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Expansions for the logarithm of the ratio of two The other two partition functions require more 
0-functions can be found in ref. [15]. For example care, because 01(0 ] ~-) = 0. To calculate P++ we 

04(Yij/2~ril.c ) factor out the zero mode and exponentiate an 
og 0---~i~- ) extra factor Yt~, to obtain the following result 

pZ++(q, F )  = 2(47}[ , / (q2)]  8' 

t t 1 -~qq 2"sinh2(ny~/2) Xexp - ~ G2k(q 2) Tr ( iF /2r r )  2k . 
k = l  

= --  r l 2 k _  1 q" 1 Tr(iF/2~r)Zk 
n = l  k = l  1 - -  qZn ( 2 k ) !  (Here we used (37/} = 1 l - l ~ = l  y~.) 

(because E y/~k = 1Tr(iF/2ct)2k). 
The coefficients can be expressed in terms of 

the Eisenstein series, defined as follows: 

G2k(q 2) = _ B2___£ + ~. o2k_l(j)q 2j, 
4k y=l 

where %(j) is the sum of the pth powers of the 
divisors of j (including 1 and j ) .  It is not difficult 
to show 

q" 
1--qz,  nek-l=--G2k(q2)+G2k(q) . 

n = l  

The result is therefore 

pl+(q, r )=PZ+(q )  

×exp(  k=, ~ [GEk(q2)-G21'(q)] 

1 . 2k × ( - ~ . T r ( , F / 2 ~ r ) ) .  

By completely analogous calculations we find 

pl__(q, F ) = p l  _(q )  

XeXP(k=l ~ [G2k(q2)-G2k(-q)l  

× 2T.I Tr( iF/2cr)2k) ,  

P~_(q, r ) -  ' - P + - ( q )  

Xexp(k=l  ~ [G2k(q2)--22kG2k(q4)] 

1 . 2k × ~ . T r ( 1 F / 2 ~ r )  ). 

To calculate PB we combine it with the .4-genus 
which multiplies the complete index. This provides 
precisely the Bernoulli numbers which are needed 
to express the result in terms of G2k 

A(R)P~(q ,  R)= ? / ( q 2 )  -8m 

1 . 2k ) 
This last expression appears as an overall factor in 
the anomaly, and provides the complete gravita- 
tional contribution. It is multiplied by factors of 
both ply(q, F~) and P~'(q, Fi), which are the obvi- 
ous generalizations of (1) to Fi :~ 0. The resulting 
quantity we will call the anomaly generating func- 
tion A(q, F, R). 

The anomaly generating function can be ex- 
pressed as a power series in only even powers of q. 
Its leading term is either q-(m+,,,) o r  q-(m+m')+l, 
depending on which power is even (recall N = 8m 
+ 24m'). 

To obtain the anomaly for the field theory limit 
of the string we have to extract the (8m + 4)-form 
appearing in the coefficient of q0. To apparently 
daunting task is actually surprisingly easy if one 
uses some of the properties of modular functions. 

As function F ( r )  is called a modular function 
of weight w if it is a meromorphic function for 
tm( r )  > 0  (including the point r = i o o )  and it 
satisfies 

Fiat+hi \ ~ } = (cr + d)WF(r) 

for any integers a, b, c, d, such that ad-  be = 1 
[16-18]. If F is in fact holomorphic on this region 
(including r = ioo) then it is called an automor- 
phic form. The functions G2k(~ ) = Gzk(q 2) are 
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the notation of ref. [10], the corresponding parti- 
tion functions are 

Even: 

Pel' ( q ) - P t ' _ _ ( q )  

+ ( -  1 )"P~+(q)  + ( -  1 )"P~_(q) ,  

Odd: 

Plo'(q ) -P~+(q), (1) 

where q = exp(iTr~'), and 

0O 
pt (q) = q-t/3 I-I (1 + q2"-1) 8' 

n = l  

= (03 (0  { ,'r ) / T / ( , r ) )  4l, 

pt_+(q) = q-,/3 f i  (1 - q2"-1) 8t 
n = l  

= (04(0 I ~-) /~?(r))  4', 

pl+_(q) = 241q2l/3 f i  (1 + q2,)8t 
n=l 

= (02(0 [ ~-)/~/(~-)) 4', 

pt++(q) = T r [ ( _ ) f  exp(i~-HR)] = 0 .  

