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Foreword

It is surprising—even ironic—that this volume on precision measurements in ion
traps exists. For it is simple to prove that it is impossible to make a good trap for
ions—that is a static trap wherein the force on an ion is always toward the center.
This follows from Earnshaw’s theorem: in a field-free region, the lines of electric
field are continuous. Thus if the field along the z-axis is inward so the z-force is
inward, causing the particle to oscillate stably along z, then those field lines must
diverge radially outwards in the equatorial plane, i.e. we have an electrostatic
quadrupole field configuration. Hence, the ion will escape (with exponential
motion) out from the sides of the trap.
Fortunately, there are two different ways to make a useful ion trap. The first
way to defeat Earnshaw’s theorem is by varying the quadrupole field with time.
Imagine that an ion is created in the field described above. The ion might start to
accelerate outwards in the equatorial plane. After a short time, it will be further
from the center in the equatorial plane than where it started. If the quadrupole field
is now reversed, then the ion will receive an inwards kick that is stronger than the
outward kick (remember that the force is proportional to the distance from the
center), resulting in a net inward impulse and hence confinement. If the ion were
initially at positive z, it would receive an inward impulse, and later a weaker
outward one, again resulting in net confinement. However, if the time of the field
reversal is too long, the ions may have moved beyond the center of the trap to
negative z, in which case the reversal may give an outward impulse that is greater
than the first inward one, hence expelling the ion. Thus there are only some
combinations of frequencies and quadrupole field strengths for which the trap is
stable. Under these conditions, the ion undergoes a micro-motion at the oscillation
frequency of the field reversals, and the average force gives a harmonic secular
oscillation at a lower frequency. The regions of stability and instability have been
turned to advantage in making the quadrupole mass filters so useful as mass
spectrometers for large molecules [1].
The second method for making a useful ion trap is to frustrate the ions’ escape
due to the radially outward force in the equatorial plane of the quadrupole field. By
adding a magnetic field along z, the initial radial outward motion gives the ion a
tangential force that causes it to circle the trap center—the so-called magnetron
orbital motion. The Penning trap is thereby dynamically stabilized—however, if
residual gas causes a slight damping, the ion’s magnetron motion will be slowed
v
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Foreword

and the ion will consequently make its way radially outward—toward the lower
electrostatic potential. The combination of a quadrupole electric field plus an axial
magnetic field is called a ‘‘Penning Trap’’ to acknowledge Penning’s use of it to
make better glow discharges at low pressure [2].
Ion traps offer the possibility of high precision due to their combination of long
measurement times on isolated particles. I long admired the precise measurements
on single electrons by the Dehmelt group, and when I met him I was curious about
what made him commit to tackling such an ambitious experiment. His response
was ‘‘when I realized that the magnetron frequency was independent of radius’’—
presumably because this made him think that mode coupling might work. Thus his
group became a pioneer in making precision measurements of both electrons and
ions.
This brief Foreword gives some background for the current volume—a rich
collection of reports of breathtaking precision and important physical measurements done on confined electrons, protons, ions, antiparticles, and antimatter. It is
important to emphasize that this volume describes only a moment in time: every
result reported here can be improved by applying the techniques that underlie these
measurements—imagination and persistent hard work. I certainly hope that some
readers of this volume will take up the implicit challenge of going far beyond the
measurements and scientific results presented here.
Cambridge, October 2013

David E. Pritchard
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Preface

Particle traps are successful tools for a broad range of high-precision spectroscopy
experiments on all frequency scales. Single particles or defined particle ensembles
can be well-isolated from external influences, prepared with respect to their
internal and external states and confined for times up to months. Traps provide a
multitude of manipulation and measurement techniques including nondestructive
detection methods down to the single-particle level. They are hence nearly ideal
surroundings for fundamental physics at low energies, particularly for high-precision measurements of fundamental physical quantities which employ spectroscopic methods.
In this book, we intend to give detailed insight into fundamental physics with
particles confined in traps. This comprises experiments and theoretical predictions
at the highest precisions reached so far. Such investigations allow stringent tests of
quantum electrodynamics and the Standard Model, antiparticle and antimatter
research, study of fundamental symmetries, constants, and their possible variations
with time and space. They are key to fundamental aspects in metrology such as
mass measurements and time standards, as well as promising to further developments in quantum information processing. We focus on experiment and theory of
magnetic moments, both for unbound and bound electrons, as well as on the
particle–antiparticle cases of the electron and the positron and of the proton and
the antiproton. This is directly connected with antimatter research on the antihydrogen system, the bound state of the positron and the antiproton. We treat precision mass measurements of radionuclides using traps and quantum information
processing with confined particles. A second focus is on fundamental physics with
highly charged ions, which feature a number of unique properties that make them
interesting under various aspects to be discussed.
Darmstadt, October 2013

Manuel Vogel
Wolfgang Quint
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Chapter 1

Precise Matter and Antimatter Tests
of the Standard Model with e− , e+ , p, p and H
G. Gabrielse, S. Fogwell Hoogerheide, J. Dorr and E. Novitski

Abstract Extremely precise tests of the Standard Model of particle physics and
its CPT theorem come from low energy measurements of the electron, positron,
proton and antiproton magnetic moments and charge-to-mass ratios. Ground state
antihydrogen atoms are now available for measurements that could eventually reach
a higher precision, though no precise H measurements have yet been carried out.
After a brief summary of the results and status of such measurements, the focus is
upon the most precisely measured and precisely calculated property of an elementary
particle. The electron magnetic moment, measured to 3 parts in 1013 , is a probe of
the interaction of the electron with the fluctuating vacuum described by quantum
electrodynamics (QED). It is also a probe for electron substructure not predicted by
the Standard Model. The measured magnetic moment, together with fine structure
constant determined by a different method, is the most stringent test of QED and
the Standard Model of particle physics. The measured magnetic moment and QED
theory together yield the most precise measured value of the fine structure constant.
The summary includes the antiproton magnetic moment that was recently measured
precisely for the first time. The 4 parts in 106 precision is much less than the electron
precision or the 9 parts in 1011 at which the antiproton and proton charge-to-mass
ratios have been compared, but very large increases in precision seem possible as
quantum methods are incorporated.

1.1 Overview Summary
Electron Magnetic Moment
The most precisely measured property of an elementary particle is the electron magnetic moment, measured in Bohr magnetons,
G. Gabrielse (B) · S. Fogwell Hoogerheide · J. Dorr · E. Novitski
Department of Physics, Harvard University, 17 Oxford Street, Cambridge, MA 02138, USA
e-mail: gabrielse@physics.harvard.edu
W. Quint and M. Vogel (eds.), Fundamental Physics in Particle Traps,
Springer Tracts in Modern Physics 256, DOI: 10.1007/978-3-642-45201-7_1,
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Fig. 1.1 The electron magnetic moment in Bohr magnetons, μ/μ B = −g/2, is the most precisely
measured property of an elementary particle. The good agreement of the measurement and the
prediction of the Standard Model of particle physics is a great triumph of the Standard Model and
QED

μ/μ B = −g/2 = −1.001 159 652 180 73 (28) [0.28 ppt].

(1.1)

A negative μ indicates that the magnetic moment μ points opposite to the spin S, with
μ = μŜ and Ŝ = S/(/2). The distinguishing feature of our Harvard measurements
was using quantum jump spectroscopy of the lowest cyclotron states and spin states
of a single electron bound to a cylindrical Penning trap apparatus [1–3]. Cooling to
the lowest quantum states makes possible a much higher accuracy than realized in a
long history of applying new methods to measuring the electron magnetic moment
[4]. Our quantum measurements superseded the UW result that had stood for about
20 years [5], with an uncertainty 15 times lower and a measured value shifted by
1.7 standard deviations (Fig. 1.1). The new methods that made possible this large
increase in precision are summarized in following sections.
Triumph of the Standard Model
Calculations based upon the Standard Model of particle physics relate the electron
magnetic moment in Bohr magnetons to the fine structure constant α. Since the
electron magnetic moment was measured, there has been impressive progress in
the calculations [6] (reviewed in this volume by M. Hayakawa) and an improved
determination of α that is independent of our electron magnetic moment measurement
[7]. Together these predict a magnetic moment in Bohr magnetons,
μ/μ B = −g/2 = −1.001 159 652 181 78 (77) [0.77 ppt],

(1.2)

though the uncertainty in this “calculated” value is mostly from the uncertainty with
which the independent value of α is measured.
The more precisely measured electron moment, the improved standard model
calculations, and the more precise independently measured value of α present the
Standard Model with its most stringent test. The difference between the predicted
magnetic moment μ(SM) and the measured electron magnetic moment μ is

1 Precise Matter and Antimatter Tests of the Standard Model
10− 12
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Fig. 1.2 The most accurate determinations of α are determined from the measured electron g/2
and standard model theory. The best independently measured value relies on measurements of a Rb
atom recoil, the Rydberg constant, and several mass ratios

μ − μ(SM)
= 0.000 000 000 001 05 (82) [0.82 ppt],
μ
= 1.1 (0.8) × 10−12 [0.8 ppt].

(1.3)
(1.4)

The measurement and the prediction agree to 1.4 standard deviations (Fig. 1.1). The
strikingly precise agreement to better than 12 significant figures is arguably the
greatest triumph of the Standard Model and QED.
Fine Structure Constant
The electron magnetic moment is measured much more precisely than the fine
structure constant. The result is that the fine structure constant is determined most
precisely from the measurement of the electron moment and the Standard Model
calculation (QED plus hadronic contributions) to be
α −1 = 137.035 999 173 (33) (8) [0.24 ppb] [0.06 ppb],
= 137.035 999 173 (34)

[0.25 ppb],

(1.5)

and is compared with all other precise measurements in Fig. 1.2. The total 0.25 ppb
uncertainty is now mostly from the measurement (0.24 ppb) rather than from the
Standard Model calculations (0.06 ppb). (Until last year the theoretical uncertainty
was slightly larger than the experimental uncertainty.)
Antiproton Charge-to-Mass Ratio
The most precise test of the CPT theorem of the Standard Model made with a baryon
and an antibaryon is a comparison of the charge-to-mass ratios of the antiproton and
proton [8, 9],
q
m (p)
= −0.999 999 999 839 (90) [90 ppt].
(1.6)
q
m ( p)
It is intriguing that this ratio is greater than the −1 predicted by the CPT theorem
by 161 (90) ppt, which is about 1.8 standard deviations. Does this suggest that the
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Fig. 1.3 Nine measurements of fractional differences in |q/m| for the p̄ and p, and their weighted
average

magnitude of the charge-to-mass ratios of the antiproton and proton differ? It would
be premature to make this conclusion insofar as the uncertainties were assigned to
represent a standard deviation, and thus there is a reasonable probability that the true
ratio could lie slightly outside the quoted uncertainty (Fig. 1.3).
A much more accurate measurement of q/m for the antiproton could certainly be
carried out. This is most evident in the series of measurements that went into the
final determination of q/m for the antiproton. An apparatus and technique improvement made the last 1-day measurement to be much more accurate than the earlier 8
measurements. Before this new level of accuracy could be exploited, unfortunately,
LEAR closed down. Our ATRAP collaboration intends to make a more precise measurement.
Antiproton Magnetic Moment
The first one-particle measurement of the antiproton magnetic moment in nuclear
magnetons,
(1.7)
μp /μ N = −2.792 845 ± 0.000 012 [4.4 ppm].
has just been reported [10]. Again the negative μ indicates that the magnetic moment
μ points opposite to the spin S, with μ = μŜ and Ŝ = S/(/2). The uncertainty is
680 times smaller than for any previous measurement (Fig. 1.4). To this precision,
the measurement is consistent with the prediction of the Standard Model and its CPT
theorem that the antiproton and proton have exactly opposite magnetic moments—
equal in magnitude but opposite in sign.
This first precise antiproton magnetic moment measurement did not resolve individual spin flips for quantum jump spectroscopy as was done for the electron measurement. With a trapped proton, however, the possibility to resolve one-proton spin
flips was reported even more recently by our Harvard group [11] and by a group from
Mainz [12]. These demonstrations bode well for future increases in precision that
could eventually improve by a factor as large as 104 . A participant in this latter effort,
S. Ulmer, discusses their proton measurements and their antiproton aspirations in a
chapter in this volume.
Better Electron and Positron Magnetic Moment Measurements
An entirely new apparatus has been constructed at Harvard for making a much
more precise comparison of the positron and electron magnetic moments, and for
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Fig. 1.4 Uncertainties in measurements of the p magnetic moment measured in nuclear magnetons.
From [10]

more precise electron magnetic moment measurements. Positrons have recently been
captured in this apparatus as preparation for measuring the positron magnetic moment
at the electron precision. It should be possible to thereby make a lepton CPT test that
compares positron and electron magnetic moments 15–20 times more precisely than
a previous comparison [5]. The positron magnetic measurement will be followed
with an attempt to measure the electron and positron magnetic moments at a much
higher precision since no uncertainty that would prevent a substantial increase in
precision has yet been identified.
Aspirations to Compare of Antihydrogen and Hydrogen
The possibility to use low energy antiprotons to make low energy antihydrogen cold
enough to be trapped for precise measurements was proposed long ago [13] just after
antiprotons were first captured in an ion trap [14]. The proposed goal was precise
comparisons of antihydrogen and hydrogen, made at a precision that exceeds other
precise tests of CPT invariance and the Standard Model with leptons and baryons.
Now three collaborations are using cold antiprotons to produce cold antihydrogen
to pursue this goal, and a fourth hopes to do so soon.
The nested Penning trap was invented to make possible the interaction of oppositely charged antiprotons and positrons that are trapped simultaneously during the
positron cooling of the antiprotons. Essentially all the antihydrogen produced so far
was produced using this device and method, by ATRAP [15, 16] and ATHENA [17]
in 2002, and then by ASACUSA in 2010 [18].
ATRAP has also demonstrated a second method for producing antihydrogen,
though much less antihydrogen has been produced so far. Lasers were used to control
resonant charge exchange [19, 20]. ATRAP recently greatly increased the number
of H atoms produced by this second method, and plans to attempt to trap atoms so
produced when CERN restarts antiproton production.
The proposal to trap cold antihydrogen in its ground state in a neutral particle trap
[13] has so far been realized by ALPHA [21] and ATRAP [22]. However, the largest
number of ground state H atoms trapped per trial so far (Fig. 1.5) is ATRAP’s 5 ± 1
atoms per trial [22]. More simultaneously trapped H atoms are clearly needed, and
no precise comparisons of antihydrogen and hydrogen have been made to date.
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Fig. 1.5 The largest number of simultaneously trapped, ground state H atoms is ATRAP’s 5 ± 1
atoms per trial. (a) Detector counts in 1 s intervals for 20 trials. The radial Ioffe trap field turns off
and releases trapped H between t = 0 and 1 s. The counts in this interval above the average cosmic
ray counts (solid line) correspond to 105 trapped p for our detection efficiency. (b) Probability that
cosmic rays produce the observed counts or more. (c) Quenching the Ioffe trap generates no false
signals in 20 control trials

Antihydrogen experiments are mentioned here because of their promise for the
future. It is hoped that precise comparisons of the antihydrogen and hydrogen will
eventually reach a precision higher than the precise tests summarized above. J. Hangst
of the ALPHA collaboration has provided a chapter in this volume on antihydrogen
experiments.

1.2 Magnetic Moments
An electron with charge −e with mass m in a magnetic field B ẑ circles in a cyclotron
orbit with angular frequency eB/m ẑ and a magnetic moment
μ=−

L
e
L = −μ B .
2m


(1.8)
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The Bohr magneton μ B = e/(2m) gives the scale of the magnetic moment insofar
as the orbital angular momentum L comes in units of  for a quantum system. The
magnetic moment for an antiproton cyclotron orbit is instead scaled by the nuclear
magneton, μ N , which is about 2,000 times smaller than μ B , by the ratio of the
electron and proton masses.
The magnetic moment from the electron spin S = 21 σ is often written in terms
of the dimensionless Pauli operator σ for a spin 1/2 particle. It is also often written
equivalently in terms of a dimensionless g value.
μ = μσ = −g

e
g
S = − μB σ .
2m
2

(1.9)

The electron magnetic moment in Bohr magnetons is thus given by μ/μ B = −g/2
which is the dimensionless size of the magnetic moment that must be measured and
calculated. For an antiproton, the analogous dimensionless constant to be measured
and calculated instead is the antiproton magnetic moment in nuclear magnetons,
μ p̄ /μ N ≡ −g p̄ /2.
The electron magnetic moment in Bohr magnetons can be very precisely calculated within the Standard Model of particle physics. It has the form
g/2 = 1 + aQED (α) + ahadr onic + aweak .

(1.10)

The leading term g/2 = 1 is a prediction of the Standard Model insofar as it is the
Dirac equation prediction for a point particle. Quantum electrodynamics (QED) gives
the Standard Model prediction that vacuum fluctuations and polarization slightly
increase g/2 by the small “anomaly” a Q E D (α) ≈ 10−3 that is a function of the fine
structure constant α. The hadronic addition calculated within the Standard Model is
much smaller, and the weak interaction addition is negligible at the current level of
precision. One intriguing question is whether electron substructure (or other deviations from the Standard Model) could make g/2 deviate by the addition of some
anew from the Standard Model prediction to Eq. 1.10, as quark-gluon substructure
does for an antiproton and proton.
Why measure the electron magnetic moment in Bohr magnetons, g/2? The
motivations include:
1. The magnetic moment in Bohr magnetons is the property that can be most accurately measured for an electron—the important component of our universe that
is unusual in that no internal structure has been predicted or detected.
2. The most stringent test of QED comes from measuring g/2 and comparing to the
value g(α) calculated using an independently determined α in Eq. 1.10.
3. The most accurate determination of the fine structure constant comes from solving
Eq. 1.10 for α in terms of the measured g/2. (No physics beyond the Standard
Model, i.e. anew = 0, is assumed.)
4. A search for physics beyond the Standard Model (e.g. electron substructure)
comes from using the best measurement of g/2 and the best independent α (with
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calculated values of ahadr onic and aweak ) in Eq. 1.10 to set a limit on a possible
anew addition.
5. Comparing g/2 for an electron and a positron is the most stringent test of CPT
invariance with leptons.
Owing to the great importance of the dimensionless magnetic moment, there have
been many measurements of the electron g/2. A long list of measurements of this
fundamental quantity has been compiled [4]. Worthy of special mention is a long
series of measurements at the University of Michigan [23]. The spin precession
relative to the cyclotron rotation of keV electrons was measured. Also worthy of
special mention is the series of measurements at the University of Washington [5, 24].
Our measurements, like the UW measurements, made use of a single electron in
a Penning trap. We were able to measure the electron magnetic moment about 15
times more precisely, and show that the measured value was different by about 1.7
standard deviations (Fig. 1.1).
The unifying idea for the new methods is that of a one-electron quantum
cyclotron—with fully resolved cyclotron and spin energy levels, and a detection
sensitivity sufficient to detect one quantum transitions is achieved in our fully quantum measurements [1, 2].
The substantially higher accuracy of the new measurements was the result of new
experimental methods, developed and demonstrated one thesis at a time over 20
years by a string of excellent Ph.D. students—C.H. Tseng, D. Enzer, J. Tan, S. Peil,
B. D’Urso, B. Odom and D. Hanneke. The new methods included:
1. A cylindrical Penning trap was used to suspend the electron. The cylindrical trap
was invented to form a microwave cavity that could inhibit spontaneous emission.
The calculable cavity shape made it possible to understand and correct for cavity
shifts of the measured cyclotron frequency.
2. Cavity-inhibited spontaneous emission (by a factor of up to 250) narrowed measured linewidths and gave us the crucial averaging time that we needed to resolve
one-quantum changes in the electron’s cyclotron state.
3. The cavity was cooled to 100 mK rather than to 4.2 K so that in thermal equilibrium
the electron’s cyclotron motion would be in its ground state.
4. Detection with good signal-to-noise ratio came from feeding back a signal derived
from the electron’s motion along the magnetic field to the electron to cancel the
damping due to the detection impedance. The “classical measurement system”
for the quantum cyclotron motion was this large self-excited motion of the electron, with a quantum nondemolition coupling between the classical and quantum
systems.
5. A silver trap cavity avoided the magnetic field variations due to temperature
fluctuations of the paramagnetism of conventional copper trap electrodes.
6. The measurement was entirely automated so that the best data could be taken at
night, when the electrical, magnetic and mechanical disturbances were lowest,
with no person present.
7. A parametric excitation of electrons suspended in the trap was used to measure
the radiation modes of the radiation field in the trap cavity.
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8. The damping rate of a single trapped electron was used as a second probe of the
radiation fields within the trap cavity.

1.3 One-Electron Quantum Cyclotron
1.3.1 A Homemade Atom
A one-electron quantum cyclotron is a single electron suspended within a magnetic
field, with the quantum structure in its cyclotron motion fully resolved. Accurate
measurements of the resonant frequencies of driven transitions between the energy
levels of this homemade atom—an electron bound to our trap—reveals the electron
magnetic moment in units of Bohr magnetons, g/2. The energy levels and what must
be measured to determine g/2 are presented in this section. The experimental devices
and methods needed to realize the one-electron quantum cyclotron are discussed in
following sections.
A nonrelativistic electron in a magnetic field has energy levels
E(n, m s ) =

g
hνc m s + (n + 21 )hνc .
2

(1.11)

These depend in a familiar way upon the electron’s cyclotron frequency νc and its spin
frequency νs ≡ (g/2)νc . The electron g/2 is thus specified by the two frequencies,
g
νs
νs − νc
νa
=
=1+
=1+ ,
2
νc
νc
νc

(1.12)

or equivalently by their difference (the anomaly frequency νa ≡ νs − νc ) and νc .
Because νs and νc differ by only a part-per-thousand, measuring νa and νc to a
precision of 1 part in 1010 gives g/2 to 1 part in 1013 .
Although one electron suspended in a magnetic field will not remain in one place
long enough for a measurement, two features of determining g/2 by measuring νa
and νc are apparent in Eq. 1.12.
1. Nothing in physics can be measured more accurately than a frequency (the art of
time keeping being so highly developed) except for a ratio of frequencies.
2. Although both of these frequencies depend upon the magnetic field, the field
dependence drops out of the ratio. The magnetic field thus needs to be stable only
on the time scale on which both frequencies can be measured, and no absolute
calibration of the magnetic field is required.
To confine the electron for precise measurements, an ideal Penning trap includes an
electrostatic quadrupole potential V ∼ z 2 − 21 ρ 2 with a magnetic field B ẑ [25]. This
potential shifts the cyclotron frequency from the free-space value νc to ν̄c . The latter
frequency is also slightly shifted by the unavoidable leading imperfections of a real
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Fig. 1.6 Lowest cyclotron
and spin levels of an electron
in a Penning trap

laboratory trap—a misalignment of the symmetry axis of the electrostatic quadrupole
and the magnetic field, and quadratic distortions of the electrostatic potential.
The lowest cyclotron energy levels (with quantum numbers n = 0, 1, . . .) and the
spin energy levels (with quantum numbers m s = ±1/2) are given by
E(n, m s ) = g2 hνc m s + (n + 21 )h ν̄c − 21 hδ(n +

1
2

+ m s )2 .

(1.13)

The lowest cyclotron and spin energy levels are represented in Fig. 1.6.
Special relativity is important for even the lowest quantum levels. The third term
in Eq. 1.13 is the leading relativistic correction [25] to the energy levels. Special
relativity makes the transition frequency between two cyclotron levels |n, m s  ↔
|n + 1, m s  decrease from ν̄c to ν̄c + Δν̄c , with the shift
Δν̄c = −δ(n + 1 + m s )

(1.14)

depending upon the spin state and cyclotron state. This very small shift, with
δ/νc ≡ hνc /(mc2 ) ≈ 10−9 ,

(1.15)

is nonetheless significant at our precision. An important new feature of our measurement is that special relativity adds no uncertainty to our measurements. Quantum
transitions between identified energy levels with a precisely known relativistic contribution to the energy levels are resolved. When the average cyclotron frequency
of an unknown distribution of cyclotron states was all that could be measured [5],
figuring out the size of the relativistic frequency shift was difficult.
We have seen how g/2 is determined by the anomaly frequency νa and the freespace cyclotron frequency νc = eB/(2π m). However, neither of these frequencies
is an eigenfrequency of the trapped electron. We actually measure the transition
frequencies
3
f¯c ≡ ν̄c − δ
2
g
ν̄a ≡ νc − ν̄c
2

(1.16)
(1.17)
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represented by the arrows in Fig. 1.6 for an electron initially prepared in the state
|n = 0, m s = 1/2.
The needed νc = eB/(2π m) is deduced from the three observable eigenfrequencies of an electron bound in the trap by the Brown-Gabrielse invariance theorem
[26],
(1.18)
(νc )2 = (ν̄c )2 + (ν̄z )2 + (ν̄m )2 .
The three measurable eigenfrequencies on the right include the cyclotron frequency
ν̄c for the quantum cyclotron motion we have been discussing. The second measurable
eigenfrequency is the axial oscillation frequency ν̄z for the nearly-harmonic, classical
electron motion along the direction of the magnetic field. The third measurable
eigenfrequency is the magnetron oscillation frequency for the classical magnetron
motion along the circular orbit for which the electric field of the trap and the motional
electric field exactly cancel.
The invariance theorem applies for a perfect Penning trap, but also in the presence
of the mentioned imperfection shifts of the eigenfrequencies for an electron in a trap.
This theorem, together with the well-defined hierarchy of trap eigenfrequencies,
ν̄c ∞ ν̄z ∞ ν̄m ∞ δ, yields an approximate expression that is sufficient at our
accuracy. We thus determine the electron g/2 using
ν̄a − ν̄z2 /(2 f¯c )
ν̄c + ν̄a
g
Δgcav
=
.
1+
+
2
¯
¯
2
νc
2
f c + 3δ/2 + ν̄z /(2 f c )

(1.19)

The cavity shift Δgcav /2 that arises from the interaction of the cyclotron motion and
the trap cavity is presently discussed in detail.

1.3.2 Cylindrical Penning Trap Cavity
A cylindrical Penning trap (Fig. 1.7) is the key device that makes these measurements
possible. It was invented [27] and demonstrated [28] to provide boundary conditions
that produce a controllable and understandable radiation field within the trap cavity,
along with the needed electrostatic quadrupole potential. Spontaneous emission can
be significantly inhibited at the same time as corresponding shifts of the electron’s
oscillation frequencies are avoided. We shall see that this is critical to the new Harvard
measurements in several ways (Table 1.1).
A necessary function of the trap electrodes is to produce a very good approximation to an electrostatic quadrupole potential. This is possible with cylindrical
electrodes but only if the relative geometry of the electrodes is carefully chosen [27].
The electrodes of the cylindrical trap are symmetric under rotations about the center
axis (ẑ), which is parallel to the spatially uniform magnetic field (B ẑ). The potential
(about 100 V) applied between the endcap electrodes and the ring electrode provides
the basic trapping potential and sets the axial frequency ν̄z of the nearly harmonic
oscillation of the electron parallel to the magnetic field. The potential applied to the
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Fig. 1.7 Cylindrical Penning trap cavity used to confine a single electron and inhibit spontaneous
emission
Table 1.1 Properties of the
trapped electron

Cyclotron frequency

ωc /(2π ) 150 GHz

Trap-modified cyc. freq.
Axial frequency
Magnetron frequency
Cyclotron damping (free space)
Axial damping
Magnetron damping

ω+ /(2π )
ωz /(2π )
ω− /(2π )
τ+
τz
τ−

150 GHz
200 MHz
133 kHz
0.09 s
200 ms
109 yr

compensation electrodes is adjusted to tune the shape of the potential, to make the
oscillation as harmonic as possible. The tuning does not change ν̄z very much owing
to an orthogonalization [27, 29] that arises from the geometry choice. What we found
was that one electron could be observed within a cylindrical Penning trap with as
good or better signal-to-noise ratio than was realized in hyperbolic Penning traps.
The principle motivation for the cylindrical Penning trap is to form a microwave
cavity whose radiation properties are well understood and controlled—the best possible approximation to a perfect cylindrical trap cavity. (Our calculation attempts
with a hyperbolic trap cavity were much less successful [30].) The modes of the
electromagnetic radiation field that are consistent with this boundary condition are
the well known transverse electric TEmnp and transverse magnetic TEmnp modes
(see e.g. [31, Sect. 8.7]).
For a right circular cylinder of diameter 2ρ0 and height 2z 0 the TE and TM modes
have characteristic resonance frequencies,


 ≥ 2 
xmn
pπ 2
TE : ωmnp = c
+
(1.20a)
ρ0
2z 0





xmn 2
pπ 2
+
.
(1.20b)
TM : ωmnp = c
ρ0
2z 0
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They are indexed with integers
m = 0, 1, 2, . . .
n = 1, 2, 3, . . .

(1.21)
(1.22)

p = 1, 2, 3, . . . ,

(1.23)

and are functions of the nth zeros of Bessel functions and their derivatives
Jm (xmn ) = 0

(1.24)

≥
Jm≥ (xmn
)=0

(1.25)

The zeros force the boundary conditions at the cylindrical wall. All but the m = 0
modes are doubly degenerate.
Of primary interest is the magnitude of the cavity electric fields that couple to the
cyclotron motion of an electron suspended in the center of the trap. For both TE and
TM modes, the transverse components of E are proportional to

z
sin( pπ
2 ( z0

+ 1)) =

z
for even p,
(−1) p/2 sin( pπ
2z 0 )
z
(−1)( p−1)/2 cos( pπ
)
for odd p.
2z 0

(1.26)

For an electron close to the cavity center, (z ≈ 0), only modes with odd p thus have
any appreciable coupling.
The transverse components of the electric fields are also proportional to either
the order-m Bessel function times m/ρ for the TE modes, or to the derivative of the
order-m Bessel function for the TM modes. Close to the cavity center (ρ ≈ 0),
⎧
m−1
⎪
⎨ ρ
m
(≥) ρ
Jm (xmn ρ0 ) ∼ (m − 1)!
⎪
ρ
⎩
0
⎧
⎪
ρ m−1
⎪
⎪
⎪
(≥)
⎨ (m − 1)!
xmn ≥ (≥) ρ
Jm (xmn ρ0 ) ∼
(≥)2
⎪
ρ0
x0n
⎪
⎪
⎪
ρ
−
⎩
2ρ02

(≥)

xmn
2ρ0
(≥)

xmn
2ρ0

⎤m
for m > 0
⎤m

(1.27a)

for m = 0
for m > 0
(1.27b)
for m = 0.

In the limit ρ → 0, all but the m = 1 modes vanish.
For a perfect cylindrical cavity the only radiation modes that couple to an electron
perfectly centered in the cavity are TE1n(odd) and TE1n(odd) . If the electron is moved
slightly off center axially it will begin to couple to radiation modes with mnp =
1n(even). If the electron is moved slightly off-center radially it similarly begins to
couple to modes with m = 1.
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In the real trap cavity, the perturbation caused by the small space between the
electrodes is minimized by the use of “choke flanges”—small channels that tend to
reflect the radiation leaking out of the trap back to cancel itself, and thus to minimize
the losses from the trap. The measured radiation modes, discussed later, are close
enough to the calculated frequencies for a perfect cylindrical cavity that we have
been able to identify more than 100 different radiation modes for such trap cavities
[32–34]. The spatial properties of the electric and magnetic field for the radiation
that builds up within the cavity are thus quite well understood. Some of the modes
couple to cyclotron motion of an electron centered in the cavity, others couple to the
spin of a centered electron, and still others have the symmetry that we hope will one
day allow us to sideband-cool the axial motion.

1.3.3 100 mK and 5 T
Detecting transitions between energy levels of the quantum cyclotron requires that
the electron-bound-to-the-trap system be prepared in a definite quantum state. Two
key elements are a high magnetic field, and a low temperature for the trap cavity.
A high field makes the spacing of the cyclotron energy levels to be large. A high field
and low temperature make a very large Boltzmann probability to be in the lowest
cyclotron state, P ∝ exp[−h ν̄c /(kT )], which is negligibly different from unity.
The trap cavity is cooled to 0.1 K or below via a thermal contact with the mixing
chamber of an Oxford Instruments Kelvinox 300 dilution refrigerator (Fig. 1.8). The
electrodes of this trap cavity are housed within a separate vacuum enclosure that is
entirely at the base temperature. Measurements on an apparatus with a similar design
but at 4.2 K found the vacuum in the enclosure to be better than 5 × 10−17 torr [35].
Our much lower temperature make our background gas pressure much lower. We are
able to keep one electron suspended in our apparatus for as long as desired—regularly
months at a time. Substantial reservoirs for liquid helium and liquid nitrogen make
it possible to keep the trap cold for five to seven days before the disruption of adding
more liquid helium or nitrogen is required.
The trap and its vacuum container are located within a superconducting solenoid
(Fig. 1.8) that makes a very homogeneous magnetic field over the interior volume
of the trap cavity. A large dewar sitting on top of the solenoid dewar provides the
helium needed around the dilution refrigerator below. The superconducting solenoid
is entirely self-contained, with a bore that can operate from room temperature down
to 77 K. It possesses shim coils capable of creating a field homogeneity better than a
part in 108 over a 1 cm diameter sphere and has a passive “shield” coil that reduces
fluctuations in the ambient magnetic field [36, 37]. When properly energized (and
after the steps described in the next section have been taken) it achieves field stability
better than a part in 109 per hour. We regularly observe drifts below 10−9 per night.
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Fig. 1.8 The apparatus includes a trap electrodes near the central axis, surrounded by a superconducting solenoid. The trap is suspended from a dilution refrigerator

1.3.4 Stabilizing the Energy Levels
Measuring the electron g/2 with a precision of parts in 1013 requires that the energy
levels of our homemade atom, an electron bound to a Penning trap, be exceptionally
stable. The energy levels depend upon the magnetic field and upon the the potential
that we apply to the trap electrodes. The magnetic field must be stable at least on the
time scale that is required to measure the two frequencies, f¯c and ν̄a , that are both
proportional to the magnetic field.
One defense against external field fluctuations is a high magnetic field. This makes
it so that field fluctuations due to outside sources are relatively smaller. The largest
source of ambient magnetic noise is a subway that produces 50 nT (0.5 mG, 10 ppb)
fluctuations in our lab and that would limit us to four hours of data taking per day
(when the subway stops running) if we did not shield the electron from them. Eddy
currents in the high-conductivity aluminum and copper cylinders of the dewars and
the magnet bore shield high-frequency fluctuations [38]. For slower fluctuations, the
aforementioned self-shielding solenoid [36] has the correct geometry to make the
central field always equal to the average field over the solenoid cross-section.
This translates flux conservation into central-field conservation, shielding external
fluctuations by more than a factor of 150 [37].
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Stabilizing the field produced by the solenoid requires that care is taken when the
field value is changed, since changing the current in the solenoid alters the forces
between windings. Resulting stresses can take months to stabilize if the coil is not
pre-stressed by “over-currenting” the magnet. Our recipe is to overshoot the target
value by a few percent of the change, undershoot by a similar amount, and then move
to the desired field.
The apparatus in Fig. 1.8 evolved historically rather than being designed for maximum magnetic field stability in the final configuration. Because the solenoid and
the trap electrodes are suspended from widely separated support points, temperature and pressure changes can cause the electrodes to move relative to the solenoid.
Apparatus vibrations can do the same insofar as the magnetic field is not perfectly
homogeneous, despite careful adjusting of the persistent currents in ten superconducting shim coils. Any relative motion of the electron and solenoid changes the
field seen by the electron.
To counteract this, we regulate the five He and N2 pressures in the cryostats to
maintain the temperature of both the bath and the solenoid itself [39, 40]. Recently
we also relocated the dilution refrigerator vacuum pumps to an isolated room at the
end of a 12 m pipe run. This reduced vibration by more than an order of magnitude at frequencies related to the pump motion and reduced the noise level for the
experimenters but did not obviously improve the g/2 data.
Because some of the structure establishing the relative location of the trap electrodes and the solenoid is at room temperature, changes in room temperature can
move the electron in the magnetic field. The lab temperature routinely cycles 1–2 K
daily, so we house the apparatus in a large, insulated enclosure within which we
actively regulate the air temperature to 0.1 K. A refrigerated circulating bath (ThermoNeslab RTE-17) pumps water into the regulated zone and through an automobile
transmission fluid radiator, heating and cooling the water to maintain constant air
temperature. Fans couple the water and air temperatures and keep a uniform air
temperature throughout.
The choice of materials for the trap electrodes and its vacuum container is also
crucial to attaining high field stability [1, 41]. Copper trap electrodes, for example,
have a nuclear paramagnetism at 100 mK that makes the electron see a magnetic field
that changes at an unacceptable level with very small changes in trap temperature.
We thus use only low-Curie-constant materials such as silver, quartz, titanium, and
molybdenum at the refrigerator base temperature and we regulate the mixing chamber
temperature to 1 mK or better.
A stable axial frequency is also extremely important since small changes in the
measured axial frequency reveal one-quantum transitions of the cyclotron and spin
energy (as will be discussed in Sect. 1.4.1). A trapping potential without thermal
fluctuations is provided by a charged capacitor (10 µF) that has a very low leakage
resistance at low temperature. We add to or subtract from the charge on the capacitor
using 50 ms current pulses sent to the capacitor through a 100 M∂ resistor as needed
to keep the measured axial frequency constant. Because of the orthogonalized trap
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design [27] already discussed, the potential applied to the compensation electrodes
(to make the electron see as close to a pure electrostatic quadrupole potential as
possible) has little effect upon the axial frequency.

1.3.5 Motions and Damping of the Suspended Electron
We load a single electron using an electron beam from a sharp tungsten field emission
tip. A hole in the bottom endcap electrode admits the beam, which hits the top endcap
electrode and releases gas atoms cryopumped on the surface. Collisions between the
beam and gas atoms eventually cause an electron to fall into the trap. Adjusting the
beam energy and the time it is on determines the number of electrons loaded.
The electron has three motions in the Penning trap formed by the B = 5.4 T
magnetic field, and the electrostatic quadrupole potential. The cyclotron motion in
the trap has a cyclotron frequency ν̄c ≈ 150 GHz. The axial frequency, for the harmonic oscillator parallel to the magnetic field direction, is ν̄z ≈ 200 MHz. A circular
magnetron motion, perpendicular to B, has an oscillation frequency, ν̄m ≈ 133 kHz.
The spin precession frequency, which we do not measure directly, is slightly higher
than the cyclotron frequency. The frequency difference is the anomaly frequency,
ν̄a ≈ 174 MHz, which we do measure directly.
The undamped spin motion is essentially uncoupled from its environment [25].
The cyclotron motion is only weakly damped. By controlling the cyclotron frequency
relative to that of the cavity radiation modes, we alter the density of radiation states
and inhibit the spontaneous emission of synchrotron radiation [25, 42] by 10–50
times the (90 ms)−1 free-space rate. Blackbody photons that could excite from the
cyclotron ground state are eliminated because the trap cavity is cooled by the dilution
refrigerator to 100 mK [43]. The axial motion is cooled by a resonant circuit at a rate
γz ≈ (0.2 s)−1 to as low as 230 mK (from 5 K) when the detection amplifier is off.
The magnetron radius is minimized with axial sideband cooling [25].

