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Motivation

Magneto-thermal evolutionary models are able to 
account for the phenomenological diversity of different 
classes of neutron stars and link them within a unified 

evolutionary path

The Hall instability is expected to give rise to 3D modes, 
even for axisymmetric initial conditions

The 3D evolution leads to the formation of hot-spots on 
the stellar surface that can account for the pulsed 

fraction observed in some sources (see e.g. 
Igoshev+2021)
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Magneto-Thermal 
Evolution

∫V
cv

∂(eνT )
∂t

dV + ∫∂V
e2νF ⋅ dA = ∫V

e2ν ·ϵ dV

Variation of 
temperature 

within a volume

Flux of heat 
through the volume 

boundary

Sources (sinks): 
heat generated 
(lost) within the 

volume

∂B
∂t

= − ∇ × {η∇ × (eνB) + [ ce−ν

4πene
∇ × (eνB)] × (eνB)}
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Magneto-Thermal 
Evolution
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Coupling
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Heat Flux

k∥

k⊥
≃ 1 + (ωBτ0)2

eν(r)F = − k⊥[∇T̃ + (ωBτ0)2(b ⋅ ∇T̃ )b + (ωBτ0)(b × ∇T̃ )]
Parallel to the 
temperature 

gradient

Parallel to the 
magnetic field

Hall term (orthogonal to 
the temperature 
gradient and the 
magnetic field)
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Heat Diffusion Equation

Vi,j,k
cv;i,j,k

Δt
(T̃n+1

i,j,k − T̃n
i,j,k) + Φi,j,k(e2νiFi,j,k) = Vi,j,ke2νi ·ϵi,j,k

M̂s
l T̃n+1

s = v(T̃n
l )

Discretization

T̃n+1
s = (M̂−1)s

l v(T̃n
α)

LAPACK library

∫V
cv

∂(eνT )
∂t

dV + ∫∂V
e2νF ⋅ dA = ∫V

e2ν ·ϵ dV

Implicit Scheme
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Grid: Cubed Sphere

gij =

1 0 0
0 1 − X(ξ)Y(η)

C(ξ)D(η)

0 − X(ξ)Y(η)
C(ξ)D(η) 1

Non-orthogonal 
coordinate system

η

ξ

r
Desirable Features: 

• Radial Coordinate ( r )

• Non-singular


(Ronchi+ 1996)

Already used in:

• GR codes (e.g. Fragile+2008)

• Atmospheric codes (eg. GEOS-Chem; 

http://acmg.seas.harvard.edu/geos/)

• MHD codes (eg. Koldoba+2002)

Patch I Patch II

Patch III

Patch IV

Patch V

Patch VI
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Perez-Azorin+2006 Anisotropic test

T(r, θ, t) = T0( t0
t )

3/2
exp[−

r2

4k⊥t
f(θ, ωBτ0)]

f (θ, ωBτ0) = sin2 θ +
cos2 θ

1 + (ωBτ0)2

1 τ 2 τ

L2 =
∑all cells

i (Tnum;i − Tanlt;i)2

∑all cells
i (Tanlt;i)2
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Perez-Azorin+2006 
Anisotropic test
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Neutron Star Structure 

Ocean: ~ 1-100 m, Coulomb liquid, light or heavy 
nuclei 

Outer Crust: Coulomb lattice of heavy 
nuclei + relativistic degenerate 
electrons

Inner Crust: neutrons start to drip out from nuclei 

Core: neutron and proton superfluids, hyperons 
(?), quark-gluon plasma (?), pion condensate (?)

~10 km

~1 km
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γ

ν, ν̄

Towards a realistic 
simulation

Fb = Fr ∝ T4
s

Ts = Ts(Tb)

Tcore

dTcore

dt
= ⟨e2ν ·ϵν(Tcore)

cv(Tcore) ⟩

Internal Boundary

External Boundary

Tb

Computational domain:  

• Crust 


• Core (1 zone) 


• Envelope

Microphysics 

• Analytical 


• Tabulated (Pothekin code)
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Neutrino Cooling 
 Era

Photon Cooling  
Era
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Non-Axisymmetric Run
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Non-Axisymmetric Run
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Ascenzi et al. in prep.

