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Definition: integral family Z
@ loop momenta {1,...,¢;

@ denominators D, ..., Dpy: quadratic or linear in ¢
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Form factors
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Reduction to scalar integrals

o Passarino—Veltman (contractions)

@ Tarasov (dimension shifts)
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Applications for recurrences & non-integer s and d

@ analytic regularization (e.g. d = 4 — 2¢) [Speer]

{00

@ factorization of 1-scale subgraphs:
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@ tensor reduction

@ scalar reduction
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Applications for recurrences & non-integer s and d

@ analytic regularization (e.g. d = 4 — 2¢) [Speer]

{00

@ factorization of 1-scale subgraphs:

(O

differential equations —_—

@ tensor reduction

@ scalar reduction

recurrences in s; [Laporta] <—— high-precision evaluation
@ recurrences in d [Lee] —
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Properties: [Speer '69,Berkesch—Forsggard—Passare '14]
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Properties: [Speer '69,Berkesch—Forsggard—Passare '14]
© converges in a non-empty, open domain
@ unique, meromorphic extension to CN*1

© poles are simple, located on hyperplanes

Remark: For 5§ € ZN, poles coalesce.
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Properties: [Speer '69,Berkesch—Forsggard—Passare '14]
© converges in a non-empty, open domain
@ unique, meromorphic extension to CN*1
© poles are simple, located on hyperplanes
© 7 {master integrals} = C := dimgz ¢y M < 0o [Smirnov-Petukhov '11]
[Loeser—Sabbah '91]
m = Z C(s,d)-Z(5+ i, d)

rezN

Remark: For 5§ € ZN, poles coalesce.
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Properties: [Speer '69,Berkesch—Forsggard—Passare '14]
© converges in a non-empty, open domain

@ unique, meromorphic extension to CN*1

© poles are simple, located on hyperplanes
© 7 {master integrals} = C := dimgz ¢y M < 0o [Smirnov-Petukhov '11]
[Loeser—Sabbah '91]

m = Z C(s,d)-Z(5+ i, d)

nezZN

© M is closed under d — d +2 [Tarasov '96, Baikov]

Remark: For 5§ € ZN, poles coalesce.
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© convergent for
{Resl < Reg} N {Resz < Reg} N {Re(sl + ) > Reg}
@ poles on the families of hyperplanes (k € Z<g):
{d/2—s1 =k} U{d/2—s =k} U{s1 + s —d/2 =k}

Q@ M = C(s1,%,d) Z(s1, 5, d) is 1-dimensional



Integration by parts
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Integration by parts
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Rewrite:

o 0 1 B 200+ p) S ( 2 — p? )
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Integration by parts

0= / dde% 2 (0)]
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q
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Rewrite:
2 2
gﬂi 1 _ 2A(t+p) = 1+£ p
ot (L + p)*= ((+p)2=tl) (L4 p)>= ({+p)?

Triangle rule
(d — So — S3 — 255)I = A2(B5 — Bl)I+ A3(B5 — B4)I

(A,I)(g) = S,'I(§+ e,~) (B,Z)(g) = I(g— e,-)



© Symbolic/analytic reductions:

o MINCER [Larin et. al. '89,'91]
o Grobner bases [Gerdt, Tarasov '04]
o S-bases [Smirnov—Smirnov '06]
e LiteRed [Lee '12]
e FORCER [Vermaseren et. al. '16]

@ Laporta-like reductions

e solves linear equations on-the-fly
e systems grow with numer of shifts

© Other methods



Lee-Pomeransky representation (Baikov similar):
° w::sl+...+sN—L%
e g =U+F
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Lee-Pomeransky representation (Baikov similar):
° w::sl+...+sN—L%
o g =U+F

r(d N ooy si—1 Xi -
I(g)r(z(z)w) (11 ) o
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The Mellin transform of a function f: lRﬂ\r’ — Cis

M{F} (5) - (H/ il 1dx’> (0, x0),

whenever this integral exists. Special case:

I(Sl, 52)

I(5) = r(d(/Z/Z)w)IG) for Z(3) = M{G~9?} (3).



Properties of the Mellin transform

0@ Miaf + (g} (3) = aM{f} (s) + SM{g} (5) (.5 € ©)
@ M{xf}(3)=sM{f}(5+e;)

00 Si—17,. O c.xSidy. ™ . _(sf+1)_1 .
/ X7 T dx; (xf) :/ six; dx; f :/ SiX; dx; f
0 I(s) o sil(s) 0 M(si+1)
Q@ M{-0if}(5)=M{f}(5—e))

00 ySi—lg,,. si—1 7 00 SiT2 .
/ X7 dx; (—0if) = — X; ¢ n X7 odx; f
o I(si) M(si) | ., Jo T(si—1)




Properties of the Mellin transform

0 M{af + Bg} (3) = aM{f} (3) + BM{g} (3) (a, 8 € C)
Q@ M{xf}(3)=sM{f}(5+¢) =: (A,-M{f})(?)

/oo Xisi_ldX,' (X,-f) _ /oo s,-xl_sidx,- Fo /oo s,-xl_(s;+1)—1dx,- p
0 I(s) o sil(s) 0 M(si+1)

