waves have
quickly emerged as an important new probe of gravita-
tional theory [2], neutron-star physics [3], cosmology [4],
and black-hole astrophysics [5]. These scientific successes
were made possible by a growing rate of detections by the
LIGO [6] and Virgo [7] observatories, and their subsequent
analysis and characterization as signals from merging com-
pact binary systems. The LIGO and Virgo Collaborations
(LVC) have now published results from over 50 such sys-
tems [8, 9], and this number promises to grow ever-faster
as detectors are made more sensitive in the future [10].

Given a detection, Bayesian inference is used to charac-
terize the originating source [11]. This is based on having
models for the signals and the detector noise. For gravi-
tational waves, signal models take the form of waveform
predictions h(✓) depending on the source parameters ✓

(masses, location, etc.). Waveform models are based on
solutions to Einstein’s equations (and any relevant matter
equations) for the two-body dynamics and gravitational
radiation, using a combination of numerical-relativity
and perturbative calculations [12–14] and phenomenolog-
ical fitting [14–16]. Detector noise is typically modeled
as stationary and Gaussian, with some spectrum which
can be estimated empirically. Together, these “forward”
models give rise to the likelihood p(d|✓) for the observed
strain data d, which is assumed to consist of a signal plus
noise. With the choice of a prior p(✓) over parameters,
the posterior distribution is given via Bayes’ theorem,

p(✓|d) =
p(d|✓)p(✓)

p(d)
, (1)

where p(d) is a normalizing factor called the evidence. The
posterior gives our belief about the source parameters,
given the observed data.

The task of inference is to characterize the posterior

by drawing samples from it. This can be accomplished
with stochastic algorithms like Markov chain Monte Carlo
(MCMC). The LVC have developed software tools such
as LALInference [17] and Bilby [18, 19] to carry this out.
However, these algorithms are computationally expensive
as they require many likelihood evaluations for each in-
dependent sample point ✓ ⇠ p(✓|d), and each likelihood
requires a waveform simulation. An analysis producing
⇠ 104 independent samples typically requires millions of
waveform evaluations and a total inference time of hours to
months, depending on the signal duration and waveform
model. More physically-realistic waveform models [20] are
also more costly, so carrying out inference for all events
with the best models is an enormous computational ef-
fort. When rapid results are desired—for alerts to trigger
electromagnetic follow-up of transient phenomena [21],
or when processing large numbers of events—accuracy
usually has to be traded o↵ for speed, by using either fast
models or specialized inference algorithms [22, 23].

In this Letter, we describe an alternative approach to
gravitational-wave inference which delivers both dramati-
cally reduced analysis time and high accuracy, in stark
contrast to the trade-o↵ intrinsic to standard algorithms.
The basic idea is to produce a large number of simulated
data sets (with associated parameters), and use these to
train a type of neural network known as a normalizing flow

to approximate the posterior. The trained network can
then generate new posterior samples extremely quickly
once a detection is made. This bypasses the need to
generate waveforms at inference time, thereby amortizing

the expensive training costs over all future detections.
The general approach of building such “surrogate” inverse
models is called neural posterior estimation (NPE) [24–
26], and is beginning to see application in several scientific
domains [27]. When applied to gravitational waves, with
all of the optimizations we describe, we call the method
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Deep INference for Gravitational-wave Observations, or
DINGO.

NPE and conventional methods both involve the same
inputs: a prior and a likelihood. A key di↵erence, however,
is the way in which the likelihood is used: for conventional
methods, its density is evaluated, whereas for NPE it is
used to simulate data, i.e., d ⇠ p(d|✓). This distinction
is important when dealing with nonstationary or non-
Gaussian detector noise, for which an analytic likelihood
is either expensive or unavailable. In this case, one could
nevertheless simulate data, in a noise-model-independent
way, by injecting simulated signals into real noise. Our
present focus is on speed and on validating DINGO on
stationary-Gaussian noise, but the ultimate aim of more
accurate inference using real noise should be kept in mind.

There have been several previous studies that applied
NPE or related approaches to gravitational waves [28–
35]; see also [36]. However, most of these are limited in
some way: they either restrict the number of parameters
or the distributional form of the posterior, or they do
not analyze real data, or there are clear deviations from
results obtained using standard algorithms. The best
performance to-date was achieved in the study [32] by
some of us. This was the only study to infer all 15
parameters1 of a binary black hole (BBH) system in
real data and demonstrate close agreement to standard
samplers. However, even that study did not achieve full
amortization, as it did not address the fact that detector
noise varies from event to event. Rather, the neural
network of [32] was tuned to the noise power spectral
densities (PSDs) of the detectors at the time of the event
analyzed, and it would require retraining for each new
event.

We now present for the first time completely amortized
inference for BBHs using DINGO. This is achieved by
conditioning the neural network not only on the event
strain data, but also on the detector noise PSD, which
can be estimated using nearby data [17]. We also achieve
unprecedented accuracy thanks to a new iterative algo-
rithm for time-shifting the coalescence times, as well as
various architecture improvements. We use our trained
networks to analyze all events in the first Gravitational-
Wave Transient Catalog (GWTC-1) [8] with component
masses greater than 10 M� (our prior bound) and find
close (sometimes indistinguishable) quantitative agree-
ment with standard algorithms. This Letter sets a new
standard for rapid gravitational-wave inference, which
should enable real-time gravitational-wave science in the
near future. It shows that NPE has moved beyond toy

1 Parameters consist of detector-frame component masses (m1, m2),
time of coalescence at geocenter tc, reference phase �c, sky posi-
tion (↵, �), luminosity distance dL, inclination angle ✓JN , spin
magnitudes (a1, a2), spin angles (✓1, ✓2,�12,�JL) [37], and po-
larization angle  .

noise PSD
Sn

strain data
d

time shifts
⌧I

embedding
network

normal
u

flow f
parameters

✓

d�⌧I

128 dims

GNPE

Figure 1. DINGO flow chart. The posterior distribution is
represented in terms of an invertible normalizing flow (orange),
taking normally-distributed random variables u into posterior
samples ✓. The flow itself depends on a (compressed) repre-
sentation of the noise properties Sn and the data d, as well as
an estimate ⌧I of the coalescence time in each detector I. The
data are time-shifted by ⌧I to simplify the representation. For
inference, the iterative GNPE algorithm is used to provide an
estimate of ⌧I , as described in the main text.

models and is competitive with conventional algorithms.
More broadly, it provides a demonstration of these new
methods in a realistic use case, which we hope will inspire
wider adoption in experimental science.

Method.—The central object of DINGO is the density-
estimation neural network, which defines a conditional
probability distribution q(✓|d). This should be distin-
guished from the posterior p(✓|d), which q(✓|d) learns to
approximate through training. We use so-called normaliz-
ing flows [38–40] to define a su�ciently flexible q(✓|d) via
a d-dependent mapping fd : u 7! ✓ from a simple “base”
distribution ⇡(u),

q(✓|d) = ⇡
�
f

�1
d

� ���det Jf�1
d

��� . (2)

If ⇡(u) can be rapidly evaluated and sampled from, and
if fd is invertible and has simple Jacobian determinant,
then q(✓|d) can also be rapidly evaluated and sampled
from. Following [32], we take ⇡(u) to be multivariate
standard normal, and fd a composition of spline coupling
flows [41], each of which is defined with a neural network.

The overall structure of DINGO is illustrated in Fig. 1.
This contains three key enhancements compared to the
study [32]. First, since the data generation process de-
pends on the detector noise PSD Sn, we include this as
additional context to the neural network, i.e., q(✓|d, Sn).
This allows us to tune the network at inference time to
the PSD estimated just prior to the event, corresponding
to standard “o↵-source” noise estimation [17]. An alter-
native would be to estimate the noise “on-source” [42],
but since we consider only short-duration BBH events
here, the o↵-source approach is su�cient.

