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TMD is involved function of several variables
o Non-Pertrubative part is most interesting (but theoretically less accessible)

o Pertubative part plays lesser role

Object: to obtain as much pertrubative information about TMD as possible

e Anomalous dimensions and kernels (all known up to 3-loops)
o Coefficient and matching functions:

o TMD PDFs are known up to NNLO [Catani et al,12][Gehrmann et al,14]
o TMD FF known up NLO only (gluon part unknown even at this level)

Outline

The evaluation reveals many small details that were needed to fix to complete the TMD
definition.
I discuss these details and present NNLO evaluation of TMDs.
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TMD factorization
Hadronic tensor is alike for all processes. We consider SIDIS J

do ~ [ d*z e'® 3" 5 (h1|JH(2)| X; ho)(X; ha|JV(0)|h1)
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TMD factorization

TMD factorization
Applying TMD factorization (Q2 > q%) we factorize the cross-section J

do ~ [ d*xe'® 3Ty (ha]JH (2)| X5 ha) (X5 holJY(0)|h1)

MD oft actor

very smgu 11

do ~ [ d?br e " W)T H(Q?) ®py(21,b7)S(br) A, (22,b7) + Y

TMD FF (singular)
TMD PDF (singular)

It is not complete factorization
due to Soft Factor
that mixes singularities
of PDF and FF
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TMD factorization
At Q2> q% > AQQC p» collinear factorization allows to recombine singularities J

do ~ [ d?br e )T H(Q?) @41 (21,b1)S(br) A, (22,b7) +Y

/% integrated FF

do ~ [ d2br e T H(Q?) g1 @ C(br)] (1) [dho @ b)) (22)

TMD matching coef.
. (regular)

RG equation
O Perturbative )
'
Y
;

integrated PDF

Perturbati

€=

Universitit Regensburg

dimirov TMD at NNLO 01.06.16 3/ 20



TMD factorization

TMD factorization
Splitting rapidity singularities individual TMD can be defined

do ~ [ d?bp e T H(Q?) ®pi(21,br)S(br) AR, (22,b7) +Y

do ~ [ d?br e T H(Q?) F(z1,br) D(22,br)

TMD PDF TMD FF
(regular) (regular)

TMD distributions are non-perturbative objects
defined on the whole range of br.
At by — 0 they can be expressed via integrated distributions

F(z,br) = [C(br) © 4] (2)

TMD at NNLO
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TMD factorization J

In this way we come to the previous result

JH(Q?) ®pu1(21,b1)S(br)Ap, (22,br) +Y

ol ot —— g iy i

JH(@Q*)[qg® C)(21)[d ®C](22) [ H(Q?) F(z1,br) D(z2,br)

I

D(zabT) =
F(x7bT) =

C(br)®d
Clbr)®q

(2)
(z)
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TMD factorization J

In this way we come to the previous result

J H(Q?) ®p1(z1,b1)S(br)Ap, (22,b7) +Y

JH(@Q?)[g® C](21)[d ® C](22) [ H(Q?) F(z1,br) D(z2,br)

D(z,br) = |C(br) ®@ d|(2)
F(z,br) = |C(br) ® q|(z)

ac NP
F(x,br) = ‘ef <P Oz, br; ) @ gz, pp) e IK OT) v p(a, br)

evolution

matching non-pertrubative
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TMD operator

Many pertrubative results are universal for all TMDs and independent on
states. It is natural to formulate the the statement in terms of TMD operators.

Formal definition of bare TMD operator
Operator for (unpolarized) TMD PDF

- _ 3 = 17 £
ot =3 3 [ e {rfawr] (5) e 7 [ie] (<5) )
Operator for (unpolarized) TMD FF

1 d™ it
@ba're b _ / ipTET [z
q (z,br) 42N, 27 €

o [71a], (5) S e i [aw], (<5) o

£=10,67,¢r]

o W, is Wilson line along n (n? = 0).
o Gluon operators are similar Og ~ T[F4, W](&/2)TWTFy,](—£/2).
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TMD operator

Formal definition of TMD operator
Applying these operators to the hadron states we obtain unsubtracted TMDs

Cqen(z,br) = (hOg*"(x,br)|h)
Agsn(zbr) = (RO (2, br)|h)

To define individual TMD we have to take into account rapidity divergences, UV divergences
and overlap regions

Fyen(z,br;iCp) = V/Sbr; Q) (k| Zg(1)0g*  (z, br)|h)

zero—bin

Dyosn(,briCop) = V/S(br; €)(hlZg(n)05" (z, br)|h)

zero—bin

o 4 is scale of UV renormalization.