Developing a ray-tracing code 
to model pulsating thermal 
emission from magnetars  

⃗Ω

In collaboration with Prof. Rosalba Perna (Stoney 
Brook University) 
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Pulsed Fraction ∼ 20 % Pulsed Fraction ∼ 4 %
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Pulsed Fraction ∼ 20 % Pulsed Fraction ∼ 4 %
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Differences with PARODY code

• Finite Volume Scheme vs Pseudo-Spectral Scheme

• Tabulated microphysics calculated with the public code by Alexander Potekhin (http://www.ioffe.ru/

astro/conduct/) 

(eg. Wood &Hollerbach2015, Gourgouliatos+2016, 
De Grandis+2020)

What we 
achieved so 
far…

• Working magnetic (see Dehman+2022) and thermal (Ascenzi+ in prep.) evolution codes in a cubed 
sphere grid


• Simplified microphysics described by analytical formula

• Detailed realistic microphysics from tabulated models (see Pothekin+2015 for a review)

• Coupling between the thermal and magnetic evolution

• Parallelized Code

MATINS
MAgneto-Thermal evolution 
of Isolated Neutron Stars
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Thank you for your attention! 
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Backup-Slides
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Comparison with 2D
• Dipolar crust confined magnetic field 

• Tabulated microphysics from Pothekin code
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Neutron Stars: an overview

 Ultimate sources of energy for the emission of NS: 

1. Rotational energy to kinetic energy of magnetospheric plasma, which 
acquire energy and radiates from radio to gamma rays (standard pulsars) 

2. Residual heat (cooling): X-rays from the hot surface (105-106 K) if young 

3. Accretion in binary systems 

4. Magnetic fields (interior and magnetospheric) 

5. Collision (binary neutron star mergers)

How do we see neutron stars? Courtesy of Daniele Viganò

Generated after the gravitational collapse of the 
core of a massive star 


Compact objects: 1-2  enclosed in a radius of     
10-13 km


Fast Rotation:  O(1 ms - 10 s) 


Strong Magnets: O( )

MZAMS ∼ 8 − 20/30 M⊙

M⊙

108 − 1015 G
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Image credit: C. Espinoza

Magnetars: B-powered

XDINS: kT-powered

Pulsars: rotation-powered

CCOs: kT-powered

MSPs recycled in binaries:
rotation-powered

The neutron star zoo

1

Courtesy of Alice Borghese
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⃗∇ T

Isotropic Case eν(r)F = − k⊥ ∇T̃

k⊥ = k∥
ωB = 0
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⃗∇ T

Isotropic Case eν(r)F = − k⊥ ∇T̃

k⊥ = k∥
ωB = 0
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Single Particle in a 
Magnetic Field
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Single Particle in a 
Magnetic Field

rL

rL =
γmcv⊥

eB

ωB =
eB

γmc

Larmor Radius

Gyrofrequency
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Heat Diffusion with 
Magnetic Field

rL
⃗∇ T

( ⃗b ⋅ ⃗∇ T) ⃗b
−k⊥(ωBτ0)2(b ⋅ ∇T̃ )b ≃

−k⊥ ∇T̃ = −
k∥

1 + (ωBτ0)2
∇T̃

Fourier Term

Parallel Term

−k∥(b ⋅ ∇T̃ )b = − k∥(∇T̃ )∥

eν(r)F = − k⊥[∇T̃ + (ωBτ0)2(b ⋅ ∇T̃ )b + (ωBτ0)(b × ∇T̃ )]
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Collisions

−k⊥(ωBτ0)2(b ⋅ ∇T̃ )b

−k⊥ ∇T̃ = −
k∥

1 + (ωBτ0)2
∇T̃

Fourier Term

Parallel Term

ωBτ0 ≫ 1
ωBτ0 ≪ 1

Many gyrations per collision 

Many collisions per gyration 
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Collisions
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Hall Term