We use the definitions of theta functions as given 
in ref. [11]. The operator f is the fermion number, 
and 

~('r)=~(q2)=q'/12fi  ( 1 - q  2") 
n=l 

is the Dedekind eta function. The partition func- 
tion for the 8m scalar coordinates of the left-mov- 
ing sector is of course given by 

PB(q) = q-Zm/3 f i  (1 - q2n) -Sin = ~l(q2) -8m 

We will show that any linear combination of 
these theories will yield an anomaly-free field the- 
ory. 

The massless fermions in the theory are ob- 
tained as the tensor product of the lowest states of 
the Ramond sector of the right-moving fermions, 
with the massless states of the left-moving string. 
Note that the lowest states of the right Ramond 
sector are massless in any dimension, however, 
because of the powers of ql/3 in the partition 
functions, the left-moving sector will only have 
massless states if N = 8m + 24m'. The anomaly of 
the massless sector is determined from the 
Atiyah-Singer index [12,13] in (8m + 4) di- 
mensions. 

A n o m a l y - . 4 ( R ) ) - ~ C h ( F ,  g,) Ch(R,  st), 
i 

where (g~, st) denote the gauge and space-time 
rotation representations of the massless level of 
the left-moving string. The Ch(R, ss) term in- 
cludes the information about all higher spin ferm- 
ions. Since we are in a transverse gauge the ghost 
contributions are automatically taken into account. 
The heterotic string has no self-dual tensor fields. 
Increasing the number of fermions, N, shifts the 
intercept of the left-moving string. Thus the mass- 
less level becomes progressively more complicated, 
involving more and more gauge and Lorentz rep- 
resentations. To solve this problem we calculate 
the generating function of the Chern character at 
every level of the left-moving string, and restrict to 
the massless level only at the end. 

The appropriate Chern characters of symmetric 
(respectively antisymmetric) tensors of rank p, 
denoted (p),  (respectively [p]) are given by [14] 

o0 
E Xp C h ( F ,  ( p ) )  

p = l  

= [det(1 - x exp(iF/2~r))] -1, 

X p Ch(F,  [p ] )  
p = l  

= det(1 + x exp(iF/Zrr)) ,  

where F on the right-hand side of these equations 
is evaluated in the vector representation. In 
addition the Chern character for an SO(2M) Weyl 
spinor, S, is given by [14] 
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Understanding Gauge and Gravitational Anomalies in String Theory

Direct approach:  Apply the Atiyah-Singer Index Theorem in 2n+2 dimensions:

★ Ch( X , g )  = Chern character of curvature 2-form, X, acting on 
   representation, g. 

The pieces

★  Â(R)  =  “A-roof ” genus 

<latexit sha1_base64="mVma+NnzjvGdLi4Fm7Kdtcxfhlg="></latexit>

Ch
�
X , g

�
⌘ Tr

✓
exp

iXg

2⇡

◆
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( m (2 2 p - 1 )  B2p 
Ch(V, S)  = exp Y'. -~p (2p)!  

× [Tr(iF/Z~r)2P]} dim S 
/ 

+ { 37/} exp ~ B2p 1 
\ p = l  4p (2p)!  

× 

where F on the right-hand side is again in vector 
representation and ( ) t )}  = ½(1/M!)Tr[(iF/ 
2~r)M3'2M+11 is evaluated in the spinor representa- 
tion. The sign of the last term depends upon the 
chirality of the spinor. The coefficients B2p are 
Bernoulli numbers. 

Finally .d(R) may be written as 

.4 (R)  = e x p ( - ~  B2p 1 [Tr(iR/27r)2P]) 
p=l 4p (2p)!  