o ( is scale of rapidity-divergences separation.
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TM

) operator

Formal definition of the TMD operator

In this way we come to the definition of TMD operator

Oq ((ZI, bT’ Hy C) = Zq (Cv /"')Rq (C’ N)Ogare(% bT)
Oq (2,07, 1, C) = Zg(¢, 1) Ra (S, 1)OG" (2, br),
S (b
Ry(, ) = X201
contains all IR divergences of operator
Similarly, one defines the gluon TMD operators

Zq is UV renormalization const

Og(w, by, 1, ¢) = Zg(C, 1) Rg (¢, )04 (x, br),

0y (2,br, 1,¢) = Zg(C, )Ry (¢, )08 (2, br).
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Unlike usual operators, TMD operator has IR divergences, that cured by the multiplier R

VS(br)

R(¢ p) = .
zero-bin

Form of R is dependent on the rapidity regularization

Tilted WL’s [Collins|
Rq (Ca IJ’)

S(bp;too,ys

d-regularization [EIS]
T VB0 ito0,—00)S by, —o0)

zero-bin coincides with soft-factor
¢ ~m2e2Ys

_ 1
Ral&l) = Tsmarr o)

¢ ~a@?
o R is universal for different processes (thus, definition of TMD operator is process
independent)

4 g R,
o R obeys Casimir scaling 7% =
g

Ca
Cp

WiR

(=]
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Regularization

Modified §-regularization scheme

"Old-fashion" §-regularization
1 . 1
kEt 4140 kt 416

Such regularization does not suite the demands at higher pert.orders:

§ — regularization

e Violates non-Abelian exponentiation
@ Zero-bin # soft factor
Both occur at NNLO.

Modified §-regularization
Collinear WL’s

TMDPDF: Pexp (—ig /Ooo do(n - A)(na)) — Pexp (_ig /O°° do(n - A)(m)e—aaw)

TMDFF: Pexp (—ig/ooo da(n-A)(nJ)) — Pexp (_ig /OOO dg(n‘A)(m)efaa/z)

Soft WL’s

SF: Pexp (—ig /Ooo do(n - A)(na)) — Pexp (—ig /Ooo do(n - A)(na)e*&’)

v

A.Vladimirov TMD at NNLO 01.06.16 8 / 20



Regularization

Modified é-regularization
1
(kT +i0) (kT + k3 4 +i0)... (kT + ... + kT +i0) -
1
(kT +40) (k) + ke +2i0).. (b + .. + Kb+ nid)

Proc.
o Non-Abelian exponentiation is satisfied at all orders [AV,1501.03316].
e Factors z, z makes zero-bin be equal to soft-factor (explicitly checked at NNLO)

o At NLO there is no difference between usual and modified é-regularization.

v
Cons.
o J-regularization violates gauge properties of WL by power-suppressed in ¢ terms.
Only calculation at 6 — 0 is legitimate.
Note: Be aware of power divergent integrals!
v
W'R
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Soft factor

Soft factor

oot

(*bTﬁ

—0o0

SIDIS

OO+ o

e bp

DY

S(br) = (OIT [Wa (=00, br)Wa(br, 00)| T [Wif (o0, 0)Wf (0, ~o0) | 0)
Soft factor is function of 676~ =6 and b% =B:

S(br) = exp (C’K (asS[l] +a25P 4 ))

Singularities are presented in SF as
° % from UV singularities and UV part of rapidity singularities
o (8) ¢ from collinear and rapidity singularities

o In(6B) from IR part of rapidity singularities

A.Vladimirov
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Soft factor

The most important property of SF is that its logarithm is linear in In(6757)
S(br) = exp (A(br, €) In(6¥67) + B(br, €))

It allows to split rapidity divergences and define individual TMDs.

Linearity in In(d)
Generally (say at NNLO) one expects the following form (finite €)

S = 4,672 4 A,5-<B¢ + B (A3 n2(6B) +A4 In(8B) + A5)

cancel in sum of diagram

Proof
o Aj should cancel since limy,, o 512l = 0 (modified §-regularization supports!)

@ Ajg should cancel since limy,. ;o Sl =0 at § = 6bp (mod. §-regularization supports!)

o As cancels due to Ward identity (alike leading UV pole for cusp)

These arguments work at all orders.
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Result for Soft Factor [Echevarria,Scimemi,AV,1511.05590|
o Soft factor has been evaluated at NNLO at fixed(positive) €

o All cancellations shown explicitly

e Depends only on |§], process independent.

