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Outline of the talk

e Introduction * Results:

« The method of differential equations * Higgs + jet families F and G
- Basic definitions * 4-Mass banana graphs
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« Boundary terms

 Series expansion method

 For canonical bases
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Introduction

For some phenomenological processes, the bottleneck in the computation of the amplitudes

and cross-section is the evaluation of the master integrals
One example, is production of the Higgs boson @ LHC via gluon-gluon fusion

The Higgs particle does not couple directly to gluons: Interaction is mediated by a heavy quark

loop, so that NLO @ 2-loop

To this date, no NLO computation is available of the whole p;-spectrum, including quark-mass
effects for all quark flavors

« An NLO computation including the top-quark mass but neglecting bottom-quark mass has been

[Jones, Kerner, Luisoni, 2018]
e.g. [Chen, Gehrmann,

- Various computations have also been done in HEFT (some up to N3LO) Glover, Jaquier, 2016]

performed using sector decomposition for the integrals
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« Amplitude computation:

* 0(300) Feynman diagrams A

» Dirac algebra = 0(20000) scalar diagrams jK
E

» The diagrams fit into 7 topologies.

* Non-planar families: W prtprtny 2
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Family F

* There are two elliptic sectors. Their associated maximal cuts are:

dz
To11111100 —>/
(p5—t) \/z (z+p5—t) (ZQ—I—(p?L—t)z—élmQt)
dz
I111111100 —>f
t (z—I—s)\/z (z4pi—t) (22+(pi—t)z—4m?3t)
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Family G

Master integrals

 |BP-reduction:
« 84 master integrals
« Default FIRE basis: (1 GB)

« More suitable (pre-
canonical) basis: O(100 MB)

» Possible using either FIRE or
KIRA
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Differential equations

Basic notions

» Partial derivatives of Feynman integrals are combinations of Feynman integrals

within the same family

 Thus, given a family of master integrals f and using IBP-reduction we may

write: P 2y [Kotikov, 1991], [Remiddi, 1997]
df = Z M; fds [Gehrmann, Remiddi, 2000]
sES

* Properties of the differential equations:

0=d’f= 0y, M, —0, My +[M, M,]=0 forall s ,sscS
1 2 2 1 1 2

Y sM, =T Where T is diagonal matrix containing the mass dimensions
seS



Differential equations

Canonical basis

» Things simplify considerable in a so-called canonical basis

 Let's take a look at what happens under a change of basis

- Let B = T .Then we have: 38 B=1[0,T)T ' +TM,T '] B.
Sq
» The canonical basis conjecture claims that 3T : dB = edAB [Henn, 2013]

» And that for families expressible in terms of multiple polylogarithms we have:

dA =) A;dlog(l;)
€A



Differential equations

Canonical basis

» The formal solution can be given in terms of Chen’s iterated integrals: [Chen, 1977]

dB = ¢ (dA) B = B= Pexp [e | N dfﬂ] gboundary

~

B= ZkZO e" Zle fol ’Y*(dl&)(tl) (fl 7*(dA)(t2) e f(fj_l v (dA)(t;) élgi;ggiary
» The symbol of the integrals is given by:
s(BP) =Y s(B"") 2 dA,
j
 The iterated integrals may yield MPL's, iterated integrals of Eisenstein series /

modular forms, ...

[For non-polylogarithmic examples, see works Adams & Weinzierl, and also 1907.01251]
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Canonical basis
B =30 01 [ v (dA) (1) [y v (dA)(t2) ... [o7 7 v (dA)(t;) Biooddory
* Note that even when dA = " A;dlog(l;),

€A
the iterated integrals might not be expressible in terms of MPLs! (Or at least

known how t0.)

 This happens when there are multiple non-simultaneously rationalizable square

roots. In that case it may not be manifestly possible to obtain the form:

o dt
G(a’la"'aan;z):f G(a27"'7an;t)
0

t—a1

« But sometimes an ansatz-based approach works



Differential equations

Canonical basis

B = Z;poekzj 1f0 “(dA)(t;) fO “(dA)(t2) . ._fgj—lfy*(dA)( )B(k —J)

boundary

* Note that it is not necessary to express the integrals in terms of multiple

polylogarithms, even when possible.

+ If we expand YV (AA)(E) =t | Y Cpt? + O (t*H) | dt,
| p=0
where r is integer or half-integer, then all integrations can ) be performed

analytically. This is essentially the basis of the series expansion methods central
in this talk.

» There is more to consider: radius of convergence, analytic continuation, non-

canonical bases. But let's not get ahead of ourselves!
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Finding the canonical basis
[Lee, 1411.0911]

« Many publicly available algorithms (Epsilon, Fuchsia, Canonica, ..) [Prausa, 1701.00725]
[Meyer, 1705.06252]

: : “ " Gituliar, Magerya, 1701.04269
« Canonical basis can often be computed “manually {mapa L 2002_02340%

e First find a “pre-canonical” basis: df: d (Ao + EAl) f
 Find a period matrix for fixed integer dimension: dP = dAof’

e Then note: ( 1f) =P~ 1dA1 ( 1f)

dA

« If we work on the maximal cut of a given sector (i.e. modulo its
subtopologies), then P can be directly derived from its maximal cuts, which

always solve the homogeneous part of the differential equations.
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Finding the canonical basis

 Using the previous equations, the diagonal blocks can be put in canonical

form. By systematically shifting out terms from sub-topologies, we may also

make the full system canonica

B

B )\

0
0

/e*dA dD dE

edB dF

0

edC

[Gehrmann, von Manteuffel, Tancred,i,
Weihs, 1404.4853]

By

By,

« For example, suppose that the (i, j)-th entry of the differential equation matrix

has the form R + € S. Then, shift, B; - B; + a(...) B;, where a depends on the

external scales. This returns a differential equation for a(...), which may be

solved to put the €° term to zero. Repeating this leads to: dB = ¢dAB



Differential equations

Finding the canonical basis

* The result may end up being quite complicated! For example, for family “F" of

the Higgs + jet integrals, we found:

_ / 2 —_
e I L L ¢ B 41,0,1,1,1,0.Z20,0 1 =11 1.U,1,1,UZ00 1 \2 1 vyr] 1.1,1,2Z0,1L,U0) T]. - _p4) T’Q - _SJ
R S,
Bss = €' r5r1511,0,1,1,1.1,1,00 5 ry = \/—t, ry =/t — pi ,
Bsg =¢€* (p1 —t) (11,0,1,1,0,1,1,00 — 11,01,1,1,1,1,-1,0) 2 5 2
s =\/S+1—p3, re = \/4m= — pj,