⃗∇ T

eν(r)F = − k⊥[∇T̃ + (ωBτ0)2(b ⋅ ∇T̃ )b + (ωBτ0)(b × ∇T̃ )]

−k⊥(ωBτ0)(b × ∇T̃ )
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Boundary Between Patches 

Courtesy of Clara Dehman

Tp,gh = (1 − Wh)Tpa,1 + WhTpa,2
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Grid: Cubed Sphere, exploded view

(Ronchi+ 1996)

28



Neutron Stars – Cooling and Transport 15

Table 1 Main neutrino emission processesa

Process / Control function Symbolic notationb Formulae for Qν and/or R

In the crust

1 Plasmon decay Γ → ν + ν̄ Eqs. (15) – (32) of [1]
2 Electron-nucleus bremsstrahlung e−+N → e−+N +ν + ν̄ Eqs. (6), (16) – (21) of [2]

3 Electron-positron annihilation e−+ e+ → ν + ν̄ Eq. (22) of [3]

4c Electron synchrotron e−
B→ e−+ν + ν̄ Eq. (48) – (57) of [3]

In the core

1d Direct Urca
(Durca)

n → p+ e−+ ν̄e ,
p+ e− → n+νe

Eq. (120) of [3]

Magnetic modificationc R
(D)
B Eqs. (247) – (250) of [3]

Reduction factorse R
(D)
x Eqs. (199), (202)–(206) of [3]

2 Modified Urca (Murca)
(neutron branch)

n+n → n+ p+ e−+ ν̄e ,
n+ p+ e− → n+n+νe

Eq. (140) of [3]

Reduction factorse R
(Mn)
x Appendix of [4]

3 Murca
(proton branch)

p+n → p+ p+ e−+ ν̄e ,
p+ p+ e− → p+n+νe

Eq. (142) of [3], corrected at
3pFp > pFn + pFe as per [4]

Reduction factorse R
(Mp)
x Appendix (and Eq. (25)) of [4]

4 Baryon-baryon
bremsstrahlung







n+n → n+n+ν + ν̄
n+ p → n+ p+ν + ν̄
p+ p → p+ p+ν + ν̄

Eq. (165) of [3]
Eq. (166) of [3]
Eq. (167) of [3]

Reduction factorse



















R
(nn)
x

R
(np)
x

R
(pp)
x

Eqs. (221), (222), (228) of [3]
and Eq. (60) of [4]

Eq. (220), (229) of [3]
and Eq. (54) of [4]

Eq. (221) of [3]

5e Cooper pairing of baryons

{

n+n → [nn]+ν + ν̄
p+ p → [pp]+ν + ν̄

Eqs. (236), (241) of [3],
corrected as per [5] (Sect. 3.3)

6c,e Electron-fluxoid
bremsstrahlung

e−+ f → e−+ f +ν + ν̄
Eqs. (253), (263), (266) – (268)

of [3]

Notes. a References: [1] Kantor and Gusakov (2007); [2] Ofengeim et al. (2014); [3] Yakovlev et al.
(2001); [4] Gusakov (2002); [5] Leinson (2009, 2010). b Γ means a plasmon, e− an electron, e+ a
positron, ν a neutrino, ν̄ an antineutrino (in general, of any flavor, but νe or ν̄e stands for the electron
neutrino or antineutrino, respectively), p a proton, n a neutron, [pp] and [nn] their paired states, N stands
for an atomic nucleus, and f for a proton fluxoid. At densities where muons are present, they participate in
the Urca and bremsstrahlung processes fully analogous to the processes 1, 2, 3, 6 in the core (see details in
Ref. [1]). R with subscripts/superscripts signifies a control function (correction factor) due to superfluidity
or magnetic field. Subscript x in Rx substitutes for different superfluidity types (proton or neutron, singlet
or triplet); B indicates magnetic field. c The effect of strong magnetic field (see Sect. 4.3). d At densities
beyond the Durca threshold (see Sect. 2.6.2). e The effect of superfluidity (see Sect. 3.3).

is electron-ion bremsstrahlung, for which Q
(brems)
ν ∝ T 8. At intermediate T and ρ

the plasmon decay process is most important and, when it strongly dominates, its

emissivity behaves as Q
(pl)
ν ∝ T 4.

