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General relativity

- Black holes

- Gravitational waves

- Resonances

- Asymptotics

- Symmetries

- Cosmological spacetimes

Many interests…

QFT on curved spacetime

- Entanglement in finite 
regions

- Detectors



Many gravitational wave observations



• Learn about distribution black holes and their masses

• Test General Relativity 

• Test the nature of black holes

• ...

Wealth of information 



Black holes are weird

Macroscopic objects with 
only 2 parameters (M and J)

Vacuum solutions!

G, c  no length scale 

 M = free parameter



Astrophysical definition of black holes

X-ray emission from 
accretion disks

Orbits stars in center of 
galaxy

Tidal disruption events Gravitational waves

“Lots of mass 
in a small 
region”



How to test the nature of black holes?

Tests of black 
holes

Consistency 
checks

Black hole 
spectroscopy

Multipole 
moments

…

Alternative 
models

Modified 
gravity theories

“New” matter 
models



Black hole mimickers

Black hole 
mimickers

Smooth 
distributions

No horizon

Formation 
scenarios 

understood

E.g. boson stars

With boundary

2 spacetime regions 
glued together 

membrane

Formation poorly 
understood

E.g. firewalls, 
(some) wormholes, 

gravastars



Compactness = M/R

(non-rotating) black 
hole = 1/2

Neutron star < 0.2

White dwarf  < 5 ⋅ 10−4

Our Sun ∼ 2 ⋅ 10−6



Black hole mimickers
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Alternatives to black holes

Compactness M/R close to ½   Membrane

Interior black 

hole mimicker

Schwarzschild 

exterior

membrane



Examples: gravastars and wormholes

Undesirable feature: formation scenario not 

understood



Perturbations in the small wavelength limit

Interior

(vacuum)

Schwarzschild 

exterior

membrane

Ԧ𝜉 = (0,0, 𝜉(𝑥, 𝑦))



Continuity equation

Momentum equation

Poisson equation

Newtonian case

Ԧ𝜉 = (0,0, 𝜉(𝑥, 𝑦))



Forces in eikonal limit

𝜉 ∝ 𝑒𝑖𝑘𝑥 ∝ 𝑘0

∝ 𝑘2

∝ 𝑘1



Example parameter space gravastars

Unstable whenever ‘density x pressure’ > 0



Instability linked with negative Love numbers

Instability 

object prefers to be less spherical

𝑈𝑝𝑜𝑡 ∝
𝑄𝑖𝑗
2

2𝜆
𝜆 < 0



GW190814

23 𝑀⊙ Black hole + 2.3 𝑀⊙ Compact Object



- Optical counterpart

- Tidal Love number 𝜆

- 𝜆 = 0 for BHs

- 𝜆 = 𝒪 102 − 103 for NSs, but for heavy NSs only 𝒪(1)

How do we distinguish light BHs from NSs?

[Abbott et al, 2017]



Mass

In practice

3 𝑀⊙ 5 𝑀⊙

Neutron stars Black holes

Motivated by X-ray 

observations



Mass

In practice

3 𝑀⊙ 5 𝑀⊙

Neutron stars Black holes

Motivated by X-ray 

observations

NS+NS merger, delayed SN 
explosions, primordial BHs



𝑄𝑠𝑝𝑖𝑛 = 𝜅 𝑎2𝑀3

Solution: spin-induced quadrupole moment

Quadrupole constant

𝜅 = 1 for BHs

𝜅 > 1 for NSs

likely high for heavy 
NSs and light BHs



Existed for BH binaries, but not for 𝜅 ≠ 1

Efficient waveform with spin dynamics for NSs

𝜒𝑒𝑓𝑓 no longer conserved



𝑚1 = 23 𝑀⊙, 𝑚2 = 2.6 𝑀⊙, 𝜒1 = 0.4, 𝜒2 = 0.7,
𝜅1 = 1, 𝜅2 = 4 𝑜𝑟 1

Comparison: BH+BH versus BH+NS



- Effect is maximal for “somewhat” (anti)-aligned spins

Spin-induced quadrupole moment

- Re-analysis for GW190814: no conclusive evidence for 

BH or NS

- However, LIGO A+ may already detect the spin-

induced quadrupole moment 



Three stages of the waveform

Black hole 

spectroscopy



When…

- ℎ+/ℎ× has a peak?

- Ψ4 has a peak?

- there is a common (apparent) horizon?

- 10𝑀 after any of these?

- or 20𝑀?

- ….?

When is linear perturbation theory valid?

ℎ𝑙𝑚 𝑡, 𝑟 =
1

𝑟


𝑛=0

𝑁

𝐴𝑙𝑚𝑛𝑒
−𝑖𝜔𝑙𝑚𝑛 𝑡−𝑡0 +Φ𝑙𝑚𝑛



Observation: many overtones  lower mismatch

At the peak already?

[Giesler et al, 2019]



Similar results at the horizon

[Mourier et al, 2020]



ℎ𝑙𝑚 𝑡, 𝑟 =
1

𝑟


𝑛=0

𝑁

𝐴𝑙𝑚𝑛𝑒
−𝑖𝜔𝑙𝑚𝑛 𝑡−𝑡0 +Φ𝑙𝑚𝑛

Conclusion: matter of overfitting

By construction = constants,

but fits show…

[Mourier et al, 2020]



Non-linear model preferred @ infinity

Prediction 
quadratic order 
in perturbation 
theory

Prediction       
linear order

[Mitmann et al, 2022]



No preference for quadratic fit @ horizon

But surprisingly... 

𝑡𝑠𝑡𝑎𝑟𝑡 = 7.1 𝑡𝑠𝑡𝑎𝑟𝑡 = 5



Fundamental tone + n=0,1,2 overtones



Quadratic fit not better at horizon



1. Theoretical tests are insightful: thin-shells are unstable

2. Another tool to distinguish heavy NSs from light BHs: spin-
induced quadrupole moments

3. Non-linearities in the waveform are still puzzling

The future is bright



𝜏𝑜𝑟𝑏𝑖𝑡 < 𝜏𝑝𝑟𝑒𝑐𝑒𝑠𝑠𝑖𝑜𝑛 < 𝜏𝑟𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛

Efficient: Solve the precession averaged equations analytically, 
and evolve numerically on the radiation reaction timescale

Three time scales