52— pis + 12

— tp3 4 2
Bgo = g 110,011,100 + (=pf+s+1t) (I—1,1,1,1,1,1,00F re = 1 fAm2 — g ’ rg = 1 fAm2 — ¢t ’

+Hl‘(),l.l.l,l‘l.[].())f"hl+p2t_q (i(BEj'FBI(])'i'%(BH_BI.}_B14+ 9 = \/47712 _p£+t? rio = \/4?712 _p42L+S+t?
4 Y= e e S e )
+BIS+B21)_B22_B44+B-16+BBU_BSU)a 5 5 2
2 ris = /A ¥ 00— s~ 1), ria = \J4m2t(s + t = p3) — (93)° s,
Bgy = €'rrg ((—S -+ ?)4) ((—2€)I1,0,1,1,1,1,1,00 — 11,0,1,1,1,0.2,0,0) + 811.0,2,1.0,1,1.0,0+ 5 5
+ (t—p1) lo21.1,1,1,-1.0) - 15 = \/_4m23t + (pzzl) (s+1— pzzl) s 716 = \/16m2t + (pi —1)".

4
Bea = € ror1ali1101,1,1,00

P = DA Mhasonsaon oo ; « In particular, the first 65 integrals can be

i(*Bﬁ — Bip) + Baa+

+ §(=But Bua-+ Buy— By~ Ba) = B+ B — Bia — B ) + written in canonical dlog-form, while the

+. ! . L) . . . .
o em e e remaining integrals are in elliptic sectors



Differential equations

Finding the canonical basis

* Note, | conveniently wrote everything in terms total differentials. But how do we
actually find A , such that: 9,,A = A, ?

 Forthiswecanlet: A, := fASldsl,

« A; should not depend on the variables sj, With j <'i, and we can plug in numbers

for those to easy the integration



Polylogarithmic sectors

Analytic integration (Family F)

» Generate an ansatz of basis functions, in the manner of Duhr-Gangl-Rhodes:
[Duhr, Gangl, Rhodes, 1110.0458]

[; _ 1
Lis (£;1,) , Lis (:I:l) . Lis (:I:l l ) for 1;,1; € Aa U{ls3,138,l41},
J (A¥]

log(+£l;) log(%l;)

* Require 1 — x € Spang(A) for each Li,(x)
» Furthermore, we require —oo < x < 1, so not to cross branch cuts of Li, (x)

* Then, we match the ansatz at the symbol level. & (Bfk)) = ZS (Bj(-k_l)) R dA;; .
j



Polylogarithmic sectors

Analytic integration of Family F

» For example, B, at weight 2, in region R is given by:

B2 = —2¢, — 4Liy (—l37)) — 4Liy (I37}) — 2Lig (—laslyrt) + 2Ly (—laglyrt) + 2Lig (lasly?)
— 2Lis (—l35' 57 ) + 2Lis (—log 157 ) + 2Li2 (13755 ) — log? (I25) + log? (l2g) — log” (—l27)
+ log® (—lag) 4 2log (143) log (I25) — 2log (I1) log (—la7) + 21og (—I3) log (—la7)
— 2log (—Is5) log (—la7) + 2log (—ls) log (—l27) + 2log (—I7) log (—la7)
— 2log (—ls)log (—la7) — 2log (I26) log (l4a) — 21og (—l2s) log (—las)

<p?<
4m? Pa t

9 B 42 2
- t<—4m2&3<—4m2&<(8§1}&4m(S+t) st 5 4ms+st+t>H

< <
4m? Pa S

(t<8&4m2(s—l—t)—st ) —4m2t—|—82—|—3t))&m2>0-



Polylogarithmic sectors

Expressions for weight 3 and 4

Weight 3 can be written as a one-fold integral:

BOG) = [ dABD + B (0)).

 For weight 4, use an IBP-identity:

v(1)

BOG) = [AB]] (- [ AaB0 4 BOG0).

— / A(q/(l))dA - AdA) BU=2 + [A]7() BOY(4(0)) + BY(1(0)),
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Boundary conditions

Boundary conditions

To solve a system of differential equations, we need to compute boundary conditions at

some suitable kinematic point or limit

It is convenient to take a point where most of the external scales vanish, and where the

Feynman integrals will simplify considerably

However, we can't plug singular kinematic point into the Feynman parametrization. For

example:
B | 2 log (‘\}/—22_&/44722_22)
—p“—y/4dm“—p
1 /ddkl 2 - > —— 100
im (—k2 +m?) (= (k1 +p)* +m?) V=p?V4Am? —p

_p2) —
In the limit m? = x, with x { 0 we have at order €°: _ 2 (log (=#") — log()) + O(x)*

p2
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Boundary conditions

B 2 (log (—p2) — log(:}c)) L O()!
D2

* Now, suppose we had started directly in the massless limit. We'd find:

ywe (;-d/2 [ 1 _ 2 2log (—p?) .
6 ( / ) /d kl(—k%) (— (k1 +p)2) p*e p? +0©)

« The kinematic singularity has been transformed into a dimensionally regulated pole! We

therefore can’t use the above expression to fix boundary conditions for the generic case.

« So, how do we obtain boundary conditions without computing the generic mass

configuration integral first? — defeating the purpose of choosing a simple boundary point
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Boundary conditions

* The solution is to use the method of expansions by regions.

[See works by Beneke and Smirov]

» There is a particularly simple formulation in the parametric representation,

which is implemented in the publicly available Mathematica package asy.m

See e.g. [Jantzen, Smirnov, Smirnov, 1206.0546]
« Recall the Feynman parametrization:

AN ld 1 n a;—1 a__ o
5 e ()

1=1

ozjdozl/\---/\gl;aj/\---/\dan

— /i d"@s (1Zaj)

jed

« Where, [d"'a

- ||M:

 Cheng-Wu: /[d”_



Boundary conditions

Expansion by regions

« Suppose we are interested in a kinematic limit s; = x7's; fori=1,...,p

 Then there exists a set of regions {R;}, where R; = (r;1,...,7m) IS avector

of rational numbers.