The second enhancement addresses the problem of high-
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•Simulation-based Inference was well represented at EuCAIFCon!
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Fig. 2. Workflow of Simulation-Based Inference of smFS experiments. Given an ex-

perimental observation q(obs)t , we want to explain it with a parametric mechanistic model M(✓)

encoded in a simulator. The parameters ✓ are drawn from the prior distribution p(✓). The simula-

tor takes parameters drawn from the prior and generates synthetic observations q(i)t . The synthetic

observations and corresponding parameters are used to train a conditional density estimator to

approximate the posterior p(✓|qt). Evaluating the posterior, p(✓|qt = q(obs)t ), we obtain the most

plausible parameters explaining a given observation.
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See also: github.com/smsharma/awesome-neural-sbi 

https://github.com/smsharma/awesome-neural-sbi
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L a t t i c e  F i e l d  T h e o r y

•Lattice field theory is a computational approach to studying interacting field theory 
on a discretized space-time lattice. 

•Each link on the lattice has data corresponding to the symmetry group of the 
theory. For the strong force (QCD) each link has a 3x3 unitary matrix.

41

• This animation is a single configuration of the lattice.  
Think of a 4-d image playing like a movie.



L a t t i c e  F i e l d  T h e o r y

•Lattice field theory is a computational approach to studying interacting field theory 
on a discretized space-time lattice. 

•Each link on the lattice has data corresponding to the symmetry group of the 
theory. For the strong force (QCD) each link has a 3x3 unitary matrix.

41

• This animation is a single configuration of the lattice.  
Think of a 4-d image playing like a movie.



I m a g e  v s .  L a t t i c e  Q u a n t u m  F i e l d s

42

Nature Reviews Physics

Perspective

The features of various generative modelling frameworks that 
could be considered for the lattice QCD sampling problem are outlined 
below.
•	 Latent-variable models such as generative adversarial networks32 

and VAEs33,34 typically have efficient O(M) sampling, but intractable 
likelihoods (involving marginalization of latent variables).

•	 Autoregressive models14,15,22,26–30,35 typically have efficient O(M) 
likelihood evaluation. Sampling can also be achieved with O(M) 
cost in principle, but existing implementations are impractically 
slow.

•	 Continuous-time models include diffusion models23,24 defined via 
stochastic differential equations and continuous-time normalizing 
flows36 defined via ordinary differential equations. In these models, 
likelihood computation requires integrating a scalar ordinary 
differential equation defined by the divergence of a vector field 
(the marginal score function). This computation typically has 
computational cost O(M3) unless additional structure is forced 
on to the model37.

•	 Discrete-time normalizing flow models38–43 remain as good 
candidate models. In a discrete flow, the generative process maps 
a latent vector z (a field configuration in the lattice field theory 
context) sampled from a base density into the target density via the 
composition of a series of parametric diffeomorphisms F1, F2, …, Fn. 
If z is sampled with density r(z), then a flow sample x = F(z) has 
known density q x r z F z( ) = ( ) det∂ /∂ −1∣ ∣ , where F = F1∘ … ∘ Fn is the 
composed diffeomorphism. By restricting to Fi for which ∂Fi/∂z 
is a triangular matrix, the cost of ∣ ∣F zdet∂ /∂  is only O(M) (ref. 38).

These models, however, also have intrinsic limitations that must be 
worked around, such as topology preservation of the diffeomorphism44 
and difficulty in modelling tail-behaviour of a target density if the tails 
are not already in the base density45.

One can also consider sampling in an augmented space, where the 
data space is augmented with an additional set of auxiliary or latent 
variables. In this setting, it may be viable to reconsider VAEs33,34 or 
VAE–flow hybrids46, but currently there are no results demonstrating 
that these methods perform well compared to models working directly 
on the data space for lattice QCD.

Methods to guarantee asymptotic exactness
Several mechanisms have been proposed to combine generative mod-
els with Markov chain Monte Carlo and importance-sampling algo-
rithms in order to inherit their asymptotic convergence guarantees. 
One of the simplest mechanisms is neural importance sampling, in 
which a model density qθ(x) ≈ p(x) is used to evaluate expectations 
under the target p via E Ex x[ ( )] = [ ( )]p q

p x
q x

( )
( )θ θ

O O  (ref. 47). An appealing 
alternative is to incorporate generative models into an asymptotically 
exact Markov process, which allows existing analysis techniques to be 
used or existing Markov chain updates to be combined with the ML 
sampling approach. Generally, the Metropolis–Hastings algorithm 
uses an ergodic transition kernel K x x( ′ )  to propose Markov chain 
updates x x→ ′ which are accepted with probability

⎛

⎝
⎜

⎞

⎠
⎟p x x

K x x p x
K x x p x

( ′ ) = min 1,
( ′) ( ′)
( ′ ) ( )

(5)acc

Quantum field generation Image generation

……

Image geometry

RGB pixel variables

Target
Subjective high quality per sample
Symmetries
Few approximate symmetries
(for example, reflection, small translations)

Lattice geometry

SU(3) link variables

Target
Objective distribution p(U) = e–S(U)/Z
Symmetries
High-dimensional exact symmetries
(for example, translations, gauge symmetry)

≈ 1,000,000,000 samples

≈ 10,000 samples

256 × 256 × 256 × 512

× 4 × 8

≈ 100,000,000,000 dof

512 × 512

× 3

≈ 1,000,000 dof

Fig. 2 | Comparison between the sampling tasks of quantum field generation 
for lattice quantum chromodynamics and image generation. In addition 
to differences in the target and symmetries of the problems, the hierarchy 
of degrees of freedom (dof) per sample to number of samples is inverted for 
quantum field generation as compared with image generation. The action  

S encodes the dynamics of the theory by defining the statistical distribution  
p, U is the gluon field, and Z is a normalizing constant. The image on the right 
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The features of various generative modelling frameworks that 
could be considered for the lattice QCD sampling problem are outlined 
below.
•	 Latent-variable models such as generative adversarial networks32 

and VAEs33,34 typically have efficient O(M) sampling, but intractable 
likelihoods (involving marginalization of latent variables).

•	 Autoregressive models14,15,22,26–30,35 typically have efficient O(M) 
likelihood evaluation. Sampling can also be achieved with O(M) 
cost in principle, but existing implementations are impractically 
slow.

•	 Continuous-time models include diffusion models23,24 defined via 
stochastic differential equations and continuous-time normalizing 
flows36 defined via ordinary differential equations. In these models, 
likelihood computation requires integrating a scalar ordinary 
differential equation defined by the divergence of a vector field 
(the marginal score function). This computation typically has 
computational cost O(M3) unless additional structure is forced 
on to the model37.

•	 Discrete-time normalizing flow models38–43 remain as good 
candidate models. In a discrete flow, the generative process maps 
a latent vector z (a field configuration in the lattice field theory 
context) sampled from a base density into the target density via the 
composition of a series of parametric diffeomorphisms F1, F2, …, Fn. 
If z is sampled with density r(z), then a flow sample x = F(z) has 
known density q x r z F z( ) = ( ) det∂ /∂ −1∣ ∣ , where F = F1∘ … ∘ Fn is the 
composed diffeomorphism. By restricting to Fi for which ∂Fi/∂z 
is a triangular matrix, the cost of ∣ ∣F zdet∂ /∂  is only O(M) (ref. 38).