1.4 Non-destructive Detection of One-Quantum Transitions
1.4.1 QND Detection
Quantum nondemolition (QND) detection has the property that repeated measurements of the energy eigenstate of the quantum system do not change the state of the
quantum system [44, 45]. This is crucial for detecting one-quantum transitions in the
cyclotron motion insofar as it avoids transitions produced by the detection system.
In this section we discuss the QND coupling, and in the next section the self-excited
oscillator readout system.
Detecting a single 150 GHz photon from the decay of one cyclotron energy level
to the level below would be very difficult—because the frequency is so high and
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because it is difficult to cover the solid angle into which the photon could be emitted.
Instead we get the one-quantum sensitivity by coupling the cyclotron motion to the
orthogonal axial motion at 200 MHz, a frequency at which we are able to make
sensitive detection electronics [46]. The QND detection keeps the thermally driven
axial motion of the electron from changing the state of the cyclotron motion.
We use a magnetic bottle gradient that is familiar from plasma physics and from
earlier electron measurements [5, 47],
ΔB = B2

⎦⎜



z 2 − ρ 2 /2 ẑ − zρ ρ̂

(1.28)

with B2 = 1540 T/m2 . This is the lowest order gradient that is symmetric under
reflections z → −z and is cylindrically symmetric about ẑ. The gradient arises from a
pair of thin nickel rings (Fig. 1.7) that are completely saturated in the strong field from
the superconducting solenoid. To lowest order the rings modify B by ≈ −0.7 %—
merely changing the magnetic field that the electron experiences without affecting
our measurement.
The formal requirement for a QND measurement is that the Hamiltonian of the
quantum system (i.e. the cyclotron Hamiltonian) and the Hamiltonian describing
the interaction of the quantum system and the classical measurement system must
commute. The Hamiltonian that couples the quantum cyclotron and spin motions to
the axial motion does so. It has the form −μB, where μ is the magnetic moment
associated with the cyclotron motion or the spin. The coupling Hamiltonian thus has
a term that goes as μz 2 . This term has the same spatial symmetry as does the axial
Hamiltonian, H = 21 m(2π ν̄z )2 z 2 . A change in the magnetic moment that takes place
from a one-quantum change in the cyclotron or spin magnetic moment thus changes
the observed axial frequency of the suspended electron.
The result is that the frequency of the axial motion ν̄z shifts by
Δν̄z = δ B (n + m s ),

(1.29)

νz shift / ppb

in proportion to the cyclotron quantum number n and the spin quantum number m s .
Figure 1.9 shows the Δν̄z = 4 Hz shift in the 200 MHz axial frequency that takes
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Fig. 1.9 Two quantum jumps: A cyclotron jump (a) and spin flip (b) measured via a QND coupling
to shifts in the axial frequency

1 Precise Matter and Antimatter Tests of the Standard Model

19

place for one-quantum changes in cyclotron (Fig. 1.9a) and spin energy (Fig. 1.9b).
The 20 ppb shift is easy to observe with an averaging time of only 0.5 s. We typically
measure with an averaging time that is half this value.

1.4.2 One-Electron Self-Excited Oscillator
The QND coupling makes small changes in the electron’s axial oscillation frequency,
the signature of one-quantum cyclotron transitions and spin flips. Measuring these
small frequency changes is facilitated by a large axial oscillation amplitude. To this
end we use electrical feedback which we demonstrated could be used effectively to
either cool the axial motion [48] or to make a large self-excited axial oscillation [49].
Cyclotron excitations and spin flips are generally induced while the detection system
is off, as will be discussed. After an attempt to excite the cyclotron motion or to flip
the spin has been made, the detection system is then turned on. The self-excited
oscillator rapidly reaches steady state, and its oscillation frequency is then measured
by fourier transforming the signal.
The 200 MHz axial frequency lies in the radio-frequency (rf) range which is
more experimentally accessible than the microwave range of the 150 GHz cyclotron
and spin frequencies, as mentioned. Nevertheless, standard rf techniques must be
carefully tailored for our low-noise, cryogenic experiment. The electron axial oscillation induces image currents in the trap electrodes that are proportional to the axial
velocity of the electron [25, 50]. An inductor (actually the inductance of a cryogenic
feedthrough) is placed in parallel with the capacitance between two trap electrodes
to cancel the reactance of the capacitor which would otherwise short out the induced
signal. The rf loss in the tuned circuit that is formed is an effective resistance that
damps the axial motion.
The voltage that the electron motion induces across this effective resistance is
amplified with two cryogenic detection amplifiers. The heart of each amplifier is a
single-gate high electron mobility transistor (Fujitsu FHX13LG).
The first amplifier is at the 100 mK dilution refrigerator base temperature. Operating this amplifier without crashing the dilution refrigerator requires operating with a
power dissipation in the FET that is three orders of magnitude below the transistor’s
10 mW design dissipation. The effective axial temperature for the electron while
current is flowing through the FET is about 5 K, well above the ambient temperature.
Very careful heat sinking makes it possible for the effective axial temperature of
the electron to cool to below 230 mK in several seconds after the amplifier is turned
off, taking the electron axial motion to this temperature. Cyclotron excitations and
spin flips are induced only when the axial motion is so cooled, with the detection
amplifiers off, since the electron is then making the smallest possible excursion in
the magnetic bottle gradient.
The second cryogenic amplifier is mounted on the nominally 600 mK still of
the dilution refrigerator. This amplifier counteracts the attenuation of a thermallyisolating but lossy stainless steel transmission line that carries the amplified signal
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out of the refrigerator. The second amplifier boosts the signal above the noise floor
of the first room-temperature amplifier.
Because the induced image-current signal is proportional to the electron’s axial
velocity, feeding this signal back to drive the electron alters the axial damping force,
a force that is also proportional to the electron velocity. Changing the feedback gain
thus changes the damping rate. As the gain increases, the damping rate decreases as
does the effective axial temperature of the electron, in accord with the fluctuation
dissipation theorem [51]. Feedback cooling of the one-electron oscillator from 5.2
to 850 mK was demonstrated [48]. The invariant ratio of the separately measured
damping rate and the effective temperature was also demonstrated, showing that the
amplifier adds very little noise to the feedback.
Setting the feedback gain to make the feedback drive exactly cancel the damping
in the attached circuit could sustain a large axial oscillation amplitude, in principle.
However, since the gain cannot be perfectly adjusted, noise fluctuations will always
drive the axial oscillation exponentially away from equilibrium. We thus stabilize the
oscillation amplitude using a digital signal processor (DSP) that Fourier transforms
the signal in real time, and adjusts the feedback gain to keep the signal size at a fixed
value.
The one-particle self-excited oscillator is turned on after an attempt has been
made to excite the cyclotron energy up one level, or to flip the spin. The frequency of
the axial oscillation that rapidly stabilizes at a large and easily detected amplitude is
then measured. Small shifts in this frequency reveal whether the cyclotron motion has
been excited by one quantum or whether the spin has flipped, as illustrated in Fig. 1.9.

1.4.3 Inhibited Spontaneous Emission
The spontaneous emission of synchrotron radiation in free space would make the
damping time for an electron’s cyclotron motion to be less than 0.1 s. This is not
enough time to average down the noise in our detection system to the level that would
allow the resolution of one-quantum transitions between cyclotron states. Also, to
drive cyclotron transitions “in the dark”, with the detection system off, requires that
the cyclotron excitations persist long enough for the detection electronics to be turned
on. Cavity-inhibition of the spontaneous emission gives us the averaging time that
we need.
One of the early papers in what has come to be know as cavity QED was an
observation of inhibited spontaneous emission within a Penning trap [42]—the first
time that inhibited spontaneous emission was observed within a cavity and with only
one particle—as anticipated earlier [52, 53]. As already mentioned, the cylindrical
Penning trap [27] was invented to provide understandable boundary conditions
to control the spontaneous emission rate with only predictable cavity shifts of the
electron’s cyclotron frequency.
The spontaneous emission rate is measured directly, by making a histogram of the
time the electron spends in the first excited state after being excited by a microwave
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Fig. 1.10 A histogram of the time that the electron spends in the first excited state that is fit
to an exponential reveals the substantial inhibition of the spontaneous emission of synchrotron
radiation. The decay time, 0.41 s in this example, depends on how close the cyclotron frequency is
to neighboring radiation modes of the trap cavity. Lifetimes as long as 16 s have been observed

drive injected into the trap cavity with the detector left on. Figure 1.10 shows a sample
histogram which fits well to an exponential (solid curve) with a lifetime of 0.41 s in
this example.
Stimulated emission is avoided by making these observations only when the cavity
is at low temperature so that effectively no blackbody photons are present. The
detector causes thermal fluctuations of the axial oscillation amplitude, and these in
turn make the cyclotron frequency fluctuate. For measuring the cyclotron decay time,
however, this does not matter as long as the fluctuations in axial amplitude are small
compared to the 2 mm wavelength of the radiation that excites the cyclotron motion.
The spontaneous emission rate into free space is [25]
γ+ =

4 re
1
(ωc )2 ≈
.
3 c
0.89 ms

(1.30)

The measured rate in this example is thus suppressed by a factor of 4.5. The density of
states within the cylindrical trap cavity is not that of free space. Instead the density of
states for the radiation is peaked at the resonance frequencies of the radiation modes
of the cavity, and falls to very low values between the radiation modes. We attain
the inhibited spontaneous emission by tuning the magnetic field so that the cyclotron
frequency is as far as possible from resonance with the cavity radiation modes. With
the right choice of magnetic field we have increased the lifetime to 16 s, which is a
cavity suppression of spontaneous emission by a factor of 180.
In a following section we report on using the direct measurements of the radiation
rate for electron cyclotron motion to probe the radiation modes of the cavity, with
the radiation rate increasing sharply at frequencies that approach a resonant mode of
the cavity.
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1.5 Elements of a Electron g/2 Measurement
1.5.1 Quantum Jump Spectroscopy
We determine the cyclotron and anomaly frequencies using quantum jump spectroscopy, in which a near resonance drive attempts to either excite the cyclotron
motion or flip the spin. After each attempt we check whether a one-quantum transition has taken place, and build up a histogram of transitions per attempt. Figure 1.11
shows the observed quantum jump lineshapes upon which our 2008 measurement is
based.
A typical data run consists of alternating scans of the cyclotron and anomaly lines.
The runs occur at night, with daytime runs only possible on Sundays and holidays
when the ambient magnetic field noise is lower. Interleaved every three hours among
these scans are periods of magnetic field monitoring to track long-term drifts using
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Fig. 1.11 Quantum-jump spectroscopy lineshapes for cyclotron (left) and anomaly (right) transitions with maximum-likelihood fits to broadened lineshape models (solid) and inset resolution
functions (solid) and edge-tracking data (histogram). Vertical lines show the 1 − σ uncertainties for
extracted resonance frequencies. Corresponding unbroadened lineshapes are dashed. Gray bands
indicate 1 − σ confidence limits for distributions about broadened fits. All plots share the same
relative frequency scale
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the electron itself as the magnetometer. In addition, we continuously monitor over
fifty environmental parameters such as refrigerator temperatures, cryogen pressures
and flows, and the ambient magnetic field in the lab so that we may screen data for
abnormal conditions and troubleshoot problems.
Cyclotron transitions are driven by injecting microwaves into the trap cavity. The
microwaves originate as a 15 GHz drive from a signal generator (Agilent E8251A)
whose low-phase-noise, 10 MHz oven-controlled crystal oscillator serves as the timebase for all frequencies in the experiment. After passing through a waveguide that
removes all subharmonics, the signal enters a microwave circuit that includes an
impact ionization avalanche transit-time (IMPATT) diode, which multiplies the frequency by ten and outputs the f¯c drive at a power of 2 mW. Voltage-controlled
attenuators reduce the strength of the drive, which is broadcast from a room temperature horn through teflon lenses to a horn at 100 mK (Fig. 1.8) and enters the trap
cavity through an inlet waveguide (Fig. 1.7).
Anomaly transitions are driven by potentials, oscillating near ν̄a , applied to
electrodes to drive off-resonant axial motion through the magnetic bottle gradient
(Eq. 1.28). The gradient’s zρ ρ̂ term mixes the driven oscillation of z at ν̄a with that of
ρ at f¯c to produce an oscillating magnetic field perpendicular to B as needed to flip
the spin. The axial amplitude required to produce the desired transition probability
is too small to affect the lineshape (Sect. 1.5.4); nevertheless, we apply a detuned
drive of the same strength during cyclotron attempts so the electron samples the same
magnetic gradient.
Quantum jump spectroscopy of each resonance follows
⎟
 the same procedure. With
the electron prepared in the spin-up ground state ⎟0, 21 , the magnetron radius is
reduced with 1.5 s of strong sideband cooling at ν̄z + ν̄m with the SEO turned off
immediately and the detection amplifiers turned off after 0.5 s. After an additional
1 s to allow the axial motion to thermalize with the tuned circuit, we apply a 2 s
pulse of either a cyclotron drive near f¯c or an anomaly drive near ν̄z with the other
drive applied simultaneously but detuned far from resonance. The detection electronics and SEO are turned back on; after waiting 1 s to build a steady-state axial
amplitude, we measure ν̄z and look for a 20 ppb shift up (from a cyclotron transition)
⎟

or down (from an anomaly transition followed by a spontaneous decay to ⎟0, − 21 )
in frequency. Cavity-inhibited spontaneous emission provides the time needed to
observe cyclotron transitions before decay. The several-cyclotron-lifetimes wait for
a spontaneous decay after an anomaly attempt is the rate-limiting step in the spectroscopy. After a successful anomaly transition
⎟ and
 decay, simultaneous cyclotron
and anomaly drives pump the electron back to ⎟0, 21 . All timing is done in hardware.
We probe each resonance line with discrete excitation attempts spaced in frequency
by approximately 10 % of the linewidth. We step through each drive frequency on
the f¯c line, then each on the ν̄a line, and repeat.
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1.5.2 The Electron as Magnetometer
Slow drifts of the magnetic field are corrected using the electron itself as a magnetometer. Accounting for these drifts allows the combination of data taken over many
days, giving a lineshape signal-to-noise that allows the systematic investigation of
lineshape uncertainties at each field. For a half-hour at the beginning and end of a run
and again every three hours throughout, we alter our cyclotron spectroscopy routine
by applying a stronger drive at a frequency below f¯c . Using the same timing as above
but a ten-times-finer frequency step, we increase the drive frequency until observing
a successful transition. We then jump back 60 steps and begin again.
We model the magnetic field drift by fitting a polynomial to these “edge” points
(so-called because the ideal cyclotron lineshape has a sharp low-frequency edge).
Since we time-stamp every cyclotron and anomaly attempt, we use the smooth curve
to remove any field drift. This edge-tracking adds a 20 % overhead, but allows the
use of data from nights with a larger than usual field drift, and the combination of
data from different nights.

1.5.3 Measuring the Axial Frequency
In addition to f¯c and ν̄a , measuring g/2 requires a determination of the axial
frequency ν̄z (Eq. 1.19). To keep the relative uncertainty in g/2 from ν̄z below 0.1 ppt,
we must know ν̄z to better than 50 ppb (10 Hz). This is easily accomplished. We routinely measure ν̄z when determining the cyclotron and spin states. However, the large
self-excited oscillation amplitude in the slightly anharmonic axial potential typically
results in a 10 ppb shift, compared to the ν̄z for the thermally-excited amplitude
during the cyclotron and anomaly pulses. We cannot directly measure the axial frequency under the pulse conditions because the amplifiers are off. We come close
when measuring ν̄z with the amplifiers on and all axial drives off. This thermal axial
resonance appears as a dip on the amplifier noise resonance [50], and we use it as
our measurement. The difference in ν̄z with the amplifiers on and off is negligible.
A second shift comes from the interaction between the axial motion and the amplifier,
which both damps the motion and shifts ν̄z . The maximum shift of ν̄z is 1/4 of the
damping rate, which at ≈1 ppb is negligible at our current precision. A third shift of
ν̄z comes from the anomaly drive, which induces both a frequency-pulling from the
off-resonant axial force and a Paul-trap shift from the change in effective trapping
potential [54]; based on extrapolation from measured shifts at higher powers, we
estimate these shifts combine to 1 ppb at the highest anomaly power used for the
measurement—too small to affect g/2.
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1.5.4 Frequencies from Lineshapes
The cyclotron frequency f¯c and anomaly frequency ν̄a (Fig. 1.6) must be determined from their respective quantum jump spectroscopy lineshapes (Fig. 1.11). The
observed lineshapes are much broader than the natural linewidth that arises because
the excited cyclotron state decays by the cavity-inhibited spontaneous emission of
synchrotron radiation. The shape arises because the electron experiences a magnetic
field that varies during the course of a measurement. Variations arise because of
the electron’s thermal axial motion within the magnetic bottle gradient, for example. Other possible variations could arise because the magnetic field for the Penning
trap fluctuates in time, or because of a distribution of magnetron orbit sizes for the
quantum jump trials.
Once the slow drift of the magnetic field (p. 24) has been removed, there is no
reason for the electron to sample a different distribution of magnetic field values
while the anomaly frequency is being measured compared to when the trap-modified
cyclotron frequency is being measured. Each resonance shape converts the distribution of sampled magnetic fields values into the corresponding distribution of frequency values. Dividing the quantum jump lineshapes into frequency bins, we obtain
average cyclotron and anomaly frequencies by weighting the frequency of each bin
by the number of quantum jumps in the bin, and use these average frequencies in
Eq. 1.19.
Using the weighted average frequencies will remove shifts to g/2 caused by the
thermal axial motion of the electron within the magnetic bottle gradient, the largest
source of the observed linewidth. The use of weighted average frequencies should
also account for temporal fluctuations in the magnetic field of the Penning trap on the
measurement time scale for the frequencies. If there is a distribution of magnetron
radii for the quantum jump trials, the weighted average method should account for
the resulting distribution of magnetic field values as well.
To verify the weighted averages method, and to assign safe uncertainties to the
average frequencies that we deduce using it, we also analyze our measured lineshapes in a very different way. We start with an analytic calculation of the lineshape
for thermal Brownian motion of the axial motion for a given axial temperature Tz [55].
We then fit the measured cyclotron and anomaly lineshapes (Fig. 1.11) to the ideal
lineshape convolved with a Gaussian broadening function to take into account other
sources of the magnetic field distribution. The analytically calculated lineshapes are
the dashed curves in Fig. 1.11, the maximum-likelihood fits to the broadened lineshapes are solid curves, and the gray bands indicate where we would expect 68 % of
the measured points to lie. The insets to Fig. 1.11 show the best-fit resolution functions. We assign a lineshape uncertainty that is the size of the differences between the
g/2 value determined from the fitting and our preferred weighted averages method.
The linewidths are wider for two of the four measurements in Fig. 1.11, and they
remained reproducible over the weeks required to take each data point. A wider
cyclotron linewidth indicates a higher axial temperature. We know of no reason that
the axial temperatures should be different for different values of the Penning trap field;
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this is one reason that we assign the larger uncertainties that reflect the difference
between the two methods. The narrower lineshapes have better agreement between
the weighted average method and the fit method, and hence the assigned lineshape
uncertainties are smaller. Not surprisingly, the narrower lines better determine the
corresponding frequencies.
For the 2008 measurement the lineshape uncertainty is larger than any other.
Future efforts will focus upon understanding and reducing the lineshape broadening
and uncertainty.

1.5.5 Cavity Shifts
Despite the precision reached in this measurement, only one correction to the directly
measured g/2 value is required, the Δgcav /2 included in Eq. 1.19. The correction is
a cavity shift correction that depends upon interaction of the electron with nearby
cavity radiation modes. The trap cavity modifies the density of states of the radiation
modes of free space, though not enough to significantly affect QED calculations of g
[56]. Since the cavity shift correction depends upon the electron cyclotron frequency,
we measure g/2 at four different cyclotron frequencies to make sure that the same
g/2 is deduced when cavity shifts of different sizes are applied.
The cavity-inhibited spontaneous emission narrows the cyclotron resonance line,
giving the time in the excited state that is needed to turn on the self-excited oscillator,
and to average its signal long enough determine the cyclotron state. Cavity shifts are
the unfortunate downside of the cavity, arising because the cyclotron oscillator has
its frequency pulled by its coupling to nearby radiation modes of the cavity.
The cylindrical Penning trap was invented to make a microwave cavity with a
calculable geometry. Section 1.3.2 describes a perfect cylindrical trap cavity and the
radiation fields that it can support. However, the trap is not perfectly machined, it
changes its size as it cools from room temperature down to 0.1 K, and it has small
slits that make it possible to bias sections to form a Penning trap.
The shape of the radiation fields near the center of the trap cavity are not greatly
altered for the real cavity, but the resonant frequencies of the modes are slightly
shifted. The frequency shifts are not enough to keep us from identifying most modes
by comparing to calculated frequencies, but are large enough that we must measure
the mode frequencies if we are to characterize the interaction of the cavity and an
electron. The mode quality factors (resonant frequencies divided by energy damping
rates) must also be determined. The decay of the radiation field within the cavity
depends upon power dissipated by currents (induced in the electrodes and modified
by the slits), and upon the loss of microwave power that escapes the trap despite the
choke flanges in the slits.
We developed two methods to learn the resonant frequencies of the radiation
modes of real trap cavity.
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1. A cloud of electrons near the center of the trap is heated using a parametric driving
force. The electrons cool via synchrotron radiation with a rate that is highest when
their cyclotron frequency is resonant with a cavity radiation mode, and that is very
small far from resonance [32–34, 57]. Figure 1.12a shows the peaks in the signal
from the electrons that correspond to resonance with cavity radiation modes that
are labeled as described earlier.
2. The measured spontaneous emission rate for a single electron near the center of
the trap cavity (Fig. 1.12b), and the dependence of this rate upon the amplitude of
the axial oscillation of the electron (Fig. 1.12c), both depend upon the proximity
of the electron cyclotron frequency to cavity radiation modes that couple to a
nearly centered electron. Figure 1.13 illustrates how the one-electron damping
rate and dependence upon axial oscillation amplitude are measured.
From the cavity spectra in Fig. 1.12a–c we deduce the mode frequencies and
uncertainties represented by the gray bands in these figures. Our identification of the
modes is aided by several features of the spectra. Modes that are strongly coupled
to the electrons (the coupling increases with electron number) can split into two
normal modes. A large axial oscillation during measurements of the cavity spectrum
produces sidebands at the axial frequency for modes with a node at the trap center, and
at twice the sidband frequency for radiation modes with an antinode at the center.
Modes which would not couple to a perfectly centered electron will couple more
strongly to the electrons as their number is increased so that they occupy a larger
volume. From 2006 to 2008 our understanding of the cavity improved when we
became aware of and were able to measure a small displacement of the electrostatic
center of the trap (where the electron resides), and the center for the cavity radiation
modes.
So far we have used the calculable cylindrical trap geometry to know which
radiation modes can couple to an electron near the center of the trap, and we have
recognized these modes in measured cavity spectra by comparing their measured
frequencies to what is calculated for a perfect cavity. Next we use the measured
radiation mode frequencies and quality factors as input to a calculation of the cavity
shift of the electron cyclotron frequency as a function of the electron cyclotron
frequency (Fig. 1.12d).
A calculation of the shifts [55, 58] must carefully distinguish and remove the electron self-energy from the electron-cavity interaction. The uncertainty in the measured
inputs give a cavity shift uncertainty (Fig. 1.12e) that is small between the resonance
frequencies of modes that couple strongly to a centered electron, and then increases
strongly closer to the resonant frequencies of these modes. The diamonds at the
top of the figure show how in our four measurements of g/2 we avoid the electron
cyclotron frequencies for which the uncertainty is the largest. Figure 1.14 shows the
good agreement attained between the four measurements when the cavity shifts are
applied.
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Fig. 1.12 Cavity shift results come from synchronized electrons (a) and from direct measurements
with one electron of γc (b) and its dependence on axial amplitude (c). Together, they provide uncertainties in the frequencies of coupled cavity radiation modes (gray) that translate into an uncertainty
band of cavity shifts Δgcav /2 (d) whose half-width, i.e., the cavity shift uncertainty, is plotted in
(e). The diamonds at the top indicate the cyclotron frequencies of the four g/2 measurements

1.6 Results and Applications
1.6.1 Most Accurate Electron g/2
The measured values, shifts, and uncertainties for the four separate measurements of
g/2 are in Table 1.2. The uncertainties are lower for measurements with smaller cavity
shifts and smaller linewidths, as might be expected. Uncertainties for variations of
the power of the ν̄a and f¯c drives are estimated to be too small to show up in the table.
A weighted average of the four measurements, with uncorrelated and correlated errors
combined appropriately, gives the electron magnetic moment in Bohr magnetons,
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Fig. 1.13 Measurement of the cyclotron damping rate at 146.70 GHz, near the upper sideband of
TE136 . The cyclotron damping rate as a function of axial amplitude (c) extrapolates to the desired
lifetime. Each point in (c) consists of a damping rate measured from a fit to a histogram of cyclotron
jump lengths (a) as well as an axial amplitude measured from a driven cyclotron line (b)
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Fig. 1.14 Four measurements of g/2 without (open) and with (filled) cavity-shift corrections. The
light gray uncertainty band shows the average of the corrected data. The dark gray band indicates
the expected location of the uncorrected data given our result in Eq. 1.1 and including only the
cavity-shift uncertainty
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Table 1.2 Measurements and shifts with uncertainties multiplied by 1012
f¯c
147.5 GHz
149.2 GHz
150.3 GHz
g/2 raw
Cav. shift
Lineshape
correlated
uncorrelated
g/2

151.3 GHz

−5.24(0.39)
4.36(0.13)

0.31 (0.17)
−0.16 (0.06)

2.17 (0.17)
−2.25 (0.07)

5.70 (0.24)
−6.02 (0.28)

(0.24)
(0.56)
−0.88(0.73)

(0.24)
(0.00)
0.15 (0.30)

(0.24)
(0.15)
−0.08 (0.34)

(0.24)
(0.30)
−0.32 (0.53)

The cavity-shifted “g/2 raw” and corrected “g/2” are offset from our result in Eq. 1.1

μ/μ B = −g/2 = −1.001 159 652 180 73 (28) [0.28 ppt].

(1.1)

The uncertainty is 2.7 and 15 times smaller than the 2006 and 1987 measurements,
and 2,300 times smaller than has been achieved for the heavier muon lepton [59].

1.6.2 Most Accurate Determination of α
The new measurement determines the fine structure constant, α = e2 /(4π ε0 c),
much more accurately than does any other method. The fine structure constant is
the fundamental measure of the strength of the electromagnetic interaction in the
low energy limit, and it is also a crucial ingredient of our system of fundamental
constants [60]. Only the bare essentials of what is needed to determine α from g/2
are summarized here.
The standard model relates g and α by
⎜α
⎜ α 2
⎜ α 3
⎜ α 4
g
+ C4
= 1 + C2
+ C6
+ C8
2
π
π
π
π
⎜ α 5
+ C10
+ · · · + ahadronic + aweak ,
π

(1.31)

with the asymptotic series and the values of the Ck coming from QED. Very small
hadronic and weak contributions are included, along with the assumption that there
is no significant modification from electron substructure or other physics beyond the
standard model (Fig. 1.15).
QED calculations give the constants Ck ,
C2 = 0.500 000 000 000 00 (exact)
C4 = −0.328 478 444 002 55 (33)
C6 = 1.181 234 016 816 (10)
C8 = −1.909 7 (20)
C10 = 9.16 (0.57).

(1.32)
(1.33)
(1.34)
(1.35)
(1.36)
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Fig. 1.15 Contributions to g/2 for the experiment (top bar), terms in the QED series (below), and
from small distance physics (below). Uncertainties are black. The inset light gray bars represent the
magnitude of the larger mass-independent terms (A1 ) and the smaller A2 terms that depend upon
either m e /m μ or m e /m τ . The even smaller A3 terms, functions of both mass ratios, are not visible
on this scale

The QED theory for C2 [61], C4 [62–64], and C6 [65] is exact, with no uncertainty,
except for an essentially negligible uncertainty in C4 and C6 that comes from a weak
functional dependence upon the lepton mass ratios, m μ /m e and m τ /m e . Numerical
QED calculations give the value and uncertainty for C8 and C10 [6]. The first evaluation of C10 is the most significant theoretical advance since the electron magnetic
moment was measured. A remarkable 12,672 Feynman diagrams are involved.
The hadronic anomaly ahadronic , calculated within the context of the Standard
Model,
(1.37)
aehadronic = 1.678(15) × 10−12 ,
contributes at the level of several times the current experimental uncertainty, but the
calculation uncertainty in the hadronic anomaly is not important [66–69]. The weak
anomaly is negligible for the current experimental precision.
The most accurately determined fine structure constant is given by
α −1 = 137.035 999 173 (33) (8) [0.24 ppb] [0.06 ppb],
= 137.035 999 173 (34) [0.25 ppb].

(1.38)

The first line shows that the 0.24 ppb experimental uncertainty (33) is larger than the
0.06 ppb theoretical uncertainty (8) now that C10 has been calculated. The theory
uncertainty contribution to α is divided as (7) and (5) for C8 and C10 . The uncertainties from the experiment and theory are represented in Fig. 1.16. The dashes show
the uncertainties before the recent theoretical advances.
The total 0.25 ppb uncertainty in α is nearly three times smaller than the 0.66 ppm
uncertainty for the next most precise determination [7] (Fig. 1.2). The so-called atom
recoil determination that is used actually requires measurements of the Rydberg
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Fig. 1.16 Experimental uncertainty (black) and theoretical uncertainties (gray) that determine the
uncertainty in the α that is determined from the measured electron g/2. The dashes present the
uncertainties before the very recent theoretical advances

constant [70, 71], transition frequencies [7, 72], mass ratios [73–75], and either a
Rb [7] or Cs [76] recoil velocity measured in an atom interferometer.

1.6.3 Testing the Standard Model and QED
The dimensionless electron magnetic moment g that is measured can be compared
to the g(α) that is predicted by the Standard Model of particle physics. The input
needed to calculate g(α) is the measured fine structure constant α (that is determined
without the use of the electron magnetic moment). The most accurately measured
and calculated values of g/2 are currently given by
g/2 = 1.001 159 652 180 73 (28) [0.28 ppt],
g(α)/2 = 1.001 159 652 181 78 (77) [0.77 ppt].

(1.39)
(1.40)

The measurement is our one-electron quantum cyclotron measurement [2]. The calculated value g(α)/2 comes from using the most precise Rb value of α [7] in Eq. 1.31.
The uncertainty in this “calculated” value actually comes almost entirely from the
uncertainty in the Rb α. The Standard Model prediction is thus tested and verified to
0.8 ppt. The smaller 0.3 ppt uncertainty in the measured g/2, along with the comparable uncertainty in the QED calculation, would allow a better test of QED if a more
precise, independent value of α could be measured.
About 1 part per thousand of the electron g/2 comes from the unavoidable interaction of the electron with the virtual particles of “empty space”, as described by
quantum electrodynamics (QED) and represented in Fig. 1.17. Where testing QED is
the primary focus, measured and calculated values of the so-called anomalous magnetic moment of the electron (defined by a = g/2 − 1 so that the Dirac contribution
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Fig. 1.17 Comparisons of precise tests of QED. The arrows represent the fractional accuracy to
which the QED contribution to the measured g values and frequencies that are measured

is subtracted out) are often compared. The measured and calculated values of a that
correspond to the g/2 values above are
a = 0.001 159 652 180 73 ( 28) [0.24 ppb],
a(α) = 0.001 159 652 181 78 ( 77) [0.66 ppb],

(1.41)
(1.42)

At the one standard deviation level, the difference of the measured and calculated
values is
δa = a − a(α)
= g/2 − g(α)/2
= 1.05(0.82) × 10−12 .

(1.43)
(1.44)
(1.45)

The possible difference between the measurement and calculation is thus bounded
by
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Fig. 1.18 A driven resonance for positrons captured and stored next to a Penning trap designed for
a new generation of electron and posiron magnetic moment measurements

|δa| < 1.9 × 10−12 ,

(1.46)

at the one standard deviation level, with this bound arising almost entirely from the
uncertainty in the measurement of α from Rb.
Some of the most precise tests of bound-state QED are compared in Fig. 1.18 with
the electron g/2. The QED test based upon the measurements [74] and calculation
[77] of g/2 for an electron bound in an ion tests QED less precisely. In fact, the
calculated value of the bound g values depends upon the mass of the electron strongly
enough that this measurement is now being used to determine the electron mass in
amu, much as we determine α from our measurements of the magnetic moment of
the free electron. The n = 2 Lamb shift in hydrogen is essentially entirely due to
QED. However, the measurements are much less precise so that QED is again tested
less precisely.
The last example in the figure is a QED test based upon a number of measurements
of hydrogen and deuterium transition frequencies—the QED contribution to which
are typically at the ppm level. Theoretical calculations that depend upon the Rydberg
constant, the fine structure constant, the ratio of the electron and proton masses and the
size of the nucleus are fit to a number of accurately measured transition frequencies
for hydrogen and deuterium. The fit determines values for the mentioned constants.
The QED test come from removing one of the measured lines from the fit, and
using the best fit to predict the value of the transition frequency that was omitted.
This process tests the Standard Model prediction at a comparable precision to that
provided using the magnetic moment of the electron. However, it tests the size of the
QED contribution to a much lower fractional precision.
The QED tests described so far test QED predictions to the highest precision and
the highest order in α. There are many other tests of QED with a much lower precision.
Although these tests are outside of the scope of this work it is worth mentioning that
it is interesting to probe QED in other ways. For example, it seems interesting to
test QED for systems whose binding energy is very large, even comparable to the
electron rest mass energy as can be done in high Z systems. Another example is
probing the QED of positronium, the bound state of an electron and a positron,
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insofar as annihilation and exchange effects are quite different than what must be
calculated for normal atoms.

1.6.4 Probe for Electron Substructure
Comparing experiment and theory probes for possible electron substructure at an
energy scale one might only expect from a large accelerator. An electron whose
constituents would have mass m ∗ ∞ m has a natural size scale, R = /(m ∗ c).
The simplest analysis of the resulting magnetic moment [78] gives δa ∼ m/m ∗ ,
suggesting that m ∗ > 260,000 TeV/c2 and R < 9 × 10−25 m. This would be an
incredible limit, since the largest e+ e− collider (LEP) probed for a contact interaction
at an E = 10.3 TeV [79], with R < (c)/E = 2 × 10−20 m.
However, the simplest argument also implies that the first-order contribution to
the electron self-energy goes as m ∗ [78]. Without heroic fine tuning (e.g., the bare
mass cancelling this contribution to produce the small electron mass) some internal
symmetry of the electron model must suppress both mass and moment. For example, a
chirally invariant model [78], leads to δa ∼ (m/m ∗ )2 . In this case, m ∗ > 360 GeV/c2
and R < 5 × 10−19 m. These are stringent limits to be set with an experiment carried
out at 100 mK, although they are not yet at the LEP limits. With a more precise
measurement of α, so this was limited only by the experimental uncertainty in a,
then we could set a limit m ∗ > 1 TeV and R < 2 × 10−19 .

1.6.5 Comparison to the Muon g/2
The electron g/2 is measured about 2300 times more accurately than is g/2 for its
heavier muon sibling [2, 59]. Because the electron is stable there is time to isolate
one electron, cool it so that it occupies a very small volume within a magnetic field,
and to resolve the quantum structure in its cyclotron and spin motions. The shortlived muon must be studied before it decays in a very small fraction of a second,
during which times it orbits in a very large orbit over which the same magnetic field
homogeneity realized with a nearly motionless electron cannot be maintained.
Why then measure the muon g/2? The compelling reason is that the muon g/2
is expected to be more sensitive to physics beyond the standard model by about a
factor of 4 × 104 , which is the square of the ratio of the muon to the electron mass. In
terms of Eq. 1.10 this means that anew is expected to be bigger for the muon than for
the electron by this large factor, making the muon a more attractive probe for new
physics.
Unfortunately, the other Standard Model contribution, ahadronic + aweak , is also
bigger by approximately the same large factor, rather than being essentially negligible as in the electron case. Correctly calculating these terms is a significant challenge to detecting new physics. These large terms, and the much lower measurement
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precision, also make the muon an unattractive candidate (compared to the electron)
for determining the fine structure constant and for testing QED.
The measured electron g/2 makes two contributions to using the muon system
for probing for physics beyond the Standard Model. Both relate to determining the
muon QED anomaly aQED (α)
1. The electron measurement of g/2 makes possible the most accurate determination
of the fine structure constant (discussed in the previous section) as is needed to
calculate aQED (α).
2. The electron measurement of g/2 and an independently measured value of α test
QED calculations of the very similar aQED (α) terms in the electron system.
The QED contribution must be accurately subtracted from the measured muon g − 2
if the much smaller possible contribution from new physics is to be observed.

1.7 Prospects and Conclusion
In conclusion, our 2008 measurement of the electron g/2 is 15 times more accurate
than the 1987 measurement that provided g/2 and α for nearly 20 years, and 2.7
times more accurate than our 2006 measurement that superseded it.
With no uncertainty show-stoppers yet presenting themselves, an entirely new
solenoid, dewar, and trap apparatus has been designed and constructed. Figure 1.18
shows the signals from positrons now being stored in the new apparatus. Achieving
the reported electron g/2 uncertainty with a positron to make the most stringent
lepton CPT test seems feasible.
We also intend to seek a much more precise measurement of the electron magnetic moment. Several experimental items warrant further study. First is the broadening of the expected lineshapes which limits the splitting of the resonance lines.
Second, the variation in axial temperatures in the observed resonance lineshapes is
not understood, and a larger uncertainty comes from the wider lineshapes. Third,
cavity sideband cooling could cool the axial motion to near its quantum ground state
for a more controlled measurement. Fourth, the new apparatus should be much less
sensitive to vibration and other variations in the laboratory environment.
With QED and the assumption of no new physics beyond the standard model
of particle physics, the new measurement determines α nearly three times more
accurately than any independent method. Given the recent theoretical advance, a
better measurement of the electron g/2 will produce a more precise value of α.
The measured g/2 and an independently measured α test QED and probe for electron size at an unprecedented precision. Prospects are good that better measurements
will enable even more sensitive tests of the Standard Model.
Acknowledgments The electron magnetic moment measurements were supported by the atomic
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Chapter 2

Theory of Anomalous Magnetic Dipole
Moments of the Electron
Masashi Hayakawa

Abstract The anomalous magnetic dipole moment of the electron, the so-called
electron g − 2, provides us with a high-precision test of quantum electrodynamics
(QED), which is the relativistic and quantum-mechanical generalization of electromagnetism, and helps to determine the value of the fine structure constant α, one of
the fundamental physical constants. This article intends to give a pedagogical introduction to the theory of g − 2, in particular, the computation of high-order quantum
electrodynamics in g − 2.