The Chern characters for the levels of the string 
can be generated by introducing the "gauge" par- 
tition functions 

pt__(q, F) = q-t/3 f i  det(1 + q2,-1 
n = l  

X exp(iF/2~r))  

pl_+(q, F) = q-,/3 f i  det(a - q2,-1 
n = l  

X exp(iF/2~r))  
et+_(q, F) = 241q 2 /̀3 

× e x p ( e  =1~ (2zP-1)-~p (2p)--~. B2, [Tr(iF/2~r)2P]) 

x f i  det(1 + q2. exp(iF/Z~r)),  
n = l  

pt++(q, F)= 2(37/} q 2'/3 

xexp( ~ Bzp l [Tr(iF/2~r)zp] 4p (2p) '  

X f i  det(1 - qZ, exp(iF/ZTr)),  
n = l  

where F is now in the vector representation of 
SO(8l). Observe that if F---0 then these reduce to 
the usual partition functions. For F 4: 0, the coef- 
ficient of q" is the complete Chern character of all 
the gauge group representations at the n th level of 
the string, expressed in terms of F in the vector 
representation. Similarly the appropriate Chern 
characters of the Riemann tensor are generated by 

P~(q, R) = q-2m/3 
oo 

× I--I [ d e t ( 1 - q  2" exp(iR/2~r))]  -1 
n = l  

It is instructive to express these functions in 
terms of the skew eigenvalues x~ of R/2~r and y~ 
of F/2~r (see ref. [131). One finds 

4l 03( y/3/2~ri l r ) 
pt (q, r )=  I-I 

/3=1 "r/( -'r ) ' 

4, O4( y/3/2~ri l .r ) 
#_+(q, F)= I-I 

4t O2(yB/Z~riiT ) 
pl+__(q, F)= I-[ ' 

41 Ol(y~/2~ril~ ) 
pl++(q, F)= I-I 

B = I  ' 

4m 2 s i n h ( x J 2 )  
Py(q, R) = ~=11-I 01(xjZ~ril.r ) ~(~). 

Comparing these expressions with ref. [10] we see 
that "gauging" the partition functions simply 
amounts to changing the first argument of the 
P-functions from 0 to y/3/2~ri. Expressions of this 
form are likely to appear naturally as a result of 
string loop calculations. 

To discuss anomaly cancellation it is more con- 
venient to exponentiate and re-express these func- 
tions in terms of traces of F and R. This can be 
achieved as follows 

41 41 
1-I O,(Ya/Z~rilr) = l-I O,(01r) 
/3=1 /3=1 

[ ~ O,(Y/3/2~rilr) 
× e x p |  ).~ log ;-7-2.--~ ~B=l ~.tUl r) 
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where the B2p are the Bernoulli numbers 

★ The curvature two-forms
<latexit sha1_base64="XhDVdsluAgH7FuDcpUswvchdy4Y="></latexit>

Fg = F a
µ⌫ T

a
g dxµ ^ dx⌫

<latexit sha1_base64="ORkuSUe8AkRppx6SJT+9Q45atTI="></latexit>

Rs = R↵
� µ⌫ (⇤s)

�
↵ dxµ ^ dx⌫

Assemble “the anomaly” for all the massless chiral fields in the theory.

Green and Scharz:  Anomaly cancellation



Useful way to encode these forms:

✦ x𝛼  = skew 2-form eigenvalues of Riemann tensor, R, acting on the 

tangent bundle/vector representation; 𝛼 = 1,2,…,n+1

✦ ya  = skew 2-form eigenvalues of Maxwell field, F, acting on the 
fundamental/vector representation.

The traces in Ch( F , g ) and Ch( R , s ) can then be written in terms of 

x𝛼  and ya .

One also has:
<latexit sha1_base64="PClthbsFd2czP+ry6Y5SmDmjZfU="></latexit>

bA(R) =
Y

↵

x↵
2

sinh x↵
2



Global Anomalies in 2n+2-dimensions:
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the notation of ref. [10], the corresponding parti- 
tion functions are 

Even: 

Pel' ( q ) - P t ' _ _ ( q )  

+ ( -  1 )"P~+(q)  + ( -  1 )"P~_(q) ,  

Odd: 

Plo'(q ) -P~+(q), (1) 

where q = exp(iTr~'), and 

0O 
pt (q) = q-t/3 I-I (1 + q2"-1) 8' 

n = l  

= (03 (0  { ,'r ) / T / ( , r ) )  4l, 

pt_+(q) = q-,/3 f i  (1 - q2"-1) 8t 
n = l  

= (04(0 I ~-) /~?(r))  4', 

pl+_(q) = 241q2l/3 f i  (1 + q2,)8t 
n=l 

= (02(0 [ ~-)/~/(~-)) 4', 

pt++(q) = T r [ ( _ ) f  exp(i~-HR)] = 0 .  