» For each region R; we consider the Feynman parametrized integral with the

rescaling: o; — a:Rijoaj , daj — a:Rijdoaj , S8; —>xs;

« The asymptotic limit is then given by summing over the contributions for each

region.



Boundary conditions

Expansion by regions

 Let’'s have another look at the bubble. We have the Feynman parametrization:

e’EI'(e 4+ 1)
1—e

2¢ [ 2 9 2 2 2 2\ —1—¢
7, / daydas (ay + asz) (ozlm + aym” + 2a10om” — ajaap )
™ A

» We feed asy.m the ‘U and F polynomials, and obtain the regions:

Ri=1{0,0}, Ry=1{0,—1}, Rs=1{0,1}

. € € —1—¢€
 Leading to: = F( L fA daydo ( (vay + a2)* (2203 — pParas + 2zanas + o)
+ (a7 + a2)2 (35'041 prajon + 2zaian + To3) e
27 (o 4 zas)” (of — pParas + 2zaias + 22a3) 1_6)
 For the purpose of computing boundary conditions, we often only need the leading

term in the expansion in the line parameter



Boundary conditions

Expansion by regions

 Therefore we obtain:

e’YEEF(e—l—l) fA dOdldOdg (CB €a2_1+6( p2a1+m2a2)_1_6+

tar T ray T (an +ag)® (—p?) T

 Although we have a sum of terms, it is clear that each piece is simpler than the
Feynman parametrization for the massive bubble. We may perform the
integrations and obtain:

e(—p*) T 'T(=¢’T() 227T(e) 2 (log (—p?) —log(x))
f29 » HoL)

« Which agrees with the result we found before!




Boundary conditions

Boundary conditions of family F

 Note that the method is not restricted to simple integrals! Take the following

master integral from family F:

4sly1111,1,1,1,—1,—1
25+t — p3

4
Brs = te (11,1,1,1,1,1,1,—2,0 +

B te (—43 —t+ pz)
4

+ I1,1,1,1,1,1,1,0,—2) +

Liti1111,-10+hi1111,110-1) -

 And consider the limit (s,t,p3, m?) — (ws,xt, zp3, m?)

. ASY: S1: o — Q5
So: o > a; fori=1{1,2,4}, a; — xa; fori={3,5,6,7},
- (1) —e—17(2)
il_r% Lii1,1,00,00 ~ 11,1,1,1,1,1,1,0'1,0'2 +x° 11,1,1,1,1,1,1,01,02 ;
 Scaling:

for ((717 02) = {(_2: O)a (_1: O)v (_17 _1)7 (07 _1)7 (07 _2)} )



Boundary conditions

Boundary conditions of family F

* Hence:
48151(2)’(33:0)
. 4 1,1,1,1,1,1,1,—1,—1 (2),(2=0) (2),(2=0)
3131_1;% Bz ~ea™" | — R P +1 (11,1,1,1,1,1,1,—2,0 + I1,1,1,1,1,1,1,0,—2) :
4

* (Terms x?*P€ with a > 0 have been put to zero, since:
1
xthe = x@ + b x*log(x)e + Ebzxa log(x)%€? + -
and, lingx“ log(x) —» 0 fora > 0)
xX—

. . . (2),(x=0)
It remains to compute the leading orders Li11111,00.00



Boundary conditions

Boundary conditions of family F

2 -
« We work out the example: Igj{jfl,f,)m,—z,o

« Symanzik polynomials:

M1(,21),£?31,1(2)1,1,0 o= (a1 +as+ag)(az +as +ag+ar) ,
FEPED | 00 = (@1 + az + au) (a3 + a5 + ag + a7)’ m? — azay (a3 + as + ag + a7) t.

11—y 1l—ag—ar
+ Cheng-Wu theorem: a3 —1—as —ag — ar, / / / dovs dovs dvs — é

T 1 o
If%,g,l,g,)l,l,—ZO_ EF(2E+1 e?7e ( H / da@) ( (€ + 1)(2¢ 4 1)(m?)2F 25yt

1€{1,2,4}
—2(2e +1)(3e — 1) (1 + g + ) (2 (1 + ag + ag) m* — agaqt) F 22U
— 8(e + 1)(2e + 1)magaqt F 273U — 2(2e + 1)m? (o + ag + ag) F 27231
+2(e + 1)(2e + D)2 F 72733 4 (3¢ — 2)(3e — 1) (o + g + ay)’ f—2€—1u3€—3) :



Boundary conditions

Boundary conditions of family F

* Integrating out any of the remaining 3 parameters naively leads to
hypergeometric 2£71’s

 Homogenize / projectivize the integrand by letting «v; — o /ag for i = 1,2,4, by

including an overall 1/a3 and a delta function § (1 _ Zi€{1’2?4’8} ai)

* Now pick the Cheng-Wu transform o7 — 1 — ay — ay

o 1(2),(z=0) _ 1 2ve ! o > e—1 2 —2e—3
0 0 0

x (agm*(e + 3)(e +4) + 2asa4asm’t(e — 2)(e + 4) + ajazt’ (e — 3)(e — 2)) ) .



Boundary conditions

Boundary conditions of family F

« The remaining integrations can be performed in terms of I'-functions using:

[(1—a) "™ a7 ™ da; = Fé?;ji&:;? , for Re(n1) > 0 and Re(ng) > 0

nig—1

| aFaymdon = F‘”l)rllﬁiﬁ_”” , for Re (n1) < Re(n2) and Re(n1) >0

(2),(z=0) 2e27¢ (’m2)_6 (—t)_e_lF(—E)QF(E)F(E + 2) |

« The final resultis given by: I} 111 20 = (2 + 2)T(1 — 2¢)

* |n fact, explicit computation shows:

1(2)7(37:0) - 1(2)3(37:0) - 1(2)9(37:0)
1,1,1,1,1,1,1,—-2,0 — *1,1,1,1,1,1,1,—1,—1 — *1,1,1,1,1,1,1,0,—2 °

2 45—t
e Hence: lim B7g ~ 2~ ¢ —4me® € (pg )

(m2) (=) T (2¢) cot(m)) .