These models, however, also have intrinsic limitations that must be 
worked around, such as topology preservation of the diffeomorphism44 
and difficulty in modelling tail-behaviour of a target density if the tails 
are not already in the base density45.

One can also consider sampling in an augmented space, where the 
data space is augmented with an additional set of auxiliary or latent 
variables. In this setting, it may be viable to reconsider VAEs33,34 or 
VAE–flow hybrids46, but currently there are no results demonstrating 
that these methods perform well compared to models working directly 
on the data space for lattice QCD.

Methods to guarantee asymptotic exactness
Several mechanisms have been proposed to combine generative mod-
els with Markov chain Monte Carlo and importance-sampling algo-
rithms in order to inherit their asymptotic convergence guarantees. 
One of the simplest mechanisms is neural importance sampling, in 
which a model density qθ(x) ≈ p(x) is used to evaluate expectations 
under the target p via E Ex x[ ( )] = [ ( )]p q

p x
q x
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( )θ θ

O O  (ref. 47). An appealing 
alternative is to incorporate generative models into an asymptotically 
exact Markov process, which allows existing analysis techniques to be 
used or existing Markov chain updates to be combined with the ML 
sampling approach. Generally, the Metropolis–Hastings algorithm 
uses an ergodic transition kernel K x x( ′ )  to propose Markov chain 
updates x x→ ′ which are accepted with probability
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Fig. 2 | Comparison between the sampling tasks of quantum field generation 
for lattice quantum chromodynamics and image generation. In addition 
to differences in the target and symmetries of the problems, the hierarchy 
of degrees of freedom (dof) per sample to number of samples is inverted for 
quantum field generation as compared with image generation. The action  

S encodes the dynamics of the theory by defining the statistical distribution  
p, U is the gluon field, and Z is a normalizing constant. The image on the right 
side is reprinted from Kaggle (https://www.kaggle.com/datasets/vitaliykinakh/
stable-imagenet1k) under a Creative Commons licence CC0 1.0).
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Advances in machine-learning-based  
sampling motivated by lattice 
quatum chromodynamics
Kyle Cranmer    1, Gurtej Kanwar    2, Sébastien Racanière    3, Danilo J. Rezende    3 & Phiala E. Shanahan    4,5 

Abstract

Sampling from known probability distributions is a ubiquitous task 
in computational science, underlying calculations in domains from 
linguistics to biology and physics. Generative machine-learning (ML) 
models have emerged as a promising tool in this space, building on the 
success of this approach in applications such as image, text and audio 
generation. Often, however, generative tasks in scientific domains have 
unique structures and features — such as complex symmetries and the 
requirement of exactness guarantees — that present both challenges 
and opportunities for ML. This Perspective outlines the advances 
in ML-based sampling motivated by lattice quantum field theory, 
in particular for the theory of quantum chromodynamics. Enabling 
calculations of the structure and interactions of matter from our  
most fundamental understanding of particle physics, lattice quantum 
chromodynamics is one of the main consumers of open-science 
supercomputing worldwide. The design of ML algorithms for this 
application faces profound challenges, including the necessity of  
scaling custom ML architectures to the largest supercomputers, but  
also promises immense benefits, and is spurring a wave of development 
in ML-based sampling more broadly. In lattice field theory, if this 
approach can realize its early promise it will be a transformative 
step towards first-principles physics calculations in particle, nuclear 
and condensed matter physics that are intractable with traditional 
approaches.
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D i s t r i b u t i o n  o v e r  c o n f i g u r a t i o n s

•We don't want just a single "image" (lattice configuration), we want to sample the high-dimensional 
distribution of configurations predicted by the theory.  

• Path integral: each “path” is a sample from distribution of lattice configurations path ~exp(-Action[path]) 

• Predictions are expectations of quantum operators w.r.t. this distribution. 

• Hamiltonian Monte Carlo was invented for this problem, but it has limitations.
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The structure of matter

4 Phiala Shanahan, MIT

The Standard Model is successful

Magnetic moment of the electron: 
(torque an electron feels in a magnetic 
field) 

Most accurately verified prediction in 
the history of physics

Theory
Exp.

ae = 0.001159652181643(764)

ae = 0.00115965218073(28)

ae = (g � 2)/2
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F l o w s  f o r  L Q C D

•Basic idea:  

• use normalizing flows to 
approximate the target Boltzmann 
distribution. 

• Train using reverse KL[q||p]  
(not samples from the target) 

• Sample from the flow instead of 
traditional Hamiltonian MC 

•Learned model won’t be perfect, but 
you can correct via importance 
sampling or MCMC procedure 

•
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Flow-based generative models for Markov chain Monte Carlo in lattice field theory

M. S. Albergo,1, 2, 3 G. Kanwar,4 and P. E. Shanahan4, 1
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A Markov chain update scheme using a machine-learned flow-based generative model is proposed
for Monte Carlo sampling in lattice field theories. The generative model may be optimized (trained)
to produce samples from a distribution approximating the desired Boltzmann distribution deter-
mined by the lattice action of the theory being studied. Training the model systematically improves
autocorrelation times in the Markov chain, even in regions of parameter space where standard
Markov chain Monte Carlo algorithms exhibit critical slowing down in producing decorrelated up-
dates. Moreover, the model may be trained without existing samples from the desired distribution.
The algorithm is compared with HMC and local Metropolis sampling for �4 theory in two dimen-
sions.

I. INTRODUCTION

A key problem in lattice field theory and statisti-
cal mechanics is the evaluation of integrals over field
configurations, referred to as path integrals. Typically,
such integrals are evaluated via a Markov chain Monte
Carlo (MCMC) approach: field configurations are sam-
pled from the desired probability distribution, dictated
by the action of the theory, using a Markov chain. A
significant practical concern is the existence of correla-
tions between configurations in the chain. Critical slow-
ing down [1] refers to the divergence of the associated au-
tocorrelation time as a critical point in parameter space
is approached. This behavior drastically increases the
computational cost of simulations in these parameter re-
gions [2, 3]. For some models, algorithms have been
found which significantly reduce or eliminate this slow-
ing down [4–11], enabling e�cient simulation. For field
theories, a number of methods have been proposed to
circumvent critical slowing down by variations of Hy-
brid Monte Carlo (HMC) techniques [12–15], multi-scale
updating procedures [16–18], open boundary conditions
or non-orientable manifolds [19–21], metadynamics [22],
and machine learning tools [23, 24]. In important classes
of theories, however, critical slowing down remains lim-
iting; for example, in lattice formulations of Quantum
Chromodynamics (QCD, the piece of the Standard Model
describing the strong nuclear force) it is a major barrier
to simulations at the fine lattice spacings required for
precise control of the continuum limit.

Here, a new flow-based MCMC approach is proposed
and is applied to lattice field generation. The resulting
Markov chain has autocorrelation properties that are sys-
tematically improvable by an optimization (training) step
before sampling. In this method, samples z are drawn
from a simple distribution and then transformed by a
change-of-variables (or “flow”) � = f

�1(z), resulting in
samples � with a new e↵ective distribution p̃f . The map-
ping f

�1 is chosen to be e�cient to compute, making it
easy to draw samples �, and is optimized within a vari-
ational family to produce a distribution p̃f close to the

desired one. To guarantee asymptotic exactness of sam-
pling, a Markov chain is constructed using Metropolis-
Hastings steps with p̃f taken as a proposal distribution.
Since proposed samples are independent of the previous
samples in the chain, the autocorrelation time and accep-
tance rate are coupled; the autocorrelation time drops to
zero as the acceptance rate approaches 1. This is true
even in regions of parameter space where standard algo-
rithms exhibit critical slowing down. Under mild condi-
tions (detailed in Section II), this approach is guaranteed
to generate samples from the desired probability distri-
bution in the limit of a large number of updates.
This method has several features that make it attrac-

tive for the evaluation of path integrals in lattice field
theories:

1. The autocorrelation time of the Markov chain can
be systematically decreased by training the model;

2. Each step of the Markov chain requires only the
model evaluation and an action computation;

3. Each update proposal is independent of the previ-
ous sample, thus proposals can be generated in par-
allel and e�ciently composed into a Markov chain;

4. The model is trained using samples produced by the
model itself, without the need for existing samples
from the desired probability distribution.