The right panel of Fig. 3 illustrates the density dependence of Q
(pl)
ν and Q

(brems)
ν

in either ground-state or accreted crust of a neutron star with T = 109 K. Pair an-

Neutrino Cooling

Pothekin+2015

16 A.Y. Potekhin, J.A. Pons, D. Page
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Bremsstra
hlung

Pair
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24
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]
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Fig. 3 Neutrino emissivity Qν in a non-magnetized crust from the pair annihilation, plasmon decay,
and electron-ion bremsstrahlung processes. Left panel: The contour lines are labeled by the value of
log10[Qν/(ergcm−3 s−1)]. Regions where the pair, plasma, and bremsstrahlung processes dominate are
indicated: the boundaries happen to be quite well described by the two dotted lines that show 5

3 Tp,e and
1
13 Tp,e. (Also indicated is the ion melting curve, dashed line.) Right panel: Density dependences of Qν for

the ground-state nuclear matter (solid lines) and for the accreted crust (dashed lines) at T = 109 K. The
dotted line represents an older fit to the bremsstrahlung process (see text for detail).

nihilation is negligible in this case. Q
(pl)
ν is calculated according to Yakovlev et al.

(2001) and Q
(brems)
ν according to Ofengeim et al. (2014). For comparison, an older

fit to Q
(brems)
ν (Kaminker et al. 1999) is plotted by the dotted line. The ground-state

composition and the nuclear size are described by the BSk21 model (Goriely et al.
2010; Pearson et al. 2012, as fitted by Potekhin et al. 2013). The accreted compo-
sition is taken from Haensel and Zdunik (1990); in this case the approximation by
Itoh and Kohyama (1983) is used for the nuclear size.

The band structure of the energy spectrum of neutrons in the inner crust, which
was mentioned in Sect. 2.5.1, should reduce the neutrino reactions of the brems-
strahlung type and initiate an additional neutrino emission due to direct inter-band
transitions of the neutrons, in analogy with Cooper pairing of neutrons discussed in
Sect. 3.3. These effects have been mentioned by Yakovlev et al. (2001), but remain
unexplored.

Electron and positron captures and decays by atomic nuclei (beta processes),
which accompany cooling of matter and non-equilibrium nuclear reactions, pro-
duce neutrino emission. A pair of consecutive beta capture and decay reactions is
a nuclear Urca process. Urca processes involving electrons were put forward by
Gamow and Schoenberg (1941), while those involving positrons were introduced by
Pinaev (1964). In the neutron star crust, the appropriate neutrino luminosity de-
pends on cooling rate and should be especially strong at T ∼(2–4) ×109 K when
the main fraction of free neutrons is captured by nuclei. However, there are other ef-
ficient neutrino reactions open at such temperatures, which make the neutrino emis-
sion due to beta processes insignificant (Yakovlev et al. 2001). On the other hand,
heating produced by non-equilibrium nuclear reactions (the deep crustal heating,

29



Neutron Stars – Cooling and Transport 11

Fig. 1 Left panel: Heat capacity per ion versus T (bottom axis) and ΓC (top axis) for 80Ni at ρ = 1011

g cm−3. The solid line displays the total normalized heat capacity cv/ni; the long-dashed line shows this
quantity for a classical Coulomb lattice of ions, including harmonic and anharmonic terms; the short-
dashed line is the harmonic-lattice approximation in the solid phase; the dot-dashed line is the same plus
anharmonic and electron polarization corrections in the solid phase. The dotted line is the electron Fermi
gas contribution. The vertical line is the OCP melting point ΓC = 175, and the hatched band shows the
range ΓC = 150 – 200, where melting is expected to occur in realistic conditions. The inset illustrates the
competition between the electron and ion contributions t low T . Right panel: Heat capacity per baryon as
function of mass density from the ocean throughout the crust and core of a neutron star at T = 108 K.
The solid line displays the total cv/nb, and the other lines show its constituents due to the electrons (e−),
neutrons (n) in the inner crust and core, nuclei (N), including electrostatic terms in the ocean and crust but
neglecting the neutron entrainment effects in the inner crust (Sect. 2.5.2), protons (p) and muons (µ−) in
the core, assuming that the nucleons are non-superfluid. For comparison, the thick long dashes display an
example of the total cv/nb in the inner crust and core in the case of superfluid nucleons (Sect. 3.2). The
top axis shows the volume contained inside a sphere with given ρ for a 1.4 M" neutron star. The stellar
structure and composition correspond to the BSk21 EoS model.