Boundary conditions

Boundary conditions of family F

» All boundary conditions for family F:

lim By = e*7T'(e + 1)*(m?) %,

x—0

lim By ~ 27¢ (we27€e(m2)_e(—t)_er(2e +1) cot(mf)) :

x—0

. limB;=0 fori=3,...,72.

x—0
2 —4s—t
lim Brg ~ 1" (—4%27663 83 % _ 22 _ t; (m2)=¢(—)~T(2¢) cot(we)) .

* Requires computation of numerous integrals:



Boundary conditions

Boundary conditions of family F

IntSteps = Association[{

G[6,{0,90,2,0,1,0,2,08,0}]; » {{"W", as »1-a3}, {"Int", {a,, 8, w}}, {"Int", {a;, 8, 1}}, {"Save"}},

G[6, {0,0,2,1,0,0,2,0,0}]; » {{"W", ay »1-a3}, {"Int", {a,, 8, ®}}, {"Int", {a;, @, 1}}, {"Save"}},

G[6, {0,0,2,1,0,2,0,0,0}]; » {{"0W", ag »1-a3}, {"Int", {a,, 8, ®}}, {"Int", {a;, @, 1}}, {"Save"}},

G[6, {8,90,2,2,0,1,0,0,0}]; » {{"W", ay »1-a3}, {"Int", {a,, 8, ®}}, {"Int", {a;, @, 1}}, {"Save"}},

G[6, {06,1,0,0,2,0,2,0,0}]; » {{"%", as »1-a,}, {"Int", {a;, 8, w}}, {"Int", {a,, O, 1}}, {"Save"}},

G[6, {6,1,0,0,2,2,0,0,0}]; » {{"W", ag »1-as}, {"Int", {a;, 8, ®}}, {"Int", {as, @, 1}}, {"Save"}},

G[6, {8,2,0,0,1,0,2,0,0}]; » {{"W", as »1-a,}, {"Int", {a,, 8, w}}, {"Int", {a,, @, 1}}, {"Save"}},

G[6, {1,0,0,0,2,0,2,0,0}]; » {{"W", ay »1-a,;}, {"Int", {ay, 8, w}}, {"Int", {a,, @, 1}}, {"Save"}},

G[6, {1,0,2,0,0,2,0,0,0}]; » {{"W", ag »1-a3}, {"Int", {ay, 8, w}}, {"Int", {a;, @, 1}}, {"Save"}},

G[6, {6,0,1,1,1,0,2,0,0}]; » {{"W", ay »1-as -a;}, {"Int", {a,, 8, ®}}, {"Int", {as, 8, 1-a;}}, {"Int", {a,, @, 1}}, {"Save"}},

G[6, {6,0,1,1,1,0,3,0,0}]; » {{"W", a3 »1-as -a,}, {"Int", {a,, 8, ®}}, {"Int", {as, 8, 1-a,}}, {"Int", {a,, @, 1}}, {"Save"}},

G[6, {8,0,2,1,1,0,2,0,0}]y » {{"W", ay »1-a; -a,}, {"Int", {a,, 8, ®}}, {"Int", {a;, 8, 1-a,;}}, {"Int", {a,, @, 1}}, {"Save"}},

G[6, {6,1,0,1,1,0,2,0,0}]; » {{"W", ay »1-a5}, {"Int", {a;, 6, ®}}, {"Int", {ay, O, ®}}, {"Int", {as, @, 1}}, {"Save"}},

G[6, {6,1,0,1,1,0,2,0,0}], > {{"W", ay »1-a,}, {"Int", {a,, 8, 1}}, {"Resc", a3}, {"W", @ 2 1-a,}, {"Int", {ag, O, w}}, {"Int", {a,, O, 1}}, {"Save"}},
G[6,{8,1,1,0,1,2,0,0,0}]; » {{"W", a3 >1-a}, {"Int", {a,, 8, ®}}, {"Int", {as, @, 1}}, {"Int", {as, 8, ®}}, {"Save"}},

G[6, {6,1,1,0,1,3,0,0,0}]; » {{"0", ay »1-as}, {"Int", {a;, 8, ®}}, {"Int", {as, @, 1}}, {"Int", {as, O, ®}}, {"Save"}},

G[6,{8,1,1,0,2,2,0,0,0}]; » {{"W", a3 »1-a}, {"Int", {a;, 8, ®}}, {"Int", {as, @, 1}}, {"Int", {ag, 8, ®}}, {"Save"}},

G[6,{6,1,1,1,0,2,0,0,0}]; » {{"W", ag »1-a;3}, {"Int", {a,, 8, w}}, {"Int", {a;, O, w}}, {"Int", {a;, @, 1}}, {"Save"}},

G[6,{0,1,1,1,0,2,0,0,0}],» {{"W", ag »1-a3}, {"Int", {a;, 8, 1}}, {"Resc", ag}, {"W", @y 2 1-a,}, {"Int", {ag, @, w}}, {"Int", {a,, @, 1}}, {"Save"}},
G[6,{0,1,1,2,0,2,0,0,0}], 2 {{"W",as »1-a3}, {"Int", {a;, 0, 1}}, {"Resc”, ag}, {"W", a; »1-a,}, {"Int", {ag, O, w}}, {"Int", {a,, @, 1}}, {"Save"}},
G[6,{8,2,2,1,1,0,0,0,0}]; » {{"W", ay »1-as}, {"Int", {as, ©, 1}}, {"Resc”, ag}, {"W", a; 2 1}, {"Int", {a;, 0, w}}, {"Int", {ay, 0, ®}}, {"Save"}},

G[6, {1,0,1,0,1,0,2,0,0}]; » {{"W", a3 »1-as -y}, {"Int", {a,, O, w}}, {"Int", {as, @, 1-a,}}, {"Int", {a,, O, 1}}, {"Save"}},

G[6, {1,0,1,0,1,0,3,0,0}]; » {{"W", a3 »1-as -a,}, {"Int", {a, 8, ®}}, {"Int", {as, 8, 1-a,}}, {"Int", {a,, @, 1}}, {"Save"}},

G[6,{1,0,1,0,1,2,0,0,0}]; » {{"W", a3 »1-as -as}, {"Int", {a;, 0, w}}, {"Int", {as, @, 1-ax}}, {"Int", {ag, O, 1}}, {"Save"}},

G[6, {1,0,1,0,1,3,0,0,0}];» {{"W", a3 »1-a, -ag}, {"Int", {a;, 8, ®}}, {"Int", {as, 8, 1-as}}, {"Int", {as, @, 1}}, {"Save"}},