Several other machine learning approaches have been
applied to MCMC, for statistical mechanics systems, syn-
thetic distributions, and simple lattice quantum field
theories. Self-learning Monte Carlo (SLMC) methods
have been applied fairly successfully to one- to three-
dimensional Ising and fermionic systems. These meth-
ods construct, by a variety of techniques, an e↵ective
Hamiltonian for a theory that can be more easily sam-
pled than the original Hamiltonian [25–29]. The e↵ective
Hamiltonian is learned using supervised learning tech-
niques based on training data drawn from a combination
of existing MCMC simulations, randomly-mutated sam-
ples, and the accelerated Markov chain itself (hence the
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Boltzmann generators: Sampling
equilibrium states of many-body
systems with deep learning
Frank Noé*†, Simon Olsson*, Jonas Köhler*, Hao Wu

INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
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INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Same core idea as  

Boltzmann generators 



S p a c e - t i m e  &  L o c a l  G a u g e  S y m m e t r y

•The action is invariant to local gauge transformations, so the distribution is 
constant in those directions. It’s a huge product group!   SU(3)(#lattice sites) 

•Many more pure gauge degrees of freedom than physical ones 

•We would like to enforce this symmetry in the network, and not have to learn it.
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S t e p  1 :  F l o w s  o n  S p h e r e s  a n d  To r i

•We designed flows on compact manifolds like Spheres and Tori that correspond 
to Lie groups: 
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Normalizing Flows on Tori and Spheres

Figure 1. Illustration of the recursive flow on the sphere S2.

Then a two-stage autoregressive flow is applied on the cylin-
der. The ‘height’ r 2 [�1, 1] is transformed first by a uni-
variate flow g : [�1, 1] ! [�1, 1], and the ‘base’ z is trans-
formed second by a conditional flow f : SD�1

! SD�1

whose parameters are a function of g(r), that is

Tc!c(z, r) =
⇣
f(z; g(r)), g(r)

⌘
. (13)

Finally, the cylinder is transformed back to the sphere by

Tc!s(z, r) =
⇣
z
p
1� r2, r

⌘
. (14)

The flow h : SD ! SD is defined to be the composition h =

Tc!s � Tc!c � Ts!c. When stacking multiple h (each with
its own parameters), all the internal terms in Ts!c � Tc!s

cancel out, so it is more efficient to just not compute them.
Only the first Tc!s and last Ts!c need to be computed.
Figure 1 illustrates this procedure on S2.

The above recursion continues until we reach S1, on which
we can use the flows we have already described. Unrolling
the recursion up to S1 is equivalent to first transforming SD
into S1 ⇥ [�1, 1]D�1, then applying an autoregressive flow
on S1 ⇥ [�1, 1]D�1 as described in Section 2.2, and finally
transforming S1 ⇥ [�1, 1]D�1 back to SD. In practice, we
can use any ordering of the variables in the autoregressive
flow and not just the one implied by the recursion, and we
can compose multiple autoregressive flows before trans-
forming back to SD. Figure 6 in the appendix illustrates the
model with the recursion fully unrolled.

At this point, it is important to examine carefully the trans-
formations Ts!c and Tc!s. Maps from SD�1

⇥ [�1, 1]
to SD can never be diffeomorphisms since the topology of
these two spaces differ. Nevertheless, Ts!c and Tc!s are in-
vertible almost everywhere, in the sense that we can remove
sets of measure 0 from SD�1

⇥ [�1, 1] and SD, and the re-
striction of these maps to these subsets are diffeomorphisms.
However, extra care must be taken to check that updates to
the density caused by Ts!c and Tc!s are still numerically
stable, and that the density is well-behaved everywhere on
SD. In Appendix A.1, we prove that the update to a base
density ⇡(z, r) due to Tc!s is

p(Tc!s(z, r)) =
⇡(z, r)

(1� r2)
D
2 �1

. (15)

The update due to Ts!c is simply the inverse of the above.
Additionally, in Appendix A.1 we prove that the combined

density update due to h = Tc!s � Tc!c � Ts!c does not
have any singularity whenever g is such that g0(�1) > 0

and g0(1) > 0. Since we implement g with spline flows
(Section 2.1.2), this condition is satisfied by construction,
so the flow density is guaranteed to be finite.

Since the density update due to Ts!c and Tc!s can be done
analytically and the rest of the transformation is autoregres-
sive, the overall density update is efficient to compute. For
D = 2, the volume correction in Equation (15) is equal
to 1, and therefore Tc!s and Ts!c preserve infinitesimal
volume elements. Finally, we observe that the well-known
von Mises–Fisher distribution on S2 (Fisher, 1953) can be
obtained by transforming a uniform base density with Equa-
tions (12) to (14), where f is the identity and g has a simple
functional form (for details, see Jakob, 2012).

2.3.2. EXPONENTIAL-MAP FLOWS

Ideally, we would like to specify flows directly on the man-
ifold and avoid mapping between non-diffeomorphic sets.
This motivates us to explore exponential-map flows, a mech-
anism for building flows on spheres proposed by Sei (2013).

The main idea consists of two steps. First, we define a
cost-convex scalar field �(x) on SD—for the definition of
‘cost-convex’, see (Sei, 2013, Formula 1). Second, we con-
struct a flow using the exponential map of the gradient
r�(x) 2 TxSD, where TxSD is the tangent space of SD at
x. The exponential map expx : TxM ! M on a Rieman-
nian manifold M is defined as the terminal point �(1) of
a geodesic � : [0, 1] ! M that passes through �(0) = x
with velocity �̇(0) = v (Kobayashi & Nomizu, 1963). For a
general manifold it is hard to compute exponential maps, but
for the sphere SD the exponential map is straightforward:

expx(v) = x cos kvk+
v

kvk
sin kvk, (16)

where k · k is the Euclidean norm.

Parameterizing a general cost-convex scalar field �(x) re-
mains non-trivial on SD. To solve this, Sei (2013) proposes
to construct �(x) via a convex combination of simple scalar
functions �i : [0,⇡] ! R that satisfy �0

i(0) = �0
i(⇡) = 0

and �00
i > �1. Specifically, �(x) is given by

�(x) =
X

i
↵i�i(d(x, µi)), (17)

where d(x, µi) is the geodesic distance between x 2 SD
and µi 2 SD, ↵i � 0 and

P
i ↵i  1. The exponential

map of the gradient field of �(x) is guaranteed to be a
diffeomorphism from SD to SD (Sei, 2013, Lemma 4).

We found that it is challenging to learn concentrated multi-
modal densities on SD using the polynomial and high-
frequency scalar fields proposed by Sei (2013). To address
this limitation, we introduce a scalar field which is inspired

Normalizing Flows on Tori and Spheres

Figure 3. Learned densities on T2 using NCP, Möbius and CS
flows. Densities shown on the torus are from NCP.