In Fig. 1 we show the temperature and density dependences of the normalized
heat capacity of the ground-state matter in a neutron star. The left panel illustrates
the dependence of cv/ni on T , and the right panel the dependence of cv/nb on ρ .
Since the electron polarization effects shift the melting temperature (Sect. 2.4.1), the
phase transition may occur anywhere within the hatched region around the vertical
line ΓC = 175 in the left panel.

When the temperature of the Coulomb liquid decreases, the heat capacity per ion
increases from the ideal-gas value cv,i/ni =

3
2 at T # Tm to, approximately, the sim-

ple harmonic lattice value cv,i/ni = 3 at T ! Tm (the Dulong-Petit law for a classical
harmonic crystal). This gradual increase is due to the Coulomb non-ideality in the
liquid phase, which effectively smears a phase transition between the strongly cou-
pled Coulomb liquid and OCP crystal (see Baiko et al. 1998). With further cooling,
quantum effects suppress the heat capacity. Once the crystal is deep into the quantum
regime its specific heat is given by the Debye result

c
(D)
v,i = ni

12π4

5

(

T

ΘD

)3

. (9)

Pothekin+2015
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Fig. 5. Thermal conductivity contributions as a function of the density
for different fixed temperatures. κ‖e is shown with solid lines, κ⊥e with
dashed lines (thick for B = 1013 G and thin for B = 1014 G), and κph
with dotted dashed lines.

4.2. Thermal conductivity

In NS cooling simulations, the thermal conductivity should be
calculated over a region covering a large range of densities, from
the core (≈1015 g cm−3) to the outer crust (≈109 g cm−3).

Schematically, the thermal conductivity tensor can be written
for each carrier in terms of the effective relaxation time tensor,
τ̂eff (Flowers & Itoh 1976; Urpin & Yakovlev 1980; Itoh et al.
1984), as follows,

κ̂ =
π2k2

Bnc2T

3m∗
τ̂eff , (35)

where n is the carrier number density, m∗ is its effective mass,
and τ̂eff is a tensor whose components are interpreted as effec-
tive relaxation times. In the non-quantizing case, these relax-
ation times can be written in terms of the non-magnetic relax-
ation time, which is calculated to be the inverse of the sum of all
collision frequencies of the processes involved.

In the inner liquid core, we include contributions from elec-
trons, neutrons and protons (Gnedin & Yakovlev 1995; Baiko
et al. 2001), without taking account of the effects of the mag-
netic field because of proton superconductivity: the field is either
expelled from the core or confined into flux tubes that occupy a
small fraction of its volume. We note that, if the magnetic field
does not affect transport properties, a large thermal conductiv-
ity of matter is produced soon after birth in an isothermal core
(Fig. 5), which implies that the precise value of the thermal con-
ductivity is not important.

In the solid crust, only electron and phonon transport are
considered. While phonon conductivity is negligible in non-
magnetic neutron stars, this situation changes when the mag-
netization parameter becomes large. Since electron transport is
drastically suppressed in the direction transverse to the magnetic
field, the phonon contribution may become dominant at low den-
sity as shown in Fig. 5.

In our calculations, we use the non-quantizing electron con-
ductivities from the public code of Potekhin (1999)1. The three
electron scattering processes that play a role in our scenario
are scattering off ions, electron-phonon scattering, and scatter-
ing off impurities. Semi-analytic expressions and fitting formu-
lae for the relaxation time and thermal conductivity along the

1 www.ioffe.rssi.ru/astro/conduct/condmag.html

magnetic field for all three processes, were derived by Potekhin
& Yakovlev (1996).

