
From flat spacetime to Einstein equation: Hands-on
session

Part I: Flat space to Einstein’s equations

(1.1) In the metric ds2 = gµνx
µxν , once can also use the polar coordinates (x′1, x′2) = (r, θ):

Show that: ds2 = dr2 + r2dθ2 = g′µνdx
′µdx′ν where g′ =

1 0

0 r2



(1.2) Consider beings living in a 2-dimensional surface with metric

ds2 = R2dθ2 +R2 sinh2 θ dφ2, (1)

where R is a constant. (Note the hyperbolic sine in the metric, which makes it different from

the metric on a spherical surface.) On this surface, consider a circle determined by θ = α,

where α is some fixed number. What is the radius ρ of the circle, as determined by how far

the beings have to walk in the direction of constant φ from θ = 0 to θ = α? What is the

circumference C of the circle, as determined by how far the beings have to walk around the

circle to get back to their starting point? Show that C/ρ > 2π, but if α is small, one has

C/ρ ≃ 2π.

Use

sinh(x) = x+
x3

3!
+

x5

5!
+ . . . , (2)

(1.3) Coordinate transformations change the metric

g′αβ =
∂xµ

∂x′α
∂xν

∂x′β gµν (3)

Explicitly show when going from (x1, x2) = (x, y) to (x′1, x′2) = (r, θ), this changes the

metric from g =

1 0

0 1

 to g′ =

1 0

0 r2


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(1.4) Defining tangent vector to a curve xµ(τ) as V µ = dxµ

dτ
, show that: VµV

µ = −c2, where

c is the velocity of light.

Part II: Einstein’s equations to wave equation

(2.1) Show that to leading order in hµν , the inverse of the metric gµν = ηµν + hµν is given

by

gµν ≡ ηµν − ηµαηνβhαβ, (4)

i.e. show that

gµρgρν = δµν +O(h2) (5)

with gµν defined as above.

(2.2) Also show that to leading order, raising indices on hµν using gµν is the same as raising

indices using ηµν ; for example,

hµ
ν = gµρhρν = ηµρhρν +O(h2). (6)

(2.3) Under small coordinate transformations, show:

h′
µν = hµν − (∂νξµ + ∂µξν) (7)

We defined

h̄µν ≡ hµν −
1

2
ηµνh, (8)

with h = hα
α. Show that under small coordinate transformations, or gauge transformations,

h̄µν transforms as

h̄′
µν = h̄µν − (∂µξν + ∂νξµ − ηµν∂ρξ

ρ). (9)

(2.4) It was stated in class that whatever h̄µν is, there will always be a gauge transformation

such that in the new coordinate system the Lorenz gauge holds, i.e.

∂µh̄′
µν = 0 (10)

Prove that such a gauge transformation indeed always exists.

Hint : You can show that

∂µ(∂µξν + ∂νξµ − ηµν∂ρξ
ρ) = 2ξν , (11)
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so that the required gauge transformation is a solution to the equation

2ξν = ∂µh̄µν . (12)

From this, obtain an explicit expression for ξν in terms of the Green’s function G(t,x) of the

d’Alembertian, and explain why that expression is indeed the solution to the above equation.

(2.5) As we have seen, the Lorentz gauge reduces the Einstein equations to a particularly

simple form. In vacuum (Tµν = 0) one has 2h̄µν = 0, or(
− 1

c2
∂2

∂t2
+∇2

)
h̄µν = 0. (13)

Consider a plane gravitational wave of the form

h̄µν = Aµν cos(ωt− k · x) (14)

for some constant tensor Aµν . We have seen that this is a solution to (13) on condition that

ω = c|k|. Show that the wavefronts are perpendicular to k, and that ω = c|k| implies that

the wave propagates at the speed of light.
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