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m Motivation

m Obtain gluon propagator in temporal gauge in functional method

m Sub-gauge condition for temporal gauge.
m Prescription for % pole.

m Obtain gluon propagator in light-cone gauge in functional method.

m Introduce sub-gauge condition to regulate k%, poles.
m Consider concrete example to show how to use PV prescription.
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Naive light-cone gauge propagator

n* and n* are light-cone vector

m light-cone gauge: n-A=A"T=0
m Naive light-cone propagator

DM (x,y) = (O[TA*(x)A"(y)|0)
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Known light-cone pole prescription

f-function sub-gauges

The classical field of point (color) charge moving along the x~ = 0 light cone is
proportional to

m Al ~0(—x7)

d*k —i Kty K
2 — —ik-(x—y) __ "% HY " — T
Dy (x,y) */ (zﬂ)4e k2 + e {g kt — ie k++i€}

m A ~0(x7)

&k i K ke
DI (1) = k() o _
2 (%) / (2m)* ¢ 2 +ie |° kt +ie  kt —ie

Slavnov and Frolov (1987); Kovchegov (1997); Belitsky, Ji, Yuan (2003).
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Known light-cone pole prescription

Principal value (PV) sub-gauge

d*k —i 1
% — ik (x—) p ( BV 4 JVpht =
Dy (x,y) = (27r)4e 2 ic {g ktn +k77)PV{k+}]
1 1 1 1
PV{—} =_
[ 2<k++ie+k+—ie>
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Known light-cone pole prescription

Mandelstam—Leibbrandt (ML) prescription

& - K 4+ KV
DY (x.v) — ik (x-y) w _
v (%) / 2m)t ¢ 2t ie | Kt + ick—

S. Mandelstam (1983); G. Leibbrandt (1984).
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m There are several possible choices to regulate light-cone (or temporal)
gauge. Why don’t we just use one of them?

m If we choose one of the available prescriptions for light-cone pole, how do
we know whether quantization of our theory really allows that particular
prescription we chose? We might get wrong result for the calculation at
hand.

m In calculation at high-energy, PV prescription simplify the calculation
reducing a lot the number of diagrams to be calculated.

m Moreover, In processes like two very energetic quarks off a large nucleus,
quark lines reduce to Wilson line only if one uses PV prescription for
light-cone poles.
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m Suppose we choose PV prescription for light-cone gauge propagator poles,
how do we actually use it when we have multiple light-cone poles? Do we
use the same ¢’s ore they have to be different?

m Ambiguous case where the use of PV is not clear

d’ky d§<+ d’ly df ok (T =by )il (b —by )ik (%1 ~Ba )+l -(Bay —b1 1)
(2m) (2m)

y ig? Fbera (), (1)) [ 10 - (ky — 1)K (kF — 217)
KRB (K —1,) K+ (k= 1)

m If we choose PV prescription as an ad hoc choice, then for each pole we
have to use different ie’s and the result will depend on the order we send
the ie’s to zero.
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Propagator in Naive Temporal Gauge

The propagator in the naive temporal gauge is obtained by setting
Ap = 0 in the Lagrangian

(ole~#r=1)]o)

iﬁM@N%MWWN) DA &54=0) A(A)
AN

P -0

\/ — 2

To(A) = g2 LANA; Wi
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Propagator in Naive Temporal Gauge

Dik — _8251'/6 . aiak

3 e kG=y) , . pigd
D) = [ @t (51 - £
k2 + ie k3

m This propagator does not satisfy Gauss law. Indeed sub-gauge
conditions have been ignored.

m What is the correct prescription for the pole at %?
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Including the sub-gauge condition

m Sub-gauge condition:  9;A;(X,1y) = 0,
m 1 is a generic point between ; and #.
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Including the sub-gauge condition

m Sub-gauge condition:  9;A;(X,1y) = 0,
m 1 is a generic point between ; and #.

(O]eH =)o) — / DA DA Wo(A) U3 (A) [ DAL= A(A) 5(0,4))
AN
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Including the sub-gauge condition

m Sub-gauge condition:  9;A;(X,1y) = 0,
m 1 is a generic point between ; and #.

