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e Renormalisation
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=) Renormalizable field theories



* For renormalizable field theories, perturbation theory looks fine
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» Perturbative expansions in QFT:

o0
— n |
@—cha, with ¢, ~ n!
n=0

* Problem: divergent for all a # 0 = asymptotic series



» Perturbative expansions in QFT:

o0
O = ch a", with ¢, ~n!
n=0
* Problem: divergent for all a # 0 = asymptotic series

|. Numerical value!

2.Reason! =9 Non-perturbative effects are missing

3. Source!? Z/Instamtons =) #Feynman diagrams
R

enormalons = Bubble diagrams [t Hooft 77]
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Strategy |

“Naive” approach = Neglect increasing terms

* \Works reasonable well
* Example: Standard model




Strategy |

“Naive” approach = Neglect increasing terms

* \Works reasonable well
* Example: Standard model

Strategy 2
Math approach = Resurgence

* Mathematical theory to

. . .Ecalle 1985
study asymptotic series ) beale 170




Example: L A +f
dx
Try perturbative Ansatz: f(x) = Z c, X"t =y ¢ =n!
n=0

Iwo problems:

|. Divergent for all x # 0

2. first order ODE: free parameter?

d
Hom. eq. xzd—i =g =) gx)=Ce ™
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d Perturbative solution:  f(x) = Z n!x"t!
T +f n=0

Homogeneous solution:  g(x) = Ce™'”

Apply Borel summation - Sorel ransorm
Bl = ) 1" =——
n=0

1 —1

f\\o /)&,7
ZISBf11(x) = J e~ B f1(r) dt
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d Perturbative solution:  f(x) = Z n!x"t!
T +f n=0

Homogeneous solution:  g(x) = Ce™'”

Apply Borel summation
= 1
. 95’[][](0=’§)f =71,

o0 e—t/x

dt

2. LLBIfINg) = [

0
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X*—=—x+f

Apply Borel summation

. 1
B0 =) "=
n=0 — 1

oo

2. Z1B[f1I(g) = [

0

—t/x

dt

Homogeneous solution:  g(x) = Ce %

Znyxn+1 \

Perturbative solution:  f(x) =

13



(©9)

d Perturbative solution:  f(x) = ) nlx"*!
T +f n=0

Homogeneous solution:  g(x) = Ce %

Apply Borel summation

- 1
|-=@[f](t)=2t”=— )
1 - +
= 00 —t/xt ! 21 - g
2 ABND = | —d
, 1—
< Ambiguity
e—t/x e—t/x
J dt = ?l; dt — Yie—1*
1 -1 1 —1



xX—=—x+f

Apply Borel summation
= 1
. %’[f](f)=nz=;)f =71,

0 e—t/x

dt

2. ZIBIf1I(g) = J

0

d Perturbative solution:  f(x) =

Homogeneous solution:  g(x) = Ce %

(©9)

Znyxn+1 x

n=0

Ambiguity reveals that perturbative solution is part of a larger class of solutions:

e —t/x

dt + Ce 1~

1 —1

fx, €) = J

7+
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Apply Borel summation
= 1
. %’[f](f)=nz=;)f =71,

o0 e—t/x

dt

2. Z1B[f1I(g) = J

0

d Perturbative solution:  f(x) =

Homogeneous solution:  g(x) = Ce %
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Znyxn+1 |

n=0

Ambiguity reveals that perturbative solution is part of a larger class of solutions:

e —t/x

1 —1

fr, €)= J

dt + Ce= "™
Y+
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Non-perturbative term resurged

——
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“Predicting” _ cmseses

a)

.

e —2/af(2)(a)

/
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Power series In a
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Predicting”’ s

f(O)(a) e—l/af(l)(a) 6_2/af(2)(a) e—3/af(3)(a)

'Only need a finite

y L e number of perturbative
Decoding ae S coefficantd
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Predicting”’ s

f(())(a) e—l/af(l)(a,) €_2laf(2)(a) e—3/af(3)(a)

Only need a finite

y L e number of perturbative
Decoding R coefficantd
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* Non-perturbative information is hidden in perturbative coefficients

* Asymptotic growth: it can be tamed, nothing to be afraid of!
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* In practice: we only have a few coefficients of the asymptotic series.

N
O(g) = Z c,g" =P Why is it still a good estimate of experiment?
i C, A
: n' n ®
 Consider ¢,=—
Amn .
» Use Stirling approximation to find optimal truncation |, °
lc,x"| =n! d %exp(nlogn—n—nlog d > S >
A n
. . A
e [hishas a saddle givenat N= |—
X

* bvaluating the next term gives the error made In the optimal truncation

N+1 —|A
Cyyp | X7 ~e A/

* Conclusion: Borel summation and optimal truncation agree up to

(small) non-perturbative exponential factors
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* First discovered by 't Hooft [t Hooft '77]

» Classes of diagrams that causes perturbative coefficients to grow as ¢, ~ n!