Model KL [nats] ESS
MS (NT = 1,Km = 12,Ks = 32) 0.05 (0.01) 90%

EMP (NT = 1) 0.50 (0.09) 43%

EMSRE (NT = 1,K = 12) 0.82 (0.30) 42%

EMSRE (NT = 6,K = 5) 0.19 (0.05) 75%

EMSRE (NT = 24,K = 1) 0.10 (0.10) 85%

Table 1. Comparing baseline and proposed flows on S2 using KL
and ESS. The target density is the mixture of 4 modes shown
in Figure 4. We compare recursive Möbius-spline flow (MS),
exponential-map polynomial flow (EMP) and exponential-map
sum-of-radial flow (EMSRE). Brackets show error bars on the KL
from 3 replicas of each experiment. NT is the number of stacked
transformations for each flow; Km is the number of centres used
in Möbius; Ks is the number of segments in the spline flow; K
is the number of radial components in the radial exponential-map
flow. The polynomial scalar field is shown in Appendix E.

Mises, and a correlated von Mises (their precise definitions
are in Table 2 of the appendix). The results demonstrate that
we can reliably learn multi-modal and correlated densities
with different degrees of concentration. Among the circle
flows, NCP and Möbius performed the best, whereas CS
performed less well for high �. An additional experiment is
shown in Appendix I, where flows on T6 are used to learn
the posterior density over joint angles of a robot arm.

Table 1 shows results for S2, where we compare the recur-
sive flow to the exponential-map flow with polynomial and
radial scalar fields. The recursive flow uses Möbius for the
circle and splines for the interval. For the exponential-map
flow, the polynomial scalar field was proposed by Sei (2013)
and is shown in Appendix E, whereas the radial scalar field
is the new one we propose in Equation (18). The target
density is the mixture of 4 modes shown in Figure 4. We
demonstrate substantial improvement relative to the poly-
nomial scalar field, but we find that the exponential-map

Target Model

Figure 4. Learned multi-modal density on S2 using exponential-
map flows, using the Mollweide projection for visualization. The
model is a composition of 24 exponential-map transforms, using
the radial scalar field with 1 component.

Figure 5. Learned multi-modal density on SU(2) ⇠= S3 using the
recursive flow. Each column shows an S2 slice of the S3 density
along a fixed axis using the Mollweide projection. Top row: target
density. Bottom row: learned density. We used a Möbius trans-
form with Km = 32 for the circle, and spline transforms with
Ks = 64 for the two intervals (ESS = 84%, KL = 0.14).

flow with either scalar field is not yet competitive with the
recursive flow. Figure 5 shows an example of learning a
density on SU(2) ⇠= S3 using the recursive flow. Finally,
Appendix J shows an example of training a recursive flow
(using splines for both the circle and the interval) on data
sampled form a ‘map of the world’ density on S2.

5. Discussion
This work shows how to construct flexible normalizing flows
on tori and spheres of any dimension in a numerically sta-
ble manner. Unlike many of the distributions traditionally
used in directional statistics, the proposed flows can be
made arbitrarily flexible, but have tractable and exact den-
sity evaluation and sampling algorithms. We conclude with
a comparison of the proposed models, a discussion of their
limitations, and some preliminary thoughts on how to extend
flows to other manifolds of interest to fundamental physics.

5.1. Comparison, Scope and Limitations

Among the flows on the circle, Möbius and NCP performed
the best, with CS performing less well for highly concen-
trated target densities. However, increasing the expressivity
of Möbius and NCP required convex combinations, whereas
CS can be made more expressive by adding more spline
segments. As a result, CS is the cheapest to invert (it can be
done analytically), whereas Möbius and NCP (with more
than one component) require a root-finding algorithm such
as bisection search. Therefore, in practice it may be prefer-
able to use CS if both density evaluation and sampling are
required, and use Möbius or NCP otherwise.

On SD, the recursive flow performed better than the
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– J U L I A N  S C H W I N G E R

Like the silicon chips of more recent years, 
the Feynman diagram was bringing 

computation to the masses.



F e y n m a n  d i a g r a m s  w i t h  l o o p s

•More precise calculations have more loops 

• But the number of diagrams grows combinatorially with the number of loops 

• Feynman diagrams become a poor way to organize the calculation 

•New bootstrap approach emerged that leverages analytical properties of 
amplitudes. Properties are so constraining, they define a unique solution
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B o o t s t r a p

•In this bootstrap approach the L-loop amplitude can be expressed as a sum of 
terms with an integer coefficient and a word composed of 2L letters 

• The 6 letters                  encode the kinematics of the collision 

•For example, in a particular theory called N=4 Super Yang-Mills theory, the 
answer at 2-loops for a particular interaction is: 

• Of the 64 =1296 possible terms, most are 0. Lots of structure! 

•The solution space is growing exponentially! Hard to find the answer
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Problem

A major quantity of interest to high-energy physicists is the "scattering
amplitude". Physicists calculate these amplitudes using Feynman dia-
grams, which represent the interactions of quantum fields at increasing
degrees of precision ("loop orders").

Fig. 1: Sample Feynman Diagrams for the three-gluon form factor in N=4 Super Yang-Mills theory at two and eight loops

The amplitude bootstrap method enables physicists to take advan-
tage of known properties of the multiple polylogarithm functions
encoded by Feynman diagrams in planar N = 4 supersymmetric-
Yang-Mills theory in order to construct a candidate solution. However,
this method is difficult to employ past eight loops [1].

We consider a quantity called the three-gluon form factor that is
closely related to scattering amplitudes (Fig. 1). The symbol form
of the form factor is composed of words on an alphabet of six letters
{a, b, c, d, e, f}, each a function of the momenta of incoming and outgo-
ing particles.

At two loops, it is given by:

S[F (2)
3 ] = +8bddd +8ceee +8afff +8bfff +8cddd +8aeee

+16bddd+16ccce+16aaaf+16bbbf+16cccd+16aaae

This can be thought of as a set of “words” and their integer coefficients.
The word length is twice the loop order. At each loop, the coefficients
are subject to a number of rules, including:

• forbidden adjacencies of certain letters (e.g., any word containing
the letter pair . . . de . . . must have coefficient zero)

• invariance under dihedral rotations of some letters into others
• linear relations between individual coefficients

The presence of these rules give this problem an interesting feature:
the answer is difficult to find, but easy to check.

We can model many features of a scattering ampli-
tude symbol as sequence-to-sequence tasks. Because
our problem is discrete and highly structured, we em-
ploy encoder-decoder Transformers [2] to learn this
structure.

Experiments

Fig. 2: Coefficient-from-word accuracy vs epoch for the first 150 epochs.

We employ a four-layer encoder-decoder Transformer to predict the
coefficient of a given word at loop six. Models are trained on 20%
of the loop six form-factor symbol (1,000,000 examples), and tested
on elements that have not been seen at training (100,000 examples).
After 188 epochs, the best model correctly predicts 98.9% of the
coefficients in the test set (Fig. 2).
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Fig. 3: A word at two loops and its strike-two parents at one loop.

We next attempt to calculate the values of coefficients at loop six di-
rectly from the coefficients of words at loop five derived by striking
pairs of letters from the loop-6 word (Fig. 3). After removing duplicates,
our dataset consists of 783,500 unique "one loop-6 child and its many
loop-5 parents" pairs, split into 772,500 training and 10,000 test exam-
ples. The model is able to predict the coefficient of the loop-6 word
with 98.1% accuracy. We also note that we can reduce the informa-
tion provided by the parents by shuffling them or only providing
their signs and still recover the coefficient with high accuracy.

We show that Transformers are able to predict
the coefficients of scattering amplitudes from both
“words” and their “strike-two parents”.