(O]eH =)o) — / DA'DA Wy(A) W) [ DA AR) 5(0A)
Al

) 1 . _ .
o i A 3. A9 sk ki pf
= lim [ DA'DA exp{E/d A (i, 6 + WJ)Aj}

1 S .
X exp {_E /d3xA}€(18,i5kf - WkJ)Aj}
Pl ~ .
X DAexp{i / dt / d3xAi(x)D’fAj(x)} A(A)
Ai,Af 2 ti
where

0¥ = —9%7 — 9'9 —58’8’5()60 — 1)
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Including the sub-gauge condition

~ P
Ok = le—EO’Oké(xo — 1)

_ —ik-(x=y) , ki
. . 4 ij
ij(x7y7 t07/8) /d k K2 (5 k2 )

26)

1/ oo kik
—= | &P (| xo — Yo| — |xo — to| — [yo — to] —
2 |k[2 |k[2

m Dyi(x,y; 10, B) satisfies Gauss law: (D, FH) = —J'.

m Boundary conditions will set the prescriptions for poles at k> = 0
and at kp = 0.
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Propagator in functional method

In functional method the propagator is obtained by functional
derivatives with respect to the sources

(0ITAL(x)Ay (1)I0) = — | 5 Jf BE Jf o e Jatay mx’)Dw(x',y')ﬂ(y')]
X y

J=0

m To this end one has to properly fix the gauge and to know the
condition at the boundaries.
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Add the source J; and make the shift

We get
/ DA DA Wy (A)) U5 (A) DA S0A0=0)+i [ dx (AN A (A) 5(04;)
AN
— lim ‘ DA DA o [ A (i0;,69+WH)A] o3 | PxA(i0, 89 - WA

S

) . DA eji ,/)(/{\’A'(’\’)JUA/(’\’)A(A) e% J d*xd*y J;(x) <ﬂ;l>J/(y)
JALN

L[ abxdbydix) | O5' ),
= lim Z[0) A(A)ezfd d'y ()(D, ) (v)
£—0
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Condition at the boundaries set the prescription

only if the linear terms in the sources cancel out
L [ 4 3 af
3 / c/“l»\'(/".\'AQ( )(1()\“()// + W”)[D L,J,( ) =0
'l
-5 /(/4\(1 x Al (x)(i0,68 — w¥) O, i) = 0

Linear terms in J; cancel only if

i _ A efik-(xfy)
ny :ij(xay;t()aﬂ) :/d k

k2 + ie

kikd
(5 — PV )
kO
1 7o o kU 28
e I e — 10| + ==
+2/ e |k\2(|x0 tol + [yo — to| + |k|2)
Now this propagator satisfies Gauss law and has proper prescription for all the
poles.
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Naive light-cone propagator

n* and 7* are light-cone vector

m light-cone gauge: n-A=A"T=0
m Naive light-cone propagator

D/W(,\'.V\') - <O‘TA/1 (,\’)A”('\')‘(w

= | d4k g*f/\"(,\*,“) 771’ Q’/u/ o Kt ]/U + l"l/'//l
(2m)* © K2+ ie | Kt

m Sub-gauge conditions provide prescription for the light-cone pole
1

k_+.

m Get sub-gauge conditions within functional integration method.
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Functional integration method

(0[TAL(x)A, (»)|0) = — {513():) 61”5(y) (%ﬂ

m Gauge condition AT = 0

= Sub-gauge condition J, - A, (x)0(x  — o) =0
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Functional integration method
ZU] = lim / DA DA/ To(A)T(A))

£1,6-0
/DA exp{/ axt /dx dle[ﬁo( )+ Li(A) + 1, Au]}

A(xf,x* X1 )=Ai
A(xf XX )=Ap

with

Lo(A) = —iFW P = (a A)(OPAY) + = (a A,) (87 AM)

and the gauge and sub-gauge fixing terms

1 , 1 /o =2
Lﬁx(A):—z—&Aun“n A5 <8L~AL) S(x~ — o)
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Light-cone vacuum wave-function

m Vacuum wave function in temporal gauge

Tp(A) :exp{—%/dsxAi\/ —V? |:5ij— 3_’?/:| Aj}

\Y

Perform an infinite boost == A% -5 AT =0

m Vacuum wave function in light-cone gauge

Uo(A) = exp {% /dxdzxLA“\/(aJr)zAM}
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Making the shift

The goal is to get the propagator from functional derivative with respect to the
source

(0]TA,(x)A, (y)0) = — [ 5 Jf w3 Jf S o3 S AW dY I (W )Dap () I <y/>}

J=0
m Make shift A# — AH# 4 gt

m We need to find the right a* such that the generating functional is in
Gaussian form.
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Making the shift

20) = _tim | | DA DA B(4) ¥ 47) Wo(a) ¥i(ar)

£1,6—0

Xexp {/dx_d%u (Afﬂ/—(@ﬂzaiu + ALY/ —(6+)2af,‘)}
/DAMexp{ / dxt /dx d*x |

A(x‘ XX )=A;
A()c/c XX )=Af

Lo(A) + Lsix(A) + Lo(a) + Lic(a)

+JHA, + Pay, + —(0,A,) (0Ma”) + (0,A,) (07at)
1 1= =\ /=
fg—lAun”n"al, "5 (('h ~AL) (éh ~Zil) o(x~ —o) }
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Green function