We use the definitions of theta functions as given 
in ref. [11]. The operator f is the fermion number, 
and 

~('r)=~(q2)=q'/12fi  ( 1 - q  2") 
n=l 

is the Dedekind eta function. The partition func- 
tion for the 8m scalar coordinates of the left-mov- 
ing sector is of course given by 

PB(q) = q-Zm/3 f i  (1 - q2n) -Sin = ~l(q2) -8m 

We will show that any linear combination of 
these theories will yield an anomaly-free field the- 
ory. 

The massless fermions in the theory are ob- 
tained as the tensor product of the lowest states of 
the Ramond sector of the right-moving fermions, 
with the massless states of the left-moving string. 
Note that the lowest states of the right Ramond 
sector are massless in any dimension, however, 
because of the powers of ql/3 in the partition 
functions, the left-moving sector will only have 
massless states if N = 8m + 24m'. The anomaly of 
the massless sector is determined from the 
Atiyah-Singer index [12,13] in (8m + 4) di- 
mensions. 

A n o m a l y - . 4 ( R ) ) - ~ C h ( F ,  g,) Ch(R,  st), 
i 

where (g~, st) denote the gauge and space-time 
rotation representations of the massless level of 
the left-moving string. The Ch(R, ss) term in- 
cludes the information about all higher spin ferm- 
ions. Since we are in a transverse gauge the ghost 
contributions are automatically taken into account. 
The heterotic string has no self-dual tensor fields. 
Increasing the number of fermions, N, shifts the 
intercept of the left-moving string. Thus the mass- 
less level becomes progressively more complicated, 
involving more and more gauge and Lorentz rep- 
resentations. To solve this problem we calculate 
the generating function of the Chern character at 
every level of the left-moving string, and restrict to 
the massless level only at the end. 

The appropriate Chern characters of symmetric 
(respectively antisymmetric) tensors of rank p, 
denoted (p),  (respectively [p]) are given by [14] 

o0 
E Xp C h ( F ,  ( p ) )  

p = l  

= [det(1 - x exp(iF/2~r))] -1, 

X p Ch(F,  [p ] )  
p = l  

= det(1 + x exp(iF/Zrr)) ,  

where F on the right-hand side of these equations 
is evaluated in the vector representation. In 
addition the Chern character for an SO(2M) Weyl 
spinor, S, is given by [14] 
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2n+2-form part

Local Anomalies in 2n+2-dimensions:
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the notation of ref. [10], the corresponding parti- 
tion functions are 

Even: 

Pel' ( q ) - P t ' _ _ ( q )  

+ ( -  1 )"P~+(q)  + ( -  1 )"P~_(q) ,  

Odd: 

Plo'(q ) -P~+(q), (1) 

where q = exp(iTr~'), and 

0O 
pt (q) = q-t/3 I-I (1 + q2"-1) 8' 

n = l  

= (03 (0  { ,'r ) / T / ( , r ) )  4l, 

pt_+(q) = q-,/3 f i  (1 - q2"-1) 8t 
n = l  

= (04(0 I ~-) /~?(r))  4', 

pl+_(q) = 241q2l/3 f i  (1 + q2,)8t 
n=l 

= (02(0 [ ~-)/~/(~-)) 4', 

pt++(q) = T r [ ( _ ) f  exp(i~-HR)] = 0 .  

We use the definitions of theta functions as given 
in ref. [11]. The operator f is the fermion number, 
and 

~('r)=~(q2)=q'/12fi  ( 1 - q  2") 
n=l 

is the Dedekind eta function. The partition func- 
tion for the 8m scalar coordinates of the left-mov- 
ing sector is of course given by 

PB(q) = q-Zm/3 f i  (1 - q2n) -Sin = ~l(q2) -8m 

We will show that any linear combination of 
these theories will yield an anomaly-free field the- 
ory. 

The massless fermions in the theory are ob- 
tained as the tensor product of the lowest states of 
the Ramond sector of the right-moving fermions, 
with the massless states of the left-moving string. 
Note that the lowest states of the right Ramond 
sector are massless in any dimension, however, 
because of the powers of ql/3 in the partition 
functions, the left-moving sector will only have 
massless states if N = 8m + 24m'. The anomaly of 
the massless sector is determined from the 
Atiyah-Singer index [12,13] in (8m + 4) di- 
mensions. 

