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@ DIS: Structure functions : scale dependence is governed by anomalous dimensions of
twist-2 operators (known at three loops), Larin, Vermaseren, Moch, Vogt, et al)

@ Deeply Virtual Compton Scattering: (Miiller, Ji, Radyushkin ) Generalized Parton
Distributions: scale dependence <— anomalous dimension matrix (nonforward kernel)
(two loops ) Belitsky, Miiller, (2000)

Explore the road to NNLO (three-loop) evolution equations for GPDs



One loop: anomalous dimensions+conformal symmetry— full anomalous dimension matrix.

(Makeenko, 1980)

0, — O
On ~ (02 + 0. NC’3/2<M> q(z21n)y+q(z2n
N~ (0 +02,)" CF 9., 10, (z1n)v+q(22n)

In any realistic d = 4 QFT the conformal symmetry is broken, 5(g) # 0.

D. Miiller, Constraints for anomalous dimensions of local light cone operators in ¢3 in
six-dimensions theory, Z. Phys. C 49 (1991) 293.

( Conformal Ward Identities, Conformal anomaly, Conformal scheme, etc )

Belitsky, Miiller, (2000) two loop kernels in QCD.
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Difference to D.Miiller:

Instead of considering consequences of broken conformal symmetry in QCD we make use of

exact conformal symmetry of a modified theory: Large Ny QCD in 4 — 2¢ dimensions at
critical coupling:

B9“P(a) = 2a[—€— Boa+..] ax = —4me/fo + ... B9“Pla) =0

ax = ax(€) — e =c(ax)
1/ Ny expansion, Gracey, Cuccini, Derkachov, A.M.

Premium:
@ Exact symmetry =- algebraic group-theory methods

@ Answer obtained directly in MS scheme

@ Light-ray operator basis, do not need to restore evolution egs. from local operators.

m k
O(a; 21, 22) = [z + an)pa(e+ 2n)] = Y Zo2[(DL9) (2) (DL o) (@)

m,k

= Z U wi(21, 22) 95 On ()
Nk
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@ Special conformal transformation

, T_

T sz = —
14 2az—

@ translations = — 2/ =z_ + ¢
@ dilatations z_ — 2/ = \z_

form the so-called collinear subgroup SL(2, R)

b
a—ao = Cicth s , ad —bc=1
ca+d
g b
B(a) = ' (a) = (ca+d) Hd <u)
1 ca+d
Py = ﬁ(po +pz) = o0
1 where ®(z) — ®(z—) = ®(an_) is the quantum
p— = —(po—pz)—0 field with scaling dimension ¢ and spin projection s
V2 “living” on the light-ray
pr  —  pyT_
Conformal spin:
ji=(U+19)/2
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Light-ray operators satisfy the RG equation Balitsky, Braun '89
(MaM + B(a)dy + H(a))@(zl, %) =0

where H is an integral operator acting on the light-cone coordinates of the fields:

=210+ »na
=1—«

O P
|

1 1
H(a)O(z1, 22) = / da / B h(a, B) O(21a, 24,) :
0 0

ha, B) = ah™®(a, B) + a>hP(a, B) + . . . [does not depend on ]

One can show that the powers O(z1, 22) — (21 — zz)N are eigenfunctions of H, and the
corresponding eigenvalues are the anomalous dimensions of local operators of spin N (with
N — 1 derivatives)

oy = / dacdf (e, B)(1 — a — )Y (NNLO)

Is it possible to restore h(a, 3) from vy? J
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It is expected that the evolution kernel H commutes with the generators of SL(2, R)
collinear subgroup, [So,H] =0, o= +,0.

o Leading order generators

SO = 220, + 40, +2(zn +2), S =20, +20,+2, S =-0, -0,

if [H,Sa]=0 then h(a,8)=h(r), 7=af/aB.

I~ & h(T)



e Exact conformal symmetry, but the generators are modified by quantum corrections

_ q(0) &
S— =5, a o

So =5 — e(an) + %H(a*), H(a.) = a. HO + ...

1
8y =59 + (a + zQ)(— ellas) ¢ §]Hl(a*)) + (21— 2)As(ar),

Expansion over conformal operators:

O(z; 21, 22) = Z (21, 22) 05 O (),

N,k

H(a )%k = v Yk W nk(z1, 22) = S.lf.(zl - Zz)N



e Exact conformal symmetry, but the generators are modified by quantum corrections

_ q(0) &
S— =5, a o

So =5 — e(an) + %H(a*), H(a.) = a. HO + ...

S =8 + (o 2) (= () + 5H(ar)) + (21 — @)As(an),

Expansion over conformal operators:

O(z; 21, 22) = Z (21, 22) 05 O (),

N,k

H(a )%k = v Yk W nk(z1, 22) = S.lf.(zl - Zz)N



H(a+«) commutes with all generators =—> H(a.) = f(J)

J(J —1)=8:5_+ So(So—1)

The lowest eigenfunctions are known: W (21, 22) = 21, (for any coupling).
J(a)zh, = (N+2 — e +n/2) 28, H(ax )2y = yn2ih
wW=f(N+2—ec+yn/2).