Q@ M{-0;f}(5)= M{f}(5—e) = (BM{f})(S)

0o xSi~lqx; x7 > 0 xSiT2d x;
L Can =T [T
/o I(si) ( ) lr(si) L:o o M(si—1)

Shift operators:

i) (n;F)(5) = s;F(5) for
e,-) n;, ‘= A,‘B,'
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Given any differential operator P € AV[d] in the Weyl algebra
AN[d] := C[d] (x1, -, xn, D1, -, O | [01, %] = 65 )
such that P e G=9/2 = 0 (annihilator), the substitutions
xi— A;, 0i— —Bj, x;0j+— —n;
define a shift operator M{P} € SN[d] in the shift algebra
SM[d] := C[d] (A1,...,An,Br1,...,Bn | [-Bj, Al =6i))

such that M{P} e M{g_d/Q} = M{P . Q‘d/z} = 0 (relation).

Example (G = x; + % — p>x1%0)
o [(—p2)(—d/2 — 3101 + 1)xg + (—d/2 — 301 — xzaz)] «G-92—0
Q (—pA)(—d/24+n, +1)AZ = —(—d/2+n; + )T

~ —d/2+51 + 55 ~
2
_ T 1) = e AT CP
o ( P )51 (51 752) d/2 s +1 (51,52)
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{PeAVd: Peg-d/2=0} {Peshd]: Pel=0}
(annihilator) (shift relation)

ML)

The inverse Mellin transform of *(5) := M{f} (5) is

Therefore, every shift relation comes from an annihilator.




Theorem (Loeser-Sabbah, Bitoun—Bogner—Klausen—Panzer)

(~)" = x (C¥\ {a - xug = 0}) = x (€)M \{G = 0})

= implies finiteness [Smirnov & Petukhov|

Tools to compute the Euler characteristic x(X) = 3_;(—1)" dim H'(X):

X(X) =x(X\ Z)+ x(2) [inclusion—exclusion]
X(X 3 Y) =x(X) - x(Y) [products]
X(E) = x(B) - x(F) [fibrations F — E — B]

D-modules and Grobner bases (e.g. SINGULAR)  [Oaku & Takayama]
CharacteristicClasses in Macaulay2 [Helmer]
C = N!-VolNP (G) for non-degenerate G [Kouchnirenko/Khovanskii|


https://www.singular.uni-kl.de/
http://www.macaulay2.com/

For some infinite families one can prove explicit formulas:

() (@)

C ( ,', ) =241 _ 1 [Kalmykov & Kniehl]

Further examples (results agree with AZURITE):

0

C (G) massless
C (G) massive 7 30 19

20
55



https://bitbucket.org/yzhphy/azurite/

IBP certificates and relations by Ansatz

Suppose we are given n = C master integrands in a monomial basis:

BT = (B1,...,Bn) where B;= /\/l{xb"} for b; € 1N6V.

To reduce an integral M{xbo}, we are looking for a non-zero solution of
(ZP (d,0)x" ) G 92 =0, where Py,...,P,cC[d,5]

and 52 (—Xlal, ey —XNaN).



IBP certificates and relations by Ansatz

Suppose we are given n = C master integrands in a monomial basis:

BT = (B1,...,Bn) where B;= /\/l{xb"} for b; € 1N6V.
To reduce an integral M{xbo}, we are looking for a non-zero solution of
(ZP (d,0)x" ) G 92 =0, where Py,...,P,cC[d,5]

and 52 (—Xlal, ey —XNaN).

@ An Ansatz for the P; turns this into a sparse linear system.

@ Can be used to compute relations between a given set of integrals.



integral reduction with contiguous relations

In a basis BT = (M{xbl} Yoo ,M{xb"}), the shift operators are matrices
A,'é = M,é where M,(g) € GLn((D(CI', Slyeeny SN)).
Once these matrices are computed, and B; = M{1}, an arbitrary integral
N —
M{x®} o & - (H Mf(k> -B
k=1
can be reduced simply by multiplying and shifting matrices using

Ai- M;(8) = M;(s + &) - A;



integral reduction with contiguous relations

In a basis BT = (M{xbl} Yoo ,M{xb"}), the shift operators are matrices

A,'é = M,é where M,(g) € GLn((D(CI', Slyeeny SN)).
Once these matrices are computed, and B; = M{1}, an arbitrary integral
N —
M{x®} o & - (H Mf(k> -B
k=1

can be reduced simply by multiplying and shifting matrices using
Ai- M;(8) = M;(s + &) - A;

@ works for non-integer s
@ straightforward parallelization
@ compute My once and for all

o first explicit examples (box and doublebox) [Tarasov,Panzer]



The Mellin transform translates IBP relations to annihilators [Tkachov,
Baikov, Lee, Pomeransky].

The number of master integrals for generic § is
¢ = |x((@)"\{g=0})] <o

For generic S, IBP relations can be obtained from annihilator Ansatz.
Reduction simplifies drastically once contiguous relations are known.

Goal: Extend IBP reduction from § € ZN to generic 5.