2.1 Introduction
A single electron is known to become magnetized due to its intrinsic charge and spin.
Its magnetic dipole moment is given by
µ = −ge

e
s,
2m e c

(2.1)

where m e and s denote the mass and spin of an electron, respectively. The constant ge
represents the strength of the magnetic dipole moment in units of the Bohr magneton,
and is called the g-factor of the electron.
At the zeroth order of perturbation, QED predicts that gν is equal to 2 for every
massive particle ν with spin 21 . The quantum correction in general shifts gν from
2, depending on the particle species ν. It is thus convenient to focus on this shift,
called the ‘anomalous magnetic dipole moment’, by introducing a symbol
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aν ≡

gν − 2
.
2

(2.2)

We shall call this quantity g − 2 of ν hereafter.
An important point to notice is the fact that the electron g −2, ae , can be measured
very accurately. The most accurately measured value of the electron g − 2
ae (HV08) = 1 159 652 180.73 (28) × 10−12 ,

(2.3)

where the numerals in the parenthesis represent the uncertainty in the final few
digits, was obtained by the Harvard group using a Penning trap with cylindrical cavity
[1, 2]. The uncertainty (2.3) is smaller than the one obtained by Washington university
group in 1987 [3] by a factor 15. See the previous chapter by Gabrielse et al. for
a detailed explanation about how such a large reduction of uncertainty has been
achieved.
Even if g −2 is measured very accurately, one may wonder what physical implication it possesses. Worthy of note is the fact that aν is a predictable quantity in so far as
the theory is renormalizable in the framework of quantum field theory. (Section 2.2
introduces the notion and the foundation of the quantum field theory for the readers
not specialized in particle physics.) We are thus inclined to question the validity of
a renormalizable model of elementary particles by asking the compatibility of its
theoretical prediction aν (th) with the experimentally measured value aν (exp).
The standard model of elementary particles has endured most of tests for these
forty years. It is a renormalizable theory and thus gives a prediction to g − 2, referred
hereafter as aν (SM). The measured value aν (exp) in the experiment may contain
the potential contribution aν (new) from the structures which are not built in the
standard model
(2.4)
aν (exp) = aν (SM) + aν (new) .
One’s actual interest is the existence of such new structures, and its effect on g − 2
of ν. Nevertheless, in order to explore its existence through the study of g − 2, it is
indispensable to compute all relevant dynamics of the standard model contributing
to aν (SM), and ask if the difference, aν (exp) − aν (SM), is not zero within available
precision.
As is elucidated in full detail in Table 2.1, all the contributions relevant to aμ (SM)
can be classified unambiguously and exclusively into three components;

Table 2.1 Classification into QED, QCD and weak contributions
Type

Definition

aν (QED)
aν (QCD)
aν (weak)

QED with charged leptonsa only
(QED + QCD) \(QED with charged leptons only)b
All others

a
b

All known charged leptons are electron (e), muon (μ) and tau-lepton (ρ )
A\B for the sets A and B denotes the intersection of A and the complement of B

2 Theory of Anomalous Magnetic Dipole Moments of the Electron

43

Fig. 2.1 The Feynman
diagram giving the lowestorder (second-order) contribution to the anomalous
magnetic moment of the
lepton

aν (SM) = aν (QED) + aν (QCD) + aν (weak) .

(2.5)

The QED contribution aν (QED) is the most dominant among these. For instance,
the contribution of the leading order, O(α),1 of perturbation is induced from the
Feynman diagram shown in Fig. 2.1 [4]. (Brief explanation on Feynman diagrams
can be found in Sect. 2.2.1.) Figure 2.1, where time flows in the right direction,
describes a process in which a single virtual photon is emitted before the lepton
ν couples to the external magnetic field, and is absorbed after that. The theory of
aν (QED) is our primary concern in this article.
In Eq. (2.5), aν (QCD) represents the contribution from QCD. QCD is the gauge
theory of strong interaction which binds quarks to form nucleons. Such a contribution
arises because every quark has a non-zero electric charge. Figure 2.2 illustrates the
QCD contribution to the g − 2. There, a virtual photon turns into a pair of quark and
anti-quark, which receive dynamics of strong interaction and then annihilate into a
virtual photon again. aν (QCD) requires evaluation of non-perturbative dynamics of
QCD in some manner, and is thus the most difficult to compute. The weak contribution
aν (weak) comes from the Feynman diagrams, each of which contains at least one
Fig. 2.2 The O(α 2 ) QCD
contribution to the anomalous
magnetic moment of the lepton, called the ‘leading-order
hadronic vacuum polarization
contribution’, aν (had.v.p.).
The blob part denotes the
renormalized correlation function ≈0| T jμem (x) jδem (y) |0∼ of
the hadronic electromagnetic
current jμem in QCD + QED

1 The fine structure constant α is given in terms of the elementary charge e and vacuum permittivity
Δ0 by
e2
α=
(2.6)
.
4π ω0 c
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virtual W boson, Z boson or Higgs particle. Section 2.3 explains the basic materials
on these non-QED contributions.
Importantly, the sizes of individual contributions on the right hand side of Eq. (2.5)
depend sensitively on the mass m ν of the species ν. For larger m ν , aν (QCD) and
aν (weak) are enhanced relative to aν (QED). Since the muon is heavier than the
electron by a factor of about 200, aμ (QCD), for instance, is about 40,000 times
larger than ae (QCD). Likewise, aμ (new), the contribution from the as-yet-unknown
structures, may also be much larger than ae (new). This motivates us to study the
muon g − 2 in a serious manner on both sides of experiment and theory, although it
is not discussed fully here.
As advocated above, this article intends to give a pedagogical introduction to the
QED contribution, ae (QED), to the electron g − 2. Section 2.2 provides the generic
readers with the introduction of QED, quantum field theory, perturbation theory,
and the anomalous magnetic dipole moment in terms of the field theory. Section 2.3
describes the current status of the non-QED contributions. The basic materials of the
numerical approach to the computation of high-order QED contributions is explained
in Sect. 2.4. Section 2.5 summarizes the latest result for ae (QED).

2.2 QED and Anomalous Magnetic Dipole Moment
2.2.1 Perturbation Theory of QED
Throughout this article, we work with the natural unit in which the speed of light c
and the reduced Planck constant  are set to unity, and with the signature of the metric
τμδ = diag (1, −1, −1, −1) = τμδ with respect to the coordinates x μ = (ct, x) in
four-dimensional Minkowski space. Einstein convention is employed; the sum over
0, 1, 2, 3 is assumed if the same Greek letter appears twice as a subscript and a
superscript in a single term, e.g.,
Tμδ u δ ≡

3


Tμδ u δ .

(2.7)

δ=0

The classical action of quantum electrodynamics (QED) takes a simple form

S=



⎧2
1
1
∂μ Aμ (x)
d x − Fμδ (x) F μδ (x) −
4
2
D

+



⎤
⎨
⎩
ν(x) γ μ i∂μ + e μ(4−D)/2 Aμ (x) − m ν ν(x)⎦
⎪

ν=e, μ, ρ

+ counter-terms .
Several remarks are in order:

(2.8)
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1. The field strength Fμδ (x) is given in terms of the four-dimensional vector potential
Aμ (x) = (σ(x), A(x)), Aμ (x) ≡ τμδ Aδ (x) by
Fμδ = ∂μ Aδ − ∂δ Aμ = −Fδμ .

(2.9)

Fμδ (x) packs the electric field E(x) and the magnetic field B(x) in the following
manner
E j (x) = F 0 j (x) ( j = 1, 2, 3) ,

B 1 (x) = F23 (x) and cyclic permutation.
(2.10)
Through this correspondence, the term bilinear with respect to Fμδ (x) in Eq. (2.8)
turns out to be the familiar action for the electric and magnetic field
⎜


dDx

 
⎩
1
1⎨
|E(x)|2 − |B(x)|2 .
− Fμδ (x) F μδ (x) = d D x
4
2

(2.11)

2. The quantum field theory gives a “unified description of matter and force” in
terms of quantum fields. Based on the particle-wave duality in quantum theory,
we associate a variable called ‘quantum field’ to every species from the point of
view of a wave. In classical electromagnetism, every component of the vector
potential Aμ (x) takes its value in a real number at every space-time point x.
After quantization, Aμ (x) becomes a collection of Hermitian operators labelled
by (x, μ), and plays the role of creating and annihilating photons, quanta of light.
To describe creation and annihilation
of one lepton
species ν and its anti-particle,
⎧

a four-component Dirac field να (x), ν α (x) (α = 1, 2, 3, 4) is introduced and
promoted to the fields which takes its values in the operators. Gamma matrices
γ μ (μ = 0, 1, 2, 3) are a set of 4 × 4 matrices satisfying the Clifford algebra
corresponding to the signature τμδ
γ μ γ δ + γ δ γ μ = 2τμδ I4 .

(2.12)

3. In Eq. (2.8), the sum is taken over only three leptons, i.e., electron e, muon μ and
tau-lepton ρ , to focus on the QED contribution in aν hereafter.
4. In quantum field theory, the amplitude corresponding to a Feynman diagram
in general suffers the divergence due to short-distance singularity (ultra-violet
(UV) divergence) and the divergence due to long-distance singularity (infrared
(IR) divergence). To regularize these singularities, dimensional regularization is
employed, which renders the amplitude well-defined by putting the space-time
dimension D away from 0 and all positive integers on the complex plane [5].
A parameter μ with dimension of mass is introduced to keep e dimensionless.
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5. The second term in (2.8) is the gauge-fixing term in Feynman gauge.
6. The counter-terms in Eq. (2.8) are treated as the interactions which absorb the
divergences emerging from the quantum-mechanical dynamics of the terms in
the first integral of Eq. (2.8), Their details will be described in Sect. 2.2.4.

2.2.2 Feynman Diagrams and Feynman Rule
Feynman diagrams provide us with a convenient tool to figure all electromagnetic
processes relevant to the quantity and the perturbative order of one’s interest. In
perturbation theory, every term bilinear in fields in the action2 represents the propagation of a particle (or an antiparticle), while every term trilinear or higher in fields
represents the interaction between three or more particles. A Feynman diagram is
a graph describing how virtual photons, leptons and anti-leptons are created and
annihilated in the following way;
1. an undirected wavy line corresponds to the propagation of a free photon,
2. a directed line3 corresponds to the propagation of a free lepton,
3. a vertex represents the fundamental interaction between lepton and photon.
The Feynman rule [6] derived from the action (2.8) associates the following quantities to a wave line, a directed line and a vertex, respectively where p/ ≡ pμ γ μ .

In the graph on the left hand side of the latter equation all lines just guide the
eyes, and the quantity on the right hand side is associated with the vertex alone. ‘iΔ
with Δ > 0’ plays the role to specify the boundary condition of Green functions; Δ
is brought to zero after rotating the zeroth component p 0 of four-momentum to the
Euclidean one p4 ; p 0 → i p4 .
The amplitude corresponding to a Feynman diagram is obtained by
2

This applies to the terms except for the counter-terms. All the counter-terms, including bilinear
terms, are treated as interactions. See Sect. 2.2.4.
3 There are actually three types of directed line depending on the species of leptons. See the
corresponding Feynman rule (second of the above).
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(a) assigning the quantities to the lines or vertices involved in a Feynman diagram,
(b) imposing energy-momentum conservation at every vertex,
(c) integrating n number of independent loop momenta kr (r = 1, . . . , n) with
n 

d D kr
r =1

(2π ) D

.

(2.13)

μ

For instance, a Feynman diagram in Fig. 2.1 gives the amplitude Aαε ( p, q)
μ

i e μ(4−D)/2 Aαε ( p, q) =



d Dk



i
/k + p/ + q//2 − 1
(2π )
⎟
i
×i e μ(4−D)/2 γ μ
i e μ(4−D)/2 γ λ
/k + p/ − q//2 − 1
αε
−i
× 2 .
(2.14)
k
D

i e μ(4−D)/2 γλ

Here, q is the four-momentum of the incoming photon, p↔q/2 are the four-momenta
of incoming and outgoing external leptons, respectively. The loop momentum is taken
to be the momentum k carried by the virtual photon. Since g − 2 is a dimensionless
quantity, it is convenient to express all dimensionful quantities in units of the mass
of the external lepton, parametrizing the effect of creation and annihilation of virtual
leptons by lepton mass ratios, which appears at the fourth and higher orders. For
this reason, the masses in Eq. (2.14) are set to 1. The amplitude (2.14) contains
the overall ultra-violet-divergent monopole contribution as well. The contribution
to the anomalous magnetic dipole moment from Fig. 2.1 will be obtained by applying
the magnetic projection to be discussed in Sect. 2.2.3, to the amplitude (2.14).
For the sake of later reference, the standard technique in quantum field theory to
calculate (2.14) is explained here. We can show the identity
1
1
=
ABC
2





1



1

1

4

0

dz 2

0

dz a δ (1 − (z 1 + z 2 + z a ))

1

.
(z a A + z 1 B + z 2 C)3
(2.15)
Applying Eq. (2.15) to the integrand of Eq. (2.14) with A = k 2 , B= (k+ p+q/2)2 −1
and C = (k + p − q/2)2 − 1, and exchanging the order of integration, the integral
over the loop momentum k can be easily evaluated.4 The resulting integral is the one
with respect to Feynman parameters z a , z 1 and z 2 .
dz 1

0

One can consult with the content of Sect. 2.4.2 on this point.
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2.2.3 Anomalous Magnetic Dipole Moment
In this section, we see how the contribution to the anomalous magnetic dipole moment
can be extracted from the amplitude in the context of quantum field theory.
μ
Let ΓB, αε ( p, q) be the unrenormalized vertex function, i.e., the contribution of
the one-particle irreducible5 Feynman diagrams to the Green function


d D x F ei p F ·x F



d D x I e−i p I ·x I



μ
(y)ν B, ε (x F ) |0∼ ,
d D ye−iq·y ≈0| νB, α (x I ) jem

(2.16)
μ
where jem (x) is the electromagnetic current, p F = p + q2 and p I = p − 2p . The
μ
renormalized vertex function Γαε ( p, q) is given in terms of the wave function renormalization constant Z ν of the external lepton by
μ

μ

Γαε ( p, q) = Z ν ΓB, αε ( p, q) .

(2.17)

The invariance of QED under Lorentz-, charge conjugation-(C) and parity (P)
transformations as well as the gauge symmetry implies that the renormalized vertex
function with the external leptons put on their mass shells, but with the external
photon kept off-shell, consists of two form factors F1 (q 2 ), F2 (q 2 )6 ;


μ
Γαε ( p, q)

p 2F =m 2ν = p 2I

= F1 (q 2 )γ μ + F2 (q 2 )

where
κ μδ ≡

i  μ δ
γ ,γ .
2

1
iκ μδ qδ ,
2m ν

(2.18)

(2.19)

The on-shell renormalization condition imposes F1 (q 2 = 0) = 1 to the electric
form factor. The magnetic form factor F2 (q 2 ) is the quantity predictable in the
renormalizable theory. The anomalous magnetic dipole moment is actually identified
with F2 (q 2 = 0)
(2.20)
aν = F2 (0) .
It is an easy exercise to see that aν is obtained by applying the magnetic projection
μ
to Γαε ( p, q);

5

A Feynman diagram is called ‘one-particle irreducible’ if and only if it cannot be divided into
two non-trivial connected subdiagrams when any one of the internal lines is cut off.
6 C and P symmetries are violated in the weak and Yukawa interactions in the standard model, and
thus additional form factors are actually induced. However, the classification in Table 2.1 insures
that QED and QCD contributions, which respect C and P symmetry, consist of two form factors as
in Eq. (2.18).
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⎜
mν
q2
2 μ
2
pμ
aν = lim
 ⎧2 tr m ν p γ − m ν +
2
q 2 →0 4q 2 p 2

⎟
⎜
⎜
q/
q/
,
× p/ + + m ν Γμ ( p, q) p/ − + m ν
2
2

(2.21)

with the on-shell conditions p · q = 0 and p 2 + q 2 /4 = m 2ν for the external leptons.
The second-order contribution to aν is obtained by applying (2.21) to Γ μ ( p, q) =
μ
A ( p, q) in Eq. (2.14) as [4]

α
.
aν 1-loop =
2π

(2.22)

2.2.4 Renormalization and Counter-Terms
In perturbation theory of quantum field theory, the notion of counter-terms provides
a systematic and practical way to calculate the renormalized amplitude.
The “counter-terms” in (2.8) take the form

1
= d x − δ Z A Fμδ F μδ
4
 
δ Z ν νγ μ i∂μ ν − δ Z M, ν m ν νν
+


Sc.t

D

ν=e, μ, ρ

+ δ Z V, ν eμ(4−D)/2 νγ μ Aμ ν



.

(2.23)

and are adjusted to absorb UV divergence. The constants appearing above, δ Z A ,
δ Z ν , δ Z M, ν and δ Z V, ν are related to the wave function renormalization constants Z A , Z ν , multiplicative mass renormalization constant Z m, ν 7 and the coupling
renormalization constant Z e through
δ Z A = Z A − 1 , δ Zν = Zν − 1 ,
1/2

δ Z M, ν = Z ν Z m, ν − 1 , δ Z V, ν = Z e Z ν Z A − 1 .

(2.24)

Perturbatively, the coefficients of counter-terms are expanded in a power series of
α/π ,

7

Here we assume that the regularization preserves the non-anomalous chiral symmetry, so that no
linear additive UV divergence arises in the two-point functions of leptons.
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∞


δZA =

δ (n) Z A

n=1

δ Z M, ν =

∞


⎨ α ⎩n
π

∞


δ (n) Z ν

⎨ α ⎩n

n=1

δ (n) Z M, ν

n=1

, δ Zν =

⎨ α ⎩n
π

, δ Z V, ν =

∞

n=1

π

,

δ (n) Z V, ν

⎨ α ⎩n
π

. (2.25)

These counter-terms generate the interaction vertices of various orders of perturbation theory. In particular, the renormalization of wave function or mass corresponds to
a vertex from which only two lines emanate. The lower-order counter-terms together
with QED interaction generate the Feynman diagrams and the subtraction terms
which cancel ultra-violet divergences contained in subdiagrams. In the end, the sum
of all those Feynman diagrams can have only overall UV divergences that should be
cancelled by the nth-order coefficients, δ (n) Z A , etc. Their precise values are determined from the demand that the renormalized vertex functions, Π (q 2 ), χαε ( p) and
Ωμ ( p, q), defined by


−iτμδ
,

1 − Π (q 2 )
⎟


i
,
d D x ei p·x ≈0| να (x)ν ε (0) |0∼ =
p/ − m − χ( p) αε
d D x eiq·x ≈0| Aμ (x)Aδ (0) |0∼ =

μ

μ

q2

μ

Γαε ( p, q) = γαε + Ωαε ( p, q) ,

(2.26)

satisfy certain renormalization conditions. The gauge symmetry guarantees that Z e
is independent of ν. In this way, the counter-terms are determined iteratively in
perturbation theory of QED.

2.2.5 Classification of Perturbative Dynamics
The quantum electrodynamics in the lepton g − 2, aν (QED), are expected to be
obtained by computing the coefficients aν(2n) in the perturbative series
aν (QED) =

∞


(2n)

aν

⎨ α ⎩n

n=1

π

,

(2.27)

up to the order N determined from the requirement of experimental accuracy and our
theoretical interest. In what follows, the nth term in Eq. (2.27) is called ‘n-loop term’
or the ‘2nth-order term’, as it is O(α n ) ∼ O(e 2n ). The comparison of Eq. (2.22)
with (2.27) yields the leading-order coefficient aν(2) as
(2)

aν =

1
(2)
≡ A1 .
2

(2.28)
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Before starting any calculations, the most dominant contribution should be identified.
To do so in our context, we decompose the contributions into four types according
to the dependence on lepton mass ratios (Recall the discussion below Eq. (2.14.));
ae(2n)

=

(2n)
A1

+

(2n)
A2

⎜

me
mμ


+

(2n)
A2

(2n)

Here, the subscript j attached to A j

⎜

me
mρ


+

(2n)
A3

⎜


me me
.
,
mμ mρ

(2.29)

denotes the number of leptons involved in its

A(2n)
1

is the contribution that should be computed in QED with electron
calculation.
only. It is a pure number and called ‘mass-independent term’, and thus
⎜ universally

(2)
(2n) m e
is the
contributes to g − 2 of all leptons ν. A1 is given by Eq. (2.28). A2
mμ
contribution to the electron g − 2 from⎜all Feynman
diagrams with at least

⎜ one muon

(2n) m e
(2n) m e m e
loop but with no tau-lepton loop. A2
is similarly defined. A3
,
mρ
mμ mρ
is the contribution of all Feynman diagrams with both muon loop(s) and tau-lepton
(2n)
(2n)
loop(s). A2 appears at first at the fourth order. A3 appears at first at the sixth
order.
Muon and tau-lepton are both much heavier than the electron. Thus, for the electron g − 2, their virtual effects are suppressed compared to the dynamics of QED
(2n)
with electron only. Therefore, A1 is the most dominant at every order 2n in the
electron g − 2.
It would be instructive to compare such a perturbative feature of QED in the
electron g − 2 with that in the muon g − 2. In the similar manner as in (2.29), each
(2n)
coefficient aμ in the perturbative expansion of aμ (QED) can be decomposed into
four types of terms;
aμ(2n)

=

(2n)
A1

+

(2n)
A2

⎜

mμ
me


+

(2n)
A2

⎜

mμ
mρ


+

(2n)
A3

⎜


mμ mμ
.
,
me mρ

(2.30)

The meaning of each term would now be obvious from the dependence
⎜
 on lepton
(2n) m μ
dominates
mass ratio(s). Since the electron is lighter than the muon, A2
me
(2n)
aμ for 2n ≥ 6.

2.3 Non-QED Contribution to g − 2
The standard model contribution was decomposed into three parts as in Eq. (2.5).
Table 2.2 summarizes the results for the non-QED contribution to the electron g − 2
obtained thus far. In that table, the last one is the weak contribution, and the others
are the QCD contributions relevant to the precision of our interest. Table 2.2 also
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Fig. 2.3 Examples of
the next-to-leading-order
(O(α 3 )) hadronic vacuum
polarization contribution,
aν (NLO had.v.p.), to the
anomalous magnetic dipole
moment

Fig. 2.4 Hadronic light-bylight scattering contribution
aν (had.l-l)

shows that they are only small part of ae , but can no longer be neglected compared to
the current experimental accuracy (2.3). Below we focus on the QCD contribution.
The QCD contributions relevant to the electron g − 2 in view of the experimental accuracy are represented by the diagrams shown in Figs. 2.2, 2.3 and 2.4, and
ae (QCD) is given by their sum
ae (QCD) = ae (had.v.p.) + ae (NLO had.v.p.) + ae (had.l-l) .

(2.31)

Here, O(α 2 )-hadronic vacuum polarization contribution, ae (had.v.p.), corresponds
to the diagram in Fig. 2.2. Note that it also includes the O(α 3 )-terms caused by a
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single virtual photon exchange between quarks in the blob part. The QED correction
to a photon line, lepton line or leptonic vertex in Fig. 2.2 gives rise to the next-toleading-order (NLO) hadronic vacuum polarization contribution, ae (NLO had.v.p.).
Figure 2.3 illustrates a Feynman diagram contributing to ae (NLO had.v.p.). Lastly,
the hadronic light-by-light scattering contribution shown in Fig. 2.4, ae (had.l-l), is
also the order of α 3 , and is induced through the elastic scattering between two photons
caused by QCD.
Since the strongly coupled dynamics at low energy 1 GeV is the most important
to the electron g−2, perturbation theory of QCD cannot account for the bulk contribution to the lepton g − 2. In general, we must rely on some numerical means to capture
the non-perturbative dynamics of QCD. For the hadronic vacuum polarization type
contributions, i.e., aν (had.v.p.) and aν (NLO had.v.p.), we can circumvent direct
computation of non-perturbative QCD dynamics as follows. The dispersive expression for the vacuum polarization function and the optical theorem, which follows
from the unitary of S→matrix, enables to express aν (had.v.p.) as the convolution of
⎡
R ratio R(s),
where s = 2E cm for the electron energy E cm in the center of mass
frame of the electron and positron beams, and a calculable function K (s)
aν (had.v.p.) =

⎨ α ⎩2  ∞ ds m 2
ν ⎡
R(s) K (s) ,
2
3π
s s
E th

(2.32)

with E th = m π 0 . The function K (s) increases from 0.4 at E th monotonically and
approaches to 1 for s → ∞. (The explicit expression of K (s) is available, e.g. in [7].)
To take the O(α) QED correction to the blob part in Fig. 2.2 into account, we focus
on the the cross section κh (s) in the unpolarized e+ e− collision with the hadrons or
hadrons +γ as the final states, but with no initial state photon radiation. Note that
⎡ required in Eq. (2.32) is not the experimentally accessible quantity
the R ratio R(s)
κh (s) which is obtained from κh (s) by removing O(α) correction to the
κh (s), but ⎡
part e+ e− → γ ∗
κh (s)
⎡ = ⎡
.
(2.33)
R(s)
4π α 2
3s
κh (s) is exactly the
The additional QED correction residing in κh (s) compared to ⎡
charge renormalization. Therefore, these two quantities are related as
⎜
⎡
κh (s) =

α
α(s)

2
κh (s) ,

(2.34)

where, for the relevant order of α, κ (e+ e− → γ ∗ → hadrons) only suffices for
the QCD effect in the running gauge coupling constant α(s). aν (NLO had.v.p.) can
also be obtained with use of κ (e+ e− → γ ∗ → hadrons) and the different function
for K (s).
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Table 2.2 Summary of non-QED contribution to the electron g − 2
Contribution X

X × 1012

Reference

ae (had.v.p.)
ae (NLO had.v.p.)
ae (had.l-l)
ae (weak)

1.866(12)
−0.2234(14)
0.035(10)
0.0297(5)

[9]
[9]
[10]
[11–14]

The first three are QCD contributions. ae (weak) is estimated by scaling aμ (weak) with the electronmuon mass ratio took into account

Practically, an inclusive cross section is impossible to directly measure; it is actually obtained by summing up all relevant exclusive cross sections. Experimental
papers have reported their results for the individual cross section with or without
radiative corrections, and thus careful treatment is necessary to gather and compile
various data [8].
In contrast to the vacuum-polarization-type contribution, the hadronic light-bylight scattering contribution has not been successfully expressed in terms of some
experimentally accessible quantities, and thus it requires explicit theoretical computation of non-perturbative QCD dynamics. The computation of this quantity is one
of the remained subjects of the lepton g − 2, in particular, the muon g − 2. Thus far,
it has been mostly evaluated according to the low-energy effective theory of QCD
and/or hadronic models. ae (had.l-l) in Table 2.2 was also obtained in this manner
[10]. Even though its order in Table 2.2 is found to be much smaller than the one of
our interest, it should be calculated by some other method.

2.4 Numerical Approach to Perturbative QED Calculation
(2n)

The perturbative coefficients aν have been known exactly or as an expansion in
power series of mass ratios for n = 1, 2, 3. (See Sect. 2.5 for the literature concerning
(8)
with the lower-order coefficients.) The eighth-order coefficient aν and the tenth(10)

order coefficient aν [15–24], however, have been evaluated only by numerical
means. Here, a succinct explanation is given for a particular method adopted to
(8)
(10)
compute aν and aν . The reader who would like to know full details on the
parametric integral formalism, in particular on the ways of construction of ultraviolet and infrared subtraction terms can consult with the review article [25] or the
original references [26–29].

2.4.1 Classification of Feynman Diagrams
Here we see the scheme of classification of Feynman diagrams employed in a series
of works [15–24].
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Fig. 2.5 A self-energy-like Feynman diagram (4a) corresponding to three vertex-type diagrams
giving the fourth-order contribution to the anomalous magnetic moment of the lepton

Fig. 2.6 The vertex diagrams at the fourth order related to a self-energy-like diagram in Fig. 2.5
via Ward-Takahashi identity (2.35)

We start with introducing the notion of self-energy-like (Feynman) diagram.
A self-energy-like diagram is a diagram obtained from a vertex diagram by removing the external vertex. Note that the contribution to the self-energy function from a
self-energy-like diagram may vanish identically. Such an example is the sixth-order
light-by-light scattering diagram, where the external vertex lies on the virtual lepton
loop. Note also that two different vertex diagrams are possibly reduced to the same
self-energy-diagram if the external vertices are removed.
The reason why we focus on self-energy-like diagrams in place of vertex diagrams
is based on the following important but unfamiliar fact; the Ward-Takahashi (WT)
identity, which results from the gauge invariance of the system, holds between the
contribution to the self-energy function Σ( p) from a single self-energy-like Feynman
diagram G and the contribution to the vertex function Λμ ( p, q) from a set BG of
vertex diagrams which can be obtained by inserting a single QED vertex into one
of the lepton lines on the open path connected to the initial and final leptons, or the
loop with odd number of internal vertices in all possible ways;

V ∝BG

qδ ΩδV ( p, q) = −χG

⎨

p+

⎨
q⎩
q⎩
+ χG p −
.
2
2

(2.35)

For instance, to the self-energy function χG from a single self-energy-like diagram
G in Fig. 2.5, the sum of contributions to the vertex functions from three diagrams
in Fig. 2.6 are related through Eq. (2.35).
By differentiating both sides of Eq. (2.35) with respect to the incoming photon
momentum qμ , and taking the limit q → 0, we find

V ∝BG

μ

ΩV ( p, q ∗ 0) ∗


V ∝BG

⎣


−qδ

∂ΩδV ( p, q)
∂qμ

⎟


−

q=0

∂χG ( p)
. (2.36)
∂ pμ
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I(a)

I(b)

I(c)

I(d)

I(e)

I(f)

I(g)

I(h)

I(i)

I(j)

II(a)

II(b)

II(c)

II(d)

II(e)

II(f)

III(a)

III(b)

III(c)

IV

V

VI(f)

VI(a)

VI(b)

VI(c)

VI(d)

VI(e)

VI(g)

VI(h)

VI(i)

VI(j)

VI(k)

Fig. 2.7 Gauge-invariant subsets of self-energy-like diagrams at the tenth order

Via this identity, it is possible to obtain the expression of the sum MG of the bare
amplitudes of g − 2 induced from the vertex diagrams in BG which are related to
a single self-energy-diagram G simultaneously, once we find the expression of the
integrand for the bare Feynman amplitude of χG ( p) in the momentum space.
Moreover, all the vertex diagrams belonging to BG have similar ultra-violet (UV)
and infrared (IR) divergent structures, as we will see this point explicitly within the
parametric integral formalism in Sect. 2.4.3. Since the number of self-energy-like
diagrams is much smaller than that of the vertex diagrams by the factor 1/(2n−1), we
first categorize the vertex diagrams at the order of our interest into the sets represented
by the corresponding self-energy-like diagrams. We next classify the self-energy-like
diagrams into the minimal gauge-invariant subsets. Note that a gauge-invariant set
means the set of diagrams whose sum of contributions is independent of the choice
of gauge fixing condition. The minimal gauge-invariant subsets can be immediately
identified if one’s attention is paid to the types and the number of lepton loops
involved. This point can be seen in Fig. 2.7, which lists up all the gauge-invariant
subsets for the self-energy-like diagrams at the tenth order [15, 28].
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2.4.2 Parametric Representation of Feynman Diagrams
As introduced in Sect. 2.2.1, the amplitude can be expressed as an integral of Feynman
parameters. Here, we overview a way to write down the bare amplitude in terms of
building blocks which will turn out to help to construct the terms cancelling the
ultra-violet and infrared divergences on the Feynman parameter space.
For that purpose, we return to Eq. (2.14), and overview the standard calculational
method of the Feynman amplitude. The numerator of the integrand of Eq. (2.14)
involves
 


q/
q/
(2.37)
/k + p/ + + 1 ≤ /k + p/ − + 1 ,
2
2

⎧

⎧
which can be written in terms of k = l − z 1 p + q2 − z 2 p − q2 with new loop
momentum l as
⎜
⎜




q/
q/
− z 2 p/ +
+1
f /l + (1 − z 1 ) p/ +
2
2
⎜
⎜




q/
q/
+ (1 − z 2 ) p/ −
+1 .
(2.38)
≤ /l − z 1 p/ +
2
2
Now that the denominator is an even function of l, the terms with odd number of l
in the numerator all vanish upon loop integration. Thus, the integral consists of two
types


d Dl
(2π ) D

lμ lδ


l 2 − C(z 1 , z 2 ) + iΔ


3 ,

d Dl

1

 , (2.39)
(2π ) D l 2 − C(z 1 , z 2 ) + iΔ 3

which can be performed easily.
Even at higher order of perturbation, the manipulation to write down the amplitude
as an integral on Feynman space is essentially the same. In practice, however, it needs
such devises that realize
(1) construction of the bare amplitude can be systematically done,
(2) construction of the terms to numerically subtract ultra-violet divergence and
infrared divergence can be done systematically.
The parametric integral formalism provides a method to calculate the perturbative
coefficients numerically with the properties (1) and (2). There, the numerical calculation is done on the Feynman parameter space. The loop momenta {kr }r =1, ··· , n
(n is the total number of loops.) must thus be carried out manually. To do so, we first
convert n I number of the denominators of propagators (n I denotes the number of
internal lines in the diagram) to a single denominator through the formula

58

M. Hayakawa



nI
nI  1
nI



1
1
= (n I − 1)!
dz j δ 1 −
zk  n
n I .
I
H

j=1 i
j=1 0
k=1
z i Hi

(2.40)

i=1

Next, we pull out the momenta pi appearing in the numerators of lepton propagators
outside of the loop integrals by replacing pi by the D operator
μ

Di ≡

1
2



∞

m i2

dm i2

∂
,
∂qi, μ

(2.41)

where we decompose pi = ki + qi into the linear combination ki of loop momenta
kr and the combination qi of the external momenta. The amplitude of, say, a vertex
diagram G with no lepton loop can be written as8,9

⎜

1
1 n
ΓGδ = −
(n − 1)! Fδ (dz)G 2 n ,
4
U V


n
n
I
I


dz j × δ 1 −
zi ,
(dz)G ≡
V ≡

j=1
nI


i=1

⎨
⎩
z i m i2 − qi · Q i ,

i=1
μ

Qj

nI
1 
μ
≡−
qi z i Bij ,
U
i=1

Bij ≡ Bi j − δi j

U
.
zj

Fδ = γ α1 (D
/1 + m 1 ) γ α2 · · · γ δ · · · γ α2n−1 (D
/2n + m 2n ) γ α2n

n


ταik α jk .

k=1

(2.42)
U and Bi j are functions of Feynman parameters, and are determined by the chain
topology of the diagram G .
A chain is a set of consecutive internal lines with their types disregarded, which
are connected by the external vertices only. A chain may consist of a single internal
line, or of the internal lepton and photon lines (e.g., {1, a} in Fig. 2.5). The chain
diagram of G is a “vacuum diagram” consisting of the chains and the internal vertices
of G . For example, Fig. 2.8 shows the chain diagram of all vertex-type diagrams in
Figs. 2.5 and 2.6 . One immediately understands that all vertex-type diagrams related

We set D = 4 to simplify the expression.
Diagrams with no lepton loop, called ‘quenched-type diagrams’, are completely described by
a set of pairing of lepton indices {(i k , jk )}k=1, ..., n (i k < jk , i 1 < · · · < i n and jk1 = jk2 for
k1 = k2 .).
8
9
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via the WT-identity to a self-energy-like diagram share a common chain diagram, in
general.


For a non-self-intersecting loop C , we introduce the incident matrix ξc, C associated with the chain topology of G

 1 if c ∝ C and chain c has the same direction as C
ξc, C = −1 if c ∝ C and chain c has the direction opposite to C .

0 if c ∝
/C

(2.43)

Accordingly, we assign the Feynman parameter z c to the chain c as
zc =



zj .

(2.44)

j∝c

In Figs. 2.5 and 2.8,
z c1 = z 1 + z a , z c2 = z 2 , z c3 = z 3 + z b .

(2.45)

Starting with U = z c for a loop (the chain topology of the one-loop diagram), Bc1 , c2
and U are obtained recursively according to the following equations
Bc1 , c2 =



ξc1 , C ξc2 , C UG /C ,

C

ξc, C0 U =



ξc , C0 z c Bc , c .

(2.46)

c

Here, G /C denotes the reduced diagram which is obtained by shrinking C to a single
vertex in G . C0 and c in the second equation are arbitrarily chosen loop and a chain
on it, respectively. Equation (2.46) shows that Bc1 , c2 and U are functions of Feynman
parameters of homogeneous degrees n − 1 and n, respectively. Bi j = B ji for a pair
of the internal lines i, j is equal to +Bc1 , c2 for i ∝ c1 , j ∝ c2 if both lines have the
same or the opposite directions as the chains, and to −Bc1 , c2 otherwise.
Fig. 2.8 Chain diagram of
the fourth-order Feynman
diagram (4a)
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For the chain diagram in Fig. 2.8,
Bc1 , c2 = z c2 + z c3 ,

Bc2 , c1 = z c3 ,

(2.47)

and we have for the choice c = c1 and C0 = {c1 , c2 } in the second equation of
Eq. (2.46)
U = z c1 Bc1 , c1 + z c2 Bc2 , c1 = z c1 z c2 + z c2 z c3 + z c3 z c1 .
(2.48)
The application of D operators contained in Fδ of Eq. (2.42) will yield the terms
as in Eq. (2.39). It is straightforward to see that the manipulation of D operators is
equivalent to performing all possible ways of following contraction operations :
⎩
⎨
μ
(a) In case that Di and D δj are “contracted”, they are turned into − 21 Bij τμδ .
μ

μ

(b) The uncontracted Di is replaced by Q i .
(c) The terms obtained by k-time contraction is multiplied by
1
1
,
k+2
(n − 1) · · · (n − k) U
V n−k
in place of

1
U 2V n

(2.49)

.

The denominator of the resulting integrand is now written in terms of Bi j and
μ
μ
Q i . A vectorial quantity Q i is expressed as a linear combination of the external
p
q
momenta with the scalar currents Ai , Ai as the coefficients
μ

Q i = Ai p μ + Ai q μ .
p

q

(2.50)
q

(See the explanation just below Eq. (2.14) for the meaning of p, q.) No Ai appears
p
in the expression of the integrand of g − 2 amplitude. Ai is given in terms of Bij
and U as [27]
nI
1 
p
τ j, P z j B ji ,
(2.51)
Ai = −
U
j=1

for the path P consisting of all consecutive lepton lines connected to the external
leptonic states, and τ j, P is 1 (−1) if the line j lies on P with the same (opposite)
direction, and 0 otherwise.
p
Obviously, use of U , Bi j and Ai as “building blocks” of the integrand10 reduces
the size of the expression of the integrand, compared to the one written solely in
10

The WT-summed amplitude consists of four types of terms. One is written by
⎨
⎩


!i j = 1
,
z k zl Bik B jl − Bil B jk
C
U
k<l

(2.52)
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terms of {z i }, and thus reduces the computational cost significantly. Furthermore, it
will turn out that they also play the essential role in the systematic construction of
the integrands of the terms to subtract divergence. In order to see a little bit about
this point, we end this section with observing when ultra-violet (UV) divergence
and infrared (IR) divergence can arise. From Eq. (2.51), it turns out that the scalar
currents are rational functions of Feynman parameters with homogeneous degree
0. Thus, V in Eq. (2.42) is a rational function with homogeneous degree 1. Hence,
the terms obtained by the same number of contractions, whose integrands are all
proportional to the quantity (2.49), have the same homogeneous degree. Note that
the terms obtained by more and more number of contraction operations correspond
to the ones with more and more loop momenta in the numerators of the integrands,
and thus become dominated by larger and larger momenta. As seen in Eq. (2.49),
contraction increases the degree of U while it decreases that of V in the denominator.
Hence, UV divergences can arise on some boundary of Feynman parameter space
where U → 0. Likewise, IR divergences can arise where V → 0.