One can restore the function f from anomalous dimensions: f(z) = afi(z) + a® fo(z) + .. ..

H(a) = afi(J(a)) + a® f2(J(a) + a® f5(J(a)) + ...




e Expansion over conformal operators
(’)(">(9:; 21, 22) = Z W g (21, 22) 611(’)%)(9:),
N,k
e Conformal symmetry at the critical coupling implies
1 _ —
(S_(f) - Exz(naz)) <(’)n(0, 21, 22), On(z, wn, w2)> =0 (nz) = (nz) =0
e To find explicit expression for S, consider Ward identity (64 = Kn)
(620 (2) 0™ (w,w)) + (O™ (2) 54 O™ (z,w)) = (61 55 O™ (2) O™ (z,w))
Then
5+O(ﬁ>(x; wy, w2) = —cc2('7181)0(ﬁ>(x; wy, w2)
6,0 (021, 2) = 2(nﬁ)(sﬂf) —e(z1 + 2) — g[H(”,a +2z)] 4+ )O(”) (05 21, 22)

and for the last term

5,.89CP = 46/ d%z(zn)L9CP 4 2(d — 2)a* / d"zdprsT(cAL).

<O(") (05 z1, Zz)q(£)?1(y)> — bad object for an analysis
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o Reexpand €L in terms of renormalized operators
A.N. Vasil’ev, The field theoretic renormalization group in critical behaviour theory and stochastic dynamics

2¢L = —f(a)/a [LYM+9] 4+ EOM + BRST
(B(ax) = 0]

AS, (0,(0, 2), On(z, w)) = KR’ (</ dPy(ny) LM (1) 0,.(0, 2), Ox (=, w)))

SIMPLE RESIDUE IN e

One loop: A. Belitsky, D. Miiller, 2001, (V. Braun, A.M., (2014))

1 1 B
A$)O(Z1,22):—QCF/ du/ dag[O(z;‘g,Z2)—O(zl,z;;*)]
0 0

o =
21y = 21 + 22
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1 @
(AP O)(z1, ) = / da / dBfw(a, B) + (@, B)Pr2] [0y, 1) — O(fy, 25)]
0 0

1 1
+ / du/ do () [O(zf‘;, 22) — O(z1, z;f‘)] .
0 0

Color structures; 3o Cr, C2 and Cr/Ng: (7 = aB/ap)
[Liz(a) - Liz(1)] +éln254— (a — B)In? <g) —BIn%a

2
42 (7; 125) —2<a+ﬂ+é)lna+(ﬁ—2a) <1+%>ln
wnp(a, B) = 2[(1 —a) [ Liz (g) ~ Li2(8) — 2Lis(a) ~ Inalna] + % [Fln7+71n7]

Q|

wp (o, B) =

.

«

w],l;,,(a,ﬁ) =2 |:(64 - T) [Liz (%) — Liz(a0) — lnalnB]

—Blna—glna] s
2 :|

+atlnT+ —Ina
B

Qi =



@ one loop: [SE:)),H(I)] =0

~ 1
v =4Cp (S1(N +1) + Si (N — 1) — 3/2) =N H® :4CF(H—H++§)

1 _
Hf(a1,20) = / da= [2f(n1. 22) = (=, 22) — (21, 251)]
0

1 &
H+f(zl,22):/ da/ dﬁf(z‘fzazéi)
0 0

@ two loop: first step is to determine the nonivariant part

1
[, 1) = [ED, 5 + 2] (ﬁo + EH(1)> +HD, (21 — 2) AP

1
H® = @ 4 7O (Bo n 5Hu)) T [E0,xO]

[©,%0] = (21 — 2)a® R e
e.g.

1
X(l)f(zl,22) = 2C’p/ dalnTa [Qf(zl, 22) — f(275, 22) —f(zl,zgl)]
0



@ Restoration of H,,:

Hino (N) = H2(N) — T1(N) (Bo + %Hl(zv)) :

Hi(N) = 4Cr ($1(N +1) + Si(N = 1) = 3/2)  Ti(N) = 4Cr (2 = S (N +1) = S(N — 1))

13 .55 19 1~ 2 1
H) =4 - + 4 2t 2+ L2
mo =40 o (gt H 7'[ A0 (g Mgt )

2 p—
+Nic[(34(3)_ l+i§) -z 6 L(H-wt) =t - ) - )

+HYTINT - %P12 (’;‘-11]“2‘F — 27-[”“’7)] }



@ QCD evolution equations possess a "hidden" conformal symmetry in d = 4:
Evolution kernels commute with modified symmetry generators

@ n-loop evolution kernels for twist-two operators in MS scheme can be restored
from the (n — 1)-loop calculation of the special conformal anomaly and n-loop
anomalous dimensions

@ The generator S for the nonsinglet twist—2 operators is known with two
loop accuracy —> three three loop evolution kernel
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