2 2
3 21y o« 4 27 14
sl - g2 (228 LT T8 o2y 4 2T L — -
3 T2 T Tyt et s

2
a(2,1) L +1—(5—L2 + 2L 15_L _ 4(2,0) <£+216)+
2¢2 e s " 4 e

c 7r2+412 1+2L“+2L2+ﬂ2 4+ C4(81n2 9§)(1+2L)+656TN+
— +4In — _— — n2— - —_—
A\ &2 e s 6 A 3\ # 81

2428 7t 4 5 4 4, /1
Ca|l-——+16Im2—- ——28m2¢3+-n>n?2— - In 2—32L14<—> + 09|, &
81 18 : 3 2
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Anomalous dimensions

RGE for operators

d 1 d
“QEOf(vaT) = 5’Y£(M7 C)Of(x7bT)7 Cdigof(xbe) = 7Df()u’7 bT)Of(xv bT):

TMD anomalous dimensions obtained from renormalization factors

Of(x,br) = Zs(p,C5€) Rp(Cs€,6) OP (@, br)
—_———— ——

-V —D

In Ry

f = 9AD(z2; — Z Dl =
Y (Zf f)a h'lC

fp.

@ Anomalous dimension same for TMDPDF and TMDFF
o Independent on regularization procedure

o Singular parts of R and Z are related to each other, e.g.

dln Ry
dIn¢

_dInZy
" dlnp?
p.
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Small-by expansion

Small-br OPE

One can consider "transverse"-twist expansion of TMD at small-bp

/— Coef. function (matching coef.)

2\ "
Oq(z,b1) = 3°07, (ﬁ) Coy (2, Lips 1, €) ® On, ()

eTPET W] (€, bT)T[Wq](@ [ I eiwa[qu](g)(%}B)"T[Wq](O)]

Some unknown parameter
(character size)

Universitat Regensburg
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Small-by expansion

Small-br OPE

One can consider "transverse"-twist expansion of TMD at small-bp

/— Coef. function (matching coef.)

2\ "
Oulabr) = T (4) Cis .10 9 00 @)

TMD PDF PDF (of higher twists)

| ! \

oo b2 " mn n
Foen(z,brsp,¢) = 202, (B%) Cr (@, Lys p, Q) ® f7, . (2)

o At n =0 fO is usual integrated PDF

o FF kinematics is analogous, but with overall factor z—2%2¢ (Collins normalization)

v
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We have evaluated all flavor-channels TMD PDF and TMD FF at NLO and NNLO.

e > 100 non-zero diagrams

e ~ 20 basic integrals (all taken as exact function of ¢)
o Algebra done by Mathematica

e Multiple checks performed (cancellation of IR divergences by topologies, crossing, Ward
identities, RGEs)

o Anomalous dimensions, operator renormalization constants found

”
Li-o), ~ T(l+ta+2e) T Mll—gg WA vis et i
(a0)
Foror _ ear-q a" —ib) —InF + g + g <
{m = g 1o (i) - E + voa +e) (8.19)
Fio | _ TEora-ot s 2N((1 +a) + B(=2 5
[.,-m e = T —3(e(1 + a) + ¥(=2)((1 + a) + ¥(=2€) +2In(—id) + d7E)

—3In(—id)(4yg + In(i6)) + 3¢’ (1 +a) + 3¢’ (~2€) — 1273 — 22

-w'n
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Small-by expansion

Evaluation of coefficient coefficient

o Leading order are §-function = coefficient functions from straightforward matching.

o LO: C , =5;p6(1—a), el =6pp001—2).
(1]
(1 (1] . _ pll 4y
o NLO: Ol =il = fiL ., Cilopr = Dyiyy = 23t
o NNLO:
e il o Ul (2
Crep = Filp =2 Cre @iy =Tl
T
JU g
e R Y,
Crsr = f’—>f Zcfﬁr 22—2¢  ,2—2¢

Note: f and d are zero in our scheme. Thus, only UV counter remains

P o pM )
_ QP /( )+BOP ,(J))
m o _ (1) R W i fef (1)
Frer == P L@ Fiep =5 . P (@)
U
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We have evaluated all flavor-channels TMD PDF and TMD FF and the their small-bp
matching coefficients at NLO and NNLO.
[Echevarria,Scimemi,AV,1604.07869|
see also [Echevarria,Scimemi,AV,1509.06392]

[
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Crossing symmetry for TMD

Crossing symmetry for TMD

TMD PDF vs. TMD FF operators
On level of unsubtracted TMDs the exact relation holds (at any order of pert.theory)

Ny pr _
Df_,f/(z) = - fz’f Ff<_f/(z 1)

N — #physical statess
5t #physical states ¢/

e Violated diagram-by-diagram, due to IR divergences. Presented in the sum of diagrams.
o In fact, one can evaluate only PDF (FF) and obtain FF (PDF).

o We evaluate these kinematics independently and check the results.