2.4.3 Subtraction of UV and IR Divergences
One of the distinguishing features of the numerical method [26–29] adopted to
compute the high-order QED contribution to aν is the numerical subtraction of
ultra-violet (UV) divergences in the Feynman amplitudes. We suppose that those
amplitudes are written in the form of the parametric integrals, as was explained in
Sect. 2.4.2.
The numerical subtraction of divergence can be attained only if the bare amplitude and all the required subtraction terms are prepared on the common Feynman
parameter space, and singularities are organized to be cancelled in a pointwise way.
This way of singularity cancellation, however, requires that a single vertex-type
Feynman diagram, or some set of vertex-type Feynman diagrams sharing a common
UV structure must be dealt with separately to prepare the subtraction terms. Here
we start with observing that a collection of vertex subdiagrams associated with one
self-energy-like diagram is a reasonable example of such sets.
As already remarked, the definition of a self-energy-like diagram in Sect. 2.4.1
and the definition of the chain in Sect. 2.4.2 implies that a collection of vertex-type
Feynman diagrams related to a given self-energy-like diagram shares the same chain
topology. Therefore, those vertex-type diagrams share common U and Bi j . Since
UV subdivergence appears on the boundary of Feynman parameter space where U
vanishes, these diagrams have the same UV divergent structure.
As already mentioned above, the use of the Ward-Takahashi (WT) identity (2.36)
to collectively deal with a series of vertex diagrams reduces the total task needed
to prepare the integrals significantly. For instance, at the tenth order, there are
(Footnote 10 continued)
where the sum is taken over the lepton lines where an external photon vertex can be inserted in
!i j is actually a homogeneous polynomial of degree n. We must deal
a self-energy-like diagram. C
!i j in addition to U , Bi j and Ai .
with these C
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6,354 quenched-type diagrams. Since nine vertex diagrams are related to each single
quenched-type self-energy-like diagram, the WT-identity (2.36) thus reduces them
to 706 self-energy-like diagrams. Time reflection invariance in QED further reduces
the number of independent integrals to 389 [28].
We call the sum of the g − 2 amplitudes over the set of vertex diagrams related
via the WT-identity to a single self-energy-like diagram G as the WT-summed amplitude. The bare WT-summed amplitude, denoted by MG , in general contains infrared
(IR) divergence(s). Therefore, the additional subtraction terms must be added to
remove those IR divergences and to get the integral which can be carried out with a
supercomputer system. Symbolically, such a finite integral takes the form

∆MG =

⎛
(dz)G ⎝ f Gbare (z) +


F

f FUV (z) +


G

⎞
IR
fG
(z)⎠,

(2.53)

Each of UV subtraction terms necessary for the muon g − 2 is in one-to-one correspondence with a normal forest F. A forest of a diagram G is a set of UV-divergent
one-particle irreducible subdiagrams, any two of which are not overlapped with each
other.11 A forest is normal if it does not contain G as its element.
Before proceeding further, a comment on the necessity of IR subtraction is in order
here. The sum of the on-mass-shell subtracted amplitudes over each gauge-invariant
subset {G } , i.e.,

⎫

 UV, on-shell ⎬

⎧
aν {G } =
FF
M +
,
(2.54)
G
 G
⎭

FG
{G }
is finite. The expression on the right-hand side of Eq. (2.54) can be cast into the form
required for the numerical subtraction

⎫

 UV, on-shell ⎬


⎧
fF
aν {G } =
.
(dz)G f Gbare +
G

⎭

FG
{G }

(2.55)

The essence of derivation of this form can be seen in the case where G have a vertex
subdiagram S , and focus on the forest F = {S }, for simplicity. The on-mass-shell
subtraction term corresponding to {S } is given by the product
on-shell
= MG /S L S ,
F{UV,
S}

(2.56)

of the vertex renormalization constant L S on mass shells and the WT-summed
magnetic moment MG /S of the reduced (self-energy-like) diagram G /S which
Two subdiagrams S1 and S2 are said to be overlapped if S1 ∩ S2 = ∅, but neither S1 ⊂ S2
nor S1 ⊃ S2 .
11
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is obtained by shrinking S to a point-like vertex in G . The parametric integral
formalism allows to express L S and MG /S as the integrals of respective sets of
Feynman parameters. Thus, their product takes the form
MG /S L S =




Γ (α)

gα [G /S ]
⎧α × Γ (ε)
(dz)G /S 
VG /S



gε [S ]

,
ε
(V
)
S
α, ε
(2.57)
where, for instance, gα [S ] is a function with equal numbers of US , BijS , AiS . The
application of the formula
Γ (α) Γ (ε)
= Γ (α + ε)
Hα Kε





1

ds
0

0

1

dt δ(1 − s − t)

(dz)S

s α−1 t ε−1
(s H + t K )α+ε

, (2.58)

and rescaling of the Feynman parameters will reduce Eq. (2.57) to the desired form
[29]


gα [G /S ] gε [S ]
MG /S L S = (dz)G
Γ (α + ε) 
(2.59)
⎧α+ε .
VG /S + VS
α, ε
on-shell
The integrand on the right-hand side is exactly f {UV,
in Eq. (2.55). By conS}
struction, the integral in Eq. (2.55) for each G is free from UV divergence. However,
it contains IR subdivergence, in general. The form (2.55) demands that cancellation
of IR subdivergence be realized when the summation is taken over {G } , not at the
stage of integration. This implies that the form (2.55) may allow cancellation of
UV divergence, but never does so for IR divergence at the numerical level. This is
the reason why explicit construction of IR subtraction is necessary in the numerical
approach.
In what follows, we will see the construction of UV subtraction terms first, and
that of IR subtraction terms next.
We first concentrate on the construction of UV subtraction terms. As was stressed
above, the numerical subtraction can be attained only if the subtraction terms are
prepared on the same Feynman parameter space as the bare amplitude so that the UV
singularities of the bare amplitude are cancelled in a pointwise way. As we have seen
already above, the on-mass-shell subtraction term can be cast into such a required
form, and the maximally contracted term involved in L S in fact cancels the UV
divergence. However, the on-shell subtraction term in general brings the additional
IR divergence not present in the bare amplitude through non-maximally contracted
terms. As discussed in the last paragraph in Sect. 2.4.2, lesser and lesser contracted
terms tend to be dominated by the dynamics of degrees of freedom with longer and
longer wavelength.
For this reason, renormalization is processed in two steps. That is, the UV subtraction terms f FUV (z) in ∆MG in Eq. (2.53) are constructed according to the K operation
[27], which provides the UV subtraction term free from IR subdivergence. The second step, called the residual renormalization, calculates the difference between the
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12
renormalization condition corresponding
⎧ to K operation and the on-shell condition.


This step adds the finite term R {G } to the sum of ∆MG over a gauge-invariant
subset {G }

⎧ 
⎧

(2.60)
aν(2n) {G } =
∆MG + R {G } .

{G }

To state the content of the K operation, we define the UV limit. For simplicity, we deal
with the forest {S } consisting of a single vertex or self-energy subdiagram S . We
suppose that the Feynman parameters are organized to parametrize the corresponding
UV singularity on the boundary z i ∼ 0 (i ∝ S ). The UV limit [A]UV
S of the quantity
A is defined to gather all the leading terms of ω (ω  1) for

zj =

O(ω) if j ∝ S
.
O(1) otherwise

(2.61)

Now, K operation is defined as the following manipulation on the integrand :
(1) It extracts only the maximally contracted terms.
(2) Bi j , A j appearing in the numerator of the integrand and U are replaced by the
corresponding UV limits.
(3) V is replaced by VS + VR , where R is the reduced diagram, and VS and VR
are written in terms of Feynman parameters and scalar currents in S and R,
respectively.
(1) and (3), where V is not replaced by its UV limit, are necessary in order not to
introduce any additional IR divergences.
The most important feature of the integral obtained via K operation is the factorization property; the subtraction terms obtained via K operation are given by the sum
of the products of the quantities associated with the subdiagrams Si of the forest
{Si } and the magnetic moment of the reduced self-energy-like diagram. Again, let’s
consider a forest {S } consisting of a single UV-divergent subdiagram. If S is a
vertex subdiagram, R = G /S and
KS MG = L UV
S MG /S ,

(2.62)

where L UV
S denotes the maximally contracted terms of L S . If S is a self-energy
subdiagram, the result of K operation consists of two terms
UV
KS MG = δm UV
S MG /S (i ∗ ) + BS MG /{S , i } .

(2.63)

In G /S (i ∗ ), the remnant of S is left as the mass insertion vertex (∗) on a lepton line
i connecting S to the rest of G . Note that G /S (i ∗ ) and G / {S , i} have the same
12

The masses of leptons and the electric charge can be used only for the amplitude renormalized
in the on-shell renormalization condition.

2 Theory of Anomalous Magnetic Dipole Moments of the Electron

65

chain topology so that VG /{S , i } can be used in Sect. 2.4.3. The UV-finite amplitude
MGR , which may contain IR divergence, is obtained from the forest formula with use
of K operation
 
MGR = MG +
(2.64)
(−KS ) MG ,
F S ∝F

whose integral is organized in the same form as in Eq. (2.54).
Because the on-shell subtraction terms by definition exhibit the same factorization as above, the factorization property of K operation (and IR-subtraction
⎧
 scheme
explained below) guarantees that the residual renormalization term R {G } in
Eq. (2.60) can be written as the sum of the products of finite quantities at lower
orders. The factorization property of the amplitude obtained by K operation follows
from the factorization of U , Bi j and Ai under the UV limit [27, 28].
Next, we turn our attention to the construction of IR-subtraction terms. The method
we seek should be systematic enough to be implemented as a code to produce those
terms as numerical programs.
IR subtraction is not as simple as UV subtraction in various respects. First, no
general formula like Zimmermann’s forest formula has been found. This may be due
to the fact that IR subtraction is a tentatively required operation. The method to construct IR-subtraction terms must therefore be invented for the individual problems.
Another important difference from UV subtraction is that the IR singularities
involved in the bare amplitude MG can become harder than logarithmic. Indeed, there
are eighth- and tenth-order diagrams that contain linear IR divergence. To recognize
that the subtraction of such hard singularities is a complicated problem, we recall
the fact that UV divergence is at most logarithmic at any order of perturbation. Thus,
only leading singularity needs to be subtracted for UV. Indeed, this is attained by K
operation, whose main part is composed of the power-counting operation, UV limit.
However, if the quantity diverges linearly, the next-to-leading-order singularity must
also be extracted from it. This is actually hard to do along the lines of any powercounting scheme. We thus have invented an IR-subtraction scheme for the high-order
QED contribution to g − 2, which is systematic enough to be implemented as the
code generating numerical programs [29].
IR divergence arises basically in the following way. Let’s consider the vertex
diagram in Fig. 2.1 with the external leptons on their mass shells, p 2F = m 2 = p 2I .
The amplitude contains the IR-divergent piece which is proportional to


1
1
d 4k
k 2 (k + p F )2 − m 2 (k + p I )2 − m 2
 4
1
1
d k
=
.
k2 k2 + 2 pF · k k2 + 2 pI · k

(2.65)

If a mass insertion vertex is inserted into one of the internal lepton lines in Fig. 2.1,
IR divergence becomes harder. This indicates the mechanism of how worse IR
divergence can arise at higher orders. That is, a diagram with more self-energy

66

M. Hayakawa

Fig. 2.9 A self-energy-like
diagram having IR singularities which are logarithmic and
harder at the tenth order

subdiagrams which are disconnected to one another can have harder IR divergence.
Figure 2.9 illustrates such a self-energy-like diagram. The hardest IR divergence
arises when only the outmost photon carries longer wavelength compared to the
others and all the self-energy subdiagrams involved become relatively point-like.
One may imagine that the hard IR divergences arising through such a mechanism will be removed by the UV-subtraction terms corresponding to the selfenergy diagrams. It is correct. But, as remarked at the stage of UV subtraction,
full on-mass-shell renormalization can bring additional IR subdivergence through
the wave function renormalization constant. For this reason, K operation is used
for the construction of UV-subtraction terms. Suppose that the self-energy diagrams
are all second-order. Then, the on-shell mass renormalization constant δm is equal
to its UV limit δm UV ; δm = δm UV and the amplitude which is made UV-finite
by K operation becomes free from hard IR subdivergence. In general, in order to
completely eliminate hard IR subdivergence, say for a forest consisting of a single
self-energy subdiagram {S }, it suffices to subtract the term in proportion to the
UV
difference δm R
S ≡ δm S − δm S − (all UV subdivergences) from the UV-finite
R
amplitude MG . This is exactly the idea of the R operation defined in [29]
RS MGR ≡ MGR /S (i ∗ ) δm R
S .

(2.66)

Equation (2.59) and its generalization to the product of more than two terms will
convert the result of RS MGR into such a form of the integral that allows to cancel IR
subdivergence in a pointwise way on the same Feynman parameter space as the bare
amplitude.
The amplitude obtained by applying required R operations may be logarithmically
divergent. They can be removed by I operation, say, for a single self-energy diagram
S of a self-energy-like diagram G [29]
R
IS MGR ≡ L R
G /S (k) MS .

(2.67)

Here, G /S (k) is obtained by inserting an external vertex k into one of the internal
lepton lines in S which lies on the open path connected to the external leptons, and
shrinking it to a point. L R
G /S (k) is UV-finite but contains IR divergence; it is obtained
by applying required K -operations to the on-mass-shell vertex renormalization constant L G /S (k) .
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The required IR-subtraction terms are characterized by the annotated forests. An
annotated forest α is a set of pairs (S , O) of a self-energy subdiagram S of a
self-energy-like diagram G and the operation O = R or I with one restriction; if
S1 ⊂ S2 , (S1 , I) and (S2 , R) are prohibited as the elements of an annotated
forest. If A denotes the set of all normal annotated forests, the finite amplitude ∆MG
is obtained as
 
(2.68)
∆MG = MGR +
(−OS ) MGR ,
α∝A (S , O)∝α
where, if S1 ⊂ S2 , the operators act according to the following order
(i) RS2 RS1 .
(ii) IS1 IS2 .
(iii) RS1 IS2 .

2.5 Result for QED Contribution
By combining Eqs. (2.5) with (2.27), ae is found to be represented as a power series
with respect to the fine structure constant α
ae (α) = non-QED contribution +

∞


ae(2n)

n=1

⎨ α ⎩n
π

.

(2.69)

Table 2.2 implies that the theoretical ambiguity in the “non-QED contribution” is less
than the experimental uncertainty of ae , but cannot be negligible. Therefore, if the
(2n)
relevant coefficients ae in the perturbative expansion of the QED contribution can
be computed with sufficient precision, equating such obtained ae (α) as a function of
α to the experimental value ae (exp) will yield the value of α, referred to as α(ae ).
(2n)
(2n)
Table 2.3 summarizes the terms A j in each coefficients ae of ae (QED). See
(2)
(4)
(6)
Eq. (2.29) for the definition of A(2n)
j . A1 [4], A1 [30, 31], and A1 [32] are known
(2)

(4)

exactly. We also have the analytic expression for A2 [33], A2 [34, 35] and the
asymptotic expansion in mass ratios for A(6)
3 [36, 37]. The uncertainties of these
terms are attributed to the ones in lepton mass ratios. The values in Table 2.3 were
recalculated using the newest values [38].
me
= 4.83633166 (12) × 10−3 ,
mμ
me
= 2.87592 (26) × 10−4 ,
mρ
mμ
= 5.94649 (54) × 10−2 .
mρ

(2.70)
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(8)

(10)

All of A j and A j have been obtained only by the numerical means explained in
Sect. 2.4.
(2n)
From Table 2.3, we can explicitly see that the mass-independent term A1 dominates the coefficient ae(2n) of the perturbative expansion of the QED contribution to
the electron g − 2, and the orders of magnitude of them are all unity.
(2n)
Now, by using the result in Table 2.3 for ae in Eq. (2.69), we get [39]
α −1 (ae ) = 137.035 999 1727 (68)8th (46)10th (19)QCD (331)exp ,

(2.71)

where the uncertainties come from the eighth-order QED coefficient ae(8) , the tenth(10)
order coefficient ae , the QCD contribution, and the experiment (2.3) of the electron
g − 2, respectively.
Recall that the value of α has also been determined by various other methods
such as quantum Hall effect, etc [38, 40]. In particular, besides the electron g − 2,
the precise α has been obtained by determination of the ratio h/m A due to the atom
recoil-velocity measurement for A = cesium [41] and A = rubidium [42] combined
with the Rydberg constant and m Rb /m e in [38]
α −1 (Rb) = 137.035 999 049 (90) .

(2.72)

Within the present precision, Eq. (2.71) is compatible with Eq. (2.72)
α −1 (ae ) − α −1 (Rb) = 124(96) × 10−9 .

(2.73)

In this way, check of consistency of the values of α thus obtained provides us a
cross-sectional understanding on wide range of physical phenomena.
Instead, if we use the value (2.72) for the fine structure constant, we obtain the
following prediction for ae (SM)
(2n)

Table 2.3 The terms A j
2n A(2n)
1

(2n)

in the coefficients ae
⎜

me
A(2n)
2
mμ

A(2n)
2

⎜

me
mρ



A(2n)
3

⎜

me me
,
mμ mρ



−
−
−
5.19738667 (26) × 10−7 1.83798 (34) × 10−9 −
−7.37394155 (27) × 10−6 −6.5830 (11) × 10−8 0.1909 (1) × 10−12
9.222 (66) × 10−4
8.24 (12) × 10−6
7.465 (18) × 10−7
−0.00382 (39)


⎜

⎜

⎜

(2) m e
(2) m e
(2n) m e m e
, A2
and A3
(2n = 2, 4).
There are no Feynman diagrams for A2
,
mμ
mρ
mμ mρ
⎜

⎜

(10) m e
(10) m e m e
and A3
have not been computed as they are much smaller than
A2
,
m
mμ mρ
ρ
⎜

(10) m e
A2
, and is thus negligible for the precision of our interest
mμ
2
4
6
8
10

0.5
−0.328478965579 . . .
1.181241456 . . .
−1.9106 (20)
9.168 (571)
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ae (SM, Rb) = 1 159 652 180.07 (6)8th (8)10th (3)QCD (77)α(Rb) × 10−12 . (2.74)
The comparison of this with Eq. (2.3) is less impressive due to the uncertainty of
α −1 (Rb).
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Chapter 3

Magnetic Moment of the Bound Electron
Manuel Vogel and Wolfgang Quint

Abstract The magnetic moment of the bound electron is significantly different
from that of the free electron. This is true for any binding situation, but particularly
pronounced when the electron is bound in a highly charged ion, where it is subject to extreme electromagnetic fields in the close vicinity of the nucleus. In such
a situation, it represents a sensitive probe of nuclear properties and serves as a link
between nuclear and atomic physics. Few-electron ions, especially hydrogen-like
ones, brilliantly serve as ‘microscopic high-field laboratories’ which can be investigated with a broad range of techniques for ion confinement, manipulation and in-trap
spectroscopy. Ion cooling methods and long observation times open the way to high
precision, especially in single-ion experiments. As calculations of the bound electron
magnetic moment in the framework of quantum electrodynamics advance, a comparison between experiment and theory allows stringent benchmarks of models or
in turn gives access to fundamental quantities such as the electron mass and the fine
structure constant. In this chapter, we present corresponding experimental concepts
and discuss results obtained so far.

3.1 The Case of the Bound Electron
Generally, the magnetic moment µ of a particle is referred to in terms of the dimensionless proportionality factor g (‘g-factor’) as given in the relation
J
µ = −gμB ,


(3.1)
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where the minus sign expresses that the magnetic moment µ and the angular momentum J have opposite orientations and μB is the Bohr magneton μB = e/(2me ) =
9.27400912(23) × 10−24 J/T. While for the free electron, the spin s is the only angular quantity, the bound electron is characterized by both spin and orbital angular
momentum L which couple to J = L + s such that the spin alone is no longer an
observable. Hence, the g-factor is now labelled gJ . Other than in the case of the free
electron, the deviation of the bound electron g-factor from 2 is not dominantly due
to QED effects, but due to binding and also nuclear and relativistic effects.1 Yet, the
QED effects (which roughly scale with Z 2 ) are far from being negligible and their
predictability together with the possibility of testing those predictions form a good
part of the motivation for precision measurements of magnetic moments in highly
charged ions [6–10]. The theoretical concepts for calculation of bound-electron magnetic moments will be given in the following book chapter.
Experimentally, the magnetic moment (or g-factor) can be determined by a measurement of the precession frequency of the electron spin in an external magnetic
field B0 . This so-called ‘Larmor frequency’ ωL is given by
ωL = μB0 = gJ μB B0 .

(3.2)

Hence, a determination of the magnetic moment (or g-factor) requires knowledge
of the magnetic field strength B0 at the position and time of the measurement. This
is possible via a determination of the free ion cyclotron frequency in the external
magnetic field given by ωc = qB0 /mi where q is the ion’s electric charge and mi is its
atomic mass. Figure 3.1 schematically shows the involved quantities for the example
of a hydrogen-like ion in an external magnetic field B0 . Note, that ωL ≡ ωc .
B0
L

c

BOUND
ELECTRON

NUCLEUS
Fig. 3.1 Schematic of the involved quantities. The electron spin performs a precession about the
external magnetic field B0 as used for ion confinement with the Larmor frequency ωL . In the same
field, the ion performs a cyclotron oscillation at a frequency ωc which is also proportional to B0 .
For the sake of simplicity, we have discarded the electric field used for ion confinement, however
this does not change the validity of this picture
1 We should note that the g-factors of the proton (first measured in 1933 [1–3]) and neutron (first
measured in 1940 [4, 5]) are already in the free state much different from 2 due to their compositeness
(gP = 5.585694713(46) and gN = −3.82608545(90)).
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3.2 Why the Bound Electron is Interesting
Already for atoms and singly charged ions, significant deviations from the free electron value of the electronic magnetic moment have been observed, both for light
hydrogen-like systems and for many-electron systems such as Be+ , Mg+ , Ca+ , Ba+
and Hg+ [11–13]. The magnetic moment of the bound electron, particularly in a
highly charged ion, is drastically different from that of the free electron. The magnitude of the deviation with respect to the free electron value is up to 10 orders of
magnitude larger than the current experimental uncertainty. This is based on the fact
that in such highly charged ions, the electron under investigation is spatially close to
the ionic nucleus and experiences extreme electric and magnetic fields of up to about
1016 V/cm and 105 T [14]. In hydrogen-like ions in the ground state, the expectation
value of the electron-nucleus distance < r > is inversely proportional to the nuclear
charge number Z, and the probability |Ψ (r = 0)|2 to find the electron at the nuclear
centre is proportional to Z 3 , which yields a significant difference when going from
91+ (Z = 92). Figure 3.2 shows
hydrogen 11 H (Z = 1) to hydrogen-like uranium 238
92 U
2
2
the probability density r |Ψ (r)| according to [14] of the 1s-electron in a hydrogenlike ion AZ X(Z−1)+ of nuclear charge eZ as a function of the distance to the nucleus
(measured in units of the Bohr radius a0 = 0.529 177 210 92 (17)×10−10 m) together
with the expectation value < r > which is relevant for the bound electron’s magnetic
moment. The right hand scale shows the corresponding values of the nucleus’ electric
field strength per nuclear charge number Z, which is about 2.5 × 1013 V/cm/Z at the
relevant distance.
Figure 3.3 shows the deviation of the bound electron g-factor gJ from the free
electron g-factor ge as a function of the nuclear charge number Z for hydrogen-like
16

2

<r> MAGNETIC MOMENT
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Fig. 3.2 Probability density of the 1s electron in a hydrogen-like ion as a function of the distance
in units of the Bohr radius (left scale). Electric field strength of the nucleus per nuclear charge Z
as a function of radius (right scale). The expectation value of the bound electron distance < r > is
indicated as this is the relevant quantity for the bound electron magnetic moment
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Fig. 3.3 Dependence of the
electron magnetic moment on
the nuclear charge number Z
of the H-like ion it is bound to.
The line is a fit to the theory
values listed in [14]. The main
contribution to the deviation
from the free electron value
comes from the interaction
with the nuclear Coulomb
potential (Breit
≈ term) stating
gJ = 23 + 43 1 − Z 2 α 2 [18]

ions. It uses a fit to the theory values given in [14] and highlights ions of particular
relevance for recent, current and future measurements. The main part of this deviation
is due to the so-called ‘Breit term’, which is an analytical solution within Dirac theory
for the g-factor of the electron bound in the ground state of hydrogen-like systems
with nuclear charge Z (point-like motionless nucleus) and reads
gJ =


⎧


1
2
1
1
1 + 2 1 − (Zα)2 = 2 1 − (Zα)2 − (Zα)4 − (Zα)6 . . . .
3
3
12
24
(3.3)

Using this, the ratio of g-factors of the bound and the free electron can be written as
α(Zα)2
gJ
(Zα)2
+
+ ...
=1−
ge
3
4π

(3.4)

and leads to significant deviations from 1 particularly for increasing values of Z. Of
second-largest influence are contributions from bound-state QED as will be discussed
in the following book chapter. Nuclear size and recoil effects also play a role within
experimental resolution, see for example [14–16]. Particularly, the nuclear recoil
contribution Δgrec to the bound electron g-factor is given by
⎪⎨
Δgrec = (Zα)

2

me
m2
− (1 + Z) e2
mi
mi

⎩

α
+
π

⎨

3 − 2Z me2
1 me
+
−
3 mi
6 mi2

⎩
(3.5)

and is the leading nuclear-mass dependent term. The currently obtained experimental
accuracy in g of the order of ppb is sufficient to distinguish isotopes of the same ion
species based on this contribution [17].
Selected theory values of the bound electron magnetic moment as expressed by
the g-factor are given in Table 3.1 for ions of immediate experimental relevance.
Modern calculations in the framework of bound state quantum electrodynamics have
partially reached a relative accuracy level of ppb and better [21–26]. Currently, the
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Table 3.1 Selected theory values of bound electron magnetic moments in hydrogen-like ions of
nuclear charge number Z
Z

Ion

Magnetic Moment (gJ )

Reference

1
6
8
14
20
54
82
83
92

Hydrogen
Carbon
Oxygen
Silicon
Calcium
Xenon
Lead
Bismuth
Uranium

2.002 283 853
2.001 041 590 18(3)
2.000 047 020 32(11)
1.995 348 958 0(17)
1.988 056 946 6(100)
1.894 640 57(19)
1.738 282 7(11)
1.731 013 38
1.659 208 9(27)

[14]
[19]
[19]
[20]
[19]
[16]
[16]
[14]
[16]

A complete set can be found in [14]

experimental accuracy has reached the permille level of the magnitude of bound-state
QED contributions to the bound electromagnetic moment. Hence, measurements of
the bound electron magnetic moment particularly in its binding to highly charged
ions serve as a stringent benchmark for the vast set of existing theory predictions.
The connection of magnetic moments to fundamental symmetries and constants can
be used for a determination of these and their possible variation with time and space.
Additionally, the closely bound electron serves as an excellent probe of nuclear
properties without the need for diamagnetic shielding corrections. The connection
between the electron magnetic moment and other quantities will be discussed in
Sect. 3.10.

3.3 A Brief Look Back
The scientific history of the electron magnetic moment goes back to 1916 when
Sommerfeld and Debye postulated quantized angular momenta in atoms [27, 28].
In 1921, Compton assumed an inner magnetic moment of the electron based on the
behaviour of ferromagnetic materials [29]. In the same year, Alfred Landé introduced the concept of vector addition of quantum-mechanical angular momenta and
the phenomenological quantity called gyromagnetic factor (‘g-factor’, ‘Landé gfactor’) to express the ratio of actual magnetic moment and angular momentum of
particles like the electron, all in relation to his work on the anomalous Zeeman effect
[30, 31]. One year later, Stern and Gerlach performed their famous experiment with
an atomic beam flying perpendicular to a magnetic field gradient resulting in a spatial
splitting of the silver atom beam [32, 33]. This spatial quantization was first attributed
to the silver atom as a whole. In 1925, Ralph Kronig (assistant to Alfred Landé) and
later Uhlenbeck and Goudsmit proposed the electron spin to explain a number of
spectroscopic observations made at that time in atomic physics [34, 35], and following Pauli’s comment on the doublet structure in alkaline spectra [36] which gave a
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further hint towards half-integer angular momenta. When in 1927 Fraser found that
the ground-state orbital angular momentum and associated magnetic moments of
silver, hydrogen, and sodium are zero, this was the missing proof that the observed
momentum quantization had indeed been due to the electron spin [31, 37] and new
light was shed on the Stern-Gerlach experiment. In the same year, Phipps and Taylor
reproduced the Stern-Gerlach experiment with hydrogen atoms in their ground state,
which was known to have zero magnetic moment. Thus, any influence of the silver
atom was ruled out and spatial quantization due to the electron spin was corroborated
[38]. Theoretical justification for such a quantized electron spin was then given by
Dirac in 1928. The Dirac equation predicted a value of g = 2 for the free electron,
as phenomenologically introduced by Landé in 1923.
In 1947, Kusch and Foley measured the ratio of bound electron magnetic moments
in the 2 P3/2 and 2 P1/2 states in atomic gallium by spectroscopy of the respective Zeeman substates at a magnetic field strength of 0.038 T. This measurement resulted in
gJ=3/2 /gJ=1/2 (Ga) = 2.003 44 (12) [39, 40]. Based on the assumption that the electronic coupling in these states is correctly described by Russel-Saunders coupling,
they derived a value of the free electron magnetic moment significantly different
from 2, namely gs (e) = 2.00229(8), which was soon found to agree with theoretical
calculations in the framework of QED by Schwinger [41]. This agreement was a
demonstration of the relatively new field of quantum electrodynamics and gave it an
enormous impetus2 , together with Bethe’s calculation [45] of the newly discovered
Lamb shift [46] during the course of the same year. Referring to the publication by
Kusch and Foley [39], Schwinger said ‘It is indeed gratifying that recently acquired
data confirm this prediction’ [41]. ‘For his precision determination of the magnetic
moment of the electron’ Polykarp Kusch received the 1955 Nobel Prize in Physics
together with Eugene Lamb. Note, that both the 1947 measurements of the electron’s
anomalous magnetic moment and of the Lamb shift were made possible by the newly
developed microwave spectroscopy, whereas the earlier findings as discussed above
mainly go back to optical spectroscopy.
In 1972, Walther et al. measured contributions to the magnetic moment of
the electron due to the finite nuclear mass by a comparison of the gJ -factors
of the neutral hydrogen and deuterium atom using a hydrogen maser. They measured the ratio gJ (H)/gJ (D) to be 1 + (7.22 ± 0.03) × 10−9 and thus found a mass
dependence on the ppb level with a relative accuracy of 3 × 10−11 [47].
In 1977, Tiedeman and Robinson compared the g-factor of the free electron to the
gJ -factor of the neutral hydrogen atom using a method based on optical pumping and
spin exchange collisions [48]. These measurements were the first observations of a
mass-independent contribution to the bound electron magnetic moment. The result
is gJ (H)/gs (e) = 1 − 17.709(13) × 10−6 and thus represents a test of relativistic
and radiative corrections to the bound state of the electron with a relative accuracy
of about 3 × 10−8 .
2

Similar findings in a comparison of the free muon magnetic moment [42] with the bound muon
magnetic moment were made in the early 1960s by Hutchinson et al. [43], and were shortly after
described theoretically by Ford et al. [44].
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Johnson et al. in 1980 used similar optical pumping methods in measurements
of the gJ -factor of hydrogen-like helium 4 He+ with a relative accuracy of 6 × 10−7
[49]. The result was gJ (4 He+ )/gs (e) = 1 − 70.87(30) × 10−6 and represents the
first precision measurement of the gJ -factor of a simple atomic ion, which means
that it comprises both charge and mass effects to the bound state of the electron.
An indirect determination of the gJ -factor of the electron bound in hydrogenlike lead 207 Pb81+ and bismuth 209 Bi82+ has been undertaken in 1998 by use of a
measurement of the excited hyperfine state lifetime obtained from laser spectroscopy
[50]. However, the relative accuracy was limited to about 10−3 , see also the discussion
in [14] and Table 3.3.
In all these spectroscopy experiments, the measurement is conceptually restricted
to systems with a suitable electronic level scheme. Such a restriction is not present
when use is made of the so-called ‘continuous Stern-Gerlach effect’ which has first
been applied to single free electrons in a Penning trap by Dehmelt et al. [51–56]. Later,
this concept has successfully been transferred to magnetic moment measurements of
electrons bound in highly charged ions [57] such as C5+ [58], O7+ [59, 60], Si13+
[20] and Si11+ [61], as will be discussed below.

3.4 The Continuous Stern-Gerlach Effect
The ‘classical’ Stern-Gerlach effect [32] has been used in numerous atomic beam
experiments to determine the magnetic moments of electrons bound in atomic systems. Typically, an atomic beam enters an inhomogeneous magnetic field which
separates the spin directions, then enters a region with a homogeneous magnetic
field where a radio-frequency (rf) field interacts with the spin, and a subsequent
inhomogeneous magnetic field analyses the spin direction. The spin flip probability
is measured as a function of the radio frequency and yields a resonance curve. From
this and from knowledge of the field strength in the homogeneous magnetic field
part, the magnetic moment of the bound electron is derived. Such measurements of
magnetic moments represent critical tests of atomic physics calculations for complex
systems [62–64].
Over a long period of time it has been discussed whether the Stern-Gerlach effect
can be applied to neutral atoms only as for charged particles the Lorentz force acting
on a moving charged particle in a magnetic field is considered to mask the force due to
the magnetic moment. Proposals to separate the spin directions by the acceleration of
electrons moving along the field lines of an inhomogeneous magnetic field [65] were
rejected both by Bohr [66] and Pauli [67] arguing with the Heisenberg uncertainty
principle ΔxΔp ∼ h. Attempts to separate the spin states in an electron beam by
using the different sign of the force on the spin evoked by a longitudinal inhomogeneous magnetic field have been unsuccessful [68]. New proposals have been brought
forward to perform Stern-Gerlach experiments on electron beams which would, in
contrast to the analysis by Bohr and Pauli, result in a high degree of spin separation
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under carefully chosen initial conditions [69–71]. A detailed discussion of a moving
electron’s spin and an account of the historic debate is given in [72].
In 1963, Byrne studied the requirements for measuring the electron magnetic
moment in a constant homogeneous magnetic field by inducing transitions between
particular states of the electron’s motion with a perturbing electric field. He showed
the necessity of ‘some form of trapping device’ that allows for a sufficiently long
time period for the transitions to be detected [73].
In 1973, Dehmelt and Eckstrom proposed to use the force of an inhomogeneous
magnetic field on the spin of an electron confined in a Penning trap [51]. They found
that confining a charged particle by electromagnetic fields provides a way to circumvent Bohr’s and Pauli’s reasoning since for a particle which oscillates in a parabolic
potential well, the presence of a magnetic inhomogeneity leads to a measurable difference of its oscillation frequency for different orientations of the spin [74]. Therefore,
a precise measurement of the oscillation frequency yields information on the spin
direction. Dehmelt et al. used this effect for the detection of induced changes of the
spin direction of an electron by observing the corresponding changes in the electron’s
oscillation frequency in a Penning trap. Since the confined particle’s spin direction is
monitored continuously, Dehmelt called this the ‘continuous Stern-Gerlach effect’. It
has since been successfully applied to a number of magnetic moment studies on both
free and bound electrons as will be discussed below. It was mainly this development
which won Dehmelt the 1989 Nobel Prize in physics together with Wolfgang Paul
‘for the development of the ion trap technique’.
Figure 3.4 illustrates the relation of the continuous Stern-Gerlach effect to its
classical counterpart. While in the Stern-Gerlach experiment [32], two different
orientations of the magnetic moment (spin) are separated in position space by a

CLASSICAL
STERN-GERLACH

CONTINUOUS
STERN-GERLACH

SEPARATION IN POSITION SPACE

SEPARATION IN FREQUENCY SPACE

B1z

B2 z

z
2

L2
B1
2 KE

m

B2

Fig. 3.4 Schematic illustration of the continuous Stern-Gerlach effect in comparison to the classical
Stern-Gerlach effect. While the linear gradient B1 separates spin states in position space along a
traversing beam, the magnetic field curvature B2 (magnetic bottle) separates spin states in frequency
space when the ion oscillation in a Penning trap is considered
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linear magnetic field gradient B1 , the continuous Stern-Gerlach effect separates the
different orientations in frequency space by a magnetic field curvature B2 (magnetic
bottle).

3.5 Measurement Principle and Ion Confinement
The comprehension of the experimental application of the continuous Stern-Gerlach
effect and related techniques requires a brief summary of some Penning trap principles. Here, we restrict ourselves to the necessary topics and their relevance for
the presented experiments, a broad discussion of ion trap physics can be found for
example in monographs by Ghosh [75] and Werth [11, 76], and to some extent also
in the textbook by Foot [77].
In a Penning trap, charged particles are confined by a superposition of a homogeneous magnetic field B0 with a harmonic electrostatic potential. Presently, we are
concerned with the trapping of a single ion of mass mi and charge q in a cylindrical
Penning trap with open endcaps as described in detail in [78, 79]. Such a trap has
cylindrical symmetry along the field lines (z-axis) of the homogeneous magnetic
field which confines the ion in the radial dimensions. Axially, the ion is confined by
a constant voltage U0 applied between the central ring electrode and the endcap electrodes. Additionally, compensation electrodes with voltage UC are placed on either
side of the ring between the ring and the endcaps to create a harmonic potential
around the trap centre. A schematic of such a trap is given in Fig. 3.5.

3.5.1 Measurement Principle and Ideal Confinement
Experimentally, the ion is confined by the combination of magnetic and electric fields
such that the free ion cyclotron frequency ωc = qB0 /mi is perturbed by the presence
of the electric field and cannot be measured directly. In a Penning trap configuration
as shown in Fig. 3.5, an ion performs three independent oscillatory motions with welldefined frequencies ωz (‘axial frequency’), ω+ (‘modified cyclotron frequency’) and
ω− (‘magnetron frequency’). For any configuration, the oscillation frequencies obey
the hierarchy ωc > ω+ ≡ ωz ≡ ω− , for highly charged ions under the present
conditions we can additionally write ωL ≡ ωc . These frequencies are given by
ωz2

qU0 C2
=
mi d 2

and

ωc
±
ω± =
2

⎨

ω2
ωc2
− z
4
2

⎩1/2
(3.6)

where q is the particle charge, U0 is the trapping voltage, mi is the ion mass, d is the
effective trap size d 2 = (z02 + ρ02 /2)/2 with z0 half the endcap separation and ρ0 the
inner trap radius, C2 is a dimensionless coefficient of order 1 as will be discussed
below.
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Fig. 3.5 Schematic of a five-pole open-endcap cylindrical Penning trap as used in the present
experiments. The confining electric and magnetic fields are indicated as well as an enlarged illustration of the resulting motion of a confined ion

The required free ion cyclotron frequency ωc can be determined from the above
observable oscillation frequencies. In principle, this can done by use of the relation
ωc = ω+ + ω− , which follows directly from Eq. (3.6). This, however, is only true
in the ideal case. In reality, it is favourable to use the so-called ‘invariance theorem’
2 + ω2 + ω2 [78], in which shifts of the individual oscillation frequencies
ωc2 = ω−
+
z
caused by a misalignment of the experimental axis with respect to the magnetic field
axis cancel, see the discussion in Sect. 3.5.2. The gJ -factor of the bound electron is
thus calculated from the measured Larmor and cyclotron frequencies by
gJ = 2

ωL q me
ωc e mi

2
2
where we use ωc2 = ω−
+ ω+
+ ωz2

(3.7)

and the charge ratio q/e is assumed integer. The electron-to-ion mass ratio me /mi
needs to be measured independently, as will be discussed in Sect. 3.7.2.

3.5.2 Imperfections
In precision measurements of bound electron magnetic moments with ions in Penning
trap, a number of imperfections are of relevance as they influence the ion oscillation
frequencies and hence the applicability of the continuous Stern-Gerlach effect and
the magnetic field measurement by use of the invariance theorem. The most prominent imperfections in experimental setups are non-ideal electric and magnetic fields,
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misalignments of the trap axis with respect to the axis of the magnetic field and
mechanical imperfections of trap electrodes. Such imperfections can in principle be
avoided by appropriate choice of experimental parameters, in reality however, they
are present and need to be taken into account in the analysis of the data. The effects
of such deviations are described in detail for example in [76, 78–81].