At high temperatures, the phonon conductivity of the lattice
is determined mainly by Umklapp processes, and can be approx-
imated by the expression

κph =
1
3

cvcsλph (36)

where cs is the sound speed, cv the specific heat, and λph the
phonon mean free path in the lattice. In Fig. 5, it can be seen
that the phonon contribution becomes more important at lower
densities as the temperature decreases and the liquid solidifies
into a lattice.

Chugunov & Haensel (2007) revised the ion thermal conduc-
tivity in neutron star envelopes. They included the contribution
of electron-phonon scattering and improved the calculations of
phonon-phonon scattering. Our estimates for λph are larger than
their results by a factor of a few, depending on the density, which
results in a smaller temperature anisotropy. However their re-
sults are more applicable to the neutron star envelope, than for
the crust. The main reason is that, at temperatures smaller than
the Debye temperature, the inclusion of the effect of impurities
and defects in the crystal becomes necessary. Given our limited
knowledge of the impurity content of the inner crust, which may
affect the results, we do not include phonon-impurity interac-
tions in our simulations. In principle, its effect would be to re-
duce the phonon mean free path, but it is unclear how to calculate
accurately this contribution at low temperature.

4.3. Specific heat

In normal non-superfluid neutron star matter, most of the to-
tal heat capacity of a NS star originates in the nucleons in the
core. For degenerate fermions of type i, the specific heat per
unit volume in terms of the dimensionless Fermi momentum
xF,i = !kF,i/mic is

cv,i = π2 nik2T
mic2

(x2
F,i + 1)1/2

x2
F,i

· (37)

Then, the contribution of relativistic electrons is

cv,e & 5.4 × 1019
(

ne

n0

)2/3

T9 erg cm−3 K−1 (38)

while for non-relativistic nucleons N = n, p is

cv,N & 1.6 × 1020 m∗N
mN

(
nN

n0

)1/3

T9 Rcv erg cm−3 K−1, (39)

where n0 = 0.16 fm−3. We include the effect of superfluidity
through the factor Rcv (Levenfish & Yakovlev 1994), which de-
pends on the pairing state of the nucleons involved (1S0 or 3P2).
The electron contribution, or that of muons, if present, inside the
core is, in principle, much smaller, but it dominantes when all
nucleon species undergo a phase transition to a superfluid state
(see Fig. 6).

In our model we include the crustal specific heat, which has
contributions from the neutron gas, the degenerate electron gas
and the nuclear lattice (van Riper 1991); it is however negligible
in comparison to the core contribution, due to the small volume
of the crust.

Aguilera+2008

Microphysics
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Cooling Curve
48 A.Y. Potekhin, J.A. Pons, D. Page

Fig. 12 Comparison between observational data and theoretical cooling curves (from Viganò et al. 2013).
The observational estimates of (errorbars) or constraints on (arrows) the age and thermal luminosity corre-
spond to Viganò et al. (2013) and Table 3. The abbreviations in the legend mark different classes of neutron
stars with measured thermal radiation (MAG – magnetar candidates, XINS – X-ray isolated neutron stars,
HB – high-B radio pulsars, RPP – rotation powered pulsars, CCO – central compact objects; see Paper I).
Upper panel: non-magnetic neutron stars with iron envelopes, with M = (1.10, 1.25, 1.32, 1.40, 1.48, 1.60,
1.70, 1.76) M! (lines from top to bottom). Lower panel: a neutron star with M = 1.4M! and R = 11.6
km, and three different cases with initial magnetic field at the pole B = 0, 3×1014 G, and 3×1015 G. The
magnetic field topology is that of Model A in Viganò et al. (2013) (crustal confined). We show results for
iron envelopes (solid lines) and hydrogen envelopes (dashed lines).