Perform integration by parts and eliminate linear terms in A* we get

"0 =i [ ayp ) ,0)
where D* (x,y) is the Green function found from
[azgw s Loy + —()/ o o(x )} Dy, (x,y) =64 6@ (x - y)

And to get the generating functional in Gaussian form with respect to the
sources j* we have to satisfy

/dx dle A\ =0 ai + A (072 a )

l/dau {AV (0*a") — A (8“51“)]
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Looking for the Green function D, (x, y)

For any x~ # o the general solution for

1

1
g — 0" — —n'n” +
¢ a'’ g

N S(x — a)] Dyy(x,y) = id s (x—y)
is

y d*k ik (rey) D ot/ ok
D" (xay)|x_;£o‘ :/We k=) 2 [8“ —T]

For x~ = o we get condition to fix prescription for the poles k> = 0 and
kT =0

8&8;‘[)’0”(){’ y) |x*:a =0
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prescription for i pole

The condition
/dx_ d*x) (Aﬁ‘\/ —(07)* aip + Af\/—(97)? afu)

L / do, [A(@d") — A,(0"a")] = 0

Set the prescription for 5 — k2+%
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Prescription for .- pole

= It turns out that condition 9-9;-D*"(x,y)|,- _, = 0 is satisfied only for
o =+000roc = —00

[ I:ight;cone gauge gluon propagator for the sub-gauge condition
d1 -AL(X_ = +OO) =0

dk —i kin¥ kvt
D = —ik-(x—y) wo_ _ .
) / (2m)* ¢ 2+ ie |® kT —ie  kt+iel’

[ I:ight;cone gauge gluon propagator for the sub-gauge condition

8l 'AJ_(.X'_ = —OO) =0
dr i I 2
DHY (5. y) = ik () w_ _ .
2 (%) /(277)46 Ktie |5 Tkt tie kt—ie

m Gauss law is satisfied: (D, Ftt) = —J*

G. A. C., Yu. Kovchegov, D. Wertepny (JHEP 2015)
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Obtaining the sub-gauge condition for PV prescription

We do not know the sub-gauge (boundary condition) for PV. Start with

Cd%k —i 1
g _ —ik-(x—y) wo_ (v v /1,) -
DPV(X’y)_/(ZTr)“e © ot [g (kn + k"n PV{k*H

apy =i / d*y Dl (x,9) J, ()
condition to be satisfied is
[ @ (/=@ rdy + ar /-0l

i [ do a0 d) ~ a0 d)] =0

we get condition
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m f-function sub-gauges

éﬂ‘D’lw(x,y) e 0
OIJ;D’ZW(X, y)‘f:_Oo =0
m PV sub-gauge
DD (x,) + 0D (x, y)‘ ~0
X~ =400 XT=—00
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sub-gauge conditions for PV prescription

m Weaker sub-gauge condition: it exists

— — — —

01 -AL(x” =+00)+ 0, -AL(x

=—00)=0

m Stronger sub-gauge condition: it does not exist in non-abelian
gauge theory
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Mandelstam-Leibbrandt prescription

Repeat same strategy used for PV prescription get the following sab-gauge
conditions

a1 Al(xf = —OO) =0
check is not satisfied
LDl _ L5z —y ! 0
W ML V)| =00 = Ton n (¥L—¥1) m #

1 1
NN vs(2) (=2 -
o Dy (6, 9) [y =—0 = 5. M (XL —F1) p———— e #0

m We could not justify Mandelstam-Leibbrandt prescription through functional
method.
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Construction of the gauge-rotation matrix

Classical gluon field of two ultrarelativistic quarks on two parallel
light-cones in covariant (Feynman) d,A* = 0 is

AL (T EL) = 55 (66T —b7) In (1~ b1l A)
8 _ _ . —
+% (t“)zé(x —bz) In <|xL—b2L|A)

(by,b11) and (b , by, ) determine the quarks’ light-cone trajectories,

G. A. Chirilli (University of Regensburg) LC sub-gauge conditions Amsterdam, Jun 2, 2016 24729



Construction of the gauge-rotation matrix

Classical gluon field of two ultrarelativistic quarks on two parallel
light-cones in covariant (Feynman) d,A* = 0 is

AL (T EL) = 55 (66T —b7) In (1~ b1l A)

2
g _ _ . -
+% (t“)zé(x —bz) In <|xL—b2L|A)

(by,b11) and (b , by, ) determine the quarks’ light-cone trajectories,

ALC =s5A s (8MS) s!

cov

Af.=0 = 07S=—-igSA},
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Construction of the gauge-rotation matrix

Solution of 7S = —igSAL

cov

can be constructed perturbatively.

