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Introduction

• Assuming straight strings (and possibly other shapes), 
can dependence of arrival time on model parameters be linearized?

• If so, shapes of all strings can be determined 
in one step by simple matrix inversion
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Model parameters

3

height 𝐻𝐻𝑖𝑖𝑖𝑖

�̅�𝑥𝑖𝑖𝑖𝑖 ≡ �𝑋𝑋𝑖𝑖 + 𝐻𝐻𝑖𝑖𝑖𝑖 �𝑇𝑇𝑖𝑖

�𝑇𝑇 ≡
𝑡𝑡𝑥𝑥
𝑡𝑡𝑡𝑡

1 − 𝑡𝑡𝑥𝑥2 − 𝑡𝑡𝑡𝑡2

tilt �𝑇𝑇𝑖𝑖

reference position �𝑋𝑋𝑖𝑖
�𝑋𝑋𝑎𝑎, 𝑡𝑡𝑎𝑎

emitter 𝑎𝑎

receiver 𝑖𝑖𝑖𝑖

string 𝑖𝑖

2 parameters/string
𝑡𝑡𝑥𝑥𝑖𝑖
𝑡𝑡𝑡𝑡𝑖𝑖

1 parameter/ping
𝑡𝑡𝑎𝑎



time-of-arrival

4

𝑡𝑡𝑖𝑖𝑖𝑖 = 𝑡𝑡𝑎𝑎 + 𝑉𝑉−1 �𝑋𝑋𝑖𝑖 + 𝐻𝐻𝑖𝑖𝑖𝑖 �𝑇𝑇𝑖𝑖 − �𝑋𝑋𝑎𝑎

�𝑋𝑋𝑖𝑖
�𝑋𝑋𝑎𝑎, 𝑡𝑡𝑎𝑎

𝑉𝑉 = velocity of sound
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�𝑋𝑋𝑖𝑖
�𝑋𝑋𝑎𝑎, 𝑡𝑡𝑎𝑎

𝑡𝑡𝑖𝑖𝑖𝑖 ≅
⋯
𝑉𝑉

+ 𝑡𝑡𝑎𝑎 +
𝑋𝑋𝑖𝑖 − 𝑋𝑋𝑎𝑎

⋯

𝐻𝐻𝑖𝑖𝑖𝑖
𝑉𝑉

𝑡𝑡𝑥𝑥𝑖𝑖 +
𝑌𝑌𝑖𝑖 − 𝑌𝑌𝑎𝑎

⋯

𝐻𝐻𝑖𝑖𝑖𝑖
𝑉𝑉

𝑡𝑡𝑡𝑡𝑖𝑖

⋯ = �𝑋𝑋𝑖𝑖 − �𝑋𝑋𝑎𝑎 2 + 𝐻𝐻𝑖𝑖𝑖𝑖2 + 2 𝑍𝑍𝑖𝑖 − 𝑍𝑍𝑎𝑎 𝐻𝐻𝑖𝑖𝑖𝑖

linear dependenceapproximations

1 + 𝑥𝑥 ≅ 1 + 1
2 𝑥𝑥

�𝑇𝑇 ≅
𝑡𝑡𝑥𝑥
𝑡𝑡𝑡𝑡
1

validity ⋯ ≫ 𝐻𝐻𝑖𝑖𝑖𝑖 𝑡𝑡𝑥𝑥𝑖𝑖 , 𝐻𝐻𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑖𝑖



Solution
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�𝜃𝜃 = �𝐻𝐻𝑇𝑇 �𝐻𝐻 −1 �𝐻𝐻𝑇𝑇 �𝑌𝑌

�𝑌𝑌 ≡

⋯

𝑡𝑡𝑖𝑖𝑖𝑖 −
⋯
𝑉𝑉

⋯

�̅�𝜃 ≡ 𝑡𝑡𝑎𝑎 , 𝑡𝑡𝑏𝑏 ,⋯ , 𝑡𝑡𝑥𝑥𝑖𝑖 , 𝑡𝑡𝑡𝑡𝑖𝑖 , 𝑡𝑡𝑥𝑥𝑖𝑖+1 , 𝑡𝑡𝑡𝑡𝑖𝑖+𝑖𝑖 ,⋯

�𝐻𝐻 ≡

1⋯ ⋯ ⋯

1⋯
𝑋𝑋𝑖𝑖 − 𝑋𝑋𝑎𝑎

⋯

𝐻𝐻𝑖𝑖𝑖𝑖
𝑉𝑉
⋯

𝑌𝑌𝑖𝑖 − 𝑌𝑌𝑎𝑎
⋯

𝐻𝐻𝑖𝑖𝑖𝑖
𝑉𝑉
⋯

1⋯ ⋯ ⋯



Conclusions

• Assuming straight line, dependence of arrival time on model 
parameters can accurately be linearized

• As a consequence, shapes of all strings can be determined 
in one step by simple matrix inversion
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