A n o m a l y - . 4 ( R ) ) - ~ C h ( F ,  g,) Ch(R,  st), 
i 

where (g~, st) denote the gauge and space-time 
rotation representations of the massless level of 
the left-moving string. The Ch(R, ss) term in- 
cludes the information about all higher spin ferm- 
ions. Since we are in a transverse gauge the ghost 
contributions are automatically taken into account. 
The heterotic string has no self-dual tensor fields. 
Increasing the number of fermions, N, shifts the 
intercept of the left-moving string. Thus the mass- 
less level becomes progressively more complicated, 
involving more and more gauge and Lorentz rep- 
resentations. To solve this problem we calculate 
the generating function of the Chern character at 
every level of the left-moving string, and restrict to 
the massless level only at the end. 

The appropriate Chern characters of symmetric 
(respectively antisymmetric) tensors of rank p, 
denoted (p),  (respectively [p]) are given by [14] 

o0 
E Xp C h ( F ,  ( p ) )  

p = l  

= [det(1 - x exp(iF/2~r))] -1, 

X p Ch(F,  [p ] )  
p = l  

= det(1 + x exp(iF/Zrr)) ,  

where F on the right-hand side of these equations 
is evaluated in the vector representation. In 
addition the Chern character for an SO(2M) Weyl 
spinor, S, is given by [14] 
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2n+4-form part

• Why does the local anomaly vanish in type II chiral 
string theories?

• Why does the local anomaly factorize in heterotic strings?

And do so in precisely the right manner to lead to the Green-Schwarz 
anomaly cancellation mechanism 

Bert:  This has to be a fundamental, universal property of any string theory … 

<latexit sha1_base64="qsjUgSIY+KG+EV5nrHvxb8zv0mU="></latexit>

Anomaly(2n+4)�form =
⇥
TrF 2 � TrR2

⇤
^ X2n�form

Green and Scharz:  Anomaly cancellation mechanism



How do you organize a universal calculation of
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the notation of ref. [10], the corresponding parti- 
tion functions are 

Even: 

Pel' ( q ) - P t ' _ _ ( q )  

+ ( -  1 )"P~+(q)  + ( -  1 )"P~_(q) ,  

Odd: 

Plo'(q ) -P~+(q), (1) 

where q = exp(iTr~'), and 

0O 
pt (q) = q-t/3 I-I (1 + q2"-1) 8' 

n = l  

= (03 (0  { ,'r ) / T / ( , r ) )  4l, 

pt_+(q) = q-,/3 f i  (1 - q2"-1) 8t 
n = l  

= (04(0 I ~-) /~?(r))  4', 

pl+_(q) = 241q2l/3 f i  (1 + q2,)8t 
n=l 

= (02(0 [ ~-)/~/(~-)) 4', 

pt++(q) = T r [ ( _ ) f  exp(i~-HR)] = 0 .  

We use the definitions of theta functions as given 
in ref. [11]. The operator f is the fermion number, 
and 

~('r)=~(q2)=q'/12fi  ( 1 - q  2") 
n=l 

is the Dedekind eta function. The partition func- 
tion for the 8m scalar coordinates of the left-mov- 
ing sector is of course given by 

PB(q) = q-Zm/3 f i  (1 - q2n) -Sin = ~l(q2) -8m 

We will show that any linear combination of 
these theories will yield an anomaly-free field the- 
ory. 

The massless fermions in the theory are ob- 
tained as the tensor product of the lowest states of 
the Ramond sector of the right-moving fermions, 
with the massless states of the left-moving string. 
Note that the lowest states of the right Ramond 
sector are massless in any dimension, however, 
because of the powers of ql/3 in the partition 
functions, the left-moving sector will only have 
massless states if N = 8m + 24m'. The anomaly of 
the massless sector is determined from the 
Atiyah-Singer index [12,13] in (8m + 4) di- 
mensions. 