G[6, {1,0,1,0,2,0,2,0,0}];> {{"W",a; »1-a5 -}, {"Int", {a;, 8, ®}}, {"Int", {as, O, 1-a,}}, {"Int", {a@,, @, 1}}, {"Save"}},

G[6, {1,0,2,0,1,2,0,0,0}]; » {{"W", a3 »1-as -ag}, {"Int", {a,, 8, ®}}, {"Int", {as, @, 1-as}}, {"Int", {as, @, 1}}, {"Save"}},

G[6, {1,1,0,1,1,0,1,0,0}], » {{"W",as >1-a;}, {"Int", {a,, @, 1}}, {"Resc”, ag}, {"OW", @y »1-a,}, {"Int", {ag, O, ®}}, {"Int", {ay, O, 1}}, {"Int", {a,, @, ®}}, {"Save"}},
G[6, {1,1,0,1,2,0,1,0,0}], > {{"W", as »1-a,}, {"Int", {a;, 0, 1}}, {"Resc”, a3}, {"W", @, > 1-a;}, {"Int", {a;, O, ®}}, {"Int", {a,, @, 1}}, {"Int", {a;, 8, ®}}, {"Save"}},
G[6,{1,1,1,1,0,1,0,0,0}],» {{"W",ay »1-a3}, {"Int", {a;, O, 1}}, {"Resc"”, ag}, {"W", ay »1-a,}, {"Int", {ag, O, ®}}, {"Int", {a,, @, 1}}, {"Int", {a;, O, ®}}, {"Save"}},
G[6,{1,1,1,1,0,2,0,0,0}], » {{"W", ag »1-a,}, {"Int", {a;, 0, 1}}, {"Resc", a3}, {"W", @y 2 1-a,}, {"Int", {a;, O, ®}}, {"Int", {a,, @, 1}}, {"Int", {a,, 6, ®}}, {"Save"}},
G[6,{1,1,1,1,1,1,1,-2,08}], 2 {{"W", a3 2 1-a5 -ag -a,}, {"Int", {as, 8, 1-a5 -a,}}, {"Int", {as, 8, 1-a,}}, {"Int", {a,, O, 1}}, {"Resc", ag}, {"OW", a3y 2 1-a; -a,}, {"Int", {ag, @, ®}}, {"Int", {a;, @, 1-a,}}, {"Int", {a,, @, 1}}, {"Save"}},
G[6,{1,1,1,1,1,1,1, -1, -1}], » {{"W", a3 2 1-as -ag - @}, {"Int", {as, 0,1-a5 -a,}}, {"Int", {as, 0,1-a,;}}, {"Int", {ay, @, 1}}, {"Resc", a3}, {"OW", @y 2 1-a; -a,}, {"Int", {a3, O, ®}}, {"Int", {a;, 0, 1-a,}}, {"Int", {a,, O, 1}}, {"Save"}},
G[6,{1,1,1,1,1,1,1,6, -2}],» {{"W", a3 2 1-a5 -as - @}, {"Int", {as, 0, 1-a5 -a,}}, {"Int", {as, 8, 1-a,}}, {"Int", {ay, ©, 1}}, {"Resc", ag}, {"W", @y 2 1-a; -a,}, {"Int", {ag, 0, ®}}, {"Int", {a;, 0, 1-a,}}, {"Int", {a,, @, 1}}, {"Save"}}
s
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Series expansion methods



Series expansions

Series expansions of Feynman integrals

« We will follow the series expansion strategy of F. Moriello’s paper [1907.13234],
which was applied in [1907.13156] (family F) and [1911.06308] (family G), and

discuss some additional optimizations.

- Main steps: Write down a sequence of line segments to a kinematic point.
« Series expand the differential equations along each segment
» Solve the differential equations in terms of series expansions,
along each path, and use the result to fix the boundary

conditions for the next path.

« May be used to obtain high-precision numerical results, including stable results

near threshold singularities



Series expansions

Series expansions

* Note also the range of previous literature on series expansions. For single scale

problems, see e.q.:

B. Mistlberger, Higgs boson production at hadron colliders at N°LO in QCD, JHEP 05
(2018) 028, [arXiv:1802.00833|.

S. Pozzorini and E. Remiddi, Precise numerical evaluation of the two loop sunrise graph R'tN' Izub AV Sl}llrllov’ a“q i lA. le}lrltllov;HSg)Iivgzsg (d;g; cgr;f %fggl Fqu?wn;]: ; gigézg]a"
miegrats erpansions near singuilar points, . , [ATA1V . .
master integrals in the equal mass case, Comput. Phys. Commun. 175 (2006) 381-387, 2 b 7 # ' '

[hep-ph/0505041].

U. Aglietti, R. Bonciani, L. Grassi, and E. Remiddi, The Two loop crossed ladder vertex
diagram with two massive exchanges, Nucl. Phys. B789 (2008) 45-83, [arXiv:0705.2616].

R. Mueller and D. G. Oztiirk, On the computation of finite bottom-quark mass effects in

Higgs boson production, JHEP 08 (2016) 055, [arXiv:1512.08570|.

R. N. Lee, A. V. Smirnov, and V. A. Smirnov, Fvaluating elliptic master integrals at special
kinematic values: using differential equations and their solutions via expansions near
singular points, JHEP 07 (2018) 102, [arXiv:1805.00227|.

R. Bonciani, G. Degrassi, P. P. Giardino, and R. Gréber, A Numerical Routine for the

Crossed Vertex Diagram with a Massive-Particle Loop, Comput. Phys. Commun. 241
(2019) 122-131, [arXiv:1812.02698|.

* For multi-scale problems, series expansions have been considered before in

special kinematic limits. See e.q.:

K. Melnikov, L. Tancredi, and C. Wever, Two-loop g9 — Hg amplitude mediated by a
nearly massless quark, JHEP 11 (2016) 104, [arXiv:1610.03747|.

K. Melnikov, L. Tancredi, and C. Wever, Two-loop amplitudes for qqg — Hq and qq — Hg
mediated by a nearly massless quark, Phys. Rev. D95 (2017), no. 5 054012,
[arXiv:1702.00426].

R. Bonciani, G. Degrassi, P. P. Giardino, and R. Grober, Analytical Method for
Next-to-Leading-Order QCD Corrections to Double-Higgs Production, Phys. Rev. Lett. 121
(2018), no. 16 162003, [arXiv:1806.11564].