This nice relation is significantly violated for matching coefficients

@ e-expansion and renormalization (choice of brunch for logs, factors of ¢,)

o Extra factor from integrated FF normalization O(z,br) = 22~ 20(z) (while for TMD
PDF O(z,br) = O(x))

Finally: There are very little (numerically) traces of crossing between FF and PDF

A.Vladimirov TMD at NNLO 01.06.16 18 / 20



Large-x behaviour of coefficient function

Large-x behaviour of coefficient function

o At z,z — 1 TMD behave as "'z
(I—z)4

o In the matching function all non-trivial log’s cancels

PRP
Inz
cl?l = 16C%L?
P\l -2 +
20k ( 3 (2,2) 72 ((21) 7r2) ) 20K d(2:0)
- (2CkgL} +d*¥L2 + (d*Y ~Cx— | L, | ————
(1—z)+ I Iz 3 w d—2)s

RGE predicted
o n
D=Cg Z al? ZLﬁd(n,k)
n=0 k=0

In general one can show that at large z, z

2C gk d(m:0)
(1—a)+

confirmed in [Lustermans, Waalewjin,Zeune,1605.02740] J

c™ ~ (RGE part) — + O (6(2))

v
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Conclusion

.06
014 'm'&“”n' NLL —— .14 ',m'!““(y NLL —— -m’mﬁ""" NLL ——
EF’“ NNLL —— forel NNLL —— el NNLL ——
012 NNLL+NNLO —— § 39 105 NNLLANNLO —— $05 NNLL+NNLO ——
o1 b, =15 Gev-1 b =15 Gev
- 2 A 02 Gew? !
. Q ooy, Y
§ o008 s=05 OMF 4
5 e g
0.04
0.02
FFsGNNLO ARS FFsGNNLO ARS
]
0 1 2 3 1 5 0 1 2 3 1 5 0 1 2 3 4
kr [GeV] kr [GeV] kr [GeV]

o Definition of TMD operators elaborated for PDF and FF kinematics

o UV and rapidity renormalization constants evaluated at NNLO (in modified
d-reg.scheme)

e Partonic TMD PDF and FF are evaluated at NNLO

o All matching coefficients are found at NNLO (for PDF coincide with [Catani at
al,Gehrmann at al|, for ¢/¢ TMD FF [Echevarria,Scememi,AV;1509.06392|)

o Gluon TMD FF is considered for the first time

e Various properties and relations are discussed

v
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Violation of exponentiation
in ¢-regularization
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Backup slides

A LB LY c .1 o

LA S P

< % e N ‘ = N o8 <

\\F N ,js Y

\\\ s ~J N
p k1 1
2 § — (pt 4 id)(pt + kT +id)(pt + kT + 1T +i0)
Within original §-regularization, the exponentiation is broken
DiagZ dik dil 1
Di Diagp = ——< +467 —
o84+ Diegp = = T2 B (R (e )k

—+ divergent

o That can result to artificial singularities in §

e To incomplete cancellation of Ind, that will cause problems at higher loops.

@
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1 1

p k B
i g § T (pt 4 i8)(pT + kT +2i8)(pT + kT + 1+ + 300)

d-regularization preserving exponentiation

The regularization should be implemented on the level of operator
Pexp [ — ig/ do A4 (O'n)] — Pexp [ — ig/ doA4(on)e™ “T‘]
0 0
Then exponentiation is exact

Diag%

Diag, + Diagg = 2

In any form, é-regularization violate gauge-invariance linearly, beware of linearly divergent
integrals.
o Is there any regularization with scale for light-like half-infinite Wilson lines without any
problem?

v
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Structure of anomalous dimensions
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Backup slides

Oy(z,br) = Z (1, Ci€) Ry(C5€,6)0% 7 (x, br)
N e —

—YV —D

Anomalous dimension for CSS evolution

pf_1as _ %5 _ 1as
2 dl¢ dln( 2dl¢ finite
1
~e
3 2l x2 4 . 272 14
sl = a@2) (2 LR P I Mt St -
[ a2 T Tyttt et s

1 1 w2 1
a@D [ 48 2 pop s - ) - a(20 (7 21 )
2¢2 | ¢ w2l = o )

e~ 27E 2vE

r®pg, r@ 404 112
d?? =20 q@H_-__ 420 _-¢C — — 143 |C+A— =—=T.N
4 2 K\\ 27 ) Ot 27 T

2,2 2,2
—pl2l — 4(2.2) 1,2 <bT’L> +d@D )y <bT”> +d20
4 4e~
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Backup slides

