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Definition: integral family I
loop momenta `1, . . . , `L
denominators D1, . . . ,DN : quadratic or linear in `

I(s1, . . . , sN ; d) :=
( L∏

k=1

∫ dd`k
iπd/2

)
1

Ds1
1 · · ·D

sN
N

Example

I(s1, s2; d) =
∫ dd`

iπd/2
1

(`2)s1((`+ p)2)s2

k2 = ℓ+ p

k1 = ℓ

p −p

Topic: relations between I(~s + ~n, d + m) where ~n ∈ ZN , m ∈ 2Z

Why?
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−ieΓµ =
ℓ

ℓ′

p

p′

µ

ρ

ν

=
∫ d4`

(2π)4 (−ieγν) i( /̀′ + m)
`′2 −m2 + iε

(−ieγµ)

× i(/̀+ m)
`2 −m2 + iε (−ieγρ) −igµν

(`− p)2 + iε

Form factors

u(p′)Γµu(p) = γµF1(q2) +
[/q, γµ]

4m F2(q2)

Reduction to scalar integrals
Passarino–Veltman (contractions)
Tarasov (dimension shifts)

F2(q2) = −e2m2

2π2

∫ d8`

iπ4
1

`′2 −m2 + iε
1

[`2 −m2 + iε]2
1

[(`− p)2 + iε]2
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Applications for recurrences & non-integer ~s and d

analytic regularization (e.g. d = 4− 2ε) [Speer]
tensor reduction
scalar reduction

= 1
ε

 +


factorization of 1-scale subgraphs:

=
( )2

ε

ε

ε

ε

3ε

differential equations
recurrences in si [Laporta] high-precision evaluation
recurrences in d [Lee]
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I(~s, d) :=
( L∏

k=1

∫ dd`k
iπd/2

)
1

Ds1
1 · · ·D

sN
N

Properties: [Speer ’69,Berkesch–Forsgøard–Passare ’14]

1 converges in a non-empty, open domain
2 unique, meromorphic extension to CN+1

3 poles are simple, located on hyperplanes
4 # {master integrals} = C := dimC(~s,d) M <∞ [Smirnov–Petukhov ’11]

[Loeser–Sabbah ’91]
M :=

∑
~n∈ZN

C(~s, d) · I(~s + ~n, d)

5 M is closed under d → d ± 2 [Tarasov ’96, Baikov]

Remark: For ~s ∈ ZN , poles coalesce.
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Example

I(s1, s2, d) = (−p2)d/2−s1−s2 Γ(d/2− s1)Γ(d/2− s2)Γ(s1 + s2 − d/2)
Γ(s1)Γ(s2)Γ(d − s1 − s2)

1 convergent for{
Re s1 < Re d

2

}
∩
{

Re s2 < Re d
2

}
∩
{

Re(s1 + s2) > Re d
2

}
2 poles on the families of hyperplanes (k ∈ Z≤0):

{d/2− s1 = k} ∪ {d/2− s2 = k} ∪ {s1 + s2 − d/2 = k}

3 M = C(s1, s2, d) · I(s1, s2, d) is 1-dimensional



Integration by parts

0 =
∫

dd`
∂

∂`µ

[
`µf (`)

]

2

3

p

q

ℓ

1

4

5 f = 1
p2s1(`+ p)2s2(`− q)2s3q2s4`2s5

Rewrite:

`µ
∂

∂`µ
1

(`+ p)2s2
= −s2

2`(`+ p)
(`+ p)2(s2+1) = − s2

(`+ p)2s2

(
1 + `2 − p2

(`+ p)2

)

Triangle rule
(d − s2 − s3 − 2s5)I = A2(B5 − B1)I + A3(B5 − B4)I

(AiI)(~s) := siI(~s + ei ) (BiI)(~s) := I(~s − ei )
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1 Symbolic/analytic reductions:
MINCER [Larin et. al. ’89,’91]
Gröbner bases [Gerdt, Tarasov ’04]
S-bases [Smirnov–Smirnov ’06]
LiteRed [Lee ’12]
FORCER [Vermaseren et. al. ’16]

2 Laporta-like reductions
solves linear equations on-the-fly
systems grow with numer of shifts

3 Other methods



Lee-Pomeransky representation (Baikov similar):
ω := s1 + . . .+ sN − Ld

2
G := U + F

I(~s) =
Γ
(

d
2

)
Γ
(

d
2 − ω

) ( N∏
i=1

∫ ∞
0

x si−1
i dxi
Γ(si )

)
G−d/2

Example

I(s1, s2)=
Γ(d

2 )
Γ(d − s1 − s2)

∫ ∞
0

x s1−1
1 dx1
Γ(s1)

∫ ∞
0

x s2−1
2 dx2
Γ(s2)

(
x1 + x2︸ ︷︷ ︸
U

−p2x1x2︸ ︷︷ ︸
F

)− d
2

The Mellin transform of a function f : RN
+ −→ C is

M{f } (~s) :=
( N∏

i=1

∫ ∞
0

x si−1
i dxi
Γ(si )

)
f (x1, . . . , xN),

whenever this integral exists. Special case:

I(~s) = Γ(d/2)
Γ(d/2− ω) Ĩ(~s) for Ĩ(~s) =M

{
G−d/2

}
(~s).
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Properties of the Mellin transform
1 M{αf + βg} (~s) = αM{f } (~s) + βM{g} (~s) (α, β ∈ C)
2 M{xi f } (~s) = siM{f } (~s + ei )

=:
(

AiM{f }
)

(~s)

∫ ∞
0

x si−1
i dxi
Γ(si )