In future work, we intend to explore which structures are being learned,
including evaluating the many linear relations that underlie the bootstrap
method [1] as a function of epoch in order to determine whether the
model learns an algorithm similar to the ones that are currently known.
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amplitude". Physicists calculate these amplitudes using Feynman dia-
grams, which represent the interactions of quantum fields at increasing
degrees of precision ("loop orders").
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The amplitude bootstrap method enables physicists to take advan-
tage of known properties of the multiple polylogarithm functions
encoded by Feynman diagrams in planar N = 4 supersymmetric-
Yang-Mills theory in order to construct a candidate solution. However,
this method is difficult to employ past eight loops [1].

We consider a quantity called the three-gluon form factor that is
closely related to scattering amplitudes (Fig. 1). The symbol form
of the form factor is composed of words on an alphabet of six letters
{a, b, c, d, e, f}, each a function of the momenta of incoming and outgo-
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+16bddd+16ccce+16aaaf+16bbbf+16cccd+16aaae

This can be thought of as a set of “words” and their integer coefficients.
The word length is twice the loop order. At each loop, the coefficients
are subject to a number of rules, including:

• forbidden adjacencies of certain letters (e.g., any word containing
the letter pair . . . de . . . must have coefficient zero)

• invariance under dihedral rotations of some letters into others
• linear relations between individual coefficients

The presence of these rules give this problem an interesting feature:
the answer is difficult to find, but easy to check.

We can model many features of a scattering ampli-
tude symbol as sequence-to-sequence tasks. Because
our problem is discrete and highly structured, we em-
ploy encoder-decoder Transformers [2] to learn this
structure.

Experiments

Fig. 2: Coefficient-from-word accuracy vs epoch for the first 150 epochs.

We employ a four-layer encoder-decoder Transformer to predict the
coefficient of a given word at loop six. Models are trained on 20%
of the loop six form-factor symbol (1,000,000 examples), and tested
on elements that have not been seen at training (100,000 examples).
After 188 epochs, the best model correctly predicts 98.9% of the
coefficients in the test set (Fig. 2).
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Fig. 3: A word at two loops and its strike-two parents at one loop.

We next attempt to calculate the values of coefficients at loop six di-
rectly from the coefficients of words at loop five derived by striking
pairs of letters from the loop-6 word (Fig. 3). After removing duplicates,
our dataset consists of 783,500 unique "one loop-6 child and its many
loop-5 parents" pairs, split into 772,500 training and 10,000 test exam-
ples. The model is able to predict the coefficient of the loop-6 word
with 98.1% accuracy. We also note that we can reduce the informa-
tion provided by the parents by shuffling them or only providing
their signs and still recover the coefficient with high accuracy.

We show that Transformers are able to predict
the coefficients of scattering amplitudes from both
“words” and their “strike-two parents”.

In future work, we intend to explore which structures are being learned,
including evaluating the many linear relations that underlie the bootstrap
method [1] as a function of epoch in order to determine whether the
model learns an algorithm similar to the ones that are currently known.
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encoded by Feynman diagrams in planar N = 4 supersymmetric-
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of the form factor is composed of words on an alphabet of six letters
{a, b, c, d, e, f}, each a function of the momenta of incoming and outgo-
ing particles.

At two loops, it is given by:

S[F (2)
3 ] = +8bddd +8ceee +8afff +8bfff +8cddd +8aeee

+16bddd+16ccce+16aaaf+16bbbf+16cccd+16aaae

This can be thought of as a set of “words” and their integer coefficients.
The word length is twice the loop order. At each loop, the coefficients
are subject to a number of rules, including:

• forbidden adjacencies of certain letters (e.g., any word containing
the letter pair . . . de . . . must have coefficient zero)

• invariance under dihedral rotations of some letters into others
• linear relations between individual coefficients

The presence of these rules give this problem an interesting feature:
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tude symbol as sequence-to-sequence tasks. Because
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We employ a four-layer encoder-decoder Transformer to predict the
coefficient of a given word at loop six. Models are trained on 20%
of the loop six form-factor symbol (1,000,000 examples), and tested
on elements that have not been seen at training (100,000 examples).
After 188 epochs, the best model correctly predicts 98.9% of the
coefficients in the test set (Fig. 2).
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Fig. 3: A word at two loops and its strike-two parents at one loop.

We next attempt to calculate the values of coefficients at loop six di-
rectly from the coefficients of words at loop five derived by striking
pairs of letters from the loop-6 word (Fig. 3). After removing duplicates,
our dataset consists of 783,500 unique "one loop-6 child and its many
loop-5 parents" pairs, split into 772,500 training and 10,000 test exam-
ples. The model is able to predict the coefficient of the loop-6 word
with 98.1% accuracy. We also note that we can reduce the informa-
tion provided by the parents by shuffling them or only providing
their signs and still recover the coefficient with high accuracy.

We show that Transformers are able to predict
the coefficients of scattering amplitudes from both
“words” and their “strike-two parents”.

In future work, we intend to explore which structures are being learned,
including evaluating the many linear relations that underlie the bootstrap
method [1] as a function of epoch in order to determine whether the
model learns an algorithm similar to the ones that are currently known.
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Problem

A major quantity of interest to high-energy physicists is the "scattering
amplitude". Physicists calculate these amplitudes using Feynman dia-
grams, which represent the interactions of quantum fields at increasing
degrees of precision ("loop orders").

Fig. 1: Sample Feynman Diagrams for the three-gluon form factor in N=4 Super Yang-Mills theory at two and eight loops

The amplitude bootstrap method enables physicists to take advan-
tage of known properties of the multiple polylogarithm functions
encoded by Feynman diagrams in planar N = 4 supersymmetric-
Yang-Mills theory in order to construct a candidate solution. However,
this method is difficult to employ past eight loops [1].

We consider a quantity called the three-gluon form factor that is
closely related to scattering amplitudes (Fig. 1). The symbol form
of the form factor is composed of words on an alphabet of six letters
{a, b, c, d, e, f}, each a function of the momenta of incoming and outgo-
ing particles.

At two loops, it is given by:

S[F (2)
3 ] = +8bddd +8ceee +8afff +8bfff +8cddd +8aeee

+16bddd+16ccce+16aaaf+16bbbf+16cccd+16aaae

This can be thought of as a set of “words” and their integer coefficients.
The word length is twice the loop order. At each loop, the coefficients
are subject to a number of rules, including:

• forbidden adjacencies of certain letters (e.g., any word containing
the letter pair . . . de . . . must have coefficient zero)

• invariance under dihedral rotations of some letters into others
• linear relations between individual coefficients

The presence of these rules give this problem an interesting feature:
the answer is difficult to find, but easy to check.

We can model many features of a scattering ampli-
tude symbol as sequence-to-sequence tasks. Because
our problem is discrete and highly structured, we em-
ploy encoder-decoder Transformers [2] to learn this
structure.

Experiments

Fig. 2: Coefficient-from-word accuracy vs epoch for the first 150 epochs.

We employ a four-layer encoder-decoder Transformer to predict the
coefficient of a given word at loop six. Models are trained on 20%
of the loop six form-factor symbol (1,000,000 examples), and tested
on elements that have not been seen at training (100,000 examples).
After 188 epochs, the best model correctly predicts 98.9% of the
coefficients in the test set (Fig. 2).
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Fig. 3: A word at two loops and its strike-two parents at one loop.

We next attempt to calculate the values of coefficients at loop six di-
rectly from the coefficients of words at loop five derived by striking
pairs of letters from the loop-6 word (Fig. 3). After removing duplicates,
our dataset consists of 783,500 unique "one loop-6 child and its many
loop-5 parents" pairs, split into 772,500 training and 10,000 test exam-
ples. The model is able to predict the coefficient of the loop-6 word
with 98.1% accuracy. We also note that we can reduce the informa-
tion provided by the parents by shuffling them or only providing
their signs and still recover the coefficient with high accuracy.