Oy (,br) = Zs(u, (5¢) Ry (G5 €,6) O°*" (x, br)
—_—————

-V —D
TMD anomalous dimension
z{) = _FQ] (1+ee) + 2+ W
7P = 8[212 (1+261<+e 13) +ot 2 +Vi’ﬂ

202 .
2P =25F 4 . +%|:Cp(7r2712<3)+c'/\(7%7%‘#13{3‘#( 9+%)1()+T,.Nf(%+§+%lc)],

P +%‘[CA( U oy (- 1) + TNy (B - %lc)}-
961  11m2 260  4n?
=18 = C% (=3 + 4n® — 48(3) + CrCa ( ) +COrT:Ny ( 5
27 3 27 3
1384  11m2 512  4n?
:>g<2)zcz(,7 ) CAT.N (777) 8CHT; Ny
Vv A 77 + 9 + CATr Ny o7 9 + 8CF1Iyr Ny
'K
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RGE for TMD

~and .
coeflicient functions
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Backup slides

RGE for operators

d 1 d 1
Wt gm0 (@ br) = S7b (1 0 (@, br), 1?7505 (2,br) = 37D (1 )0y (2, b7)-

¢— Of(%bT) = D' (u,b7)0; (z,br), @f(z br) = —Df (1, b7)0y (2, br).

d¢ C

RGE for coefficient functions

The ¢-dependance can be solved out from the functions

Crep(@brim¢) = exp (—Df(p, bT)L\E) Crop(@,Ly)

Chop@brim¢) = exp (=D (ubr)Lyg) Cpupr (2 L),

€=

Universitit Regensburg
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Backup slides

RGE for operators

d 1 d 1
Wt g EOr(@br) = 37b (1 05 (@ br), 1 7501 (2,br) = S7h (1, )0y (2, b7)-

¢ COf(m7bT) = —DF (u,br)O¢(z, br), C©f(z ,br) = —Df (1, br) 0y (2, br).

RGE for coefficient functions

The p-dependence is given by equation
d A N
/-"ZCTU‘QCﬂ—f’ (=, LM) = Z Cf—>r($> LM) ® K7{<_f/ (z, Lu)a
s

d - N
Mgﬁchﬂ(z, L) =Y Crop(zLy)® ]Kf%f,(z, L,).

The kernels K and K are

6 f/
Kf%f’(x’L”) = 7‘2 (FZ’U,SPLH _V\f/> _Prk‘f’(‘x)v
1 f! P —f! (Z)
K{%f’ (Z7 LI—L) = 7‘2 (FZuspLH - 7\{') - TT
y
A.Vladimirov TMD at NNLO
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Evaluation of partonic
TMD
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Backup slides

Evaluation of partonic TMD

e Simplest way to find (leading) coefficient function is to calculate partonic matrix
element.

e For n =0 we can set parton on-mass-schell p? = 0.

Dol — Al0],
pltl — Al M + (z},” _ Zgl) Alo],

D2l — Al2] _ 5[1]2A[1] + 3S[1]S££1]A[0] _ 5[2]2A[0] + (ZB] _ Zél]) (A S[llA[0]>

+ (25 - 2 - 2025 + 2 20 A,

@
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Backup slides

Evaluation of partonic TMD

e Simplest way to find (leading) coefficient function is to calculate partonic matrix
element.

e For n = 0 we can set parton on-mass-schell p2 = 0.

uv

plol — Al0] renormalization
ERING T
Dl = Alll — AT (Z}; 71 J) AT
— SAll | 350IgHIAL] — gl2]Al0] j [ 1] [1]A[0]
DBl = Al — 2 + 8 _ 2 +(ZD =2 )(A

2 2 1 1 1 1
+Z[D]_Z£]_Z£]Z[D]+Z£]Z£]) A0l

@
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Backup slides

Evaluation of partonic TMD

e Simplest way to find (leading) coefficient function is to calculate partonic matrix
element.

e For n = 0 we can set parton on-mass-schell p2 = 0.

uv

plol — Al0] renormalization
Dl =aAlllL 5S4 (ZLLIH llJ) AT
pll = al2 f} SIA | fssTsTATL sDIQA[Ul)_J(ZB] — Z) (al - S0

2 2 1 1 1 1
+Z[D]_Z£]_Z£]Z[D]+Z£]Z£]) A0l

rapidity
renormalization

@
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Backup slides

Evaluation of partonic TMD

e Simplest way to find (leading) coefficient function is to calculate partonic matrix
element.

e For n =0 we can set parton on-mass-schell p? = 0.
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