A n o m a l y - . 4 ( R ) ) - ~ C h ( F ,  g,) Ch(R,  st), 
i 

where (g~, st) denote the gauge and space-time 
rotation representations of the massless level of 
the left-moving string. The Ch(R, ss) term in- 
cludes the information about all higher spin ferm- 
ions. Since we are in a transverse gauge the ghost 
contributions are automatically taken into account. 
The heterotic string has no self-dual tensor fields. 
Increasing the number of fermions, N, shifts the 
intercept of the left-moving string. Thus the mass- 
less level becomes progressively more complicated, 
involving more and more gauge and Lorentz rep- 
resentations. To solve this problem we calculate 
the generating function of the Chern character at 
every level of the left-moving string, and restrict to 
the massless level only at the end. 

The appropriate Chern characters of symmetric 
(respectively antisymmetric) tensors of rank p, 
denoted (p),  (respectively [p]) are given by [14] 

o0 
E Xp C h ( F ,  ( p ) )  

p = l  

= [det(1 - x exp(iF/2~r))] -1, 

X p Ch(F,  [p ] )  
p = l  

= det(1 + x exp(iF/Zrr)) ,  

where F on the right-hand side of these equations 
is evaluated in the vector representation. In 
addition the Chern character for an SO(2M) Weyl 
spinor, S, is given by [14] 
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One needs to figure out all the Maxwell and Lorentz representations in the 
chiral, massless sector of the string… 

… and then compute and assemble the Chern Characters of all these pieces.

Partition Functions

Partition functions assemble and count all excitations according to the 
energy level … 

The Ramond sector partition function with (-1)f counts precisely the 
contributions of the chiral fields of the theory … 

The key insight:  Use the character-valued partition functions to keep track of all the 
representation structure and thus create an 

   “Anomaly Generating Function”



The Anomaly Generating Function

Partition function:  P(q, q)  ➞  P(q, q, F , R)  ↔︎   P(q, q , ya , x𝛼)
<latexit sha1_base64="0j6F1svzu98SVvAI38MR6mwBPI4="></latexit>

A(q, F ,R) = P++(q, x↵, ya) ⌘ TrRamond


(�1)f̄ qL̄0� c

24 qL0� c
24 e

iR
2⇡ e

iF
2⇡

�

For example:
<latexit sha1_base64="c7mpgLLVzFZHolGLSsdoIAAYg5U="></latexit>

#3(0|⌧)
⌘(⌧)

⌘ q�
1
24

1Y

n=1

�
1 + qn�

1
2
�2

<latexit sha1_base64="sbWhnlRcJ8yhczlS6I11EtKSocQ="></latexit>

! q�
1
24

1Y

n=1

�
1 + qn�

1
2 eya

� 1Y

n=1

�
1 + qn�

1
2 e�ya

�
=

#3(
iya

2⇡ |⌧)
⌘(⌧)

Important points:
<latexit sha1_base64="pGO3vcJ/K5kg9nqWnhx1RoZLpj4="></latexit>

lim
F,R!0

A(q, F ,R) ⇠ Chiral Ramond partition function of the string★

★    Local Gauge and 
      Gravitational Anomaly:

massless sector

anomaly form
(local anomalies)

<latexit sha1_base64="HjAoeFosL+aufnUAuf7x4mUILVo="></latexit>

q ⌘ e2⇡i⌧

<latexit sha1_base64="79QOlykkydMHrPQtptnKTK8YVx8="></latexit>

A(q, F ,R)

����
Coefficient of q0

2n+4�form

=   Anomaly Generating Function



A Crucial Ingredient

The left-moving, space-time bosons:  
<latexit sha1_base64="HjAoeFosL+aufnUAuf7x4mUILVo="></latexit>

q ⌘ e2⇡i⌧

<latexit sha1_base64="PClthbsFd2czP+ry6Y5SmDmjZfU="></latexit>

bA(R) =
Y

↵

x↵
2

sinh x↵
2

 Â(R)  =  “A-roof ” genus 

Combine in the “character-valued partition function” as:
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The elliptic generalization of Â(R) … 

A.N.Schellekens, N.P.Warner  (June 1986)
Physics Letters B  Volume 177, Issues 3–4, 18 September 1986, Pages 317-323
(October 1986)  Nuclear Physics B Volume 287, 1987, Pages 317-361 

A.N.Schellekens, K.Pilch and N.P.Warner (October 1986)
Nuclear Physics B Volume 287, 1987, Pages 362-380 

Edward Witten,  (November 1986) 
Comm. Math. Phys. 109(4): 525-536 (1987).