We show that Transformers are able to predict
the coefficients of scattering amplitudes from both
“words” and their “strike-two parents”.

In future work, we intend to explore which structures are being learned,
including evaluating the many linear relations that underlie the bootstrap
method [1] as a function of epoch in order to determine whether the
model learns an algorithm similar to the ones that are currently known.
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•In this bootstrap approach the L-loop amplitude can be expressed as a sum of 
terms with an integer coefficient and a word composed of 2L letters 

• The 6 letters                  encode the kinematics of the collision 

•For example, in a particular theory called =4 Super Yang-Mills theory, the 
answer at 2-loops for a particular interaction is: 

• Of the 64 =1296 possible terms, most are 0. Sparse, lots of structure! 

•The solution space is growing exponentially! Hard to find the answer
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Problem

A major quantity of interest to high-energy physicists is the "scattering
amplitude". Physicists calculate these amplitudes using Feynman dia-
grams, which represent the interactions of quantum fields at increasing
degrees of precision ("loop orders").

Fig. 1: Sample Feynman Diagrams for the three-gluon form factor in N=4 Super Yang-Mills theory at two and eight loops

The amplitude bootstrap method enables physicists to take advan-
tage of known properties of the multiple polylogarithm functions
encoded by Feynman diagrams in planar N = 4 supersymmetric-
Yang-Mills theory in order to construct a candidate solution. However,
this method is difficult to employ past eight loops [1].

We consider a quantity called the three-gluon form factor that is
closely related to scattering amplitudes (Fig. 1). The symbol form
of the form factor is composed of words on an alphabet of six letters
{a, b, c, d, e, f}, each a function of the momenta of incoming and outgo-
ing particles.

At two loops, it is given by:

S[F (2)
3 ] = +8bddd +8ceee +8afff +8bfff +8cddd +8aeee

+16bddd+16ccce+16aaaf+16bbbf+16cccd+16aaae

This can be thought of as a set of “words” and their integer coefficients.
The word length is twice the loop order. At each loop, the coefficients
are subject to a number of rules, including:

• forbidden adjacencies of certain letters (e.g., any word containing
the letter pair . . . de . . . must have coefficient zero)

• invariance under dihedral rotations of some letters into others
• linear relations between individual coefficients

The presence of these rules give this problem an interesting feature:
the answer is difficult to find, but easy to check.

We can model many features of a scattering ampli-
tude symbol as sequence-to-sequence tasks. Because
our problem is discrete and highly structured, we em-
ploy encoder-decoder Transformers [2] to learn this
structure.

Experiments

Fig. 2: Coefficient-from-word accuracy vs epoch for the first 150 epochs.

We employ a four-layer encoder-decoder Transformer to predict the
coefficient of a given word at loop six. Models are trained on 20%
of the loop six form-factor symbol (1,000,000 examples), and tested
on elements that have not been seen at training (100,000 examples).
After 188 epochs, the best model correctly predicts 98.9% of the
coefficients in the test set (Fig. 2).
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Fig. 3: A word at two loops and its strike-two parents at one loop.

We next attempt to calculate the values of coefficients at loop six di-
rectly from the coefficients of words at loop five derived by striking
pairs of letters from the loop-6 word (Fig. 3). After removing duplicates,
our dataset consists of 783,500 unique "one loop-6 child and its many
loop-5 parents" pairs, split into 772,500 training and 10,000 test exam-
ples. The model is able to predict the coefficient of the loop-6 word
with 98.1% accuracy. We also note that we can reduce the informa-
tion provided by the parents by shuffling them or only providing
their signs and still recover the coefficient with high accuracy.

We show that Transformers are able to predict
the coefficients of scattering amplitudes from both
“words” and their “strike-two parents”.

In future work, we intend to explore which structures are being learned,
including evaluating the many linear relations that underlie the bootstrap
method [1] as a function of epoch in order to determine whether the
model learns an algorithm similar to the ones that are currently known.
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Problem

A major quantity of interest to high-energy physicists is the "scattering
amplitude". Physicists calculate these amplitudes using Feynman dia-
grams, which represent the interactions of quantum fields at increasing
degrees of precision ("loop orders").

Fig. 1: Sample Feynman Diagrams for the three-gluon form factor in N=4 Super Yang-Mills theory at two and eight loops

The amplitude bootstrap method enables physicists to take advan-
tage of known properties of the multiple polylogarithm functions
encoded by Feynman diagrams in planar N = 4 supersymmetric-
Yang-Mills theory in order to construct a candidate solution. However,
this method is difficult to employ past eight loops [1].

We consider a quantity called the three-gluon form factor that is
closely related to scattering amplitudes (Fig. 1). The symbol form
of the form factor is composed of words on an alphabet of six letters
{a, b, c, d, e, f}, each a function of the momenta of incoming and outgo-
ing particles.

At two loops, it is given by:

S[F (2)
3 ] = +8bddd +8ceee +8afff +8bfff +8cddd +8aeee

+16bddd+16ccce+16aaaf+16bbbf+16cccd+16aaae

This can be thought of as a set of “words” and their integer coefficients.
The word length is twice the loop order. At each loop, the coefficients
are subject to a number of rules, including:

• forbidden adjacencies of certain letters (e.g., any word containing
the letter pair . . . de . . . must have coefficient zero)

• invariance under dihedral rotations of some letters into others
• linear relations between individual coefficients

The presence of these rules give this problem an interesting feature:
the answer is difficult to find, but easy to check.

We can model many features of a scattering ampli-
tude symbol as sequence-to-sequence tasks. Because
our problem is discrete and highly structured, we em-
ploy encoder-decoder Transformers [2] to learn this
structure.

Experiments

Fig. 2: Coefficient-from-word accuracy vs epoch for the first 150 epochs.

We employ a four-layer encoder-decoder Transformer to predict the
coefficient of a given word at loop six. Models are trained on 20%
of the loop six form-factor symbol (1,000,000 examples), and tested
on elements that have not been seen at training (100,000 examples).
After 188 epochs, the best model correctly predicts 98.9% of the
coefficients in the test set (Fig. 2).
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Fig. 3: A word at two loops and its strike-two parents at one loop.

We next attempt to calculate the values of coefficients at loop six di-
rectly from the coefficients of words at loop five derived by striking
pairs of letters from the loop-6 word (Fig. 3). After removing duplicates,
our dataset consists of 783,500 unique "one loop-6 child and its many
loop-5 parents" pairs, split into 772,500 training and 10,000 test exam-
ples. The model is able to predict the coefficient of the loop-6 word
with 98.1% accuracy. We also note that we can reduce the informa-
tion provided by the parents by shuffling them or only providing
their signs and still recover the coefficient with high accuracy.

We show that Transformers are able to predict
the coefficients of scattering amplitudes from both
“words” and their “strike-two parents”.

In future work, we intend to explore which structures are being learned,
including evaluating the many linear relations that underlie the bootstrap
method [1] as a function of epoch in order to determine whether the
model learns an algorithm similar to the ones that are currently known.
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Problem

A major quantity of interest to high-energy physicists is the "scattering
amplitude". Physicists calculate these amplitudes using Feynman dia-
grams, which represent the interactions of quantum fields at increasing
degrees of precision ("loop orders").

Fig. 1: Sample Feynman Diagrams for the three-gluon form factor in N=4 Super Yang-Mills theory at two and eight loops

The amplitude bootstrap method enables physicists to take advan-
tage of known properties of the multiple polylogarithm functions
encoded by Feynman diagrams in planar N = 4 supersymmetric-
Yang-Mills theory in order to construct a candidate solution. However,
this method is difficult to employ past eight loops [1].