3.5.2.1 Field Distortions
Since imperfections of the electric and magnetic fields are not only present, but can
be artificially created and used for various experimental techniques, they shall briefly
be discussed here. We can write the electrostatic potential near the trap centre by the
expansion
∞
1 ⎤  ρ k
Ck
Pk (cos θ )
(3.8)
U = U0
2
d
k=0

where ρ is the radial distance to the trap centre and Pk (cosθ ) are Legendre polynomials of the k-th degree with the argument cos(θ ) = z/(ρ 2 + z2 )1/2 , z being the axial
distance to the trap centre. If the trap has electric symmetry with respect to the trap
centre, only even terms have non-zero values. The coefficient C0 is an overall potential offset and hence irrelevant for the ion motion. C2 (as in Eq. 3.6) is the quadrupole
term relevant for electrostatic confinement and represents the ‘efficiency’ of the trap
in creating a potential well from the applied voltages. A hyperbolic Penning trap
has C2 = 1 by design. For cylindrical Penning traps C2 is typically about 0.5. In
cylindrical Penning traps like the present ones, the dominant electric imperfection
is characterized by the term C4 . The next term C6 is suppressed with respect to the
term in C4 by a factor of (r/d)2 , which typically is of order 10−4 or smaller. Usually,
terms above C6 may be neglected as for cold ions their contribution is far below the
experimental resolution. The coefficients including C2 and C4 depend on applied
voltages and can be written as [79]
(0)

C2 = C2 + D2
(0)

UC
U0

and

(0)

C4 = C4 + D4

UC
U0

(3.9)

where the Ck and Dk are given by the trap geometry [79] and UC is the voltage
applied to the correction electrodes of the trap. It is hence possible to minimize
the effect of certain imperfections by appropriate choice of UC /U0 , the so-called
‘tuning ratio’. We speak of a ‘compensated trap’ if at least the terms C4 and C6
can be tuned to zero simultaneously. The trap is additionally ‘orthogonal’ if the
oscillation frequencies are independent of the applied tuning ratio. The requirements
and possibilities for this are discussed in detail in [79]. While C2 only represents
a linear scaling of the trapping potential, a non-vanishing term C4 ↔= 0 leads to
frequency dependences described by
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−η2
1 ⎟
⎟,
1 
0
(3.10)
where ME is a 3 × 4 matrix containing the dependences of all oscillation frequencies
on all oscillation energies and η = ωz /ω+ (which is typically of order 10−2 ). The
bottom line of the matrix ME contains only zeros since the Larmor frequency is a
purely magnetic property and thus not affected by electric anharmonicities.
The corresponding effect of non-ideal magnetic fields will be discussed in connection with magnetic bottles in Sect. 3.5.3.1.
⎦


⎦

Δω+ /ω+
ΔE+
⎜ Δωz /ωz ⎟
⎜
⎟


 Δω− /ω−  = ME ΔEz
ΔE−
ΔωL /ωL

⎦

η4 /4 −η2 /2
⎜
6C4 ⎜ −η2 /2 1/4
with ME =
1
qU0  −η2
0
0

3.5.2.2 Field Alignment
The most prominent field imperfections apart from non-vanishing higher-order field
components such as C4 and so forth are a tilt of the trap axis ez with respect to the
magnetic field axis by an angle θ , and a non-vanishing ellipticity ε of the electric
field (which breaks its rotational symmetry). The angle θ represents a misalignment
of the electric field configuration with respect to the magnetic field and results in
a shift of the oscillation frequencies. The same is true for a non-vanishing value
of ε which adds a term −mi ωz2 ε(x 2 − y2 )/4 to the confining electrostatic potential
mi ωz2 (z2 − (x 2 + y2 )/2)/2. This situation has been carefully discussed by Brown and
Gabrielse [82], in particular, one finds the modified oscillation frequencies to be


1
2
≈ ωz 1 − (3 + ε) sin θ
4
1
∞
ω±
≈ ω± + ω− (3 + ε) sin2 θ
2

ωz∞

(3.11)
(3.12)

where both the tilt θ and the ellipticity ε are assumed small. But most importantly
one finds
∞2
∞2
+ ωz∞2 + ω−
= ωc2
(3.13)
ω+
which means that the invariance theorem is valid also in presence of small tilts
and ellipticities [83]. As such imperfections are practically unavoidable and nonnegligible, this is of particular importance since the unperturbed cyclotron frequency
ωc directly enters the value of the magnetic moment (see Eq. 3.7) which is to be
determined with ppb accuracy. Special properties of an artificially elliptical trap,
however, may be used for special applications, see for example [84].
Clearly, Eq. (3.11) can be used to measure trap misalignments and possibly correct
for them. Such measurements have been performed for various setups and typically
reveal tilt angles of the order of 0.1≥ .
There are, however, also imperfections which are introduced by the mere presence
or motions of ions in the trap and hence are inherent to the method. Such effects
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cannot be avoided irrespective of the efforts and hence may need to be corrected for.
Presently, for ions, the most important effects are image charge and space charge
shifts of the ion oscillation frequencies.

3.5.2.3 Image Charge and Image Current Effects
The presence of image charges in the conducting electrodes of the trap as induced by
the ion charge effectively changes the confining potential at the position of the ion
and thus alters its oscillation frequencies [85, 86]. Hence, the true free ion cyclotron
frequency in the magnetic field is shifted by the presence of the trap electrodes and
needs to be recovered as it directly enters the determination of the magnetic moment
when the continuous Stern-Gerlach effect is employed, see Eq. (3.7).
Measurements of the image charge shift of confined particles have been performed
by Van Dyck et al. for 1 H+ , 2 H+ , 3 He+ , 3 He2+ , and 12 C4+ ions [80]. The result
for that trap was an observed absolute shift of the reduced cyclotron and magnetron
frequencies of about 20 mHz per confined charge, and a relative shift of these frequencies by about 0.25 ppb per atomic mass unit of the confined ion species, in good
agreement with theoretical expectations [80]. Detailed calculations of the influence
of image charges on the oscillation frequencies of confined particles have also been
performed by Fischbach [87], Boulware [88] and Porto [86], the latter including
more general trap geometries.
To describe the effect of image charges in a cylindrical Penning trap of inner radius
ρ0 , it is convenient to separate the transversal from the longitudinal component
of the electric field of the image charge at the position of the particle. For ions,
the longitudinal image field effect is significant and causes frequency shifts given
by [89]
q
and Δωz = 0,
(3.14)
Δω± = →
4π ε0 ρ03 B0
which via the invariance theorem lead to [89]
Δωc
=
ωc



ω−
ω+
−
ωc
ωc



mi
mi
≈−
.
4π ε0 ρ03 B02
4π ε0 ρ03 B02

(3.15)

This shift is usually relevant for precision ion frequency measurements due to the
scaling with the particle mass. From this, the corresponding effects on the bound electron magnetic moment in 12 C5+ , 16 O7+ , 28 Si13+ and 28 Si11+ have been estimated
to −583(47) ppt [89], −777(63) ppt, −686(34) ppt [20] and −658(33) ppt [61],
respectively. In all cases but the latter, this shift is within the experimental accuracy and hence had to be accounted for. The effect may also need to be considered
in the design phase of precision traps, see for example [90].
Apart from the image charge effect which is due to the presence of conducting
electrodes, there is also an image current effect which is due to the presence of a
resonant circuit connecting these electrodes. In the present experiments, both the
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radial and axial motions interact with respective circuits. A resonant RLC-circuit
as used for resistive cooling or ion detection has an impedance which consists of a
real and an imaginary part. In resonance, the imaginary part vanishes and the real
part gives rise to an exponential damping of the ion motion as will be discussed in
Sect. 3.6.1. While the real part is not reason of any considerable shift of the respective
oscillation frequency, the imaginary part is. It gives rise to an effective electrostatic
potential which originates from the image current and is phase-shifted with respect
to the ion motion. This shift in phase effectively reduces the respective frequency.
The relative shift is given by
Q+ δω+
1
Δω+
≈−
2 + 4Q2 δω2
ω+
τ+ ω+
+
+

and

Qz δωz
Δωz
1
≈−
ωz
τz ωz2 + 4Qz2 δωz2

(3.16)

where τ+,z is the cooling time constant of the circuit, Q+,z its quality factor (see
Eq. 3.46) and δω+,z is the detuning of the actual oscillation frequency with respect to
the resonance frequency of the circuit. The effect on the free cyclotron frequency ωc
may be calculated as the square sum of these shifts. Alternatively, since the reduced
cyclotron frequency ω+ is by far the dominant contribution to the free cyclotron
frequency ωc as calculated by the invariance theorem, Eq. (3.16) may be considered
a good approximation of the cyclotron frequency shift, i.e. Δωc /ωc ≈ Δω+ /ω+ .
Depending on the actual detuning δω, for typical parameters of these experiments,
this effect may amount up to about 10−10 of the frequency and hence lies within
achievable experimental resolutions.

3.5.2.4 Space Charge Effect
For single-ion measurements like in the present Stern-Gerlach experiments
[20, 58–61] space charge effects are not relevant. However, in experiments with
many ions as will be discussed in Sect. 3.8, they need to be taken into account. When
many ions are confined, the corresponding space charge lifts the trapping potential
and changes the oscillation frequencies. This also sets a limit to the amount of charge
that can be confined in a given trap. Assuming cold ions in a nearly spherical cloud,
the space charge potential has the same quadratic behaviour as the external confining
potential. This results in a shift of the oscillation frequencies. Yu et al. have found
equations for the space charge shifted frequencies [91]

ωz∞ = ωz 1 −

ωp2
3ωz2

and


⎦

2
2
2ω
2ω
ω
p
c
z
∞

1 ± 1 − (1 +
ω±
=
)
2
3ωz2 ωc2

(3.17)

where ωp is the plasma frequency given by ωp2 = q2 n/ε0 mi , n being the ion number
density and ε0 the permittivity of free space. The square roots in Eq. (3.17) translate
into two conditions, which read
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ωp2

3
≤
2
ωz
2




ωc2
−1 .
2ωz2

(3.18)

The first condition refers to electrostatic quantities only, but the second one links
electrostatic and magnetostatic properties. When these conditions are written in terms
of experimental parameters and solved for the ion number density n they yield
n≤

3ε0 U0
qd 2

and

n≤

3 ε0 B02
3 ε0 U0
−
.
4 mi
2 qd 2

(3.19)

For a trapping voltage of
U0 =

1 qB02 d 2
6 mi

(3.20)

the right hand sides of both Eq. (3.19) become equal to the Brillouin limit
n(max) =

ε0 B02
,
2mi

(3.21)

which is the maximum achievable ion density, typically of order 109 charges per
cm3 . Dropping the condition of a spherical cloud, the Brillouin limit can be reached
for any value of the trapping potential obeying the confinement condition 2ωz2 ≤ ωc2 .
For higher trapping potentials, the terms on the right hand sides of Eq. (3.19) become
identical and confinement is lost.

3.5.2.5 Other Inherent Effects
There are other inherent effects with influence on the present kind of measurements,
which are not due to the presence of charge, but due to the necessary or desired
motion of the confined particle. Since they are often points of discussion we give
them brief consideration. These effects are of fundamental importance, however
they are (yet) insignificant for ions in experiments like presently discussed and at the
present experimental resolutions.

Radiation Damping
Radiation damping, i.e. energy loss due to radiation of the accelerated charge
according to E(t) = E0 ·exp(−γ (R) t), is important for trapped electrons but becomes
negligible for ions since the damping constant γ (R) of the perturbed cyclotron motion
(for which the effect is most pronounced) and the axial motion is given by [78]
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2
4q2 ω+
4q4 B02
q4
≈
∝
3mi c3
3mi3 c3
mi3

2q2 ωz2
2q3 U02
q3
=
∝
,
3mi c3
3mi3 c3
mi3
(3.22)
respectively, and is hence even for highly charged ions suppressed by a factor of
about 109 with respect to electrons where typical damping times are of the order of
milliseconds [78].
(R)

γ+ =

and

γz(R) =

Power Shift of the Larmor Frequency
As the Larmor frequency ωL = gJ μB B0 is the precession frequency of the electron
spin in the external magnetic field, any contribution which adds to the confining field
B0 will shift it. In principle, this is true also for the magnetic field component of
the microwave radiation used to find the true Larmor frequency as the maximum of
the spin transition probability as a function of the microwave frequency, as will be
discussed in detail in Sect. 3.6.2. The Larmor resonance is shifted by the magnetic
field component BMW of the microwave signal (‘power shift’) according to [92]
ΔωL
=
ωL



BMW
2B0

2
with

2
BMW

1
= 2
c



μ0 PMW
.
ε0 AMW

(3.23)

Typical irradiated areas AMW are of order mm2 in the present experiments. The
microwave power in these experiments [20, 58–60] is limited to values of the order
of μW and below to avoid undesired broadening and distortion of the lineshape of the
Larmor resonance, as will be discussed in detail in Sect. 3.6.2. For these values, the
resulting relative shift of the Larmor frequency is of order 10−15 and hence outside
of the present experimental accuracy.

Sokolov-Ternov Effect
The Sokolov-Ternov effect describes the self-polarization of charged particles moving in a magnetic field. The self-polarization occurs through the emission of spin-flip
synchrotron radiation. It was predicted in 1963 by Igor Ternov and then justified by
Arsenij Sokolov [93] using exact solutions of the Dirac equation. Potentially, it
obstructs measurements of magnetic moments which use the continuous SternGerlach effect, because the spin orientation of the confined particle in a Penning
trap is affected during the measurement time by the magnetic field used for radial
confinement. For an ensemble of trapped ions one would observe an increasing orientation ξ of the spins antiparallel to the magnetic field with an exponential time
behaviour given by


(3.24)
ξ(t) = A 1 − e−t/τST
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≈
where the saturation A = 8 3/15 ≈ 0.924 is slightly below 1 and the orientation
time constant τST is given by
τST = A

2  mi c2 2  BS 3
.
mi cq2 Ek
B0

(3.25)

Here, BS = me2 c2 /e ≈ 4.41 × 109 T is the Schwinger field [94], B0 is the magnetic
field strength in the trap and Ek is the kinetic particle energy. While this effect of
radiative polarization provides a unique capability for creating polarized beams of
high-energy particles in storage ring experiments, in typical trap experiments it can
be ignored as for any particle and any realistic set of trapping parameters the time
constant τO exceeds the lifetime of the experiment(er). A thorough discussion of this
effect and its close relation to the Unruh effect is given in [95].

Relativistic Frequency Shifts
The relativistic shifts of the frequencies in the external degrees of freedom (ion
oscillation frequencies) can be understood in a straight-forward way in terms of
the relativistic mass effect due to the motional energy of the ion. These shifts can
be written in analogy to the magnetic and electric field effects in Eqs. (3.10) and
(3.30) as

⎦

Δω+ /ω+
ΔE+
⎜ Δωz /ωz ⎟
⎟
⎜


 Δω− /ω−  = MR ΔEz
ΔE−
ΔωL /ωL


−η2
−η2 /4 ⎟
⎟.
−η4 /4 
−η2
(3.26)
At typical kinetic ion energies in the present experiments of below 1 meV, all of the
relative oscillation frequency shifts are smaller than 10−13 .
For the frequency in the internal degree of freedom (i.e. the spin precession frequency), this is not so easy. Following the discussions in [96–98], for the relativistic effect on the Larmor precession frequency, two cases need to be distinguished,
depending on the spin orientation relative to the magnetic field. Writing β = v/c with
the ion velocity v and γ = (1 − β 2 )−1/2 , the free ion cyclotron frequency is given
by ωc = qB/(γ mi ). Denoting the bound electron’s magnetic moment anomaly by
a = g/2 − 1 one finds the Larmor frequency to be ωL = (1 + a)ωce for an orientation
parallel to the magnetic field, and ωL = (1 + γ a)ωce for perpendicular orientation,
where ωce is the true free electron cyclotron frequency. For ions at motional temperatures of about 4 K and for an anomaly of about 10−3 the factor γ is of order 10−15 ,
and hence still far outside of experimental resolutions. Even if ions need to be excited
to motional energies of several eV in order to be properly detected, the magnitude
of this effect is below 10−12 [89].
⎦

⎦

1
1 ⎜
1/2
⎜
with MR = −
mi c2  −η2
2/9

1/2
3/8
−η2 /4
1/2
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Note, however, that the above said is true only for the relativistic effect of typical kinetic energies of confined ions. When ions change their internal (electronic
excitation) energy, e.g. by absorption or emission of photons, the relativistic mass
effect may be significant as will be discussed in Sect. 3.9.

Spontaneous Decay of the Spin State
As the measurement of the magnetic moment as described here relies on manipulation
and detection of the bound electron’s spin state in the external magnetic field, a
spontaneous radiative decay of a higher-energy to a lower-energy spin state during
the measurement would obstruct the applicability of the continuous Stern-Gerlach
effect and of Zeeman spectroscopy. A decay from a state |MJ + 1 > to |MJ > is
energetically possible via a magnetic dipole (M1) transition at a rate given by
⎪
3J(J + 1) − L(L + 1) +
4 ω3 μ2B
1
X; X = (J − MJ )(J + MJ + 1)
γs =
3 μ0 c3
2
2J(J + 1)

3
4

2

(3.27)
where ω is the transition frequency, in the present experiments about 2π × 105 GHz,
and for the s-state X = 2. Note, that Eq. (3.27) is only a non-relativistic approximation excluding QED effects. According to this equation, the natural lifetime of
the electron’s upper spin state in the measurements with 12 C5+ , 16 O7+ and 28 Si13+
[20, 58, 59] is of the order of years and can safely be ignored.
The same formula applies to the bound electron in excited Zeeman substates of
the fine structure as employed in measurements by use of laser-microwave doubleresonance spectroscopy of ions such as Ar13+ as will be detailed out in Sect. 3.8,
see Fig. 3.23. Here, X = 2/9 for p1/2 -states, X = 32/9 for p3/2 states (MJ = +1/2
to MJ = −1/2) and X = 24/9 for p3/2 states (MJ = +3/2 to MJ = +1/2). For
these transitions at 65 and 130 GHz, the corresponding lifetimes of the upper Zeeman
substates are also of the order of years and thus also outside of experimental time
windows.

3.5.3 Magnetic Bottle
3.5.3.1 General Effects
The determination of the bound electron magnetic moment follows the idea of the
‘continuous Stern-Gerlach effect’ as used for the free electron. A single ion is stored
in a Penning trap with an artificial inhomogeneity of the magnetic field (‘magnetic
bottle’). Let the symmetry axis eˆz of the trap be parallel to the magnetic field B0
and the radial coordinate be ρ. The value of the magnetic field strength near the trap
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centre can then be written as


1
B(z, ρ) = B0 − 2B1 z + B2 z2 − ρ 2 + . . .
2

(3.28)

where B0 is the homogeneous part of the field, B1 describes a linear gradient along eˆz
and the curvature B2 characterizes a so-called ‘magnetic bottle’ and its dependence
on the axial and radial coordinates. Higher-order terms are not of relevance for the
present discussion. Hence, a magnetic bottle is magnetic field inhomogeneity of the
kind


ρ2
∞
2
(3.29)
)ez − ρzeρ
B (z, ρ) = B2 (z −
2
superimposed on the magnetic trapping field B = B0 ez with radial symmetry around
the central trap axis.
The presence of B2 ↔= 0 results in a dependence of the oscillation frequencies on
the motional energies. Hence, the frequencies shift with the energies (amplitudes)
of the motions. Making use of the hierarchy ω− ∗ ωz ∗ ω+ of the oscillation
frequencies [79], this dependence can be expressed in a classical formulation by the
matrix equation [78]
⎦


⎦

Δω+ /ω+
ΔE+
⎜ Δωz /ωz ⎟
⎜
⎟

 with MB = 1 B2
 Δω− /ω−  = MB ΔEz
mi ωz2 B0
ΔE−
ΔωL /ωL

⎦


2
−1 ⎟
⎟,
−2 
2
(3.30)
where MB again is a 3 × 4 matrix containing the dependences of all oscillation frequencies on all oscillation energies and η = ωz /ω+ . It expresses that all frequencies
depend linearly on all energies except for the axial frequency which does not depend
on the axial energy since the corresponding matrix element is zero (due to the purely
electrostatic nature of the motion). Here, ωL is the Larmor frequency of the particle
which is not a classical oscillation but can be described within the same formalism.
−η2
⎜ 1
⎜
 2
−η2

1
0
−1
1

3.5.3.2 Magnetic Bottle and the Invariance Theorem
2 + ω2 + ω2 is not exactly valid in the presence of a
The invariance theorem ωc2 = ω+
z
−
magnetic bottle. The individual oscillation frequencies are shifted by finite motional
energies E+ , Ez , E− or by MJ -transitions in a way which does not to all orders
fulfil the invariance theorem. Expressing the effect of non-zero motional energies by
the perturbed cyclotron frequency shift Δω+ as obtained from Eq. (3.30), we have
Δω− = −Δω+ and Δωz = −Δω+ (ω+ − ω− )/ωz . Inserting this into the invariance
theorem yields a second-order cyclotron frequency shift given by
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⎨
 ⎩


Δω+ 2
Δωc
1 ω+ − ω− 2
(Δω+ ) ≈ 1 +
,
ωc
2
ωz
ω+

(3.31)

of which the leading contribution expressed in terms of experimental quantities is

ω2
1 B2 
Δωc
2
.
≈ +2 2 4 22 Ez2 + 2Ez E− + 4E−
ωc
2ωz mi ωz B0

(3.32)

In the experiments discussed here, this shift is commonly of order 10−13 and hence
still outside the spectroscopic resolution. With the advent of detection techniques
which do not require significant excitation of the ion motion (see Sect. 3.6.3), this
effect will be rendered irrelevant as the energies on the right hand side will be
negligible.

3.5.3.3 Spin State Transitions in a Magnetic Bottle
Of particular interest for the application of the continuous Stern-Gerlach effect is,
that in the presence of a magnetic bottle the intrinsic spin orientation is linked to
external degrees of freedom of the ion, namely to the ion oscillation frequencies.
Using the orientation energy EJ = gJ μB B0 MJ , we find the dependence of the axial
and modified cyclotron frequencies on the MJ orientation by [81]
 ω+ B2 e
gJ ΔMJ
2me ωz B0 q
ω+
B2 e

ωz
gJ ΔMJ ≈
Δω+ (ΔMJ ) ≈ −
Δωz (ΔMJ )
2me ω+ − ω− B0 q
ω+
ω+
B2 e

Δω− (ΔMJ ) ≈
gJ ΔMJ ≈ −Δω+ (ΔMJ )
2me ω+ − ω− B0 q
Δωz (ΔMJ ) ≈

(3.33)
(3.34)
(3.35)

where me is the mass of the electron, gJ is the g-factor corresponding to the magnetic
moment of interest and MJ is the angular momentum quantum number. Figure 3.6
schematically shows the energy levels of the single ion in the total confining potential
(dashed lines). The full lines indicate the situation when a magnetic bottle evokes
an energy difference between the two MJ states (‘spin’ states of the bound electron)
according to Eqs. (3.33)–(3.35). Typical scales for ω+ , ωz , ω− , Δωz (ΔMJ = 1) and
Δω± (ΔMJ = 1) are 10 MHz, 1 MHz, 10 kHz, 100 mHz and 10 mHz, respectively.
In all experiments discussed here, the axial motion has been used as the effect
is highest (radial frequency shifts are smaller by a factor of about ωz /ω+ ≈ 1/25).
These equations can similarly be used for free particles like electrons, protons (or
antiprotons) by inserting the corresponding masses, charges and magnetic moments.
For simplicity, a change of ΔMJ = ±1 is often called a ‘spin flip’ of the bound
electron.

93

...

3 Magnetic Moment of the Bound Electron
E,n

nz=1
h -~10-11 eV

...

h z~10-9 eV

nz=0

n-=0

n+=1

...

...

n-=1

-7

nz=1

nz=0

n-=0

n+=0
+

( MJ)

O(10mHz)

+ O(10 MHz)

z

( MJ)

n-=1

O(100mHz)

...

-8

h +~10 ..10 eV

( MJ)

-

O(10mHz)

z O(1 MHz)

- O(10 kHz)

Fig. 3.6 Scheme of the energy levels of a single ion in the total confining potential of the trap
(dashed lines). Full lines indicate the situation when a magnetic bottle evokes an energy difference
between the two MJ states (‘spin’ states of the bound electron) according to Eqs. (3.33)–(3.35). Not
true to scale

In typical experiments, also the relative shifts Δω+ /ω+ and Δωz /ωz of the oscillation frequencies ω+ and ωz due to corresponding finite motional energies E+ and
Ez are relevant, either as an unwanted residual effect or as a working principle for
measurement techniques. According to Eq. (3.30), they are given by


Δω+ /ω+
Δωz /ωz


=

1 B2
mi ωz2 B0



−(ωz /ω+ )2 1
1
0



ΔE+
ΔEz


.

(3.36)

Throughout this discussion we use classical equations with continuous ion energies, all of which have counterparts using quantized energies, see for example
[76, 78, 81]. Those are appropriate for ions of very low motional energies close
to the quantum mechanical ground state. In the experiments discussed here, however, the quantum numbers for the reduced cyclotron motion are typically of order
103 , for the other motions again two to three orders of magnitude larger. Table 3.2
gives typical parameters of the ion motion for the example of 16 O7+ in a magnetic field of B0 = 3.796830 T. From the measured frequencies, the invariance theorem yields an unperturbed cyclotron frequency of ωc /2π = 25,306,484 Hz, and
at a measured frequency ratio ωL /ωc of 4164.3761834 (upon corrections [59]),
the true Larmor frequency of the bound electron in the external magnetic field is
ωL /2π = 105,385,720,421 Hz.
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Table 3.2 Ion motion parameters for the measurements with
B0 = 3.796830 T as performed in [59]

16 O7+

in a magnetic field of

Frequency

Energy

Amplitude

Quantum number

ω+ /2π
ωz /2π
ω− /2π
ωc /2π
ωL /2π

E+ = 0.36 meV
Ez = 5.29 meV
E− = −0.097 meV

A+ = 0.41 µm
Az = 43.3 µm
A− = 8.29 µm

n+ = 3460
nz = 1385100
n− = 1385100 (coupled)

= 25 289 562 Hz
= 925 156 Hz
= 16 942 Hz
= 25 306 484 Hz
= 105 385 720 421 Hz

The quantum numbers result from Ek = (nk + 1/2)ωk

3.5.3.4 Experimental Implementation of a Magnetic Bottle
The usual way to implement such a magnetic bottle in a Penning trap experiment
like presently discussed is to use a ferromagnetic central trap electrode in the shape
of an annular disc with inner radius r1 , outer radius r2 and a thickness of 2a in an
external homogeneous magnetic field B0 , as depicted in Fig. 3.7. Such an arrangement
distorts the homogeneity of the external magnetic field used for confinement to form
a magnetic bottle of the kind given in Eq. (3.29). The coefficient B2 has a unit of Tesla
per square metre. It can be calculated by considering the scalar magnetic potential Φ
with ΔΦ = −4πρM = 4π ∇ · M, where M is the magnetisation which is assumed
to be homogeneous over the ring volume and has the value M0 . Inserting the ring
geometry and comparing coefficients with the general multipole expansion of the
magnetic field [78], the strength B2 of the magnetic bottle at its centre position
(z = 0, ρ = 0) is given by
⎨
B2 = 3μ0 M0

ar12
2(a2 + r12 )5/2

−

ar22
2(a2 + r22 )5/2

⎩
.

(3.37)

The linear gradient B1 is zero at the centre position. The homogeneous part B0 of the
field at the centre position is modified by an amount
Fig. 3.7 Schematic view of a
magnetic bottle formed by a
ferromagnetic ring electrode
of a Penning trap with inner
radius r1 , outer radius r2
and a thickness of 2a inside
an otherwise homogeneous
magnetic field along the
z-direction. Only the field
distortion inside the ring is
indicated

a
a

z=0
r1
r2

z
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⎨

2a
2a
− 2
2
2
a + r1
a + r22

⎩
.

(3.38)

Typical materials for ring electrodes to form a magnetic bottle come from the Nickel,
Cobalt, Iron, CoFe, SmCo, NdFeB and AlNiCo families. The saturation field strength
μ0 M0 of specific high-permeability iron alloys such as Hisat50 reaches up to 2.44 T
for a specific CoFe alloy with vanadium. With a CoFe alloy, values of B2 up to around
400 mT/mm2 have been achieved by use of optimized ring geometries [99–101].
For the ferromagnetic annular disc ring electrode, and at a given magnetization
M0 , the maximum of the magnetic bottle strength B2 is reached when the ratio a/r1 is
chosen such that the Legendre polynomial P4 (cos β) = 35/8 cos4 β −30/8 cos2 β +
3/8 for β = tan−1 (a/r1 ) vanishes, see also the discussion in [78]. This leads to the
condition a/r1 ≈ 0.577 (and r2 ≡ r1 ). Higher values of B2 can be reached for
geometries which more closely follow the conditions imposed by the behaviour of
P4 , for details see the discussion in [78].
It should not go unnoted that also non-ferromagnets such as the often-used copper
and MACOR® have finite magnetizations in the external magnetic field. At the
typical fields strengths of 6 T and liquid helium temperature, copper shows an M0
of −50 µT and MACOR® of 780 µT [78]. In principle, when calculating the total
magnetic bottle strength, these need to be taken into account as well, however, at
the present machining precisions and experimental resolutions of magnetic bottle
strength measurements, these contributions may well be neglected. The same is true
for the temperature-dependence of the ring’s saturation magnetization, which e.g.
for nickel is ΔM0 /M0 ≈ 2.4 × 10−5 / K, and for typical temperature fluctuations of
much below one Kelvin leads to relative changes of the magnetic field at the position
of the oscillation frequency measurement of much below 10−10 .

3.5.3.5 Measurement of the Magnetic Bottle Strength
An experimental determination of the magnetic bottle strength B2 can be performed
by a position-dependent measurement of the magnetic field strength, for example
a measurement of the cyclotron frequency as a function of the axial ion position.
To this end, the trap can be made electrically asymmetric by applying an additional
small voltage Ua across the endcaps. This adds a small uniform axial electric field
Ez = c1 Ua /2z0 close to the trap centre and shifts the centre position of the axial
oscillation by an amount Δz given by [102]
Δz =

1 d 2 c1 Ua
,
2 z0 C2 U0

(3.39)

where c1 is a dimensionless geometry coefficient of order unity [78, 79, 102]. In the
present configuration, it is identical to the coefficient κ as used in Eq. (3.46). Note,
that a non-zero value of c1 shifts the axial frequency ωz by an amount
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Δωz
3 d4
= − 4 c1 c3
ωz
4 z0



Ua
U0

2
,

(3.40)

where again c3 is a dimensionless geometry coefficient which for realistic trap geometries obeys c1 + c3 ≈ 1 [78, 102]. This shift needs to be considered when the magnetic
field strength is deduced from the measured oscillation frequencies. Also, the range
of possible centre shifts Δz is limited by the potential asymmetry Ua giving rise
to additional anharmonicities. The leading contribution is given as a change of the
C4 -coefficient (see Sect. 3.5.2) where we have [79]
5
C4 ≤ C4 − c32
4



Ua
U0

2
.

(3.41)

The general recipe for the calculation of such potential influences is given in [78].
A measurement of the magnetic bottle strength B2 for the trap in [58, 59, 89] has
been performed [89] and yielded results for the actual B2 in fair agreement with the
prediction by Eq. (3.37).

3.6 Experimental Setups and Techniques
The measurements of bound electron magnetic moments by use of the continuous
Stern-Gerlach effect performed so far have a common experimental outline. The
respective details have been given in a number of publications [58–60, 89, 103,
104]. Here a brief overview of the general idea and experimental realization is given.
The ions of interest are produced in a miniature electron beam ion source (‘miniEBIS’ [105, 106]) which is part of the trap setup as shown in Fig. 3.8. To that end, a
cold electron source (field emission point) produces an electron beam that sputters
material from a target which is subsequently ionized by electron impact ionization
in the same beam [105]. The beam energy is chosen for optimized production of
the charge state of interest. The electron impact ionization cross section typically
has a maximum at about two to three times the ionization potential of the desired
state [107, 108]. Generally, the ionization potential for the hydrogen-like state can
be approximated by the equation


1/2 ⎧
2 2
,
I ≈ me c 1 − 1 − q̂ α
2

(3.42)

where q̂ = q/e = Z − 1 is the charge state of the desired ion and α ≈ 1/137 is
the fine structure constant. To reach 12 C5+ , 16 O7+ and 28 Si13+ , respective minimum
impact energies of 392, 739 and 2438 eV are necessary.
The highly charged ions are then transferred into the precision trap, selected and
singlified by resonant ejection of unwanted ions [89]. The remaining single ion of
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Fig. 3.8 Schematic view of a setup for bound electron magnetic moment measurements by use of
the continuous Stern-Gerlach effect. It features a miniature cold ion source and a double Penning
trap arrangement attached to a cryostat inside the bore of a superconducting magnet

interest is cooled resistively. Microwaves of a tunable frequency ωMW around the
expected Larmor frequency of the electron spin are irradiated. At the same time, the
ion oscillation frequencies in the trap are measured by electronic detection of image
currents induced in resonant RLC circuits attached to respective trap electrodes.
Figure 3.9 schematically shows the double-trap arrangement which is the central part
of the complete trap arrangement shown in Fig. 3.8 together with the magnetic and
electric fields applied. The free cyclotron frequency ωc at the position and time of the
microwave measurement is calculated from the measured ion oscillation frequencies
ω+ , ωz and ω− by use of the invariance theorem (Eq. 3.7). This way, the result is not
subject to fluctuations and drifts of the confining fields on time scales longer than one
individual cycle. The ion is then adiabatically transported to the magnetic bottle for
an analysis of the spin direction. The ion is transported back and another microwave
frequency is irradiated. This cycle is repeated to produce a resonance curve of the
spin flip probability as a function of the frequency ratio ωMW /ωc (see Fig. 3.16).
Upon systematic corrections mainly regarding the line shape (see for example [89]),
the centre of this resonance curve is the desired frequency ratio ωL /ωc as needed in
Eq. (3.7) to calculate the bound electron g-factor gJ .
To obtain good statistics of the resonance curve, a large number of repetitions of
the individual cycle of several hundreds of times is necessary. This requires the ability
to store the ion for a sufficiently long time, at least on the time scale of hours. Hence,
the residual gas pressure in the trap needs to be low, which for closed systems like
the present ones is assured by the cryogenic surrounding which acts as a cryo-pump.
Particularly for highly charged ions, the storage time of a certain ion is limited by
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Fig. 3.9 Schematic of the double trap arrangement and the applied magnetic and electric fields
as well as the pick-up for ion detection and oscillation frequency measurement by resonant RLCcircuits. It consists of two nearly identical 5-pole Penning traps, the lower of which features a
ferromagnetic ring electrode (magnetic bottle) for spin state determination while the upper is used
to induce spin flips by microwave irradiation and is also used for a measurement of the free cyclotron
frequency via the invariance theorem

charge exchange with residual gas, which at ambient temperatures of 4 K is mainly
helium and hydrogen. The exponential time constant tc of charge state loss due to a
charge-exchange collision can be calculated by
1
tc =
σp



kB μm
3

with μm =

mR TR mi Ti
mR TR + mi Ti

(3.43)

where mR is the mass of the residual gas atom or molecule, mi is the ion mass, p
is the residual gas pressure, TR and Ti are the corresponding temperatures and kB
is the Boltzmann constant. In the experiments discussed here, the temperatures are
typically assumed equal.
The simplest model describing electron capture processes in low-energy ionneutral collisions is the ‘classical over-the-barrier model’ which assumes the cross
section σ to be given by [109]

27.2a0 (2 q̂ + 1)
1 2
,
σ = π RC with RC =
2
I[eV]

(3.44)
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where a0 = 5.2917720859(36) × 10−11 m is the Bohr radius (atomic length unit), I
is the ionisation potential of the neutral given in eV and q̂ = q/e is the ion charge
state. For helium, I = 24.587387 eV, for atomic hydrogen I = 13.598433 eV, for
molecular hydrogen H2 , I = 15.4257 eV.
The electron capture cross section σ may for low and medium charge states be
taken from the classical over-the-barrier model (see for example Mann [109]), for
highly charged ions it can be calculated according to a semi-empirical formula by
Müller and Salzborn [110]
σ [cm2 ] ≈ 1.43 × 10−12 q̂1.17 I[eV]−2.76 + 1.08 × 10−12 q̂0.71 I[eV]−2.80 , (3.45)
where the first term describes single electron capture, and the second one doubleelectron capture. Similar terms exist for higher-order electron capture processes, but
contribute to a lesser extent [110]. Equation (3.45) is a fit to data taken in the keV
regime of collision energies, however, for high charge states such as Th80+ it agrees
well with measurements at collision energies of few eV [111]. Detailed studies of
low-energy cross sections can be found in [109, 111, 112].
From the observed storage time of a single C5+ ion of longer than 273 days,
and from an assumed charge exchange cross section of σ = 1.35 · 10−14 cm2 with
residual helium, an upper limit for the residual gas pressure of about 9 · 10−17
hPa has been derived for the experiments [58–60] performed at the University of
Mainz [89].