Don Zagier,   Note on the Landweber-Stong elliptic genus 
(October 1986) 



The partition function:  P(q, q) must be a modular function of weight (-n,-n)

Modular invariance of the string
Space-time momentum integrals + ghosts → 

The anomaly generating function A(q, F, R) must be a (nearly) modular function 
of weight -n.
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Log divergent  ⇒  Worldsheet Anomaly
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This leads to:

<latexit sha1_base64="QK1qpUEWm4YF0OL16U9Q8KXDs6s="></latexit>

#( ⌫
c⌧+d |

a⌧+b
c⌧+d )

⌘(a⌧+b
c⌧+d )

⇠ e
i⇡⌫2

c⌧+d
#(⌫|⌧)
⌘(⌧)

weight -n



Space-time Gauge and Gravitational  Anomalies
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Then:
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Simple property of modular functions:

Any (holomorphic) modular function of weight 2 must be the 𝝉-derivative a 
(holomorphic) modular function of weight 0: 
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Coefficient of q0 vanishes
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imply that A(𝝉) must be a modular function of weight 2: 

term, the modular properties of A(q, F, R)

Why does this 
vanish/factorize?



The result

Global world-sheet diffeomorphism invariance of string theory 
⇒ Modular invariance of the string partition function

Elementary to incorporate the anomalous modular transformation: 
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to arrive at:
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⇒ Space-time gravitational and gauge anomalies vanish/factorize

The story continues… 

Worldsheet anomalies 
      ⇒     factorized space-time anomalies 
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A fundamental, deep connection between world-sheet and space-time physics



The Elliptic Genus and the Index of the Dirac-Ramond Operator
The story started with the Atiyah-Singer Index Theorem …

but it rapidly became clear that this computation was all about the (families) 
index theorem of the Dirac-Ramond operator and the loop-space adaptation of 
the Fujikawa method … 

Pilch,  Schellekens and  Warner (Received October 1986)
Path Integral Calculation of String Anomalies
Nuclear Physics B Volume 287, 1987, Pages 362-380 

Edward Witten,  Elliptic Genera and Quantum Field Theory (Received: November 1986)  
Comm. Math. Phys. 109(4): 525-536 (1987).

Don Zagier,   Note on the Landweber-Stong elliptic genus  (preprint October 1986) 

Abstract:  …. Some of the relevant calculations have been done previously by 
                      Schellekens and Warner in a different context… 

https://ncatlab.org/nlab/show/Witten+genus

However this enabled “the mathematics narrative” 

The interpretation of elliptic genera  ...  has precursors in … A. N. Schellekens, Nicholas P. 
Warner …  but strictly originates in Edward Witten, Elliptic genera and quantum field theory .. 

All references to Pilch, Schellekens, and Warner  “Path Integral Calculation of String 
Anomalies” are omitted from this alternative, and inaccurate narrative… 

Schellekens and Warner  (June 1986), Physics Letters B 177, 18 September 1986, 317



Important developments
Anomaly factorization “enables” the Green-Schwarz mechanism … 
                 but does the heterotic string actually make this happen?

W. Lerche, B.E.W. Nilsson, A.N. Schellekens (Feb, 1987), Heterotic String Loop 
Calculation of the Anomaly Cancelling Term, Nucl.Phys.B 289 (1987) 609

W. Lerche, B.E.W. Nilsson,  A.N. Schellekens, N.P. Warner (June, 1987), Anomaly 
Cancelling Terms From the Elliptic Genus Nucl.Phys.B 299 (1988) 91-116

Aμ

Aμ Aμ

Aμ Aμ

Aμ Aμ

Aμ Aμ

Aμ Aμ

Aμ

Bμ!

+

Is this anomaly free?

Yes! 



It all started with Bert  … 



“Although much work remains to be done there seem to 
be no insuperable obstacles to deriving all of known 
physics from the E8 × E8 heterotic string.”

“Perhaps the heterotic string is truly a theory of everything, 
containing not just all of physics, but also all known 
mathematics.”

The heterotic string paper

Anomalies, Characters and Strings