R. Bruser, S. Caron-Huot, and J. M. Henn, Subleading Regge limit from a soft anomalous
dimension, JHEP 04 (2018) 047, [arXiv:1802.02524].

J. Davies, G. Mishima, M. Steinhauser, and D. Wellmann, Double-Higgs boson production in
the high-energy limit: planar master integrals, JHEP 03 (2018) 048, |[arXiv:1801.09696|.

J. Davies, G. Mishima, M. Steinhauser, and D. Wellmann, Double Higgs boson production

at NLO in the high-energy limit: complete analytic results, JHEP 01 (2019) 176,
[arXiv:1811.05489|.
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Series expansions

« Canonical basis: dB = edAB, B=) B¢
i>0
« Consider a contour ~(z): [0,1] — C? where p is the number of external scales.

—

. Let B(y(z)) = B(z) B (z)

= A, B V().
5 (z)

* Then order-by-order in e we have: \ _ L L
BOG) = [ A B Vde+ BO((0)),
0

» Upon series expanding, each integration is of the form:
/:Uw log(z)", forneZsoand weQ,
whose primitives have the same form (use integration by parts), e.g.:

[2=3/5log?(x)dx = 32%/° (2log”(z) — 10log(x) + 25)



Series expansions

Basic integration strategy

« Suppose we are on a line (segment) with line parameter x

* Next, suppose that A, = A, ;27/™ and that we expand up to order 0 (x>°).
2]

J=—m
« We seek to find a maximal positive point x5 such that:
(Am + O (5[350)) |:13::c5 - Ax (37(5) <0
, Where 6 indicates some desired precision of the matrix expansions.

* It's hard to find x5 exactly, but we can find an estimate 0 < x5 < xg, by rescaling the
line parameter such that the nearest singularity in the complex plane has distance

> 1 from the origin, and looking at the magnitude of the highest order terms



Series expansions

Basic integration strategy

- So, we solve the equation |A,, 50.]|23° = J to get an estimate for x
» Note: we can verify the estimate explicitly, and if it is incorrect decrease xg

« We chose § as a bound on the derivative matrix, and typically the integrated
Feynman integrals have a slightly lower precision:

« Poles may add up and decrease the order of the expansion

« The coefficients of the Feynman integrals are generally not monotonically decreasing. For

example, the coefficients may alternate.

« We can interpret § as a rough estimate of the final precision on the segment.



Series expansions

Basic integration strategy

« We may now evaluate our integrated results at y(x5), and consider a new line
segment which is centered at y(xj), iterating the procedure until we reach the

desired endpoint.

« However, to cross singularities and branch-cuts, we have to center expansions on
them directly. We will then obtain series that contains terms such as x 7,

log(x) x* and x*/2, capturing the analytic behaviour.

« To estimate how close we can go towards a singularity, we can first expand

around the singularities and compute the respective xg's.



Series expansions

Integration strategy improvements

 Using Mobius transformations we may improve the convergence of the
1 1

T 1042 1-a

expansions. For example, consider: f(x)

e Then: f(z)=9— 101z + 999z% — 10001z> + 99999z* — 1000001z° + O(z)°

* Next, consider the Mobius transformation: x = 112_y9y, so that for y € [-1,1], we

have x € [-1/10,1].

202y

20273 202y°
° ° — —_— 1 2 T
We then have: f(y) =9 - —— +18y" - — 11

« And numerically we find: Syp0f(y = 11/13) = —0.335377
flx=1/2)=1/3, Sipof(x=1/2) = —1.31477...-107,

+ 18y* — + O(y)°



Series expansions

Integration strategy improvements

» Thus, we may improve the integration strategy in the following way:
 Find the singularity whose real part is nearest on the left of the origin
 Find the singularity whose real part is nearest on the right of the origin
« Map these respective singularities to -1, and 1.

« Lastly, we may use (diagonal) Pade approximants to accelerate the convergence of our series.

These are rational functions, whose series expansion matches the original series. For example:

_I_O (.5811)

\/ﬁ I+ A N Y n Tr°  21x° N 3327 42928 n 71522 2431x1Y
o —— — — — —
2 8 16 128 256 1024 2048 32768 65536 262144

S10(V1+x)|pm1/2 — V1+1/2=-272-107°

: 22 | 33z2 | 1123 | 55z
« Pade approximant 14 222 4 32 4 L& 4 o2 (Pas(V1+2)|p=1/2

~ 35x 175x2 25x3 2514 x® L —10
Vitr~ 14+ 55+ 550 + 556 + 3307 — 608 —V1+1/2)=-3.47-10




Series expansions

Elliptic sectors of family F

 Now that we understand how to setup up expansions for a canonical basis,

let’s focus on elliptic (and higher order coupled) sectors.

4
Bge = se*r210,1,1,1,1,1,1,0,0 5
4
Ber = €' rol _21.1,1,1,1,1,0,0 5

* For famlly F the elllpth Bes = te* (p7 — ) (Ii10,1,10,1,-1,0 — Lia,1,1,1,1,1,0-1)

4
Bgo =te" (liaaaa11,-20—hati110-—2+sTiii1000,-10—ii1101.1,0-1))

sectors are given by:

4
B7() = te 16 (11,1’1,1,1,1,1,—1,0 + I1,1,1,1,1,1,1,0,—1) ’

te* (pg —t)?
(2s+t—p7) rie

Br =

Lii11111,-1,-1,

77777777

4 4s
B3 = te (11,1,1,1,1,1,1,—2,0 +

—p2 4+ 25+t

Liti11,11,-1,-1+1li1,1,1,101,0—2+

+ = (4s+t—pf) Tiia1,10,1,-1,0 + I1,1,1,1,1,1,1,0,—1)>

e



Series expansions

Elliptic sectors of family F

* The differential equations are:

0 = . = . . .
9 Beg_73(T, €) = Z EJA%)(QT)B%—?:;(% €) + Ges—73(Z, €)
Iy =0

* The homogeneous matrix has the following schematic form:

( )

AV =

* ¥ ¥ ¥ ¥ ¥|*x O
* %k K K ¥ ¥ *
* % ¥ ¥ O OIC O
* % ¥ ¥ O OO
* K| OIC OO O
* ¥ | O ¥ |O OISO
SO OO oo O

o OO oo o

\ /

* We see that integrals 66,67 and 70,71 are coupled.