3.6.1 Ion Cooling and Oscillation Frequency Measurement
In an ideal Penning trap, i.e. for vanishing inhomogeneities and anharmonicities,
there is no energy transfer between the motional degrees of freedom. Hence, their
oscillation energies (amplitudes) are independent and different temperatures can
be assigned to the different motional degrees of a single particle [113]. This also
means that motional degrees can be cooled or excited individually. In the absence
of imperfections, the motions are harmonic and thus the oscillation frequencies are
independent of the motional energies.
In the present experiments, the ion is cooled by resistive cooling [114] with an
external resonance circuit in the thermal bath of liquid helium. The ion oscillation
causes an image current proportional to q2 /mi across the trap electrodes connected
by an RLC circuit which extenuates the current and hence the ion oscillation. Such
cooling leads to an exponential energy loss of the single ion oscillation according to
E(t) = E0 ·exp(−t/τ ) where E0 is the initial ion energy upon creation or capture and
τ is the so-called ‘cooling time constant’. Regarding the axial and radial motions, it
is given by
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τz = mi

(2z0 )2
Rz q2 κz2

and

τ± = mi

(2ρ0 )2 ω+ − ω−
,
2
ω±
R± q2 κ±

(3.46)

respectively, where R is the resonance resistance of the RLC-circuit used for cooling.
κ is a dimensionless coefficient reflecting the geometry of the cooling electrode
arrangement and its calculation has been discussed in detail in [78]. Regarding the
axial motion, typical values are 0.75 to 0.8. It approaches unity for ρ02 /2z02 > 1 [102].
While τz and τ+ characterize an exponential decrease of the respective energy and
hence of the motional amplitude, for the magnetron motion (which is an unstable drift
in the E×B field) such an energy dissipation with τ− means an increase in amplitude
and is thus not of use when ions are to be centred in the trap and their storage time
hence prolonged. The magnetron motion can instead be ‘cooled’ (meaning a decrease
of amplitude) by a coupling to another motional degree of freedom. This has first
been demonstrated by Wineland and Dehmelt, when a quadrupolar excitation with
either the frequency ωz + ω− or ω+ + ω− was used to centre the magnetron motion
of electrons in a Penning trap [115, 116].
In resonance, the impedance of an RLC-circuit acts as an ohmic resistor with
resistance R = QLω, where Q is the quality factor [117] of the circuit and L is
its inductance. The bandwidth is given by Δω = ω/Q and for typical values of
the axial motion (ωz ≈ 1MHz, Q ≈ 1000) the bandwidth is ≈ 1 kHz and cooling
time constants are of order 100 ms. Resistive cooling of ion clouds is much more
complicated due to the ion-ion interaction and the few existing measurements [89,
118] are not yet fully explained.
The actual final ion temperature is governed by the noise in the corresponding electronics. At a given temperature T , the so-called ‘Johnson noise’ induces a
root mean square (RMS) voltage across the resistor R given by UT2 = 4kB TRΔω.
Additional noise sources may increase this value. Measurements by Djekic et al.
have shown that while the radial motion of a single 12 C5+ ion was cooled to a temperature close to liquid helium temperature, the axial oscillation had a temperature
of about 60 K which was identical to the measured noise temperature in that circuit
[113]. The single ion in electromagnetic interaction with an external heat bath such
as the cooling circuit is an ergodic system and hence consecutive measurements of
the single ion energy lead to a Boltzmann distribution of energies to which a temperature can be assigned in the same way as to an ion ensemble. Since in the absence
of significant field imperfections, energy transfer between oscillations is negligible,
each motion keeps its individual temperature on time scales much larger than the
measurement times.
In recent experiments, also negative feedback cooling of the ion has been
employed similarly to feedback cooling of a single confined electron as demonstrated by D’Urso et al. [119]. Within this technique, the ion can be electronically
cooled to temperatures well below the ambient temperature, values below 1 K have
been achieved.
The measurement of ion oscillation frequencies relies on the same principles as
the resistive cooling, which is the use of ion image charges induced in trap electrodes.
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temperature (right)

When appropriate trap electrodes are connected by a resonance RLC-circuit as above,
the ion oscillation leads to an image current through the circuit which leads to a timedependent voltage signal. A Fourier-transform of that signal yields the motional frequency spectrum. Figure 3.10 schematically illustrates the resulting electronic noise
density as a function of frequency of a free RLC-circuit with resonance frequency
ω0 (left), the ‘dip’ (shortcut) created by a resonant ion which is motionally colder
than the electronic noise temperature (middle) and the ‘peak’ created by a resonant
ion of higher motional energy (right). The frequency resolution of these spectra are
given by the Fourier limit, i.e. the inverse data acquisition time. The dip signal width
is given by the coupling constant γ of the respective circuit, i.e. the inverse cooling
time constant γ = τ −1 . With a single ion, peak signal widths of order 10 mHz have
been achieved. The signal voltages V across axial and radial RLC-circuits for a single
confined ion are given by
Vz = q

Az Qz κz
z0 Cz

and V± = q

A± Q± κ±
,
ρ0 C±

(3.47)

respectively, where A are the motional amplitudes and κ are the geometry factors3
as discussed for Eq. (3.46). Typical voltages are in the nV regime and hence need to
be amplified in several stages. In case of an ion cloud, the right hand sides of
≈ these
equations have to be multiplied by a factor N for coherent ion motion and N for
incoherent ion motion. Anyway, the signal increases linearly with the charge state of
the ion. The same is true for the achievable signal-to-noise ratio of such a resonant
pick-up given by
Az κz
χz = q
z0



ωz π
4Δωz


Qz
kB Tz Cz

A± κ±
and χ± = q
ρ0



ω± π
4Δω±


Q±
, (3.48)
kB T± C±

Please note that sometimes in literature 2z0 /κ is called D which is sometimes confused with the
trap size d as defined in Sect. 3.5.1.
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where Δω is the frequency bandwidth of the respective resonant circuit at the oscillation frequency ω, Q is the quality factor of the circuit and C is its capacitance. The
equation shows that the signal-to-noise ratio increases linearly with the charge state
of the ion such that resonant detection is easiest for highly charged ions. A thorough
discussion of resistive cooling and other ion cooling methods in Penning traps can
be found in [76, 114, 120].

3.6.2 Larmor Frequency Measurement
The Larmor frequency ωL = gJ μB B0 is the precession frequency of the electron
spin in the external magnetic field and hence does not produce a detectable electronic
signal by which it could be measured directly (like in the case of the oscillation
frequencies ω± and ωz ). It is therefore determined indirectly from the probability
resonance of spin state transitions (‘spin flips’) when microwave radiation is used to
find the Larmor frequency as the microwave frequency for which the probability of
induced spin flips is highest. To this end, microwaves of a known and fixed frequency
ωMW are irradiated for a defined time span t of order seconds. The magnetic field
component of the microwave radiation drives the precession of the electron spin and
Rabi oscillations of the spin state occur at a frequency
Ω = ωL

BMW
B0

(3.49)

where BMW is the magnetic field component of the microwave radiation as given in
Eq. (3.23). The probability for a spin flip as a function of the irradiated frequency
ωMW is given by [78]
π
P(ωMW ) = Ω 2 tχ (ωMW )
(3.50)
2
where χ is the lineshape of the resonance which is asymmetric and broadened in
a non-trivial fashion by finite motional temperatures of the ion, by residual field
inhomogeneities and by the power of the microwave radiation as discussed in detail
for example in [78, 89]. Experimentally, one can only distinguish between ‘spin up’
and ‘spin down’ after a given irradiation time t > Ω −1 by a method to be described
in the following section. This means that it is only possible to distinguish between an
odd and an even number of spin flips which have occurred during the irradiation time
t. An even number will be seen as ‘no spin flip’ while an odd number will be counted
as ‘spin flip’. Hence, it is necessary to take this saturation effect into account by use
of the relation between the true spin flip probability P and the observed probability
P̂ as given by [78]

1
1 − e−2Pt .
(3.51)
P̂ =
2
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Combining this saturation correction with Eq. (3.50), we find the experimentally
observed probability for a spin flip to be given by
P̂(ωMW ) =



1
1 − exp −π Ω 2 tχ (ωMW ) .
2

(3.52)

This limits the maximum observable spin flip probability to 0.5, under optimum
conditions resulting from a trade-off between microwave power, irradiation time and
lineshape broadening, the typical maximum is around 0.4, as will be seen in the
measured resonances, see Fig. 3.16.

3.6.3 Spin State Determination
The measurement of the Larmor resonance requires a determination of the spin state
of the bound electron after each microwave irradiation to yield information about the
success in driving a spin flip. This is achieved in a separate trap featuring a magnetic
bottle. The magnetic bottle term B2 evokes a difference of the oscillation frequencies
between the ion with ‘spin up’ and ‘spin down’ according to Eqs. (3.33) and (3.34).
Hence, it allows a determination of the spin quantum number without the need to
manipulate it and thus represents a quantum non-demolition measurement. This is
true both for the axial and radial motions. In the experiments [20, 58, 59] the axial
motion has been used. The effect can be illustrated by writing the axial component
of the total magnetic field in the magnetic bottle Bz = B0 + B2 (z2 − r 2 /2) such that
the magnetic potential energy is given by μz B0 + μz B2 (z2 − r 2 /2). The latter term
adds the magnetic contribution to the electric trap potential to form the total potential
U = U0 + Um = (qU0 + μz B2 )(z2 − r 2 /2). Inserting this total potential into the
equation for the axial oscillation frequency yields
Δωz = ωz (U) − ωz (U0 ) ≈

μz B2
,
mi ωz (U0 )

(3.53)

which for hydrogen-like ions can be written as
Δωz ≈


1 ωc B2
g
.
2me Z − 1 ωz B0

(3.54)

Hence, the frequency difference is largest for the electron bound in a light ion
confined in a shallow trap with a strong magnetic bottle. This becomes particularly obvious when the electron is compared to other particles. The free particle magnetic moment in units of the Bohr magneton is 0.00484197049(12) for
the muon, 0.00104187563(25) for the neutron, 0.001521032209(12) for the proton, 0.0004669754556(39) for the deuteron, and 0.001622393657(21) for the triton
[121]. Hence, muonic ions as well as free protons and antiprotons under similar
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Fig. 3.11 Difference of the axial ion oscillation frequencies between electron spin up and down as
a function of the ion mass. Indicated are the values for 12 C5+ , 16 O7+ and 28 Si13+ . Inset: measured
axial frequency of 16 O7+ as a function of time, indicating the spin flips as sudden changes of the
oscillation frequency between the two levels indicated by the horizontal lines separated by 460 mHz

conditions cause a frequency difference due to the change of the spin direction
which is about three orders of magnitude smaller and hence pose serious experimental challenges to the application of the continuous Stern-Gerlach effect [122].
For the magnetic bottle with B2 = 10 mT/mm2 as used in [20, 58, 59] with 12 C5+ ,
16 O7+ and 28 Si13+ ions, the resulting frequency difference Δω /2π was about 700,
z
460 and 240 mHz, respectively, which is a relative difference of order 10−7 to 10−6 .
Its unambiguous detection is an experimental≈
challenge. This is even more true for
heavier ions, as Eq. (3.53) shows that Δωz ∝ 1/(qmi ) (Fig. 3.11).
As both the magnetic bottle strength and the minimum trapping potential have
close boundaries in realistic experimental setups, sensitive detection schemes have
been conceived. They circumvent the classical Fourier limit of frequency analysis by relating only to the frequency difference. These are phase-sensitive detection schemes in which the frequency difference between an ion with electron spin
up and one with spin down is seen as a phase difference of the two cases after a
given time of free phase evolution, as depicted in Fig. 3.12. The details of these
methods (‘PnP’:Pulse and Phase, and ‘PnA’:Pulse and Amplify) have been given in
[123, 124] and [104], respectively. They are the non-destructive counterparts of the
phase-imaging technique as described in [125]. The current relative frequency resolution is of order 10−10 with measurement times of the order of seconds. The result of
such a repeated PnP measurement is depicted in Fig. 3.13, where the phase information evaluated after a given free evolution time shows a clear difference, indicating
that the two frequencies are different and thus allowing to distinguish between the
two spin states.
The unambiguous distinction between spin states by use of the continuous SternGerlach effect is potentially obstructed by fluctuations of the electric potential U0 ,
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Fig. 3.13 Repeated measurement and Fourier analysis of the phase information only leads to two
distinguishable sets of data which represent the two possible spin states and hence allows their
distinction. Data from [123]

since they may cause shifts of the axial oscillation frequency according to Eq. (3.6)
which are of the same magnitude or larger than the axial frequency difference due to
the spin state as given by Eq. (3.54). The stability of available voltage sources hence
limits the detectable frequency difference due to a spin flip. Using Eq. (3.54), the
voltage change ΔU0 which affects the axial frequency exactly like a spin flip can be
written as

1
d 2 B2 .
g
(3.55)
ΔU0 =
me Z − 1
In realistic experiments, ΔU0 must be significantly smaller than this limit. For the
present values of Δω of few hundreds of mHz, the necessary voltage stability is of
order μV and below. Hence, such experiments feature special voltage sources [126].
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3.6.4 Double-Trap Technique
For means of an easy analysis of the electron spin direction, it is advantageous to
choose the strength B2 of the magnetic bottle as high as possible. This however limits
the overall accuracy which can be reached by use of the continuous Stern-Gerlach
effect [127], since from Eq. (3.30) it follows that the cyclotron frequency depends
on the motional energies (and hence motional amplitudes Az ,A± ) in the presence of
a magnetic bottle with strength B2 according to
⎨



⎩
A2−
A2+
ω+ + ω−
ω+ + ω−
Δωc
2
1−
1+
−
= B2 Az −
,
ωc
4
ω+ − ω−
4
ω+ − ω−

(3.56)

in which the relations between motional energy and motional amplitude are
given by
A2z =

Ez
2E+
2E−
, A2+ =
and A2− =
.
2 − ω2 /2)
2 − ω2 /2)
qC2 U0
mi (ω+
m
(ω
i −
z
z

(3.57)

Therefore, thermal and any other fluctuations of these energies (amplitudes) broaden
the Larmor-to-cyclotron resonance and hence increase the uncertainty of the resulting
g-factor. Proposals to solve this problem by use of an adjustable magnetic bottle have
been brought forward and initial tests were successful [128], however this idea was
not used in such experiments. A measurement of the magnetic moment of the electron
bound in hydrogen-like carbon 12 C5+ by Hermanspahn et al. [129] was limited due
to the continuous presence of the magnetic bottle with B2 = 10 mT/mm2 and resulted
in gJ = 2.001042(2) which corresponds to a relative accuracy of 1 × 10−6 .
In all successor experiments, the location of the precision oscillation frequency
measurement has been separated from the location of the spin analysis (‘double trap
technique’, see Fig. 3.9) which helped to shift the relative accuracy to the region of
10−9 and better [20, 58–60, 130]. The spatial separation of electron spin analysis
and precision oscillation frequency measurement has first been used by Häffner et al.
in 2000 and resulted in an improvement of the bound electron magnetic moment in
12 C5+ by about three orders of magnitude [58], see also Fig. 3.14. For the application
of the double-trap technique, the Penning trap basically features two trapping regions
separated by transport electrodes (see Fig. 3.9). One trapping region is the centre of
a magnetic bottle, while the other is designed for high precision of the oscillation
frequency measurement. Ideally, in this trap the magnetic inhomogeneity is zero.
However, the remaining field distortion of the magnetic bottle at the position of the
precision trap does not vanish. When the axial separation of the two trap centres is
given by Δz, the residual axial magnetic field component of the bottle at the position
of the precision trap reduces the effective axial magnetic field there. The magnitude
of this contribution is given by
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Fig. 3.14 Comparison of the Larmor-to-cyclotron resonance for 12 C5+ measured without (solid
squares) and with the double trap technique (open circles), yielding a resonance sharper by about
three orders of magnitude. The inset shows the latter in its normal scaling. Data taken from [129]
and [58]


⎦
z+
μ0 M0 
z−
z+
z−
 , (3.58)

Bz (Δz) =
−
−
+
2
2
2
2
2
2
2
2
2
r2 + z+
r2 + z−
r1 + z+
r1 + z−
where z± = Δz ± a. The higher-order components of this residual distortion are
given by
∂ n Bz (Δz)
B(n) (Δz) =
(3.59)
∂zn
and cause a linear gradient B1 ↔= 0 and a residual magnetic bottle B2 ↔= 0 at the
position of the precision trap. The first derivative reads
B1 (Δz) =

μ0 M0
∂B
(Δz) = −
G1 (Δz),
∂z
2

(3.60)

where the geometry factor G1 (Δz) is given by
r12
r12
r22
r22
−
+
−
G1 (Δz) = 

 2

 2

 2
 , (3.61)
2 3/2
2 3/2
2 3/2
2 3/2
r12 + z+
r1 + z−
r2 + z−
r2 + z+
where we use z± = a ± Δz. As discussed above, for z = 0 the linear gradient B1
vanishes as the geometry factor G1 (z = 0) vanishes. The residual magnetic bottle
strength B2 at the position Δz along the central axis is given by the second derivative
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of B with respect to z
B2 (Δz) =

∂ 2B
μ0 M0
G2 (Δz)
(Δz) = −
2
∂z
2

(3.62)

where G2 (Δz) is given by
G2 (Δz) = − 

3r12 z+
3r12 z−
3r22 z−
3r22 z+
−
+
+






 . (3.63)
2 5/2
2 5/2
2 5/2
2 5/2
r12 + z+
r12 + z−
r22 + z−
r22 + z+

For typical trap separations Δz of few cm, the residual magnetic bottle strength
there is suppressed by three to four orders of magnitude. As an example, in [58] and
[59] the magnetic bottle with B2 = 10 mT/mm2 created a residual magnetic bottle
at the position of the precision trap with B2 = 4 µT/mm2 , a linear gradient B1 of
66 µT/mm and a fourth-order term of B4 = 11 nT/mm4 .
The effect of a non-zero term B2 has been discussed in Sect. 3.5.3.1 and residual
magnetic bottles at the position of the cyclotron frequency measurement typically
are the dominating source of systematic uncertainties over residual contributions B1
and B4 . The effect of a linear magnetic field gradient B1 on the cyclotron frequency
is given by
 2
B1
1
Δωc
≈−
Ec .
(3.64)
ωc
mi ωz2 B0
For the present parameters, this effect is much smaller than the residual magnetic
bottle effect due to the B12 -dependence. The corresponding effect of a non-zero B4
term on an ion with motional radius ρc is given by
Δωc
3
≈
ωc
8



B4
B0


ρc4 =

3
2mi2 ωc4



B4
B0


Ec2 .

(3.65)

and can be neglected in the present experiments due to the small value of B4 .
During the measurement cycle, the ion is transported adiabatically between the
two regions, such that the spin state is preserved. A detailed account of the experimental details is given in [89]. This method has also been used in the measurements
by Verdú et al. [59], Sturm et al. [20] and Wagner et al. [61].

3.6.5 Mode Coupling Techniques
When the bound electron magnetic moment is determined by application of the
continuous Stern-Gerlach effect, the frequency ratio ωL /ωc of Larmor to cyclotron
frequency is the key experimental quantity. While the Larmor frequency is determined by microwave spectroscopy, the free cyclotron frequency is reconstructed
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from measurements of all three oscillation frequencies of the ion in the trap. As
obvious from Eq. (3.48), the detection signal depends linearly on the amplitude of the
corresponding motion and can hence be increased to a detectable limit by excitation
of the ion motion. When it is necessary to significantly excite the motions in order to
be able to detect the ion oscillation by Fourier transform of the induced voltage in the
trap electrodes, residual inhomogeneities of the magnetic field at the position of the
ion where ωL and ωc are measured cause a dependence of the observed frequencies
on the energy of the stored ion. This is typically relevant for the perturbed cyclotron
motion. Therefore, measurements need to be performed at several cyclotron excitation energies of several eV to several tens of eV and the frequency ratio ωL /ωc is
then extrapolated to zero cyclotron energy. This has a number of disadvantages:
• the line shape of the extrapolation is a priori unknown, giving rise to systematic
uncertainties
• the measurement has to be performed at several cyclotron energies and hence needs
a comparatively long total measuring time
• for large amplitudes in the magnetic field inhomogeneity, the resonance of the spin
flip probability as a function of the frequency ratio is asymmetrically broadened
and shifted
When two of the independent oscillations are coupled by irradiation of a suited
electric rf field, the corresponding motions are amplitude-modulated by the interaction with the external field [131]. The equations of motion of those coupled oscillations can formally be described in analogy to a driven quantum-mechanical two-level
system [132]. If the external rf frequency is identical to a sideband frequency (e.g.
the difference or sum frequency) of the two oscillations, the coupling is resonant.
Typically, the coupling frequency is detuned by a frequency δ relative to the sideband frequency, and the frequency components ωr,l = ω + εr,l of an oscillation with
uncoupled frequency ω appear in the spectrum. The split frequencies are given by
ωr,l = ω + εr,l = ω −

δ  2
± δ + A2
2

(3.66)

where A measures the strength of the coupling field amplitude in units of a frequency.
A specific measurement of ωl and ωr leads to a determination of δ and thus to ω
[60]. Figure 3.15 (right) shows the frequency difference ωr − ωl in the axial motion
as a function of the coupling frequency detuning δ. For zero detuning, i.e. when the
coupling frequency is identical to the sideband frequency, the frequency splitting is
minimal. In case of symmetric splitting the widths of the two resonances at ωl and
ωr are identical. By use of a time-dependent or modulated coupling rf frequency,
the resulting spectrum may contain not only the two split components of a certain
frequency, but also the frequency itself, see Fig. 3.15 (left). The split components can
again be coupled to the third motion such that five signals appear in the spectrum.
From these, all three frequencies ω+ , ωz and ω− can be determined simultaneously,
as has been demonstrated for a single confined proton by Ulmer et al. [133]. Sideband coupling of motions circumvents the above disadvantages and has been used
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Fig. 3.15 Left: Axial signal as a function of frequency for resonant coupling of the reduced cyclotron
and axial motions. The original frequency ωz is visible as well since the coupling was modulated.
Right: frequency difference ωr − ωl in the axial motion as a function of the coupling frequency
detuning δ. Data taken from [60]

to determine the reduced cyclotron frequency ω+ by a coupling of ω+ to ωz in a
measurement of the electron magnetic moment in 16 O7+ by Verdú et al. [60]. The
result was gJ = 2.0000470208(24)(44) where the first uncertainty is statistical and
the second uncertainty is due to the uncertainty of the electron mass at that time [60].
Another feature of sideband coupling can be used for cooling of a lower-frequency
degree of freedom below the ambient temperature when it is coupled to a cooled
higher-frequency degree of freedom. Typically, in the case of a coupling between the
perturbed cyclotron motion and the axial motion, this is achieved by irradiation of
the sum frequency ω+ + ωz . Such coupling leads to an equalization of the quantum
numbers of the two oscillations [114], see also Table 3.2 where the magnetron motion
was coupled to the axial motion. Let the higher-frequency motion at ω+ be cooled
e.g. by a liquid helium heat bath at T+ ≈ 4 K. Then the sideband coupling cooling
limit for the axial temperature Tz is given by
ωz
1
T+ ≈
Tz =
ω+
B0 d


mi U0
T+ .
q

(3.67)

For heavy few-electron ions in typical traps, the frequency ratio ωz /ω+ is of order
10−2 to 10−1 , such that for the axial temperature values of the order of 100 mK are
achieved. Due to the high charge state of such ions, not only is the final temperature
low, but also the cooling time constant is small even for weak coupling. Sideband
coupling leads to an exponential energy loss in full analogy to the resistive cooling
discussed in Sect. 3.6.1, however with a time constant τc which in case of weak
resonant coupling is given by
τc−1

3/2

3mi a2 c3 ωz3
3a2 c3 U0
= 4π ε0
≈
4π
ε
0
16q2 ωc2 (ω+ − ω− )
16B03 d 3



mi5
,
q7

(3.68)
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where a = ηUd /U0 is a dimensionless constant of order 10−4 given by a trap
geometry factor η and the amplitude Ud of the coupling drive [114]. For heavy fewelectron ions confined at typical trap parameters, the cooling time constant τc is
below seconds. Thus, if the coupling is sufficiently effective, the cooling of the axial
motion at ωz is limited by the resistive cooling time constant τ+ of the radial motion
(as given by Eq. 3.46) rather than by the time constant τc itself.

3.7 Results
3.7.1 Larmor Resonances
Figure 3.16 shows the obtained resonances of the Larmor-to-cyclotron frequency
ratio ωL /ωc in the bound electron magnetic moment measurements with 12 C5+ ,
16 O7+ (with and without mode coupling as described in Sect. 3.6.5) and 28 Si13+ .
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Fig. 3.16 Measured resonances of the Larmor-to-cyclotron frequency ratio ωL /ωc for the electron
bound in 12 C5+ , 16 O7+ (with and without mode coupling) and 28 Si13+ . The data for these graphs
were taken from [20, 58–60]
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The respective data were taken from [20, 58–60]. In the lower right hand side graph,
the error bars shown are 1-σ uncertainties corresponding to the 68 % prediction band
of the original maximum-likelihood fit for better comparison. Note, that the scaling
is different throughout the four plots with 28 Si13+ being the sharpest resonance.
Application of a mode coupling technique to the latter measurement is expected to
significantly increase the relative precision [104]. The lineshapes of the resonances
are non-Gaussian mainly due to the Boltzmann distribution of motional ion energies
corresponding to the finite heat bath temperature the ions are coupled to. Further line
shape aspects have been discussed in [78].

3.7.2 Resulting Magnetic Moments and Uncertainties
From the measured resonances of the ωL /ωc frequency ratios, and upon systematic
lineshape corrections, the bound electron magnetic moments are calculated according
to Eq. 3.7. Table 3.3 gives an overview of the corrected frequency ratios Γ = ωL /ωc
and the resulting values for gJ . In cases where two individual uncertainties are given,
the first one refers to the statistics and systematics of the Larmor-to-cyclotron resonance measurement, while the second one refers to the uncertainty of the electron
mass as known at the respective time of publication. For silicon, the first uncertainty
refers to the statistics, the second to the systematics and the third to the electron mass.
It should be noted, that these values in the middle section of Table 3.3 are not
completely independent, but due to their common experimental outline, there is a
finite correlation. For the measurements with 12 C5+ [58] and 16 O7+ [59], a correlation
coefficient of 0.035 has been given [135], for the remaining measurements this has
not been studied so far, but it may be assumed of similar magnitude. The correlation

Table 3.3 Measured values of the bound electron magnetic moment (gJ ) in hydrogen-like ions
Z

Ion

0
1
4
6
6
8
8
14
14
82
83

free electron
Hydrogen 1 H
Helium 4 He+
Carbon 12 C5+
Carbon 12 C5+
Oxygen 16 O7+
Oxygen 16 O7+
Silicon 28 Si13+
Silicon 28 Si11+
Lead 207 Pb81+
Bismuth 209 Bi82+

Γ = ωL /ωc

4376.2095(37)
4376.2104989(23)
4164.3761834(7)
4164.3761844(49)
3912.866064(1)
4637.318949(4)

Magnetic Moment (gJ )

Reference

2.002 319 304 361 460(56)
2.002 283 853(26)
2.002 259 33(60)
2.001 042(2)
2.001 041 596 3 (10)(44)
2.000 047 026 0 (15)(44)
2.000 047 020 8 (24)(44)
1.995 348 958 77(50)(30)(80)
2.000 889 889 9 (19)(5)(8)
1.78(12)
1.734 1(35)

[134]
[48]
[49]
[129]
[58, 89]
[59]
[60]
[103]
[61]
[14, 50]
[14, 50]

The middle section lists all values obtained by application of the continuous Stern-Gerlach effect
and the corresponding value of the Larmor resonance Γ = ωL /ωc (upon corrections) is indicated
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is of relevance particularly when the results are combined as in the derivation of the
value of the electron mass, as will be discussed in Sect. 3.10.
While the influence of the finite statistics (finite number of trials to induce spin
flips) can be quantified in a straight-forward way, the systematic uncertainties hold
more challenges. The most prominent systematic influences are
•
•
•
•
•
•
•

spatial and temporal imperfections of the confining fields
finite motional energies of the confined ion
cavity and charge effects (image charge)
systematics of the underlying time base (frequency standard)
line shape distortions due to microwave intensity, inhomogeneity, impurity
saturation of the Larmor transition
uncertainty of the ion-to-electron mass ratio

For given experimental imperfections, the desired magnetic moment is typically
obtained from an extrapolation of the measured resonance data to zero motional
energies (E+ , Ez , E− ≤ 0) and zero microwave power (PMW ≤ 0). The remaining
systematics are corrected for based on theoretical models.
Equation (3.7) requires the atomic mass of the ion to be known. For carbon, this
is trivial since the carbon atom defines the atomic mass. In this case, only the masses
and the relativistic equivalent of the electron binding energies of the five missing
electrons needs to be taken into account according to the mass equation for an ion
with charge state k
mionk+ = matom − k · me +

k
1 ⎤ (p)
Eb
c2

(3.69)

p=1

(p)

where Eb is the binding energy of the pth electron. In [58], the ratio of free
cyclotron frequencies of the ion [58] and the free electron [136] has been used,
ωc (12 C5+ )/ωc (e− ) = 0.00022862721033(50), which is identical to the desired mass
ratio me /mi .
For oxygen 16 O7+ , the accepted values for the mass of the neutral oxygen atom
[137] and the sum of the binding energies of the seven missing electrons of mb =
1.25866(9) × 10−6 u [138] were used to find the mass of the hydrogen-like oxygen
as m(16 O7+ ) = 15.991075819(2) u [59].
The mass of 28 Si13+ was calculated from the atomic mass of 27.9769265350(6) u,
as measured by Redshaw et al., [139] corrected by the masses and binding energies of
the missing 13 electrons as given by Martin et al. [140]. The result was m(28 Si13+ ) =
27.9698005949(7) u [20].
For 28 Si11+ an electron mass of me = 5.4857990946(22)×10−4 u [141] was used,
and the silicon atomic mass of 27.9769265350(6) u [139] was corrected by the masses
and binding energies [140] of the eleven missing electrons to yield m(28 Si11+ ) =
27.97089457581(66) u [61].
Figure 3.17 shows a timeline with important experiments (black) and methods
(grey) concerning the magnetic moment of the free electron (left hand side) and bound
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Häffner gJ (C ) 10
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Verdu gJ (O ) 10
Verdu g J (O7+ ) 10-9
13+

-11

Sturm g J (Si ) 10
Wagner g J (Si11+ ) 10-9

YEAR
Fig. 3.17 Timeline summarizing important experiments (black) and methods (grey) for the free
electron magnetic moment (left hand side) and for the bound electron magnetic moment (right hand
side). The numbers indicated give the order of magnitude of the achieved relative accuracies. CGSE
is for ‘continuous Stern-Gerlach effect’. For references see text

electron (right hand side), indicating typical relative accuracies of the measurements.
‘CSGE’ is short for ‘continuous Stern-Gerlach effect’ and its mention in the timeline
indicates when its respective application has first been proposed. The mentioned
work is (chronologically) Kusch and Foley (1947) [39, 40], Crane et al. (1961)
[142], Graeff et al. (1969) [143], Rich et al. (1971) [144], Walther et al. (1972) [47],
Dehmelt CSGE (1973) [51], Tiedeman et al. (1977) [48], Johnson et al. (1980) [49],
van Dyck et al. (1987) [136], Quint CSGE (1995) [57], Hermanspahn et al. (2000)
[129], Häffner et al. double trap (2000) [58], Verdú et al. (2004) [59], Verdú et al.
mode coupling (2004) [60], Sturm et al. (2011) [20] and Wagner et al. (2012) [61].

3.8 Double-Resonance Spectroscopy
While measurements of the bound electron magnetic moment by the continuous
Stern-Gerlach effect combine microwave probing of the Larmor frequency with a

3 Magnetic Moment of the Bound Electron

115

radio-frequency detection of the success by an ion oscillation frequency measurement in the trap, it is also possible to combine the microwave probing of the Larmor
frequency with optical detection of the success by laser spectroscopy of the fine
or hyperfine structure of the ion. As the laser and microwave excitations are performed simultaneously, this technique is called laser-microwave double resonance
spectroscopy. It circumvents the need for a magnetic bottle and trades this for the
availability of an appropriate laser and optical detection.
Double resonance spectroscopy has previously been used to perform precision
measurements of hyperfine and Zeeman splittings in atoms and singly charged ions
such as Hg+ , Ba+ , Pb+ , Yb+ and Be+ , partially with sub-Hertz resolution [145–150].
For a thorough discussion of this application and an overview of the measurements,
see [11].

3.8.1 Application to Highly Charged Ions
In highly charged ions, the energy of fine structure and hyperfine structure transitions
are shifted to much higher values as compared to singly charged ions by the extreme
electromagnetic fields in the vicinity of the nucleus.
In hydrogen-like ions, the energy of the ground state hyperfine structure (HFS)
splitting depends as Z 3 on the nuclear charge number, for other few-electron ions the
dependence is similar. It can be seen from the r −3 -dependence of the magnetic field of
a dipole keeping in mind the length scale for r is given by a0 /Z, so EHFS ∝< r −3 >∝
Z 3 . Ignoring relativistic, nuclear and QED effects, the ‘classical’ ground-state HFS
transition energy in a hydrogen-like ion can be used as a fair approximation4 of the
real value and reads [14]
4
me 2I + 1
me c2
EHFS ≈ α(Zα)3 gI
3
mp 2

∝ Z 3,

(3.70)

where gI is the nuclear g-factor which measures the nuclear magnetic moment in
units of the nuclear magneton μN = e/2mp = 5.05078324(13) × 10−27 J/T. The
same equation applies also to other charge states, the factor 4/3 then changes to 1/6
for lithium-like ions, to 1/18 for boron-like ions and so forth [14]. The ground-state
hyperfine splitting in hydrogen-like ions has so far been measured in 165 Ho66+ [151],
185,187 Re74+ [152], 203,205 Tl80+ [153], 207 Pb81+ [154, 155] and 209 Bi82+ [155, 156]
as well as in 209 Bi80+ [157]. Detailed calculations of the hyperfine energies in highly
charged ions have been performed in all rigour, see for example [25, 158–166].
For the fine structure (FS) splitting, the Z-dependence is even stronger and scales
with Z 4 . This is obvious from the fine structure energy EFS ∝ μB ∝ Z 2 /r 2 where
< r −2 >∝ Z 2 such that we obtain EFS ∝ Z 4 , see for example [167]. The energy of
4

This approximation is usually not good within a few percent, but a valuable tool for judging
whether the transition is at all in the laser-accessible region.
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Fig. 3.18 Overview of hyperfine- and fine-structure transitions in the laser-accessible wavelength
region: HFS in hydrogen- and lithium-like ions (full and open symbols, left graph), and FS in
hydrogen-like ions (right graph)

a fine-structure transition can be approximated by use of the Dirac equation for the
energy of the single electron in hydrogenic systems with quantum numbers n and j.
For example, the energy of a fine structure transition in a hydrogen-like ion from a
state (n, j) to (n, j − 1) is given by EFS = E(n, j) − E(n, j − 1) with the energy of
a state (n, j) given by the equation
⎡

⎨

E(n, j) ≈ ⎣1 + Z 2 α 2

1
n−j− +
2



1
(j + )2 − Z 2 α 2
2

⎩−2 −1/2
 me c2 .

(3.71)

This leads to the splittings being shifted to the laser-accessible regime for certain
values of Z, see Fig. 3.18. For fine structure transitions, the optical frequency regime
is reached for medium charge states, while the weaker dependence of the hyperfine
transition energy requires higher charge states. For a number of such ions, laser
spectroscopic measurements of energy splittings have been performed, an overview
is given for example in [168].
Fine and hyperfine structure transitions are both magnetic dipole (M1) transitions
with correspondingly long lifetimes and hence much narrower linewidths than the
principal transitions, which are electric dipole (E1) transitions and for highly charged
ions in the XUV to x-ray regime of energies, see also Fig. 3.20.
Magnetic dipole transitions are caused by the oscillating magnetic field B =
B0 cosωt of the laser radiation. The transition matrix element between two levels 1
and 2 is given by μ21 ∝< 2|µ · B|1 > where µ is the magnetic dipole operator. The
transition rate of spontaneous decay is given by A21 ∝ ω3 |μ21 |2 . It is smaller than
the rate of an electric dipole (E1) transition by a factor of about
| < 2|µ · B|1 > |2
≈
| < 2|er · E|1 > |2



μB /c
ea0 /Z

2
≈ (Zα)2 .

(3.72)
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Fig. 3.19 Calculated upper-state lifetimes (and hence transition linewidths) according to Eq. (3.73)
of ground-state hyperfine transitions in hydrogen- and lithium-like ions

The transition rate (linewidth) for a ground-state (n = 1) magnetic dipole transition from the excited to the lower hyperfine state is given by [14]
γ HFS =

4αω3 2 I (2k + 1)2
,
27me2 c4 (2I + 1)

(3.73)

≈
where α is the fine structure constant, I is the nuclear spin and k = 1 − Z 2 α 2 . For
hydrogen-like ions, this linewidth is of order kHz and below [168], see also Fig. 3.19.
The ions with highest optical transition rates γ HFS are 233 Pa90+ (7480 s−1 ), 212 Fr86+
(6890 s−1 ), 237 Np92+ (6600 s−1 ), 231 Pa85+ (3750 s−1 ), 196 Au78+ (3550 s−1 ) and all
odd isotopes of bismuth odd Bi82+ (2500–3700 s−1 ).
For the transition rate (linewidth) of fine structure transitions in hydrogen-like
ions, a semi-classical calculation [169] yields the expression
γ FS ≈

2Z 4 α 5 me c2 n2
l(l + 1)
3n5

(3.74)

for principal quantum numbers n ∼ 2 and non-vanishing orbital quantum number l.
This expression is good within a few percent of accuracy and agrees with experimental findings on that level [168]. It is especially well-suited for high quantum numbers
n and l. More detailed calculations employing full quantum mechanics have been
performed [170] and lead to values with accuracies of some hundreds of ppm. They
also give a better approximation to the one shown in Eq. (3.74) by replacing l(l + 1)
by l2 + l + (l + 1)/(8l). A more detailed discussion can be found in [170]. The
linewidth of Zeeman substate transitions is typically of order mHz and below, as has
been presented in Sect. 3.5.2.5.
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Fig. 3.20 Level scheme of a hydrogen-like ion indicating a hyperfine splitting in the electronic
ground state (for nuclear spin I = 3/2, resulting in F = 1 and F ∞ = 2) and a fine splitting for the
2P state (for nuclear spin I = 0, resulting in J = 1/2 and J ∞ = 3/2), both with the corresponding
Zeeman splitting of states due to a magnetic field as present in a Penning trap. Not to scale. All
transitions of present relevance are magnetic dipole (M1) transitions. Indicated is the scaling of the
transition energy with the nuclear charge number of the hydrogen-like ion

Figure 3.20 schematically shows the level splittings of a hydrogen-like ion with
non-zero nuclear spin in the ground state including the Zeeman splitting due to a
magnetic field as in the Penning trap, indicating the above mentioned dependences
on the nuclear charge number and the typical transition frequency domain. It is
indicated that in the presence of a magnetic field as used for confinement of ions in a
Penning trap, the fine structure or hyperfine structure levels are subject to the Zeeman
effect which lifts the degeneracy with respect to the magnetic quantum numbers of
the states. The result is a splitting into 2J + 1 fine structure substates, or, if present,
2F +1 hyperfine sublevels where F = I ±J. This Zeeman splitting is nearly uniform
within a given state and well within the microwave regime for typical magnetic fields
of a few Tesla. To first order, the splitting is given by ωMW = gμB B0 , where gμB
is the ion magnetic moment. Thus, a measurement of the microwave frequency is a
measurement of the ionic magnetic moment for a given value of the magnetic field
strength. Experimentally, this can again be determined from a measurement of the
free ion cyclotron frequency as discussed above.
The present concept of double resonance spectroscopy is to use a change in the
optical signal (fluorescence from the FS or HFS transition) as an indication for the
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Fig. 3.21 Relevant hyperfine levels and their Zeeman
splitting in 209 Bi82+ for a measurement of the ionic g-factors
gF∞ and gF . Laser light at frequency ω is observed while
microwaves around ωMW 1
or ωMW 2 are irradiated. In
resonance, the optical signal
is reduced and the irradiated
MW frequencies yield the
ionic g-factors
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irradiated MW frequency to be in resonance with the Zeeman transition. Figure 3.21
shows the relevant part of the level scheme of hydrogen-like bismuth where an
optical transition takes place between extremal Zeeman sublevels of the hyperfine
components with F = 4 and F = 5. The ionic g-factors gF and gF ∞ are determined
from a scan of the irradiated MW frequencies ωMW 1 and ωMW 2 while the closed
optical cycle at frequency ω is observed. When one of the MW transitions is in
resonance, the optical signal is reduced due to population being extracted from the
otherwise closed cycle. Hence, a minimum in the optical signal indicates the Zeeman
resonance and allows determinations of the ionic magnetic moments. Details and
further applications are given in [171]. It can be shown, that for ions with nonvanishing nuclear spin, the ionic magnetic moment is a non-trivial composition of
the magnetic moments of both the bound electron and the nucleus. Generally,
gF = gJ

F(F + 1) + J(J + 1) − I(I + 1) me F(F + 1) + I(I + 1) − J(J + 1)
− gI
(3.75)
2F(F + 1)
mp
2F(F + 1)

describes the general relation between the gF -factor, the gJ -factor of the bound
electron and the nuclear g-factor gI = μ/(μN I) where μN is the nuclear magneton
and me and mp are the electron and proton mass, respectively. The g-factors of the
bound electron gJ and of the nucleus gI can be disentangled to a high degree by use
of theory [171]. To this end, the ionic magnetic moments need to be measured in
two different hyperfine states F and F ∞ . If two g-factors gF and gF ∞ are measured
for states with different F in one ion (F = I − 1/2 and F ∞ = F + 1), the bound
electron and nuclear g-factors gJ and gI can be expressed independently in terms of
the experimentally obtained values by means of [171]
gJ = (I + 1)gF ∞ − IgF − δQ Q
and

 m c 2 2(I + 1)
e

2I − 1

 me c 2
mp gF ∞ + gF + δQ Q 
gI = −
me
2(1 − δμ )

3
I(2I−1)

,

(3.76)

(3.77)
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where Q is the electric quadrupole moment of the nucleus and δμ and δQ are small
corrections which can be obtained from theory [171], see also Sect. 3.10.3. This
concept, however, can only be applied to ions with I > 1/2 since for an ion with
I = 1/2 the lower HFS level has F = 0 and does not split in the magnetic field.
Due to the factor me /mp in Eq. (3.75) the obtainable accuracy in gI is about three
orders of magnitude smaller than the ones in gJ and gF . However, given an assumed
relative accuracy of the microwave frequency measurement of ppb, a determination
of the nuclear magnetic moment is possible at the ppm level of accuracy and thus
competitive to most other measurements. Note, that in this kind of measurement,
diamagnetic shielding of the nucleus is absent due to only one or few electrons being
present. This is an advantage with respect to nuclear magnetic resonance (NMR)
measurements and allows a benchmarking of shielding models.
A corresponding experiment (ARTEMIS, Fig. 3.22) is currently being set up at
GSI, Germany, where either internally or externally produced ions of medium to
high charge states can be confined in a Penning trap suited for laser-microwave
double-resonance spectroscopy, see [172, 173].
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Fig. 3.22 Schematic of the ARTEMIS experimental setup (right) with an enlarged view of the
ARTEMIS Penning trap (left). Details can be found in [172, 173]
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3.8.2 Double-Resonance Spectroscopy and the Zeeman Effect
While the concept of double-resonance spectroscopy is conceived to allow measurements of magnetic moments of bound electrons and ionic nuclei, its application to
certain level schemes yields access to higher-order Zeeman effects. Since the discovery of the quadratic Zeeman effect by Segré and Jenkins in the 1930s [174, 175],
there have been numerous studies, both experimental and theoretical, of higher-order
Zeeman contributions in atoms, molecules, and singly charged ions in laboratory
magnetic fields, see for example [176–178]. However, higher-order contributions
to the Zeeman effect have not yet been observed in highly charged ions. Among
others, boron-like argon is a good candidate for such studies, since its P doublet
structure offers experimental access and fair theoretical prediction. Figure 3.23 indicates the Zeeman sublevels of the fine structure in Ar13+ and their behaviour when
higher-order Zeeman effects are considered. When writing the energy of the Zeeman
splitting in the form
(1)

(2)

(3)

ΔEA = ΔEA + ΔEA + ΔEA + . . . ,
the first term

(1)

ΔEA (B0 ) = gJ μB B0

(3.78)

(3.79)

is the usual linear Zeeman splitting with its g-factor gJ . The second- and third-order
terms in the Zeeman splitting can be represented by
(2)

(2)

(3)

(3)

ΔEA (B0 ) = gJ (MJ )(μB B0 )2 /E0 and ΔEA (B0 ) = gJ (MJ )(μB B0 )3 /E02 ,
(3.80)
where E0 = mc2 is the electron rest energy and gJ(2) and gJ(3) are again dimensionless
coefficients. A fully relativistic calculation in the framework of quantum electrodynamics yields
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Fig. 3.23 Level scheme of the 2p state in Ar13+ indicating the Zeeman sublevels of the fine structure
and their behaviour when higher-order Zeeman effects are taken into consideration. Not true to scale
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(2)

(1)

(3)

ΔEA (B0 )
ΔEA (B0 )
≈
≈
≈ 10−4 and
(1)
ΔE
FS
ΔEA (B0 )
ΔEA(1) (B0 )

ΔEA (B0 )

⎨

(1)

ΔEA (B0 )
ΔEFS

⎩2
≈ 10−8 ,

(3.81)
(0)
(0)
− E1/2
is the optical fine-structure interval at about 441 nm.
where ΔEFS = E3/2
Hence, the second-order Zeeman effect has a 10−4 contribution to the microwave
Zeeman splitting and thus needs to be taken into account in such measurements. Also
the 10−8 contribution of the third order may be within the experimental resolution.
Currently, an experiment is being prepared for a detailed study of these effects [173].