» Often related to so called bubble diagrams

* Ingredient: W\AOW\A + @ ~ log(k?)

e

(not #diagrarhs = n!)
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* Schematic computation
0

~ Y aJ dk*F(k*) |alog(k?)]"
n=0
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* Schematic computation

S - R k<1
NZaJ dk*F(k*)|alog(k?)] CUV: K2 1
=0
, l+k+..., k<1
F(k”) = 1 )
=t k> 1

25



* Schematic computation

IR k?xk 1

~ ) aJ' dk*F(k*) [alog(k?)]" CUV: K2 1
n=0 0 ; ,

¥ N
Y R "
b S

1+ k2+..., kK<l
F(k*) =< ,

2
F+“" ke>1

k* = e* |
( 0 00 "

R flog] 2 [ dezrers [ dezres
K i ;

1

(©9)

; =) ~ J dk?* [log(k)|" +J .
, 0 1

=(—D)'"T(n+1)+I'(n+1)
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Borel transform < Cn
B0 = Y, 1
n!
n=0
S
<%,
Q’bc?/; , ?53\/&6
N\ &/O \
O N7
Z[Bf11(x) = J e "B 1) dt
0
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Borel transform

j’\b@/?&/, \;&2\@(/6
0N
LA f1lIx) = J e " Bf1() di
0
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BOrel tranSfOrm -

29



Borel transform
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 More general: ﬁl~n!<1+3+%+...> 1 t
n n
| avavavavavavavavavivavaavavavavava
BLF1O) =L1+w<t_1>1og(t_1) g
=1 o

o« Writing w(r) = BLf V1), where [0 =a+ ifé”xnﬂ
n=0

= fx,0) =)+ ce" D)
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 More general: ﬁl~n!<1+3+%+...> | i
n n
| avavavavavavavavavivavaavavavavava
BUI)|  =—— +y(t — Alog(t — A) g
=A —A

o« Writing w(r) = BLf V1), where [0 =a+ ifé”xnﬂ
n=0

= fx,0) =fO0)+ oe™ ()
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A
 More general: ﬁl~n!<1+3+i+...> i

n n2

BLI1@)

-4 + y(t —A)log(t — A)
1=A A

o« Writing w(r) = BLf V1), where [0 =a+ ifé”xnﬂ
n=0

=» f(x,0) =f(0)(x) - ae_A/xf(l)(x) + 62 e_zA/xf(z)(x) +o.
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A
 More general: ﬁl~n!<1+3+i+...> i

n n2

BLI1@)

= LA + y(t —A)log(t — A)

=

o« Writing w(r) = BLf V1), where [0 =a+ ifr&”xnﬂ
n=0
= f(x, 0) =f(0)(x)+ Ge—A/xf(l)(x) 4 026—2A/xf(2)(x) 1+

* Transseries: f(x,0) = (O)(x) + 2 o' e AR £ ()

n=1

Perturbative sectors Non-perturbative sectors
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"Predicting” .~

eV i aahae o
oG gl s
s

f(O) f(l) f(2) f(3)

o > Only need a finite
Sl e number of perturbative
e coefficients!

"Decoding”
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*Resurgence 4= singularity structure in the Borel plane:

- IL + B[G](t — w)log(t — w) + regular terms
—

BIF1(1)

I=w
* Underlying mathematical structure of resurgence can be captured by
Alien derivatives:

A, F=a+G
T @ 1s not a singular point of B[F],then A F=0
Properties: A (FG)=F((A,G)+ (A F)G

*For a one-parameter transseries = Ecalle's bridge equation

00 e i 0 > 1
f(X,O')=ZGn€ A/f( )(x) » AfAf()z{(n+Lﬂ)Sff(n+f) £ <1, ¢+#0
n=0 T

Stokes constants 37



“Standard’ resurgence picture

Forward motions

38



“Standard’ resurgence picture

Forward motions

Backward motions
39



» More than one non-perturbative exponent e * and e~42*
=) Two parameter transseries:
f(x o, 0.2) _ Z Z 0.1 62 —nA,/x e—mAz/x f(n,m)(x)
n=0 m=0
e Alien lattice
f(0,3) f(1,3) f(2,3) f(3,3)
e Richer structure of allowed
allen motions
f(0,2) f(1,2) f(2’2) f(3’2)
[Aniceto, Basar;, Schiappa, 1802.1044 1]
f(O 1) f(l 1) f(2,1) f(3 1)
f(O 0) f(l 0) f(2,0) f(3 0)
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» More than one non-perturbative exponent e * and e~42*
=) Two parameter transseries:
f(x, o, 0.2) _ Z Z 0.1 62 —nA,/x e—mAz/x f(n,m)(x)
n=0 m=0
e Alien lattice
f(0,3) f(1,3) f(2,3) f(3,3)
e Richer structure of allowed +A
. . A,
allen motions
f(0,2) f(1,2) f(2’2) f(3’2)
[Aniceto, Basar, Schiappa, 1802.1044 1] + Ay,
f(O 1) f(l 1) f(2,1) f(3 1)
fa
=1 A, Ay A,
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» More than one non-perturbative exponent e * and e~42*
=) Two parameter transseries:
f(x, o, 0.2) _ Z Z 0.1 62 —nA,/x e—mAz/x f(n,m)(x)
n=0 m=0
e Alien lattice
f(O 3) f(l 3) f(2,3) f(3 3)
e Richer structure of allowed
allen motions
f(O 2) Aoy f(1,2) f(2 2) f(3 2)
[Aniceto, Basar;, Schiappa, 1802.1044 1] Az, U +AA2
(0,1) (1,1) A_Al 2,1) AA] (3,1)
f f «—f —f
A—Al—Az *A—A AAI—AZ
f(O 0) f(l 0) f(2,0) f(3 0)

42



* Schematic computation

SR ) ‘R k<1
~ ) aJ' dk*F(k*)|alog(k?)] CUV: K2 1
=0
, 1+k2+..., kK<l
F(k~) = 1 2
=t ke> 1

* Renormalons: n! growth from a single class of diagrams
» IR renormalons: (—=1)"n!

» UV renormalons: n!

* Wil see later that this is the QED picture, in QCD the role of
UV and IR renormalons will be switched

P
- Related to non-perturbative power corrections: <g>
43