=




Series expansions

Solving non-canonical systems

 So far, we have only considered canonical systems of differential equations, which

have no homogeneous components. Next, let us consider a coupled system:

I~ Lower order terms, and subtopology terms
O, f=MFf+b
t- k coupled integrals in some sector

- First we seek to solve the homogeneous system, 0.9 = Mg

» This may be done by combining the system into a k-th order differential equation

for any of the f;, and using the Frobenius method.



Series expansions

Solving non-canonical systems
elet 0=9,, ¢¥=8G, and gV = MUg

« Thenwe have: M@ =1, MUY = gpm0) 4 MO MWD for all j > 1

- Next, let's obtain a single differential equation for g;: > cigy’ =0

§=0

- First let: M;; = Mﬁ_l)» and §” = (91,091,...,0" 'g1)

* Then ¢ = Mg and §=M"'g°

 Similarly, consider the (k + 1) X k - matrix(M+)__ = My "
(]

and (k + 1) — vector @ = (g1,991,...,0"g1)

 Then: ﬁ = M., g



Series expansions

Solving non-canonical systems

» Using standard algorithms we may find a vector ¢T in the left null-space of M, ..

 Then we have chf_ =M. =0

n

which defines the differential equation we were looking for: ) cigy”) =0
=0
« According to the Frobenius method, we can always find one scglution of the form:
g1(x) =2"s(x), s(z)= Z S
where r is a rational number. "
 This solution is found by plugging it as an ansatz into Zn:cjggj) =0

j=0
and solving the resulting linear system order-by-order in x.



Series expansions

Solving non-canonical systems

» The leading order defines a polynomial equation for r called the indicial
equation. In order for our series solution to be valid, we have to let r be the

maximal root of the equation.

- The remaining coefficients s; may be solved using a recursion relation.

« Next, how do we find the remaining solutions?
k

« For convenience, let D; = Zcic‘?i ,and let h denote our Frobenius solution.
1=0

« Suppose we have another solution wrltten as h X u. Then:

k
0=D;(hu) = z:czé’Z hu) = Z Z c; ( ) (0°"™h) (0™ p)

1=0 1=0 n=0



Series expansions

Solving non-canonical systems

k

0= Dy(hu) = Zc@az (hp) = Z Z Ci ( ) (0""h) (8™ )

1=0 1=0 n=0

 For the coefficient of u in the above equation, we have simply:
k

Zczé’kh — Dlh =0
1=0
» Thus, we obtained a differential equation for d,.u of order k — 1! We may again

find one solution for this differential equation using the Frobenius method.

« We can continue recursively this way, until we reach a differential equation of

order 1, for which the only solution is given by the Frobenius method.



Series expansions

Solving non-canonical systems

« Suppose now that we have found k solutions for D,, and consider the Wronskian:

h hs
Oh Ohy,
W = . , .
O thy - Ony

* Thenwe have: G=M"'W, 0G = MG

* If we sum over the columns of G, multiplying them by constants, we obtain the

most general solution to the homogeneous differential equation 9,9 = Mg
» But, we are interested in the inhomogeneous equation: 9,f = Mf +b

« We can solve it using the same multiplicative trick as before.



Series expansions

Solving non-canonical systems

1
7
* Furthermore, suppose that F = GH, and that:

» Consider the matrix B = —(b,...,b)

OoF = MF + B
* Then we find: FOH = B= H = /G‘lB +C
where C is any constant matrix. In particular we may let C = diag (¢4, ..., cx)

« Then the most general solution to O.f =Mf+bis given by:

k
g=>» F FG(/G1B+C)
j=1
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Results for H+j family F 190713156

« Example: We consider a path Pbelow = (s = 2, = —1,pf = 13/25,m* = 1)

k
Pabove = (5 = 6,1 = —Lpi — 13/25,777,2 = 1)

which crosses a particle production threshold. Along the path we defined two expansions,

one centered at Pregular and one at Psingular' which are matched at P,i4:

Expansion 1

Expansion 2

Pbelow Pregular Pmid Psingular Pabove
[ 2 L ]

-1.0}

Analytical Continuation

-1.5 ————— Threshold

20t
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P | OtS for fa m I Iy F The real part of the integrals is in blue, the imaginary part is orange.
Dgg

(4)
Bgs

4
B
2.0t Bg;)
& PS N S
1.5 —0.005 3 4 5 —86
1. -0.010
-0.015
0.5 -0.020
-0.025
. 2 @
* 3 4 5 6> ~0.030
(4)
Bro BY{ B
0.1 o — 72
3 4 5 6°
-0.1
-0.2 P
-0.3
-0.4
-0.5
-0.




Results

Results for family G 1911.06308]

« We can also obtain 3-dimensional plots, if we sample enough points.

Consider the parametrization:

87 — 74z 871(z—1) 5 13
t . = —— = —
op (la Z)t S 95 ’ t 95 ? Py 25 )
bottom U z) T 8= 323761 t — 323761Z(Z__1) 2 323761
T P B 361z o PaT e
(lz) = (0,1) (,2) = (1,1)
« Which maps the physical regions of TR
the top quark and bottom quark g B e My
contributions to the unit square: boee oo o
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Plots for familv G

(4)
Re(BSy ) imBY,) Re(Bgo,)

(4)
5o Im(B53,)

* These results were sampled from
# .= 10000 points.

Sl
o 1

A 0
Re(Bs) -y Re(B51) Im(B{,)
L « We performed numerous internal
\1\1&\\*\ P //'q(’;z
cross-checks at high precision:
Re(Bgp) Im(BYY, Im(BY),
f:):: l Line(s). Evaluated at #Segments (k =2) Max relative error
e 0— (357 ﬁ)t Endpoint 16 0(1072%)
o 0= (11 161), Endpoint 31 O(1072)
Re(B{1,) Im(B{3s) im(B{30 (150, 299) — (&, 150), (&, 3%9), 2568 O(107%)
,W&‘\{“ _ for z=1,...,100 for z,y=1,...,100
A (5 6), = (. 1), Endpoin 21 0(10-27)
-75| - 5=51
0— (LE—;) = (1%.7%),  Endpoint 47 O(10%)

4)
Im(Bay
o
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Results for 4-mass banana graph

« We can also compute expansions for highly coupled systems.