3.9 Comment on Trap-Specific Spectroscopy
It is a common aspect both of the continuous Stern-Gerlach effect as described in
Sect. 3.5.3.1 and the laser-microwave double-resonance spectroscopy as discussed
in Sect. 3.8 to make use of the predictable influence of one experimental quantity
which is inaccessible on another experimental quantity which can be observed. In
some sense, the same is true also for resonant motional coupling as described in
Sect. 3.6.5.
In case of the classical Stern-Gerlach effect, the spin orientation MS is translated via a magnetic field gradient B1 into a change Δz in position, we could write
B1
Δz. For the continuous Stern-Gerlach effect it is the intrinsic electron spin
ΔMS ≤
orientation which by the magnetic bottle is projected onto a macroscopic ion oscillaB2
Δωz . In case of the
tion in the trap which can be observed, so we may write ΔMJ ≤
laser-microwave double-resonance spectroscopy it is the resonant Zeeman transition
which is found as a minimum of observed fluorescence light I when the irradiated
microwave frequency is varied in the presence of the constant homogeneous magnetic
B0
ΔI.
field B0 , so we may denote ΔωMW ≤
It has previously been demonstrated in the decay of metastable nuclear states
of ions that the emission (or absorption) of such photons with energy E can be
measured by the relativistic mass equivalent m = E/c2 , by which the ion mass
is changed during the process. In a trap, this is for example seen as a change of
B0
Δωc . Corresponding measurements of
the cyclotron frequency, we can write Δm ≤
long-lived nuclear isomers have been performed, e.g., on 65m Fe [179] and 68m Cu
[180]. Also, the QEC -value of the super-allowed β-emitter 26 Si has been determined
by such a measurement with a relative accuracy of about 10−5 [181].
Taking the well-known relations of the ion oscillation frequencies for specific nonideal confining fields as given in Sects. 3.5.2 and 3.5.3.1 for granted, also defined
magnetic inhomogeneities or electrostatic anharmonicities of the trapping fields can
be used for translations of optical or x-ray photons being absorbed or emitted into
changes of ion oscillation frequencies. For example, when a confined ion is lasercooled, the change in motional energy may be translated via a magnetic bottle B2
or an electrostatic anharmonicity C4 into a change of an oscillation frequency, for
example axial cooling or heating changing the radial oscillation frequency, which
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B2
may be written as ΔEz ≤
Δω+ , or ΔEz C≤4 Δω+ , as discussed in [182]. In such experiments, classical spectroscopy can be performed without the need for corresponding
fluorescence detectors, since the ion oscillation frequency serves as the measurable
quantity. Hence, such specific field distortions may been seen as a kind of ‘transducer’ from the optical and microwave domains into the radio-frequency domain
where non-destructive detection is possible. A detailed account on well-controlled
field distortions and the related experimental possibilities is given in [81, 182].

3.10 Relation of the Bound Electron Magnetic Moment
to Other Quantities
The bound electron magnetic moment is closely related to other ionic quantities.
This is particularly obvious for heavy, highly charged ions where the electron is very
close to the ionic nucleus and therefore serves as an excellent probe of its properties.
While the free electron magnetic moment is most closely linked to the fine structure constant, the bound electron magnetic moment is also linked with the hyperfine
structure splitting in the ion, the electron mass and several nuclear properties of
the ion such as mass, extension, shape, charge and magnetization and their spatial
distributions.

3.10.1 Fine Structure Constant
As far as the fine structure constant is concerned, the most notable precisions come
from atom recoil measurements, atom interferometry and the electron magnetic
moment. Figure 3.24 gives a compilation of fine structure constant determinations
as a function of the relative accuracy in 1/α, details can be found in [183, 184] and
references therein.
Atom recoil measurements for a determination of α make use of the fact that the
Rydberg constant R∞ = 1.0973731568525(73) × 107 m−1 [141] is known to seven
parts in a trillion, and that the mass of the 87 Rb atom is known to a few parts in 1010 .
Thus, when the mass of the 87 Rb atom is measured by the recoil speed of the atom
after it emits a photon of known wavelength in an atomic transition, the electron
mass can be inferred precisely. This is done with ultra-cold 87 Rb atoms in an optical
lattice. Inserting the electron mass into
R∞ =

α 2 me c
4π 

(3.82)

yields a value of α −1 = 137.03599878(91) [185]. A comparable measurement using
the recoil of a 133 Cs atom yields a value of α −1 = 137.0360000(11) [169]. The hence
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Fig. 3.24 Experimental determinations of the fine structure constant as a function of the relative
accuracy in 1/α. Please note that the graph contains no chronological order

determined value of α agrees within one standard deviation to that found from the
electron’s anomalous magnetic moment, an agreement to within ten parts in a billion.
Recently, the fine structure constant has been measured independently with competitive accuracy by Bouchendira et al. [183] in an atom interferometry experiment.
These measurements give the value α −1 = 137.035999037(91) and based on this,
QED theory predicts ge = 2.00231930436226(168).
QED theory provides the magnetic moment of the free electron by its g-factor
gs (e) as a function of the fine structure constant α. A comparison of such theoretical
predictions with experimental values of the free electron magnetic moment have
yielded α −1 = 137.035 998 83(50) from the result by van Dyck et al. [136] and
α −1 = 137.035 999 084(51) from the result by Hanneke et al. [134, 186]. The latter
has a relative uncertainty of 3.7 × 10−10 and is the most precise value of the fine
structure constant to date.
Corresponding determinations of the fine structure constant from measurements
of bound electron magnetic moments are favoured by the accuracy relation
ΔgJ 1
Δα
≈
α
gJ (Zα)2

(3.83)

which for high Z shows that the relative accuracy in α is similar to that of gJ .
However, this requires a theoretical understanding of the relation between bound
electron magnetic moment and fine structure constant on at least the same level.
Currently, however, such information is not available. The sensitivity of the bound
electron magnetic moment to changes of the value of the fine structure constant as
given by Eq. (3.83) is much smaller than the sensitivity of certain optical transitions
in highly charged ions, see the discussion in Chap. 6. Laboratory experiments for
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the detection of a spatial and/or temporal variation of the value of the fine structure
constant [187] therefore concentrate on optical clocks [188–190] and it is desired to
extend this to specific highly charged ion optical clocks like Pm14+ and others [191,
192] or nuclear optical clocks such as 229 Th [193, 194].

3.10.2 Electron Mass
By the time the first bound electron magnetic moment measurements in 12 C5+ and
16 O7+ [58, 59] were performed, the uncertainty of the electron mass relative to the
ion mass was the largest contribution to the error budget. At that time, the CODATA
recommended value of the electron mass was mainly given by a 1995 measurement
by Farnham et al. [195]. Making use of the good agreement between theory and
the measured gJ -factors in 12 C5+ and 16 O7+ , a new value of the electron’s atomic
mass was derived. It was me = 0.00054857990945(24) u [196] and hence about
five times more accurate than the previous value. From this determination of the
electron mass, a new ratio of proton to electron mass mp /me = 1836.15267247(80)
has been obtained [196]. Table 3.4 lists the values of the electron mass obtained from
the different measurements and the respective appearances in the CODATA tables
of recommended values. Taking into account the experimental advances made since
the measurements with 12 C5+ [58], it appears highly attractive to revisit this ion as
no independent ion mass measurement limits the accuracy when the electron mass
is derived from the measured magnetic moment of the bound electron. It is currently
deemed possible to decrease the uncertainty of the electron mass by about one order
of magnitude.

3.10.3 Relations to Nuclear Properties
Recent theoretical work shows that from precision measurements of bound electron
magnetic moments, it is possible to determine the ionic nuclear dipole moment
[197] as well as the ionic nuclear shape [198]. As already discussed in Sect. 3.8, fewelectron ions, particularly hydrogen-like ions, are highly attractive for such studies
since the bound electron is located close to the nucleus and hence probes its properties
with high sensitivity. In the Bohr picture, the orbital radius a of the electron bound
to a nucleus with charge number Z is given by a ≈ a0 /Z with the Bohr radius
a0 = 0.52917721092(17) × 10−10 m, such that in hydrogen-like uranium (Z = 92),
the electron is closer to the nucleus by about two orders magnitude. Also, neither the
nucleus nor the bound electron are effectively shielded by other electrons and can
thus be interrogated directly. This avoids the need for diamagnetic corrections which
are based on models [197, 199–201]. In turn, such models can be benchmarked with
high stringency.
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Table 3.4 Values of the
electron mass resulting from
different measurements of the
bound electron magnetic
moment and the respective
entries in the CODATA tables
of recommended values

Measurement

Electron mass [u]

Reference

Farnham et al. 1995
0.000 548 579 911 10(120)[195]
CODATA 1998 (2000) 0.000 548 579 911 00(120)[202]
12 C5+ Häffner et al. 20000.000 548 579 909 31(29) [203]
16 O7+ Verdú et al. 2004 0.000 548 579 909 57(43) [203]
CODATA 2002 (2005) 0.000 548 579 909 45(24) [203]
CODATA 2010 (2012) 0.000 548 579 909 46(22) [141]

As far as the ionic g-factor gF in the ground state of ions with non-zero nuclear spin
is concerned, we have seen that it is related to the nuclear magnetic dipole moment μ
as well as the nuclear electric quadrupole moment Q. The total one-electron groundstate g-factor value of the ion can be represented by [171]
gF = gJ Yel (F) −
where

me
(μ)
(Q)
(μ)
gI Ynuc
(F) + δgHFS (F) + δgHFS (F) ,
mp

(μ)

δgHFS (F) = δμ
and
(Q)

δgHFS (F) = δQ Q

me
(μ)
gI Ynuc
(F)
mp

 m c 2
e
(Q)
Ynuc
(F)


(3.84)

(3.85)

(3.86)

are the magnetic dipole and electric quadrupole contributions to the ionic g-factor,
respectively. The quantities
Yel (F) =

(μ)
Ynuc
(F) =

F(F + 1) + 3/4 − I(I + 1)
,
2F(F + 1)
F(F + 1) + I(I + 1) − 3/4
,
2F(F + 1)

(3.87)

(3.88)

and
(Q)
Ynuc
(F) = −

(I + 1)(2I + 3)
I(2I − 1)(2I + 1)

(3.89)

are angular factors and hence exact. Further, Q is the electric quadrupole moment of
the nucleus, and δμ and δQ are corrections given by
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135
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(3.90)
(3.91)

where the approximations hold true for light ions. The full functions S (t) (αZ) and
T (t) (αZ) for an ns state have been considered in detail in [204]. For lithium-like
ions these functions must also include interelectronic-interaction corrections [205].
(μ)
(Q)
The shifts of the ionic g-factor δgHFS (F) and δgHFS (F) due to finite magnetic dipole
moment and electric quadrupole moment take values of up to ppm and several tens of
ppb (with uncertainties on the ppb level), respectively [204].Hence, they are within
experimental resolution. The effect of the nuclear quadrupole moment is too small for
a precise determination by either Stern-Gerlach or double-resonance spectroscopy
based on a measurement of electronic or ionic g-factors, respectively. The effect of the
nuclear dipole moment, however, is deemed to be accessible to high accuracy [197].
It is furthermore possible to determine the nuclear charge radius by a comparison
of the experimental and the theoretical values of the electronic g-factor, as has been
discussed for hydrogen-like silicon [20]. The extracted value is not competitive with
the established one, but may be seen as a proof of principle. Effects of the finite
nuclear electric polarisability and magnetic susceptibility are currently still outside
of the experimental resolution.
Acknowledgments We wish to express our gratitude to everyone who has contributed to the work
we have discussed in this chapter. We would also like to thank everybody who has taken upon
himself to contribute to this book, our co-authors and their working groups.

References
1. R. Frisch, O. Stern, Über die magnetische Ablenkung von Wasserstoffmolekülen und das
magnetische moment des protons. Z. Phys. 85, 4 (1933)
2. R. Frisch, O. Stern, Über die magnetische Ablenkung von Wasserstoffmolekülen und das
magnetische moment des protons. Helv. Phys. Acta 6, 426 (1933)
3. A. Landé, The magnetic moment of the proton. Phys. Rev. 44, 1028 (1933)
4. L.W. Alvarez, F. Bloch, A quantitative determination of the neutron magnetic moment in
absolute nuclear magnetons. Phys. Rev. 57, 111 (1940)
5. K.M. Case, The magnetic moments of the neutron and proton. Phys. Rev. 74, 1884 (1948)
6. G. Werth et al., Precision studies in traps: measurement of fundamental constants and tests of
fundamental theories. Nucl. Inst. Meth. B 205, 1 (2003)
7. M. Vogel, J. Alonso, S. Djekic, W. Quint, S. Stahl, M. Vogel, G. Werth, Towards electronic gfactor measurements in medium-heavy hydrogen-like and lithium-like ions. Nucl. Inst. Meth.
B 235, 7 (2005)
8. M. Vogel et al., The anomalous magnetic moment of the electron in hydrogenlike ions, a test
of bound-state QED: recent, present and future precision experiments. Eur. Phys. J. Special
Topics 163, 113 (2008)
9. S. Sturm et al., g-factor measurement of hydrogen-like 28 Si13+ as a challenge to QED calculations. Phys. Rev. A 87, 030501(R) (2013)

128

M. Vogel and W. Quint

10. S. Sturm, G. Werth, K. Blaum, Electron g-factor determinations in Penning traps, Ann. Phys.
(Berlin) 525, 620–635 (2013)
11. G. Werth, V.N. Gheorghe, F.G. Major, Charged Particle Traps II (Springer, Heidelberg, 2009)
12. K. Böklen, W. Dankwort, E. Pitz, S. Penselin, High precision measurements of the gJ -factors
of the alkalis using the atomic beam magnetic resonance method. Phys. Lett. 21, 294 (1966)
13. D.J. Wineland, J.J. Bollinger, W.M. Itano, Laser-fluorescence mass spectroscopy. Phys. Rev.
Lett. 50, 628 (1983)
14. T. Beier, The gj factor of a bound electron and the hyperfine structure splitting in hydrogen-like
ions. Phys. Rep. 339, 79 (2000)
15. V.M. Shabaev, QED theory of the nuclear recoil effect on the atomic g-factor. Phys. Rev. A
64, 052104 (2001)
16. V.M. Shabaev, V.A. Yerokhin, Recoil correction to the bound-electron g-factor in H-like atoms
to all orders in αZ. Phys. Rev. Lett. 88, 091801 (2002)
17. K. Blaum, High-accuracy mass spectrometry with stored ions. Phys. Rep. 425, 1 (2006)
18. G. Breit, The magnetic moment of the electron. Nature 122, 649 (1928)
19. K. Pachucki, A. Czarnecki, U.D. Jentschura, V.A. Yerokhin, Complete two-loop correction
to the bound-electron g factor. Phys. Rev. A 72, 022108 (2005)
20. S. Sturm et al., g-factor of hydrogen-like 28 Si13+ . Phys. Rev. Lett. 107, 023002 (2011)
21. V.A. Yerokhin, P. Indelicato, V.M. Shabaev, Self-energy correction to the bound-electron g
factor in H-like ions. Phys. Rev. Lett. 89, 143001 (2002)
22. V.A. Yerokhin, P. Indelicato, V.M. Shabaev, Evaluation of the self-energy correction to the g
factor of S states in H-like ions. Phys. Rev. A 69, 052503 (2004)
23. D.A. Glazov, V.M. Shabaev, I.I. Tupitsyn, A.V. Volotka, V.A. Yerokhin, G. Plunien, G. Soff,
Relativistic and QED corrections to the g factor of Li-like ions. Phys. Rev. A 70, 062104
(2004)
24. A.V. Volotka, D.A. Glazov, V.M. Shabaev, I.I. Tupitsyn, G. Plunien, Screened QED corrections
in lithiumlike heavy ions in the presence of magnetic fields. Phys. Rev. Lett. 103, 033005
(2009)
25. D.A. Glazov, A.V. Volotka, V.M. Shabaev, I.I. Tupitsyn, G. Plunien, Evaluation of the screened
QED corrections to the g factor and the hyperfine splitting of lithiumlike ions. Phys. Rev. A
81, 062112 (2010)
26. V.M. Shabaev, O.V. Andreev, A.I. Bondarev, D.A. Glazov, Y.S. Kozhedub, A.V. Maiorova,
G. Plunien, I.I. Tupitsyn, A.V. Volotka, Quantum electrodynamics effects in heavy ions and
atoms. AIP Conf. Proc. 1344, 60 (2011)
27. A. Sommerfeld, Zur theorie des zeemaneffektes der wasserstofflinien, mit einem anhang über
den starkeffekt. Physikalische Zeitschrift 17, 491 (1916)
28. P. Debye, Quantenhypothese und zeeman-effekte. Physikalische Zeitschrift 17, 507 (1916)
29. A.H. Compton, The magnetic electron. J. Franklin Inst. 192, 144 (1921)
30. P. Forman, Alfred landé and the anomalous Zeeman effect 1919–1921. Hist. Stud. Phy. Sci.
2, 153 (1970)
31. J. Mehra, H. Rechenberg, The Historical Development of Quantum Theory, vol. 1, part 2,
(Springer, New York, 1982)
32. O. Stern, W. Gerlach, Das magnetische moment des silberatoms [The magnetic moment of
the silver atom]. Z. Phys. 9, 349 (1922) and Z. Phys. 9, 353 (1922)
33. W. Gerlach, O. Stern, Über die richtungsquantelung im magnetfeld. Ann. Phys. 379, 673
(1924)
34. G.E. Uhlenbeck, S. Goudsmit, Ersetzung der Hypothese vom unmechanischen Zwang durch
eine Forderung bezüglich des inneren Verhaltens jedes einzelnen Elektrons. Naturwiss 13,
953 (1925)
35. G.E. Uhlenbeck, S. Goudsmit, Spinning electrons and the structure of spectra. Nature 127,
264 (1926)
36. W. Pauli, Über den zusammenhang des abschlusses der elektronengruppen im atom mit der
komplexstruktur der spektren. Z. Phys. 31, 373 (1925)

3 Magnetic Moment of the Bound Electron

129

37. F. Hund, The History of Quantum Theory (Bibliographisches Institut, Mannheim, Germany,
1975)
38. T.E. Phipps, J.B. Taylor, The magnetic moment of the hydrogen atom. Phys. Rev. 29, 309
(1927)
39. P. Kusch, H.M. Foley, Precision measurement of the ratio of the atomic g values in the
2P
2
3/2 and P1/2 states of gallium. Phys. Rev. 72, 1256 (1947)
40. P. Kusch, H.M. Foley, On the intrinsic moment of the electron. Phys. Rev. 74, 250 (1948)
41. J. Schwinger, On quantum-electrodynamics and the magnetic moment of the electron. Phys.
Rev. 73, 416 (1948)
42. G. Charpak, F.J.M. Farley, R.L. Garwin, T. Muller, J.C. Sens, V.L. Telegdi, A. Zichichi,
Measurement of the anomalous magnetic moment of the muon. Phys. Rev. Lett. 6, 128 (1961)
43. D.P. Hutchinson, J. Menes, G. Shapiro, A.M. Patlach, S. Penman, Magnetic moment of positive
and negative muons. Phys. Rev. Lett. 7, 129 (1961)
44. K.W. Ford et al., Theoretical values for magnetic moments of mu-mesonic atoms. Phys. Rev.
129, 194 (1963)
45. H. Bethe, The electromagnetic shift of energy levels. Phys. Rev. 72, 339 (1947)
46. W.E. Lamb, R.C. Retherford, Fine structure of the hydrogen atom by a microwave method.
Phys. Rev. 72, 241 (1947)
47. F.G. Walther, W.D. Phillips, D. Kleppner, Effect of nuclear mass on the bound-electron g
factor. Phys. Rev. Lett. 28, 1159 (1972)
48. J.S. Tiedeman, H.G. Robinson, Determination of gJ (1 H, 12 S1/2) /gs (e): test of massindependent corrections. Phys. Rev. Lett. 39, 602 (1977)
49. C.E. Johnson, H.G. Robinson, gJ factor of an ion: determination of
gJ (4 He+ , 12 S1/2) /gJ (4 He, 23 S1 ). Phys. Rev. Lett. 45, 250 (1980)
50. V.M. Shabaev, Transition probability between the hyperfine structure components of hydrogenlike ions and bound-electron g-factor. Can. J. Phys. 76, 907 (1998)
51. H. Dehmelt, P. Ekstrom, Proposed g − 2 experiment on stored single electron or positron.
Bull. Am. Phys. Soc. 18, 727 (1973)
52. P.B. Schwinberg, R.S. Van Dyck, Jr., H.G. Dehmelt, Preliminary comparison of the positron
and electron spin anomalies. Phys. Rev. Lett. 47, 1679 (1981)
53. H. Dehmelt, g-factor of electron centered in symmetric cavity. Proc. Natl. Acad. Sci. USA
81, 8037 (1984)
54. H. Dehmelt, g-factor of electron centered in symmetric cavity. Proc. Natl. Acad. Sci. USA
82, 6366 (1985)
55. H. Dehmelt, Continuous Stern Gerlach effect: principle and idealized apparatus, Proc. Natl.
Acad. Sci. USA 83, 2291 (1986)
56. H. Dehmelt, Continuous Stern Gerlach effect: principle and idealized apparatus, Proc. Natl.
Acad. Sci. USA 83, 3074 (1986)
57. W. Quint, The gj factor of hydrogenic ions. Phys. Scr. T59, 203 (1995)
58. H. Häffner, T. Beier, N. Hermanspahn, H.J. Kluge, W. Quint, S. Stahl, J. Verdu, G. Werth, Highaccuracy measurement of the magnetic moment anomaly of the electron bound in hydrogenlike carbon. Phys. Rev. Lett. 85, 5308 (2000)
59. J. Verdú, S. Djekic, S. Stahl, T. Valenzuela, M. Vogel, G. Werth, T. Beier, H.J. Kluge, W. Quint,
Electronic g factor of hydrogen-like oxygen 16 O7+ . Phys. Rev. Lett. 92, 093002 (2004)
60. J. Verdú et al., Determination of the g-factor of single hydrogen-like ions by mode coupling
in a penning trap. Phys. Scr. T112, 68 (2004)
61. A. Wagner et al., g-factor of lithium-like silicon 28 Si11+ . Phys. Rev. Lett. 110, 033003 (2013)
62. L. Veseth, Magnetic moment of atomic lithium. Phys. Rev. A 11, 421 (1980)
63. L. Veseth, Many-body calculations of atomic properties. I. gj factors. J. Phys. B 16, 2891
(1983)
64. E. Lindroth, A. Ynnerman, Ab initio calculations of gj factors for Li, Be+ , and Ba+ . Phys.
Rev. A 47, 961 (1993)
65. L. Brillouin, Is it possible to test by a direct experiment the hypothesis of the spinning electron?
Proc. Natl. Acad. Sci. USA 14, 755 (1928)

130

M. Vogel and W. Quint

66. N. Bohr, The Magnetic Electron, in Collected Works of Niels Bohr, ed. by J. Kalckar, vol. 6,
North-Holland, Amsterdam, p. 333 (1985)
67. W. Pauli, Die allgemeinen Prinzipien der Wellenmechanik, in Handbuch der Physik, ed. by
S. Flügge, vol. 5, Springer, Berlin, p. 167 (1958)
68. F. Bloch, Experiments on the g-factor of the electron. Physica 19, 821 (1953)
69. H. Batelaan, T.J. Gay, J.J. Schwendiman, Stern-Gerlach effect for electron beams. Phys. Rev.
Lett. 79, 4517 (1997)
70. B.M. Garraway, S. Stenholm, Observing the spin of a free electron. Phys. Rev. A 60, 63 (1999)
71. G.A. Gallup, H. Batelaan, T.J. Gay, Quantum-mechanical analysis of a longitudinal SternGerlach effect. Phys. Rev. Lett. 86, 4508 (2001)
72. B.M. Garraway, S. Stenholm, Does a flying electron spin? Contemp. Phys. 43, 147 (2002)
73. J. Byrne, Study of a proposal for determining the g-factor anomaly for electrons by resonance
excitation in a magnetic field. Can. J. Phys. 41, 1571 (1963)
74. H.G. Dehmelt, New continuous Stern-Gerlach effect and a hint of "the" elementary particle.
Z. Phys. D 10, 127 (1988)
75. P. Ghosh, Ion Traps (Oxford University Press, Oxford, 1995)
76. G. Werth, V.N. Gheorghe, F.G. Major, Charged Particle Traps (Springer, Heidelberg, 2005)
77. C.J. Foot, Atomic Physics, Oxford Master Series in Atomic, Optical and Laser Physics (Oxford
University Press, New York, 2005) reprint 2009
78. L.S. Brown, G. Gabrielse, Geonium theory: physics of a single electron or ion in a Penning
trap. Rev. Mod. Phys. 58, 233 (1986)
79. G. Gabrielse, L. Haarsma, S.L. Rolston, Open-endcap Penning traps for high precision experiments. Int. J. Mass Spectr. Ion Proc. 88, 319 (1989)
80. R.S. Van Dyck Jr., F.L. Moore, D.L. Farnham, P.B. Schwinberg, Number dependency in the
compensated Penning trap. Phys. Rev. A 40, 6308 (1989)
81. M. Vogel, W. Quint, W. Nörtershäuser, Trapped ion oscillation frequencies as sensors for
spectroscopy. Sensors 10, 2169 (2010)
82. L.S. Brown, G. Gabrielse, Precision spectroscopy of a charged particle in an imperfect Penning
trap. Phys. Rev. A 25, 2423 (1982)
83. G. Gabrielse, Why is sideband mass spectrometry possible with ions in a Penning trap? Phys.
Rev. Lett. 102, 172501 (2009)
84. M. Breitenfeldt, S. Baruah, K. Blaum, A. Herlert, M. Kretzschmar, F. Martinez, G. Marx, L.
Schweikhard, N. Walsh, The elliptical Penning trap: experimental investigations and simulations. Int. J. Mass Spectrom. 275, 34 (2008)
85. D.F.A. Winters, M. Vogel, D. Segal, R.C. Thompson, Electronic detection of charged particle
effects in a Penning trap. J. Phys. B 39, 3131 (2006)
86. J.V. Porto, Series solution for the image charge fields in arbitrary cylindrically symmetric
Penning traps. Phys. Rev. A 64, 023403 (2001)
87. E. Fischbach, N. Nakagawa, Apparatus-dependent contributions to g-2 and other phenomena.
Phys. Rev. D 30, 2356 (1984)
88. D.G. Boulware, L.S. Brown, T. Lee, Apparatus-dependent contributions to g − 2? Phys. Rev.
D 32, 729 (1985)
89. H. Häffner et al., Double Penning trap technique for precise g factor determinations in highly
charged ions. Eur. Phys. J. D 22, 163 (2003)
90. C. Roux, Ch. Böhm, A. Dörr, S. Eliseev, S. George, Yu. Novikov, J. Repp, S. Sturm, S. Ulmer,
K. Blaum, The trap design of PENTATRAP. Appl. Phys. B 107, 997 (2012)
91. J. Yu, M. Desaintfuscien, F. Plumelle, Ion density limitation in a Penning trap due to the
combined effect of asymmetry and space charge. Appl. Phys. B 48, 51 (1989)
92. A. Abragam, The Principles of Nuclear Magnetism (Clarendon Press, Oxford, 1962)
93. A.A. Sokolov, I.M. Ternov, Dokl. Akad. Nauk SSSR 153, 1052 (1963)
94. J. Schwinger, On gauge invariance and vacuum polarization. Phys. Rev. 82, 664 (1951)
95. E.T. Akhmedov, D. Singleton, On the relation between Unruh and Sokolov-Ternov effects.
Int. J. Mod. Phys. A 22, 4797 (2007)

3 Magnetic Moment of the Bound Electron

131

96. H. Mendlowitz, Double scattering of electrons with magnetic interaction. Phys. Rev. 97, 33
(1955)
97. V. Bargmann, L. Michel, V.L. Telegdi, Precession of the polarization of particles moving in
a homogeneous electromagnetic field. Phys. Rev. Lett. 2, 435 (1958)
98. F. Combley, F.J.M. Ferley, J.H. Field, E. Picasso, g − 2 experiments as a test of special
relativity. Phys. Rev. Lett. 42, 1383 (1979)
99. J. DiSciacca, G. Gabrielse, Direct measurement of the proton magnetic moment. Phys. Rev.
Lett. 108, 153001 (2012)
100. A. Mooser et al., Resolution of single spin flips of a single proton. Phys. Rev. Lett. 110,
140405 (2013)
101. J. Verdú et al., Calculation of electrostatic fields using quasi-Green’s functions: application
to the hybrid Penning trap. New J. Phys. 10, 103009 (2008)
102. G. Gabrielse, F.C. Macintosh, Cylindrical Penning traps with orthogonalized anharmonicity
compensation. Int. J. Mass. Spec. Ion Proc. 57, 1 (1984)
103. B. Schabinger et al., Experimental g factor of hydrogenlike silicon-28. Eur. Phys. J. D 66, 71
(2012)
104. S. Sturm, A. Wagner, B. Schabinger, K. Blaum, Phase-sensitive cyclotron frequency measurements at ultralow energies. Phys. Rev. Lett. 107, 143003 (2011)
105. J. Alonso, K. Blaum, S. Djekic, H.J. Kluge, W. Quint, B. Schabinger, S. Stahl, J. Verdu, M.
Vogel, G. Werth, A miniature electron beam ion source for in-trap creation of highly charged
ions. Rev. Sci. Inst. 77, 03A901 (2006)
106. B. Schabinger, S. Sturm, K. Blaum, W. Quint, A. Wagner, G. Werth, Creation of highlycharged calcium ions for the g-factor determination of the bound electron. J. Phys. Conf. Ser.
163, 012108 (2009)
107. W. Lotz, An empirical formula for the electron-impact ionization cross-section. Z. Phys. 206,
205 (1967)
108. V.A. Bernshtam, YuV Ralchenko, Y. Maron, Empirical formula for cross section of direct
electron-impact ionization of ions. J. Phys. B: At. Mol. Opt. Phys. 33, 5025 (2000)
109. R. Mann, Total one-electron capture cross sections for Arq+ and Iq+ ions in slow collisions
on H2 and He. Z. Phys. D 3, 85 (1986)
110. A. Müller, E. Salzborn, Scaling of cross sections for multiple electron transfer to highly
charged ions colliding with atoms and molecules. Phys. Lett. A 62, 391 (1977)
111. G. Weinberg et al., Electron capture from H2 to highly charged Th and Xe ions trapped at
center-of-mass energies near 6 eV. Phys. Rev. A 57, 4452 (1998)
112. H. Knudsen, H.K. Haugen, P. Hvelplund, Single-electron-capture cross section for mediumand high-velocity, highly charged ions colliding with atoms. Phys. Rev. A 23, 597 (1981)
113. S. Djekic et al., Temperature measurement of a single ion in a Penning trap. Eur. Phys. J. D
31, 451 (2004)
114. D.J. Wineland, H.G. Dehmelt, Principles of the stored ion calorimeter. J. Appl. Phys. 46, 919
(1975)
115. D.J. Wineland, H.G. Dehmelt, Line shifts and widths of axial, cyclotron and g-2 resonances
in tailored, stored electron (ion) cloud. Int. J. Mass Spectrom. Ion Proc. 16, 338 (1975)
116. D.J. Wineland, H.G. Dehmelt, Line shifts and widths of axial, cyclotron and g-2 resonances
in tailored, stored electron (ion) cloud. Int. J. Mass Spectrom. Ion Proc. 19, 251 (1976)
117. S. Ulmer, H. Kracke, K. Blaum, S. Kreim, A. Mooser, W. Quint, C.C. Rodegheri, J. Walz,
The quality factor of a superconducting rf resonator in a magnetic field. Rev. Sci. Instrum.
80, 123302 (2009). doi.org/10.1063/1.3271537
118. L. Gruber, J.P. Holder, D. Schneider, Formation of strongly coupled plasmas from multicomponent ions in a Penning trap. Phys. Scr. 71, 60 (2005)
119. B. D’Urso, B. Odom, G. Gabrielse, Feedback cooling of a one-electron oscillator. Phys. Rev.
Lett. 90, 043001 (2003)
120. W.M. Itano, J.C. Bergquist, J.J. Bollinger, D.J. Wineland, Cooling methods in ion traps. Phys.
Scr. T59, 106 (1995)

132

M. Vogel and W. Quint

121. P.J. Mohr, B.N. Taylor, D.B. Newell, CODATA recommended values of the fundamental
physical constants 2006. Rev. Mod. Phys. 80, 633 (2008)
122. A. Mooser, H. Kracke, K. Blaum, S.A. Bräuninger, K. Franke, C. Leiteritz, W. Quint, C.C.
Rodegheri, S. Ulmer, J. Walz, Resolution of single spin flips of a single proton. Phys. Rev.
Lett. 110, 140405 (2013)
123. S. Stahl et al., Phase-sensitive measurement of trapped particle motions. J. Phys. B 38, 297
(2005)
124. E.A. Cornell et al., Single-ion cyclotron resonance measurement of M(CO+ )/M(N+
2 ). Phys.
Rev. Lett. 63, 1674 (1989)
125. S. Eliseev, K. Blaum, M. Block, C. Droese, M. Goncharov, E. Minaya Ramirez, D.A.
Nesterenko, Yu.N. Novikov, L. Schweikhard, Phase-imaging ion-cyclotron-resonance measurements for short-lived nuclides. Phys. Rev. Lett. 110, 082501 (2013)
126. D.B. Pinegar, K. Blaum, T.P. Biesiadzinski, S.L. Zafonte, R.S. Van Dyck, Jr., Stable voltage
source for Penning trap experiments. Rev. Sci. Instrum. 80, 064701 (2009)
127. R.S. Van Dyck Jr., P.B. Schwinberg, H.G. Dehmelt, Electron magnetic moment from geonium
spectra: early experiments and background concepts. Phys. Rev. D 34, 722 (1986)
128. R.S. Van Dyck Jr., F.L. Moore, D.L. Farnham, P.B. Schwinberg, Variable magnetic bottle for
precision geonium experiments. Rev. Sci. Inst. 57, 593 (1986)
129. N. Hermanspahn et al., Observation of the continuous Stern-Gerlach effect on an electron
bound in an atomic ion. Phys. Rev. Lett. 84, 427 (2000)
130. A. Mooser, S. Bräuninger, K. Franke, H. Kracke, C. Leiteritz, C.C. Rodegheri, H. Nagahama,
G. Schneider, C. Smorra, K. Blaum, Y. Matsuda, W. Quint, J. Walz, Y. Yamazaki, S. Ulmer,
Demonstration of the double Penning Trap technique with a single proton. Phys. Lett. B 723,
78 (2013)
131. E.A. Cornell, R.M. Weisskoff, K.R. Boyce, D.E. Pritchard, Mode coupling in a Penning trap:
π pulses and a classical avoided crossing. Phys. Rev. A 41, 312 (1990)
132. M. Kretzschmar, in Trapped Charged Particles and Fundamental Physics (1999), p. 242
133. S. Ulmer et al., Direct measurement of the free cyclotron frequency of a single particle in a
Penning trap. Phys. Rev. Lett. 107, 103002 (2011)
134. D. Hanneke, S. Fogwell, G. Gabrielse, New measurement of the electron magnetic moment
and the fine structure constant. Phys. Rev. Lett. 100, 120801 (2008)
135. G.W.F. Drake (ed.), Handbook of Atomic, Molecular and Optical Physics (Spinger, Heidelberg, 2006)
136. R.S. van Dyck, P.B. Schwinberg, H.G. Dehmelt, New high-precision comparison of electron
and positron g factors. Phys. Rev. Lett. 59, 26 (1987)
137. G. Audi, A.H. Wapstra, C. Thibault, The AME2003 atomic mass evaluation (II). Tables,
graphs, and references. Nucl. Phys. A729, 337 (2003)
138. R.L. Kelly, NIST atomic spectra database: unpublished level list prepared for line classifications published in atomic and ionic spectrum lines below 2000 angstroms: hydrogen through
krypton. J. Phys. Chem. Ref. Data 16(1), 1 (1987)
139. M. Redshaw, J. McDaniel, E.G. Myers, Dipole moment of PH+ and the atomic masses of
28 Si, 31 P by comparing cyclotron frequencies of two ions simultaneously trapped in a Penning
trap. Phys. Rev. Lett. 100, 093002 (2008)
140. W. Martin, R. Zalubas, NIST atomic spectra database: energy levels of silicon, Si I through
Si XIV. J. Phys. Chem. Ref. Data 12, 323 (1983)
141. P.J. Mohr, B.N. Taylor, D.B. Newell, CODATA recommended values of the fundamental
physical constants 2010, URL http://physics.nist.gov/constants (2012)
142. A.A. Schupp, R.W. Pidd, H.R. Crane, Measurement of the g factor of free, high-energy
electrons. Phys. Rev. 121, 1 (1961)
143. G. Graeff, E. Klempt, G. Werth, Method for measuring the anomalous magnetic moment of
free electrons. Z. Phys. A 222, 201 (1969)
144. J.C. Wesley, A. Rich, High-field electron g − 2 measurement. Phys. Rev. A 4, 1341 (1971)
145. F.G. Major, G. Werth, High-resolution magnetic hyperfine resonance in harmonically bound
ground-state 199 Hg ions. Phys. Rev. Lett. 30, 1155 (1973)