(xi f ) =
∫ ∞

0

six si
i dxi

si Γ(si )
f =

∫ ∞
0

six (si +1)−1
i dxi
Γ(si + 1) f

3 M{−∂i f } (~s) =M{f } (~s − ei )

=:
(

BiM{f }
)

(~s)

∫ ∞
0

x si−1
i dxi
Γ(si )

(−∂i f ) = −
[

x si−1
i

Γ(si )
f
]∞

xi =0
+
∫ ∞

0

x si−2
i dxi

Γ(si − 1) f

Shift operators:

(BiF )(~s) := F (~s − ei ) (niF )(~s) = siF (~s) for
(AiF )(~s) := siF (~s + ei ) ni := AiBi
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Given any differential operator P ∈ AN [d ] in the Weyl algebra

AN [d ] := C[d ] 〈x1, . . . , xN , ∂1, . . . , ∂N | [∂i , xj ] = δi ,j〉

such that P • G−d/2 = 0 (annihilator), the substitutions

xi 7→ Ai , ∂i 7→ −Bi , xi∂i 7→ −ni

define a shift operator M{P} ∈ SN [d ] in the shift algebra

SN [d ] := C[d ] 〈A1, . . . ,AN ,B1, . . . ,BN | [−Bj ,Ai ] = δi ,j〉

such that M{P} •M
{
G−d/2

}
=M

{
P • G−d/2

}
= 0 (relation).

Example (G = x1 + x2 − p2x1x2)
1
[
(−p2)(−d/2− x1∂1 + 1)x1 + (−d/2− x1∂1 − x2∂2)

]
• G−d/2 = 0

2 (−p2)(−d/2 + n1 + 1)A1Ĩ = −(−d/2 + n1 + n2)Ĩ

3 (−p2)s1Ĩ(s1 + 1, s2) = −−d/2 + s1 + s2
−d/2 + s1 + 1 Ĩ(s1, s2)



{
P ∈ AN [d ] : P • G−d/2 = 0

}
(annihilator)

{
P̃ ∈ SN [d ] : P̃ • Ĩ = 0

}
(shift relation)

M{·}

M−1{·}

The inverse Mellin transform of f ?(~s) :=M{f } (~s) is

f (x) =M−1{f ?} (x) =
( N∏

i=1

∫
σi +iR

Γ(si ) dsi
(2πi) x si

i

)
f ?(~s).

Therefore, every shift relation comes from an annihilator.



Theorem (Loeser–Sabbah, Bitoun–Bogner–Klausen–Panzer)
(−1)NC = χ

(
C

N \ {x1 · · · xNG = 0}
)

= χ
(

(C∗)N \ {G = 0}
)

⇒ implies finiteness [Smirnov & Petukhov]

Tools to compute the Euler characteristic χ(X ) =
∑

i (−1)i dim H i (X ):

χ(X ) = χ(X \ Z ) + χ(Z ) [inclusion–exclusion]
χ(X × Y ) = χ(X ) · χ(Y ) [products]
χ(E ) = χ(B) · χ(F ) [fibrations F → E → B]
D-modules and Gröbner bases (e.g. Singular) [Oaku & Takayama]
CharacteristicClasses in Macaulay2 [Helmer]
C = N! · Vol NP (G) for non-degenerate G [Kouchnirenko/Khovanskii]

https://www.singular.uni-kl.de/
http://www.macaulay2.com/


For some infinite families one can prove explicit formulas:

C

  = C

  = L(L + 1)
2

C

  = 2L+1 − 1 [Kalmykov & Kniehl]

Further examples (results agree with Azurite):

Graph G

C (G) massless 4 3 4 20
C (G) massive 7 30 19 55

https://bitbucket.org/yzhphy/azurite/


IBP certificates and relations by Ansatz

Suppose we are given n = C master integrands in a monomial basis:

~Bᵀ = (B1, . . . ,Bn) where Bi =M
{

xbi
}

for bi ∈ NN
0 .

To reduce an integral M
{

xb0
}

, we are looking for a non-zero solution of
( n∑

i=0
Pi (d , ~θ)xbi

)
· G−d/2 = 0, where P0, . . . ,Pn ∈ C[d ,~s ]

and ~θ = (−x1∂1, . . . ,−xN∂N).

An Ansatz for the Pi turns this into a sparse linear system.
Can be used to compute relations between a given set of integrals.
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integral reduction with contiguous relations
In a basis ~Bᵀ = (M

{
xb1
}
, . . . ,M

{
xbn
}

), the shift operators are matrices

Ai~B = Mi~B where Mi (~s ) ∈ GLn(C(d , s1, . . . , sN)).

Once these matrices are computed, and B1 =M{1}, an arbitrary integral

M{x s} ∝ ~eᵀ1 ·
( N∏

k=1
Msk

k

)
· ~B

can be reduced simply by multiplying and shifting matrices using

Ai ·Mj(~s ) = Mj(~s +~ei ) · Ai

works for non-integer ~s
straightforward parallelization
compute Mk once and for all
first explicit examples (box and doublebox) [Tarasov,Panzer]
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The Mellin transform translates IBP relations to annihilators [Tkachov,
Baikov, Lee, Pomeransky].
The number of master integrals for generic ~s is

C =
∣∣∣χ((C∗)N \ {G = 0}

)∣∣∣ <∞.
For generic ~s, IBP relations can be obtained from annihilator Ansatz.
Reduction simplifies drastically once contiguous relations are known.
Goal: Extend IBP reduction from ~s ∈ ZN to generic ~s.