° First COnSider -the equal'maSS case. B’banana _ ( banana banana ’Ibanana ’Ibanana )

2211 y -2111 1111 1110
( 2% (e+1)+22(8e—1)+64(e+1) 2(2+20)(6€*+5¢+1) B 6(24€%+26¢”+9¢+1) 98 \
z(x?—20x+64) (x—16)(z—4)x (m—216)(a:—4)m (x—16)x
— 3 2xet+x+16e+4 12e“+Te+1 —
0, Bbanana _ — T~ CEE 0 Bbanana
0 4 _ 3e+1 0
T x
\ 0 0 0 .

» With z = p?/m? .
» We consider boundary conditions in the limit  — —3, with £ | 0,

which is equivalent to the limit of vanishing mass.
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Results for 4-mass banana graph

* Asy:

IPenena = e (3¢ + 1) (m2) 0 FAH /

Ay

daydasdasday (aasas + agagas + asagas+

de 2~ 2~ 2~ 2 o~ 2 o~ 9 o~
a1a2a4) (()!2@3()5135‘ + Qo ] T + 34T + Q23T + Qe 1T + 3 1 T+

a%agoqjé + 04%(:)44051515' + a§a4a1f + dasazga1 T + agagozi:f: + ozgoz%au@ + agagaﬁ:—i—

+aozaig iy

Ry = {0,—1,-1, -1},
Ry = {090707_1}7
R; ={0,-1,0,—1},
Ryp = {0917131}7
Ri3={0,0,—1,—1},

)—36—1

R2 — {0? _]-7 _1:' 0}:

Rs = {03 L, 170}7

Rs ={0,-1,0,0},
R ={0,0,1,1},
R14 ={0,1,0,1},

R3 =1{0,0,0,0},
Re = {0707170}3
Ry ={0,0,0,1},
Ri2 ={0,1,0,0},
Ry15 ={0,0,—1,0}.

€ e+1 2 € e+1 4
1, ~ 2e8T (e)? I, ~ e D TO R e
[Ra 237 e T (—€)® () (2€) s e T (—e)?I(e)? Re xegver(e)g
}%111 63766$E+1[‘r£(_6§’5%‘(6)3 }%111 283’Y€€$£€(_|__12I$() €)3I'(e)I'(2¢) ;11 3 3
L5, ~ F—5e LTy ~ (3¢ L1311 ~ ze”7“T(e)
IR10 ~ 26376€$2E(+1F()_6)3F(E)F(26) IR11 ~ 83’YE€$€+1F((—€)2)F(€)3 IR12 ~ 3fyeF 3
1111 T(—3¢) 1111 T(—2¢) 1111 ~ L€ (€)
s e e T IT(—e)?I(€)? s e ex I (—e)?I(e)? s, 2e7€ex? TN (—€)? T ()T (2¢)
1111 T(—2¢) 1111 T(—2¢) 1111 T'(—3e)
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Results for 4-mass banana qraph

- banans 40 663766x6+115(—e)2ITe)3 863766$26+1IjQ—e)SIKG)F(Qe) 363766$3€+1Ij0—6)4r(36)
» Then we obtain: i (20 + T30 + e

+ 4ze*7°T (€)® + O(7?).
banana 3ve 3
o™ = e T(e)”

« We may compute the expansions using a (soon to be released) Mathematica package:

BananaBoundaryConditions = {
"IGNORE",
"IGNORE",
eps”3 E~(3*eps*EulerGamma) * (4*x+*Gamma[eps] "3 +
(6*eps*x” (1 + eps)*Gamma[-eps] ~"2*Gamma [eps] “3) /Gamma [-2*eps] +
(8*eps*x~ (1 + 2+eps)*Gamma[-eps] ~3*Gamma [eps] *Gamma [2*eps] ) /Gamma [-3*eps] +
(3*eps*x”~ (1 + 3+*eps)+*Gamma[-eps] "4*Gamma [3*eps])/Gamma[-4*eps]),
E” (3*eps+*EulerGamma) *Gamma [eps] "3 eps~3
}// PrepareBoundaryConditions[#, <[t -> -1/x|>] &;

Resultsl = TransportBoundaryConditions[BananaBoundaryConditions, <|t -> -1/x[>, 1];
Results2 TransportBoundaryConditions[Resultsl, <|t -> x|>, 40, {"SaveExpansions"}];

ResultsFunction = ToPiecewiseFunction[Results2[[2]]];

ReImPlot [{ResultComplete[[3, 4]], ResultComplete[[3, 511}, {x, 0, 40},
WorkingPrecision -> 40]
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Results for 4-mass banana graph
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Results

Results for 4-mass banana graph

« We can also produce plots in the unequal mass case.

« We choose the basis; DeaBasis = {

G[1, {1, 1,2, 2,0, 0, 0, 0, 0}1,
G[1, {1, 2,1, 2,0, 0, 0, 0, 0}1,

G[1, {1, 2, 2,1, 0,0, 0, 0, 0}1,

G[1, {2, 1,1, 2,0, 0, 0,0, 0}],

G[1, {2, 1, 2,1, 0,0, 0,0, 0}],

G[1, {2,2,1,1,0,0,0,0,0}],

(1+3¢)6G[1, {1, 1,1, 2,0, 0,0, 0, 0}],
(1+3€)G[1, {1,1, 2,1,0,0,0,0,0}],
(1+3€)G[1, {1,2,1,1,0,0,0,0,0}],
(1+3€)G[1, {2,1,1,1,0,0,0,0,0}],

(1+4€) (1+3e)G[1, {1,1,1, 1,0, 0,0, 0, 0}],
e’G[1, {0,1,1,1,0,0,0,0, 0}],

e’G[1, {1,0,1,1,0,0,0, 0
e’G[1, {1,1,0,1,0, 0, 0, 0, 0}],
e’G[1, {1,1,1, 0,0, 0,0, 0

}s
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Results for 4-mass banana graph (preliminary)

 Then we find for p? = 200x,m? = 4,m2 =3,m5 =2,ms =1
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Conclusion

Conclusion

« We reviewed the method of differential equations for Feynman integrals

« We discussed how to solve the differential equations in terms of series

expansions
« We discussed applications of these methods to:
* Non-planar Higgs + jet families F and G

» Beyond-elliptic Feynman integrals



Thank you for listening!



