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Overview
• Physics-informed neural networks


• Uncertainty quantification


• Heteroscedastic 


• Repulsive ensembles


• Supernova measurements


• Hubble inference
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PINNs
• Idea: machine learning can be enhanced with physics information


• Neural Networks as universal approximators


• Needs only a few labeled data points

·u(t) = F(u, t)
ui = gi

ℒini = ui
θ − gi

2
= ui

θ − ui
2

ℒODE = ·uθ(t) − F(uθ, t)
2

ℒ = (1 − α)ℒini + αℒODE
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[Raissi et al., 2019,

Cuomo et al., 2022]

https://www.sciencedirect.com/science/article/pii/S0021999118307125
https://arxiv.org/abs/2201.05624


Harmonic oscillator 
··u + Au = 0, u(0) = (1,0)T, ·u(0) = (0,1)T

·Y = − BY = − (0 −I
A 0 ) Y Y(t) = exp (−Bt) Y(0)
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• Uncertainty of the model given the data


• Construct as information of uncorrelated normal distribution

ℒheteroscedastic = ∑
Data

− log ∏
dim,k

1

2πσk
θ(xi)

exp (−
( f k(xi) − f k

θ(xi))2

2 (σk
θ(xi))2) )

Uncertainty

ℒ = ∑
Data

− log p( f(xi) | fθ(xi))
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Uncertainty
• Uncertainty of the model given the data


• Construct as information of uncorrelated normal distribution

ℒheteroscedastic = ∑
Data

∑
dim,k

( f k(xi) − f k
θ(xi))2

2 (σk
θ(xi))2 + log σk

θ(xi) +
n
2

log 2πℒ = ∑
Data

− log p( f(xi) | fθ(xi))
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ℒheteroscedastic = ∑
Data

∑
dim,k

( f k(xi) − f k
θ(xi))2

2 (σk
θ(xi))2 + log σk

θ(xi) +
n
2

log 2πℒ = ∑
Data

− log p( f(xi) | fθ(xi))



• Uncertainty as a solution to the differential equation


• Implement: double the output parameters

Uncertainty in PINNs

ℒhe = ∑
Data

∑
dim,k

( ·uk
θ(xi) − Fk(uθ(xi)))2

2 (σk
θ(xi))2 + log σk

θ(xi) +
n
2

log 2π
·u(t) = F(u, t)

ui = gi
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Data region

Repulsive ensembles
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ℒ =
n

∑
i=1

−
1
B

B

∑
b=1

log p(xb |θi) +
1
N

∑n
j=1 k( fθi

(x), fθj
(x))

∑n
j=1 k( fθi

(x), fθj
(x))

+
|θi |

2

2Nσ2

[D’Angelo, Fortuin 2021]

k( fθi
(x), fθj

(x)) =
B

∏
b=1

exp −
| fθi

(xb) − fθj
(xb) |2

h

h =
medianij (∑b | fθi

(xb) − fθj
(xb) |2 )

2 log(n + 1)

M1 data M2

Out of distribution M1 M2

https://arxiv.org/abs/2106.11642v3


Harmonic oscillator

11Lennart Röver, EuCAIFCon24

No residual points Residual points at labeled data Residual points everywhere



PINNference
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Inference Sec. 4

labeled data

residual data t

emulator 
 uθ(t), σθ(t)

inference 
 fϕ(t), σϕ(t)

ODE and loss 
·uθ(t) = F (uθ(t), t, fϕ(t))

Emulator Sec. 3

labeled data

residual data , 
parameters 

t
λ

emulator 
 uθ(t, λ), σθ(t, λ)

ODE and loss 
·uθ(t) = F (uθ(t), t, λ)

sample



Supernovae
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μ = 5 log10 dL(z, λ) + 10

dL(z, λ) = (1 + z)c∫
z

0
dz′￼

1
H(z′￼, λ)

[Suzuki et al. 2011, Amanullah et al. 2010, Kowalski et al. 2008] [Scolnic et al. 2022]

https://www.semanticscholar.org/paper/THE-HUBBLE-SPACE-TELESCOPE-CLUSTER-SUPERNOVA-V.-THE-Suzuki-Suzuki/7e79fdc16be3fc9c5a094e5a14838705e485aff9
https://iopscience.iop.org/article/10.1088/0004-637X/716/1/712
https://iopscience.iop.org/article/10.1086/589937
https://iopscience.iop.org/article/10.3847/1538-4357/ac8b7a


Supernovae
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dd̃L,θ(z)
dz

−
d̃L,θ(z)
1 + z

−
1 + z
H̃ϕ(z)

= 0



Hubble function
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sample



Conclusions
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• PINNs learn ODE solutions locally


• ODE information can be used to construct emulators


• Model independent inference using labeled data 


• Uncertainty aware inference: sample during training
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Thank you for listening!



Bonus: local solution
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Bonus: Hubble reconstruction
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Bonus: eos reconstruction
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w(a) = −
1
3

d
d log a

log [ H2(a)
H2

0
−

Ωm

a3 ] − 1