Viganó+2013
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Fig. 12 Comparison between observational data and theoretical cooling curves (from Viganò et al. 2013).
The observational estimates of (errorbars) or constraints on (arrows) the age and thermal luminosity corre-
spond to Viganò et al. (2013) and Table 3. The abbreviations in the legend mark different classes of neutron
stars with measured thermal radiation (MAG – magnetar candidates, XINS – X-ray isolated neutron stars,
HB – high-B radio pulsars, RPP – rotation powered pulsars, CCO – central compact objects; see Paper I).
Upper panel: non-magnetic neutron stars with iron envelopes, with M = (1.10, 1.25, 1.32, 1.40, 1.48, 1.60,
1.70, 1.76) M! (lines from top to bottom). Lower panel: a neutron star with M = 1.4M! and R = 11.6
km, and three different cases with initial magnetic field at the pole B = 0, 3×1014 G, and 3×1015 G. The
magnetic field topology is that of Model A in Viganò et al. (2013) (crustal confined). We show results for
iron envelopes (solid lines) and hydrogen envelopes (dashed lines).
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Code Workflow

D. Viganò, A. Garcia-Garcia, J.A. Pons et al. Computer Physics Communications 265 (2021) 108001

Fig. 2. Flowchart of the magneto-thermal 2D evolution code. Thermal evolution 
blocks are highlighted in red, microphysics parts in blue, and magnetic evolution 
steps in green. In parenthesis there are the optional by-products of the calculations.

Fig. 3. Numerical grid, represented through a simplified meridional cut of one hemi-
sphere. The black points indicate all locations where the three components of the 
magnetic field, electric currents and electric fields are defined, while the temper-
ature is only evolved at the center of the cells delimited by the solid lines. Ghost 
cells used in the code to impose boundary conditions are indicated with dashed 
lines.

the issues arising from the implementation of the model in Carte-
sian coordinates). The cells cover the star from the center to the 
putative crust-envelope interface, called bottom of the envelope 
or, for simplicity, surface R! , where we apply the boundary condi-
tions for both evolution equations. This interface, strictly speaking, 
moves outward in time, due to the gradual freezing of the outer 
layers, as locally the temperature drops below the melting value. 
However, for practical purposes, we consider a fixed grid and sim-
ulate the star down to densities ρb ∼ 1010 g cm−3. According to 
the cooling models, at such a density, the freezing happens at 
T ∼ 0.5 − 1 × 109 K, corresponding typically to an age of a few 
decades: ideally, one would need to reach one to two orders of 
magnitude less in density, to cover the entire crust at middle ages 
(! 105 yr). However, the numerical timestep and stability con-
straints arising from the steep rise of fh and η put limitations on 
the location of such an interface.

The radial size of the cells, dr, needs to be much finer in the 
crust than in the core, since in the outer layers the radial gradients 
of the background (density, pressure) and temperature profiles are 
much larger than in the inner ones. We define a smooth transi-
tion from a large step in the core to a small step for the crust by a 
function dr(r) ∝ 1 −0.5$dr tanh[(r − r0)/(R!σt)] where $dr ∈ [0, 2)
denotes the contrast (i.e., the relative difference between large and 
small steps), r0 and σt mark the position and size of the tran-
sition region respectively. In this paper, we set r0 = 0.8R! (thus, 
well below the crust-core interface), $dr = 0.8 and σt = 0.1. We 
have made sure that results do not depend on these parame-
ters, as long as a radial resolution ! 50 m in the outer crust is 
granted.

The angular step size, dθ , is instead taken as constant. Under 
axial symmetry, the axis is treated with standard reflective bound-
ary conditions in the angular direction. In general, the angular 
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Hot Spot Radial Profile 
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Hot Spot Radial Profile 
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Dipolar Poloidal Field Uniform Temperature

A Semi-Realistic Model

Uniform profile for     and  η ne
MURCA cooling in the core

No cooling in the crust

Only electron contribution to thermal 
conductivity and heat capacity 
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(Years) A Semi-Realistic Model

37
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(Years) A Bit-More-Realistic Model

Non-Uniform profile for     and  η ne
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(Years) A Bit-More-Realistic Model
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Source Term: Time dependent source

Q = f(r, θ, ϕ)exp(−t/t0)
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Source Term: Time dependent source

Q = f(r, θ, ϕ)exp(−t/t0)
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Perez-Azorin+2006 Anisotropic test
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