m Stronger sub-gauge condition:
A(x =400)+A, (x =—00)=0
Solution exists only in the abelian case (LO)

m Weaker sub-gauge condition:

5J_ 'XL(X_ :—I—oo)—l—gl-fTL(x_ = —OO) =0

Solution exists also in non-abelian gauge theory
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Classical field in the light-cone gauge

The classical field in the light-cone gauge and weaker sub-gauge condition is
(only g* order)

A 3| | =

8
.3
_ é(zé; i [((1")1, 22 (°)2] Sign(by — by) [Sign(x™ — by ) + Sign(x~ — b;)]
¥Lobis in (7, \A)—i—ﬂln(ﬁ ~BulA)
%L — by |? e XL — b 2 S
i fL—EZL fl—gll z n
+ = [ — — - In(|by, —by | A
(W[ ()1 ()] [m-wz m—bm] (1B10 —B2ulA)
i & o aa e N Qi
EYeis [t*(t*)1,2°(1")2] Sign(x~ — by ) Sign(x™ — b5)
¥ — by, L - X — by . 7 5
X | —=——="—=In(]XL —biL|\) - ——=—=In(|]XL —bt|A)| +O(g”)
Lﬂ-bzﬂz ( ) XL — b1 ( )
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Diagrammatic construction of the classical field

1 2 1 2
R N
k
ady
x




Diagrammatic construction of the classical field

2 2 o - - N
:/d kydk® d’ly dI* e*ikJr()f*b;)*il+(b;*h7)+iki'()_ﬂ*bu)ﬂh'(bu*bu)
g @2m)?  (2m)}

y ig3 fabera(b), (1), [—ki POk T R Tk — )R (kT —20t)

A‘Ij_c(xi ) fl.)

P (]‘('l _ Z’L)z I+ (k+ — 1) Kkt i+ (k+ —1F)
(ky =Tk} BK!
kT It kt (kT —17)

m All poles in + components are regulated with PV.
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Diagrammatic construction of the classical field

2 2 N N - N
_ / d’kp dk* d’1, dI* e*ik+(x7*b{)*il+(b;*bf)JrikL'()ﬂ*bu)ﬂh'(bu*bu)
IS @2m)?  (2n)}

) (), lki POk TR Tk — )R (=20t

A‘lj_c(xi ) fi.)

kﬁ_ lﬁ_ (]_C'J_ _ Z’L)z I+ (k+ — 1) k+ i+ (k+ — IF)
(ke =LK BK
kt it kT (kT —1I1)

m All poles in + components are regulated with PV.

m The term in red contains pinched poles. If one uses PV with different ie’s for
each pole then the result depends on the order one sends to zero the ie’s.

m Since we obtained PV prescription directly from the generating functional,
all poles are regulated with the same ie’s and the result is unambiguous.
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Classical field in the light-cone gauge

AJ_ (.X ,)?J_)LS =
i g3 a(.a b (b H — — H - — i — —
ST [1(t")1,£°(1")2] Sign(by — b)) [Sign(x~ — by ) + Sign(x~ — by )]
WAL (m —52l|A) + @ In (m - Eu|A)
¥ —bio|? X1 — by |2
+ i g3 [ta(ta)l l‘b(l‘b)ﬂ -’?L - EZL _ XL - I;IL In (‘EIL _ E2L| A)
8 (2m)? 7 XL —bar > XL —biLf?
.3
i g . _ N -
EYene [((t*)1, £ (¢")2] Sign(x~ — by ) Sign(x~ — b5)
)?J_ — Ezj_ N P fJ_ - EIJ_ = “ 5
X | =———=—= (XL —bi|A) - ————=— In([¥. - b |A)]| +O(g")
Lﬂ — by |? ( ) ¥ —bi1|? ( )

m Using PV-prescription with the same-ie’s is equivalent to using the weak
sub-gauge condition 9, - A (x = +o00) + ) A (x = —o0) = 0inthe
diagrammatic calculation of the classical field.
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Conclusions

m Propagator in temporal gauge is obtained in Functional method.

m Prescriptions of the light-cone pole in ligh-cone gauge Gluon propagator is
derived from functional method using sub-gauge conditions.

m Suitable sub-gauge condition for the PV prescription is the Weak condition

— -

5L-Kl(x_ =+400)+9d; A (x =—00)=0

m The weak sub-gauge condition is confirmed from direct construction of the
gauge transformation matrix which relate classical gluon field in covariant
gauge to light-cone gauge.

m And it is consistent from direct diagrammatic calculation of the classical gluon
field in light-cone gauge with PV prescription for light-cone poles.

m We could not reproduce Mandelstam—Leibbrandt prescription through
functional integration.
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