We consider a quantity called the three-gluon form factor that is
closely related to scattering amplitudes (Fig. 1). The symbol form
of the form factor is composed of words on an alphabet of six letters
{a, b, c, d, e, f}, each a function of the momenta of incoming and outgo-
ing particles.

At two loops, it is given by:

S[F (2)
3 ] = +8bddd +8ceee +8afff +8bfff +8cddd +8aeee

+16bddd+16ccce+16aaaf+16bbbf+16cccd+16aaae

This can be thought of as a set of “words” and their integer coefficients.
The word length is twice the loop order. At each loop, the coefficients
are subject to a number of rules, including:

• forbidden adjacencies of certain letters (e.g., any word containing
the letter pair . . . de . . . must have coefficient zero)

• invariance under dihedral rotations of some letters into others
• linear relations between individual coefficients

The presence of these rules give this problem an interesting feature:
the answer is difficult to find, but easy to check.

We can model many features of a scattering ampli-
tude symbol as sequence-to-sequence tasks. Because
our problem is discrete and highly structured, we em-
ploy encoder-decoder Transformers [2] to learn this
structure.

Experiments

Fig. 2: Coefficient-from-word accuracy vs epoch for the first 150 epochs.

We employ a four-layer encoder-decoder Transformer to predict the
coefficient of a given word at loop six. Models are trained on 20%
of the loop six form-factor symbol (1,000,000 examples), and tested
on elements that have not been seen at training (100,000 examples).
After 188 epochs, the best model correctly predicts 98.9% of the
coefficients in the test set (Fig. 2).
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Fig. 3: A word at two loops and its strike-two parents at one loop.

We next attempt to calculate the values of coefficients at loop six di-
rectly from the coefficients of words at loop five derived by striking
pairs of letters from the loop-6 word (Fig. 3). After removing duplicates,
our dataset consists of 783,500 unique "one loop-6 child and its many
loop-5 parents" pairs, split into 772,500 training and 10,000 test exam-
ples. The model is able to predict the coefficient of the loop-6 word
with 98.1% accuracy. We also note that we can reduce the informa-
tion provided by the parents by shuffling them or only providing
their signs and still recover the coefficient with high accuracy.

We show that Transformers are able to predict
the coefficients of scattering amplitudes from both
“words” and their “strike-two parents”.

In future work, we intend to explore which structures are being learned,
including evaluating the many linear relations that underlie the bootstrap
method [1] as a function of epoch in order to determine whether the
model learns an algorithm similar to the ones that are currently known.
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C a n  A I  h e l p ?

•Similar to an NP-complete problem: 

• the answer is hard to find, but easy to check.    

•We don’t need the model to be provably correct, we just need it to be good at 
guessing because we can get a certificate of correctness 

• The problem is inherently discrete, so transformers are a natural choice
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Problem

A major quantity of interest to high-energy physicists is the "scattering
amplitude". Physicists calculate these amplitudes using Feynman dia-
grams, which represent the interactions of quantum fields at increasing
degrees of precision ("loop orders").

Fig. 1: Sample Feynman Diagrams for the three-gluon form factor in N=4 Super Yang-Mills theory at two and eight loops

The amplitude bootstrap method enables physicists to take advan-
tage of known properties of the multiple polylogarithm functions
encoded by Feynman diagrams in planar N = 4 supersymmetric-
Yang-Mills theory in order to construct a candidate solution. However,
this method is difficult to employ past eight loops [1].

We consider a quantity called the three-gluon form factor that is
closely related to scattering amplitudes (Fig. 1). The symbol form
of the form factor is composed of words on an alphabet of six letters
{a, b, c, d, e, f}, each a function of the momenta of incoming and outgo-
ing particles.

At two loops, it is given by:

S[F (2)
3 ] = +8bddd +8ceee +8afff +8bfff +8cddd +8aeee

+16bddd+16ccce+16aaaf+16bbbf+16cccd+16aaae

This can be thought of as a set of “words” and their integer coefficients.
The word length is twice the loop order. At each loop, the coefficients
are subject to a number of rules, including:

• forbidden adjacencies of certain letters (e.g., any word containing
the letter pair . . . de . . . must have coefficient zero)

• invariance under dihedral rotations of some letters into others
• linear relations between individual coefficients

The presence of these rules give this problem an interesting feature:
the answer is difficult to find, but easy to check.

We can model many features of a scattering ampli-
tude symbol as sequence-to-sequence tasks. Because
our problem is discrete and highly structured, we em-
ploy encoder-decoder Transformers [2] to learn this
structure.

Experiments

Fig. 2: Coefficient-from-word accuracy vs epoch for the first 150 epochs.

We employ a four-layer encoder-decoder Transformer to predict the
coefficient of a given word at loop six. Models are trained on 20%
of the loop six form-factor symbol (1,000,000 examples), and tested
on elements that have not been seen at training (100,000 examples).
After 188 epochs, the best model correctly predicts 98.9% of the
coefficients in the test set (Fig. 2).
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Fig. 3: A word at two loops and its strike-two parents at one loop.

We next attempt to calculate the values of coefficients at loop six di-
rectly from the coefficients of words at loop five derived by striking
pairs of letters from the loop-6 word (Fig. 3). After removing duplicates,
our dataset consists of 783,500 unique "one loop-6 child and its many
loop-5 parents" pairs, split into 772,500 training and 10,000 test exam-
ples. The model is able to predict the coefficient of the loop-6 word
with 98.1% accuracy. We also note that we can reduce the informa-
tion provided by the parents by shuffling them or only providing
their signs and still recover the coefficient with high accuracy.

We show that Transformers are able to predict
the coefficients of scattering amplitudes from both
“words” and their “strike-two parents”.

In future work, we intend to explore which structures are being learned,
including evaluating the many linear relations that underlie the bootstrap
method [1] as a function of epoch in order to determine whether the
model learns an algorithm similar to the ones that are currently known.
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S y m b o l i c  R e g r e s s i o n

•Complete the sequence: 

• 1, 1, 2, 3, 5, 8, 13, 21, … 

•No i.i.d. data, only one example.  

•What is the recursion rule?  

•  

•Our problem is much harder:  

• each element of the sequence 
is a “tensor” growing in 
dimension 

•

xn = xn−1 + xn−2
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ℤ62 → ℤ64 → ℤ66 → ℤ68 → …ℤ62L



Building Community



T h e  M L 4 J e t s  W o r k s h o p s

60

2017 2020 2023

See agendas here: https://indico.cern.ch/event/1253794/ 

https://indico.cern.ch/event/1253794/


H a m m e r s  &  N a i l s
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N e u r I P S  w o r k s h o p s
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A  j o u r n a l  t o  c o n s i d e r

•Machine Learning: Science and Technology is a multidisciplinary open access journal that bridges 
the application of machine learning across the sciences with advances in machine learning methods 
and theory as motivated by physical insights. Disclosure: I’m the current Editor-in-Chief

63Web: https://iopscience.org/mlst    Follow: @MLSTjournal



C h a l l e n g e s ,  B e n c h m a r k s ,  a n d  O p e n  D a t a
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• 3 Public datasets to compare 
simulation  
techniques


• Simplest: ATLAS dataset 
(see prev. page)


• Most complex: 
Future detector with 40k  
voxels


• Write-up currently 
ongoing

https://calochallenge.github.io/homepage/; Krause at ML4Jets ‘23
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Fundamental Physics has a compelling story 
to tell and an important role in AI4Science.  

… and it is critical that we tell it! 

EuCAIF can help



Thank you! 

Questions?