3 Magnetic Moment of the Bound Electron

133

146. M. McGuire, R. Petsch, G. Werth, Precision determination of the ground-state hyperfine
separation in 199 Hg+ using the ion-storage technique. Phys. Rev. A 17, 1999 (1978)
147. R. Blatt, G. Werth, Precision ground state Hfs-separation of 137 Ba. Z. Phys. A 299, 93 (1981)
148. R. Blatt, H. Schnatz, G. Werth, Ultrahigh-resolution microwave spectroscopy on trapped
171 Yb+ ions. Phys. Rev. Lett. 48, 1601 (1982)
149. X. Feng, G.Z. Li, G. Werth, High-precision hyperfine spectroscopy in M1–M1 doubleresonance transitions on trapped 207 Pb+ . Phys. Rev. A 46, 2959 (1992)
150. T. Nakamura et al., Precision spectroscopy of the Zeeman splittings of the 9 Be+ 22 S1/2
hyperfine structure for nuclear structure studies. Opt. Commun. 205, 329 (2002)
151. J.R. Crespo López-Urrutia, P. Beiersdorfer, D.W. Savin, K. Widmann, Direct observation
of the spontaneous emission of the hyperfine transition F = 4 to F = 3 in ground state
hydrogenlike 165 Ho66+ in an electron beam ion trap. Phys. Rev. Lett. 77, 826 (1996)
152. J.R. Crespo López-Urrutia, P. Beiersdorfer, K. Widmann, B.B. Birkett, A.-M. MartenssonPendrill, M.G.H. Gustavsson, Nuclear magnetization distribution radii determined by hyperfine transitions in the 1s level of H-like ions 185 Re74+ and 187 Re74+ . Phys. Rev. A 57, 879
(1998)
153. P. Beiersdorfer et al., Hyperfine structure of hydrogenlike thallium isotopes. Phys. Rev. A 64,
032506 (2001)
154. P. Seelig et al., Ground state hyperfine splitting of hydrogenlike 207 Pb81+ by laser excitation
of a bunched ion beam in the GSI experimental storage ring. Phys. Rev. Lett. 81, 4824 (1998)
155. S. Borneis et al., Ground state hyperfine structure of heavy hydrogen like ions. Hyp. Int. 127,
305 (2000)
156. I. Klaft et al., Precision laser spectroscopy of the ground state hyperfine splitting of hydrogenlike 209 Bi82+ . Phys. Rev. Lett. 73, 2425 (1994)
157. P. Beiersdorfer, A.L. Osterheld, J.H. Scofield, J.R. Crespo López-Urrutia, K. Widmann, Measurement of QED and hyperfine splitting in the 2s1/2 - 2p3/2 X-ray transition in Li-like
209 Bi80+ . Phys. Rev. Lett. 80, 3022 (1998)
158. A.N. Artemyev, V.M. Shabaev, G. Plunien, G. Soff, V.A. Yerokhin, Vacuum-polarization
corrections to the hyperfine splitting in heavy ions and to the nuclear magnetic moments.
Phys. Rev. A 63, 062504 (2001)
159. V.M. Shabaev, A.N. Artemyev, V.A. Yerokhin, O.M. Zherebtsov, G. Soff, Towards a test of
QED in investigations of the hyperfine splitting in heavy ions. Phys. Rev. Lett. 86, 3959 (2001)
160. V.A. Yerokhin, A.N. Artemyev, V.M. Shabaev, G. Plunien, All-orders results for the oneelectron QED correction to the hyperfine structure in light H-like ions. Phys. Rev. A 72,
052510 (2005)
161. A.A. Elizarov, V.M. Shabaev, N.S. Oreshkina NS, I.I. Tupitsyn, T. Stoehlker, The hyperfine
structure of heavy hydrogen-like ions: calculation based on experimental data on muonic
atoms. Opt. Spectrosc. 100, 361 (2006)
162. D.L. Moskovkin, V.M. Shabaev, Zeeman effect of the hyperfine-structure levels in hydrogenlike ions. Phys. Rev. A 73, 052506 (2006)
163. D.L. Moskovkin, V.M. Shabaev, W. Quint, Zeeman effect of the hyperfine structure levels in
lithiumlike ions. Phys. Rev. A 77, 063421 (2008)
164. A.V. Volotka, D.A. Glazov, I.I. Tupitsyn, N.S. Oreshkina, G. Plunien, V.M. Shabaev, Groundstate hyperfine structure of H-, Li-, and B-like ions in the intermediate-Z region. Phys. Rev.
A 78, 062507 (2008)
165. N.S. Oreshkina, D.A. Glazov, A.V. Volotka, V.M. Shabaev, I.I. Tupitsyn, G. Plunien, Radiative
and interelectronic-interaction corrections to the hyperfine splitting in highly charged B-like
ions. Phys. Lett. A 372, 675 (2008)
166. A.V. Volotka, D.A. Glazov, O.V. Andreev, V.M. Shabaev, I.I. Tupitsyn, G. Plunien, Test of
many-electron QED effects in the hyperfine splitting of heavy high-Z ions. Phys. Rev. Lett.
108, 073001 (2012)
167. D. Budker, D.F. Kimball, D.P. DeMille, Atomic Physics (Oxford University Press, Oxford,
2004)

134

M. Vogel and W. Quint

168. M. Vogel, W. Quint, Trap-assisted precision spectroscopy of forbidden transitions in highly
charged ions. Phys. Rep. 490, 1 (2010)
169. V. Gerginov, K. Calkins, C.E. Tanner, J.J. McFerran, S. Diddams, A. Bartels, L. Hollberg,
Optical frequency measurements of 6s2 S1/2 to ÂŰ6p2 P1/2 (D1) transitions in 133 Cs and their
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Chapter 4

QED Theory of the Bound-Electron
Magnetic Moment
D. A. Glazov, A. V. Volotka, V. M. Shabaev and G. Plunien

Abstract The bound electron in the few-electron ion experiences strong electromagnetic interaction with the nucleus. The adequate description of its properties is only
possible within the quantum electrodynamics for bound states. Both high-precision
measurements and accurate theoretical prediction are available today for the magnetic moments of few-electron systems and the ongoing progress is observed. These
investigations result in stringent tests of the theoretical methods, in determination
of the fundamental constants and nuclear properties. Application of the quantum
electrodynamical theory to the bound-electron magnetic moment is presented in this
chapter.

4.1 Introduction
The bound-electron magnetic moment manifests itself in Zeeman effect—a splitting
of energy levels of an atom placed in magnetic field B according to the projection
M J of the angular momentum J onto the direction of the field,
αE = gμB BM J ,

(4.1)
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where μB = |e|/(2m e ) is the Bohr magneton, and the g-factor is the dimensionless parameter, which is the subject to calculation for the particular system under
consideration.
Below we restrict ourselves with the case of one electron over closed shells, if
any,—e.g. hydrogen-, lithium- or boron-like systems. In this case, the g-factor is
primarily determined by the angular quantum numbers of the valence electron, and
the interaction with the nucleus and with the closed electron shells results in relatively
small corrections. An important property of this corrections is that almost all of them
have the relativistic origin and therefore should be considered within the appropriate
relativistic theory, which is the bound-state QED. Below we consider how the most
accurate values of the g-factor in few-electron ions can be found within the BS-QED.
The relativistic units ( = c = m e = 1) and the Heaviside charge unit (ν =
e2 /(4ρ ), e < 0) are used throughout the chapter.

4.2 Furry Picture of QED
Theoretical description of atomic system may start from the approximate picture,
where the nucleus is an infinitely heavy source of a static electric field. Let Vnucl (r )
be the corresponding spherically symmetric potential for the electron. Within the
model of point-like nucleus it is the Coulomb potential,
Vnucl (r ) = −

νZ
.
r

(4.2)

In the Furry picture of quantum electrodynamics assumes the nuclear potential is
taken into account non-perturbatively. In zeroth approximation the electron wave
function obeys the Dirac equation,
h δ(r) = Δ δ(r) ,
h = −i ν · ≡ + π + V (r ).

(4.3)
(4.4)

The spherically symmetric binding potential V (r ) can be the nuclear potential
Vnucl (r ) or some effective screening potential, as considered in Sect. 4.2.1. We designate as |a≈ = |nωm j ≈ the solutions to the Dirac Eq. (4.3) with principle quantum
number n, the relativistic angular quantum number ω = (−1) j+l+1/2 ( j + 1/2),
the total angular momentum j, its projection m j , and the parity l = j ± 1/2. The
corresponding bispinor wave function can be presented as

δ(r) =

gnω (r )τωm (n)
ifnω (r )τ−ωm (n)





1 G nω (r )τωm (n)
=
.
r iFnω (r )τ−ωm (n)

(4.5)

For the Coulomb potential (4.2) the solutions to the Dirac equation can be found
analytically. In particular, the energies of the bound states (0 < Δ < 1) are given by
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Δnω =

1−

(nr +



(ν Z )2
ω 2 − (ν Z )2 )2 + (ν Z )2
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,

(4.6)

where nr = n − j − 1/2 is the radial quantum number.
The homogeneous magnetic field can be described by the vector potential
A(r) =

1
[B × r] .
2

(4.7)

It is introduced in the Dirac equation by means of the minimal coupling, which yields
the following interaction operator
e
Vmagn = −eν · A(r) = − B · [r × ν].
2

(4.8)

The leading-order contribution to the Zeeman effect is represented by the diagram
at Fig. 4.1. According to the Feynman rules, the corresponding energy shift is
αE = ∼a|Vmagn |a≈.

(4.9)

The g-factor can be found through (4.1), where the projection M J is the one-electron
projection m j in the case of one electron over closed shells,
Fig. 4.1 Leading-order diagram for the g factor, representing the interaction of
the bound electron with the
external magnetic field
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g=

1
∼a|[r × ν]z |a≈.
mj

(4.10)

The angular integration yields
2ω
g=
j ( j + 1)

⎧

∞

dr r G nω (r ) Fnω (r ).

(4.11)

0

For the Coulomb potential it can be evaluated analytically to yield the so-called Dirac
value
ω
gD =
(4.12)
(2ωΔnω − 1),
2 j ( j + 1)
where Δnω is the Dirac energy (4.6). This expression can be expanded in powers of
ν Z with the zeroth-order term given by the well known Landé formula,
gL =

j ( j + 1) − l(l + 1) + 43
2ω
=1+
,
2ω + 1
2 j ( j + 1)

(4.13)

In particular, for 1s, 2s, and 2 p states one finds
⎨
2⎪ 
2 1 − (ν Z )2 + 1
3
1
2
= 2 − (ν Z )2 − (ν Z )4 − · · · ,
3
6
⎜
⎩
⎦
⎤

2
2 1 + 1 − (ν Z )2 + 1
gD [2s1/2 ] =
3
gD [1s1/2 ] =

1
5
= 2 − (ν Z )2 − (ν Z )4 − · · · ,
96
⎜
⎩6
⎦
⎤

2
2 1 + 1 − (ν Z )2 − 1
gD [2 p1/2 ] =
3
2 1
5
− (ν Z )2 − (ν Z )4 − · · · ,
3 6
96
⎨
4 ⎪ 
gD [2 p3/2 ] =
2 4 − (ν Z )2 + 1
15
2
1
4
(ν Z )4 − · · · .
= − (ν Z )2 −
3 15
120
=

(4.14)

(4.15)

(4.16)

(4.17)

The quantum electrodynamics predicts deviations of the g factors from the Dirac
values (4.12, 4.14). In particular, the free electron g factor is given by
⎩
gfree = 2 1 +

∞

i=1

A

(2i)

⎤ ν ⎦i
ρ

⎜
,

(4.18)
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where the coefficient A(2) , A(4) , and A(6) are known analytically, while A(8) is
evaluated numerically,
1
,
2
= −0.328 478 965 579 . . . ,

A(2) =
A(4)

A(6) = 1.181 241 456 . . . ,
A(8) = −1.9144(35).

(4.19)

For further detail on these outstanding research we refer the reader to the Chaps. 1
and 2 of the present book.
For low-Z systems the g factor, as well as any other quantity, like e.g. binding
energy, can be presented as an expansion in two parameters ν and ν Z
g=

∞


ν i (ν Z )k Bi, k .

(4.20)

i, k=0

Since the formulation of relativistic quantum mechanics till present a lot of theoretical
efforts were devoted to analytical and numerical evaluation of the coefficients Bi, k .
However, the expansion in ν Z is poorly convergent in general. For middle-Z and
high-Z systems the complete ν Z -dependent results are preferable. On the other hand,
in this case, 1/Z is suitable expansion parameter for many-electron contributions
alongside with ν. It represents the ratio of electron–electron to electron–nucleus
interaction strengths. Among other quantities, related to the bound electron, like e.g.
binding energy or hyperfine splitting, the g factor has a specific property, that all
the many-electron contributions possess the ↔(ν Z )2 behaviour, i.e. vanish in the
non-relativistic limit.
The complexity of QED treatment grows very rapidly with each order of the perturbation theory. It is manifold: the derivation of general formulas, the identification
of the divergences and their proper regularization, time consumption of the numerical
implementation.
In the following paragraphs of this section we consider the evaluation of the QED
corrections to the g-factor within the Furry picture. A summary of the results obtained
within the ν Z expansion is given as well.

4.2.1 Screening Potential
The potential V (r ) in (4.4) can be not just the nuclear potential Vnucl (r ), but
some effective spherically symmetric potential Veff (r ) that approximately takes into
account the interelectronic interaction in many-electron systems. Evaluations of some
contribution to the g-factor with this potential provides an approximate account for
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the screening effect on this contribution. An ultimate simplification of this method is
the replacement of the nuclear charge Z by the ‘effective charge’ Z eff A well-known
choice of Veff (r ) is the core-Hartree (CH) potential
⎧

∞

Veff (r ) = Vnucl (r ) + ν

dr ∞

0

1
∂c (r ∞ ).
r>

(4.21)

Here ∂c is the density of the core (closed shells) electrons,


∂c (r ) =

(2 jc + 1) (G 2c (r ) + Fc2 (r )),

(4.22)

ωc ,n c

where ωc and n c are the quantum numbers of the closed shells, G c and Fc are the
corresponding radial components of the wave function (4.5), and 2 jc + 1 reflects
the number of electrons in the closed shell. The potential derived from the densityfunctional theory reads [16, 84]
⎧

∞

Veff (r ) = Vnucl (r ) + ν
0

dr ∞

1
ν
∂t (r ∞ ) − xν
r>
r



81
r∂t (r )
32ρ 2

1/3
. (4.23)

Here ∂t is the total electron density, including the closed shells and the valence
electron,

(2 jc + 1) (G 2c (r ) + Fc2 (r )).
(4.24)
∂t (r ) = (G a2 (r ) + Fa2 (r )) +
ωc ,n c

The parameter xν can be varied from 0 to 1. The cases of values xν = 0, 2/3
and 1 are referred to as the Dirac-Hartree, the Kohn-Sham and the Dirac-Slater
potentials, respectively. The potentials of these form (4.23) lack proper asymptotic
behaviour −ν(Z − N + 1)/r at large r , where N is the total number of electrons. It
can be restored with the Latter correction [61]. The effective potential Veff (r ) (4.21,
4.23) implies self-consistency, i.e. the wave functions used to construct the potential
should be solutions to the Dirac equation with the same potential. In practice it can
be achieved by iterations until the convergence is reached.

4.2.2 Effective Hamiltonian
The value of the QED correction for free electron (4.18) can be employed for approximate evaluation of various QED contributions to the bound-electron g factor. Below,
the corresponding effective Hamiltonian is derived.
The operator of the electromagnetic interaction
j μ Aμ = ieδγ μ δ Aμ

(4.25)
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can be transformed to the following form
μ

μ

j μ Aμ = j1 Aμ + j2 Aμ
⎟
ie 
μ
j1 Aμ =
σμ δδ − δσμ δ Aμ − e2 δδ Aμ Aμ
2
1
1
μ
j2 Aμ = − e δε μλ δ Fμλ = − e δ [π(Σ · B) − iπ(α · E)] δ,
4
2

(4.26)
(4.27)
(4.28)

where ε μλ = 21 (γ μ γ λ − γ λ γ μ ) and Fμλ = σμ Aλ − σλ Aμ is the tensor of electromagnetic field. This transformation is known as Gordon decomposition. The first
part corresponds to the electromagnetic interaction of a spinless particle. The second
part in the non-relativistic limit simplifies to
σ
μ
j2 Aμ = −g μB Γ † Γ · B,
2

(4.29)

with g = 2. Here, Γ is the large component of δ, which coincides with the
Schrödinger wave function in the non-relativistic limit. This corresponds to the classical formula −μ · B for the particle with arbitrary g factor. Therefore, one can
substitute g = 2 with 2 + κg to obtain the additional term to the Dirac Hamiltonian,
that approximately accounts for the anomalous magnetic moment,
h rad = −αg

e
[π(Σ · B) − iπ(α · E)] .
4

(4.30)

This expression was proposed by Wolfgang Pauli for the nucleons, which obey the
Dirac equation at low energies, but exhibit large deviations of the g factors from 2:
g p ≈ 2.793, gn ≈ −1.913. For the free electron αg = gfree − 2 has the quantum
electrodynamical origin, and it can be written as an expansion in ν/ρ (4.18).The
expression (4.30) can be employed for approximate treatment of QED effects, which
is especially useful for evaluation of the higher-order contributions. Since (4.30) is
the non-relativistic limit of the full Hamiltonian, the approximation works better for
lower Z . Brodsky and Primack [13] showed that the Breit equation with h rad (4.30)
leads to the proper radiative corrections to the bound-electron g factor in the lowest
order in ν Z . Hegstrom and Grotch used it to evaluate various contributions to the
g factor [34, 35, 37–40]. Relativistic many-electron calculations with the Hegstrom
Hamiltonian were performed in [3, 27, 30, 105, 114–116].

4.2.3 One-Electron QED Effects
In this section we consider quantum electrodynamical corrections to the g-factor,
which do not involve the interaction between electrons. These corrections are relevant
both for hydrogen-like and many-electron systems. The leading-order one-electron
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Fig. 4.2 One-loop self-energy diagrams for the g factor

corrections to the g factor arise from the diagrams of self-energy (Fig. 4.2) and
vacuum polarization (Fig. 4.5).

4.2.3.1 Self Energy
The contribution of the self-energy diagrams is given by the sum of so-called ‘irreducible’, ‘reducible’, and ‘vertex’ parts:
irr
red
ver
+ αE SE
+ αE SE
.
αE SE = αE SE

(4.31)

The irreducible part originates from diagrams (a) and (b) of Fig. 4.2 where the energy
of the intermediate state between the magnetic vertex and the self-energy loop is not
equal to the energy of the reference state. The corresponding expressions reads
  ∼a|Σ R (Δa )|n 1 ≈∼n 1 |Vmagn |a≈ 
.
Δa − Δn 1
n

Δn 1 ≥=Δa
irr
=2
αE SE

(4.32)

1

Here Σ R (E) = Σ(E) − γ 0 Πm, while Πm is the mass counterterm and Σ(E) is the
self-energy operator defined by
∼ p|Σ(Δ)|q≈ =

i
2ρ

⎧

∞

−∞

dχ

 ∼ pn|I (χ)|nq≈
n

Δ − χ − uΔn

,

(4.33)

where u = 1 − i0. The operator I (χ, r1 , r2 ) is derived from the photon propagator,
see Sect. 4.2.4. The self-energy operator and the mass counterterm both possess
ultraviolet (UV) divergences, which are partly cancelled in the difference Σ R (E).
The remainder can be written as
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∼ p|Σ R (Δ)|q≈ = B (1) (Δ − Δ p )Π pq + finite part,

(4.34)

in assumption that | p≈ and |q≈ are solutions to the Dirac Eq. (4.3). B (1) is the
UV-divergent constant, which can be evaluated explicitly within the particular regularization approach, e.g. dimensional regularization. It is easy to see, that the UV(SE, irr)
appears to be zero.
divergent part of αE a
The ‘reducible’ part originates partly from diagrams (a) and (b) of Fig. 4.2 and
partly from the additional non-diagram terms of the perturbation theory,
red
= ∼a|Ω ∞ (Δa )|a≈∼a|Vmagn |a≈
αE SE
⎧ ∞
 ∼an 1 |I (χ)|n 1 a≈
i
dχ
∼a|Vmagn |a≈.
=−
2ρ −∞
(Δa − χ − uΔn 1 )2
n

(4.35)

1

(SE,red)

With the help of Eq. (4.34) one finds the UV-divergent part of αE a
to be
B (1) ∼a|Vmagn |a≈. The ‘vertex’ part corresponds to the diagram (c) of Fig. 4.2,
ver
αE SE

i
=
2ρ

⎧

∞

−∞

dχ


n 1 ,n 2

∼an 2 |I (χ)|n 1 a≈∼n 1 |Vmagn |n 2 ≈
.
(Δa − χ − uΔn 1 )(Δa − χ − uΔn 2 )

(SE,ver)

(4.36)

The UV-divergent part of αE a
is −B (1) ∼a|Vmagn |a≈, so the sum of the
reducible and vertex parts is UV-finite. In practical calculations, the isolation
of the UV-divergences is performed after the separation of the zero- and onepotential terms, which are treated in the momentum space. It was first proposed by
Snyderman [96] for the self-energy correction to the energy levels and implemented
numerically by Blundell and Snyderman [8]. This separation is based on the socalled ‘potential expansion’ schematically depicted in Fig. 4.3 for the self-energy
irr , αE red ). Similar expansion for the vertex diagram (αE ver ) is shown
diagram (αE SE
SE
SE
in Fig. 4.4. Strictly speaking, only the zero-potential term possesses UV-divergencies
and requires separate treatment for the reducible and vertex parts. However, separation of the one-potential term significantly facilitates the convergence of the
partial-wave expansion of the remaining part, evaluated in coordinate space. It was

Fig. 4.3 Potential expansion for the self-energy diagram
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Fig. 4.4 Potential expansion for the vertex diagram

first employed in [119], together with a special treatment of the momentum-space
integration, which utilizes the particular form of the operator Vmagn in the momentum
space.
Vertex and reducible parts suffer from infrared (IR) divergences, which arise in
terms with Δn 1 = Δn 2 = Δa . These terms can be isolated and evaluated introducing
the non-zero photon mass to yield the finite result in total. Another way to treat
red and αE ver together to ensure that the divergent
IR-divergences is to evaluate αE SE
SE
terms are summed up before the χ-integration is performed.
The first evaluation of the self-energy correction to the g-factor to all orders in ν Z
was done by Blundell, Cheng and Sapirstein [9] and by Persson, Salomonson and
Lindgren [80] for the 1s state. Yerokhin, Indelicato and Shabaev [119, 120] extended
the calculation to the 2s state and strongly improved the numerical accuracy. This was
achieved with the analytical representation of the Coulomb-Green function and with
the specific evaluation procedure for the zero- and one-potential terms, as has been
mentioned above. Later Yerokhin and Jentschura [121, 122] extended the calculation
to the 3s, 2 p1/2 an 2 p3/2 states and further improved the accuracy for low Z .
4.2.3.2 Vacuum Polarization
There are two types of the vacuum-polarization diagrams: the ‘electric-loop’
(Fig. 4.5a, b) and the ‘magnetic-loop’ (Fig. 4.5c),

Fig. 4.5 One-loop vacuum polarization diagrams for the g factor
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el
ml
αE VP = αE VP
+ αE VP
.

(4.37)

The contribution of the electric-loop diagrams is given by
Δn 1 ≥=Δa
el
αE VP

=2



⎩

n1

⎜
el |n ≈∼n |V
∼a|VVP
1
1 magn |a≈
,
Δa − Δn 1

(4.38)

where the electric-loop vacuum-polarization potential VVP,el is defined as
el
∼ p|VVP
|q≈

i
=−
2ρ

⎧

∞

−∞

dχ

 ∼ pn|I (0)|qn≈
n

χ − uΔn

.

(4.39)

This divergent expression becomes finite after the charge renormalization procedure
[71]. The potential expansion, similar to that for the self-energy diagram, is employed
to isolate the divergency (Fig. 4.6). The renormalized expression for the leading term
of the expansion, the Uehling potential, reads


⎧ ∞ 
2
ν
1
el−Ue
(r ) = −ν Z
dt t 2 − 1 2 + 4
VVP
3ρ 1
t
t
⎧
∞
∂(r )
,
× d 3 r∇ exp (−2|r − r∇ |)
|r − r∇ |

(4.40)

where ∂(r ) is the density of the nuclear charge distribution. The remainder, called
Wichmann-Kroll potential, is finite. Based on the detailed investigation of the
electric-loop vacuum-polarization potential [67, 87, 97, 102, 113], the corresponding correction to the g factor was evaluated for 1s [5, 6] and for 2s [27] states.
The contribution of the magnetic-loop diagram is given by
ml
ml
= ∼a|VVP
|a≈,
αE VP
ml is defined as
where the magnetic-loop potential VVP

Fig. 4.6 Potential expansion for the electric-loop vacuum-polarization diagram

(4.41)
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Fig. 4.7 Potential expansion for the magnetic-loop vacuum-polarization diagram

ml
∼ p|VVP
|q≈

i
=−
2ρ

⎧

∞
−∞

dχ

 ∼ pn 2 |I (0)|qn 1 ≈∼n 1 |Vmagn |n 2 ≈
.
(χ − uΔn 1 )(χ − uΔn 2 )
n ,n
1

(4.42)

2

The corresponding potential expansion is depicted in Fig. 4.7. Due to the particular
properties of the operator Vmagn (4.8) the Uehling term of VVP,ml vanishes. The
remaining Wichmann-Kroll part has not been calculated rigorously up-to-date. In
[54] the leading-order term in ν Z was derived for ns states. In [62] the next-order
term and more accurate, although not exact, ν Z -dependent results were obtained.
4.2.3.3 Expansion in α Z
The diagrams of the second and higher orders in ν give rise to the corresponding
corrections to the g factor. The all-order in ν Z results are not available up-to-date,
even for two-loop diagrams. To zeroth order in ν Z these terms are related to the
free-electron values (4.18, 4.19) [12],
αgQED = −

1
(gfree − 2).
2ωa + 1

(4.43)

Moreover, for ns-states the (ν Z )2 -term is given by


(ν Z )2
(gfree − 2).
αgQED = 1 +
6n 2

(4.44)

This relation was derived for the first order in ν for 1s state by Grotch [33]. It was
generalized to ns state by Grotch and Kashuba [31, 32], while the expression derived
in that chapter for arbitrary states was later found to be incomplete for l ≥= 0. In [17]
it was argued that the Eq. (4.44) for n = 1 is valid to all orders ν, and in [90]
this statement was generalized to ns state. This result is based on the approximate
Hamiltonian, considered in Sect. 4.2.2.
In [14] the complete expression for ν(ν Z )2 correction for arbitrary hydrogenic
state was derived. This expression involves summation over the intermediate states
and is hardly evaluable analytically. An attempt to calculate it numerically for 2 p
state yielded wrong result due to incomplete basis set employed. Recently, Jentschura
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[46] recalculated this term within an independent approach, confirmed the expression
obtained in [14], and found the correct coefficients of the ν(ν Z )2 terms for np j states
with n = 2, 3, 4, j = 1/2, 3/2. It was confirmed by numerical evaluation for n = 2
in [121, 122].
One-loop contributions of the higher orders in ν Z , which complement the
all-order in ν Z results, were addressed in [76, 77] (self-energy through the order
ν(ν Z )4 for ns states) and in [49–52, 54, 62] (vacuum polarization through the order
ν(ν Z )6 ).
Two-loop contributions of the order ν 2 (ν Z )4 were derived by Pachucki and coauthors [76–78] for ns states, while a certain part of the ν 2 (ν Z )5 term (vacuumpolarization diagrams with two closed electric loops) was evaluated by Jentschura
[45] for 1s state.
We mention here some general properties of the ν Z -expansion. There are no
terms of the orders ν Z , (ν Z )3 , and the (ν Z )2 -term is of purely kinematic origin.
Terms starting from (ν Z )4 are also accompanied by the powers of ln(ν Z ), and there
are odd powers as (ν Z )5 and higher. As noticed in [78], the ν Z -expansion appears
to be poorly convergent, e.g. for Z = 20 for 1s state the (ν Z )2 and (ν Z )4 terms are
of the same magnitude due to the large value of the coefficient in the latter.

4.2.4 Many-Electron QED Effects
The diagrams with two or more electron lines, connected by photon lines, lead to the
contributions of the order 1/Z and higher. As mentioned above, all of these terms
are of pure relativistic origin and, accordingly, have additional smallness of (ν Z )2 .

4.2.4.1 Interelectronic Interaction
The contribution of the diagrams without self-energy or vacuum polarization loops
is referred to as the interelectronic-interaction correction αgint . The diagrams with
n photon lines (n-photon exchange) lead to the correction of the order (ν Z )2 /Z n ,

αgint = gL (ν Z )2


1
1
1
B(ν Z ) + 2 C(ν Z ) + 3 D(ν Z ) + · · · ,
Z
Z
Z

(4.45)

where gL is the non-relativistic value (4.13). One should mention, that the complete
evaluation of these terms is only possible within the QED framework. The leading
(ν Z )2 contribution can be obtained within the Breit approximation employing the
quantum mechanical approaches (MBPT, DF, DFS), however the contribution of the
negative-energy states requires a special treatment.
The first-order term is represented by the one-photon-exchange diagram (Fig. 4.8).
The corresponding contribution to the g factor reads
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Fig. 4.8 One-photon
exchange contribution to
the g factor

(1)

αE int


n ≥ =Δa
 Δ
∼a|Vmagn |n≈ [∼nb|I (0)|ab≈ − ∼nb|I (αab )|ca≈]
=2

Δa − Δn
m
n
b

Δ
n ≥ =Δb

∼b|Vmagn |n≈ [∼na|I (0)|ba≈ − ∼na|I (αab )|ab≈]
Δb − Δn
n



− ∼a|Vmagn |a≈ − ∼b|Vmagn |b≈ ∼ab|I ∞ (αab )|ba≈ .
+

(4.46)

Here αab = Δa − Δb , and I (χ) is the QED interelectronic-interaction operator,
directly related to the photon propagator Dμλ (χ),
I (χ, r1 , r2 ) = e2 ν μ ν λ Dμλ (χ, r1 − r2 ),

I ∞ (χ) =

dI (χ)
.
dχ

(4.47)

In the Feynman gauge it is given by
I (χ, r1 , r2 ) = ν(1 − α 1 · α 2 )

exp (iχr12 )
.
r12

(4.48)

In the Coulomb gauge it is given by


exp (iχr12 )
1
− α1 · α2
r12
r12



exp (iχr12 ) − 1
.
+ α1 · ∇1 , α1 · ∇1
r12

I (χ, r1 , r2 ) = ν

(4.49)

For details see e.g. [92]. The one-photon-exchange correction to the g factor was
calculated in [90] for lithium-like ions in a wide range of Z and in [25, 95] for
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boron-like argon and lead. The finite-basis-set method with the basis functions constructed from B-splines was employed to perform the infinite summation over the
Dirac spectrum.
A distinct property of the magnetic interaction operator Vmagn (4.8) is the mixing
of the ‘large’ and ‘small’ components of the wave function (see Eq. (4.11)). While
for positive-energy Dirac states the mean magnitude of F(r ) is roughly the mean
magnitude of G(r ) times ν Z , for negative-energy states this relation is opposite. As
a consequence, the matrix elements of Vmagn between the positive-energy states are
generally smaller, with the factor ν Z , than those between the positive- and negativeenergy states. Due to this, and due to the fact that the non-relativistic limit of the
interelectronic-interaction correction is zero, the contribution of the negative-energy
(1)
is not small as compared to the positive-energy states. In particular,
states to αE int
for the pure Coulomb potential in the non-relativistic limit these parts amount to
−0.5 and 1.5 of the total result, respectively.
Rigorous evaluation of the two-photon exchange contribution to the g factor has
been accomplished only recently for the case of Li-like silicon [111]. The corresponding diagrams can be classified into two-electron and three-electron ones, as
presented in Figs. 4.9 and 4.10, respectively.
As has been mentioned, the rigorous QED treatment is much more complicated for
each next order of the perturbation theory. Still, the contribution of higher orders can

Fig. 4.9 Two-photon exchange contribution to the g factor: two-electron diagrams
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Fig. 4.10 Two-photon exchange contribution to the g factor: three-electron diagrams

be large enough, as compared to the uncertainty achieved in recent measurements.
Therefore, an approximate treatment is highly desirable.
4.2.4.2 QED Screening Effects
There are many-electron QED diagrams which contain self-energy and/or vacuumpolarization loops. In order to distinguish them from the ‘interelectronic- interaction’
diagrams considered in Sect. 4.2.4.1, these ones are referred to as ‘screened QED’
diagrams, since they correspond to the screening of the one-electron QED effects.
The leading order is represented by the two-electron self-energy (or screened
self-energy) diagrams (Fig. 4.11) and by the two-electron vacuum-polarization (or
screened vacuum-polarization) diagrams (Fig. 4.12). The first set was evaluated rigorously for Z = 82, 92 [29, 110]. For lower Z the convergence of the partial-wave
expansion worsen, and the accuracy becomes unacceptable. In addition, the accuracy suffers from the large cancellation of individual terms. The dominant part of the
two-electron vacuum-polarization contribution was evaluated in [29, 110] as well.
As an alternative to the rigorous evaluation of the two-electron QED diagrams,
one can compute the one-electron QED corrections with the screening potential,
described in Sect. 4.2.1. This approach was employed in [28] for lithium-like ions
and in [25] for boron-like argon.
Another method to evaluate the QED screening effects in lithium-like ions is the
perturbation theory based on the approximate non-relativistic Hamiltonian, introduced in Sect. 4.2.2. This method is much more simple in numerical implementation
than the rigorous evaluation of the two-electron QED diagrams, and is free from
the problems of large cancellations and partial-wave expansion convergence. At the
same time, it allows to account for the leading order in ν Z exactly, so it fits best the
low-Z ions.
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Fig. 4.11 Two-electron self-energy contribution to the g factor

4.3 Nuclear Recoil Effect
Consideration of the finite nuclear mass goes beyond the Furry picture of QED.
Due to the smallness of the electron-to-nucleus mass ratio m/M the nucleus can be
considered as a non-relativistic particle. On the other hand, for highly charged ions
the results without expansion in ν Z are desirable, which means the summation of the
infinite number of diagrams of the electron-nucleus interaction. To the first order in
m/M the complete ν Z -dependent formulae were derived in [89]. It can be presented
in the following form:
L
H
+ αgrec
.
αgrec = αgrec

(4.50)

L was evaluated analytically for arbitrary state in case of the pure Coulomb
αgrec
potential with the help of generalized virial relations [88]. The result for 1s state
reads
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Fig. 4.12 Two-electron vacuum-polarization contribution to the g factor

L
αgrec
[1s]

m
(ν Z )2
=
M

⎩

⎜
(ν Z )2

1−
.
3(1 + 1 − (ν Z )2 )2

(4.51)

The higher-order part involves the integration over the photon energy, similar to
the self-energy correction. The corresponding numerical evaluation for 1s state was
performed in [91]. The lowest-order terms in ν Z were derived previously in [21, 22,
34, 35].

4.4 Nuclear Size and Polarization Effects
The effect of finite nuclear size can be introduced as a modification of the nuclear
potential according to some model of the nuclear charge distribution. The parameters
of this distribution, firstly the root-mean-square radius ∼r 2 ≈1/2 , are to be determined
from experiment. In [49] the analytical formula for the leading-order term for the 1s
state was derived,
αgns [1s] =

8
(ν Z )4 ∼r 2 ≈.
3

(4.52)

In [26] a relativistic formula for arbitrary state was derived. For medium and high
nuclear charge the numerical evaluation according to (4.11) with the finite nucleus
potential delivers more accurate results. The Fermi model and the model of homogeneously charged sphere are mostly used. Since more detailed knowledge about
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the nuclear charge distribution is hardly available, the uncertainty of this contribution sets the ultimate limit for the ab initio theoretical prediction of the g factor.
This uncertainty grows with Z faster than Z 4 and for H-like uranium amounts to
2.5 × 10−6 , which is comparable with the two-loop QED correction and with the
recoil correction. In order to tackle this problem it was proposed in [90] to consider
the specific difference of the g-factor values of H-like and Li-like ions of the same
isotope,
g ∞ = g[(1s)2 2s] − Σ g[1s] ,
Σ = αgns [(1s)2 2s]/αgns [1s].

(4.53)
(4.54)

The parameter Σ is chosen so as to cancel the nuclear size effect in g ∞ . As was shown
numerically [90] Σ is much less sensitive to the model of the nuclear charge distribution. Therefore the differences g ∞ is advantageous, as it can be theoretically evaluated
to much higher accuracy than the g factors g[1s] and g[(1s)2 2s] themselves. This
idea motivated further investigations of the g factor of Li-like ions. In [95] it was proposed to consider the specific difference of the g-factor values of H-like and B-like
ions of the same isotope,
g ∞ = g[(1s)2 (2s)2 2 p1/2 ] − Σ g[1s] ,

(4.55)

Σ = αgns [(1s) (2s) 2 p1/2 ]/αgns [1s].

(4.56)

2

2

The nuclear polarization effect was investigated by Nefiodov, Plunien and Soff
[75]. This contribution is small, but it limits the theoretical accuracy of the specific
differences (4.53, 4.55), as well as for the separate g-factor values.

4.5 Zeeman Splitting in Few-Electron Ions
The magnetic moment of the atom manifests itself in the Zeeman level splitting
whenever it is exposed to an external magnetic field. In case of the zero nuclear spin,
the Zeeman effect is determined by the bound electrons. The Zeeman shift of each
level can be evaluated within the perturbation theory,
(1)
(2)
(3)
E A (B) = E (0)
A + αE A (B) + αE A (B) + αE A (B) + · · · ,

(4.57)

where |A≈ = |γ , J, M J ≈ is the state with the total angular momentum J and its
projection M J , while γ stands for all other quantum numbers. Each term of the
perturbation expansion is proportional to the magnetic field strength to the corre(0)
n
sponding power, αE (n)
A (B) ↔ B . E A is just the energy in the absence of magnetic
field. The first-order term is directly related to the g factor (4.1) Theoretical value of
the g factor is conveniently presented in the form,
g = gD + αgQED + αgint + αgSQED + αgnuc .

(4.58)
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Fig. 4.13 Leading-order diagrams for the second- and third-order zeeman effect

Here gD is the Dirac value (4.12), αgQED is the one-electron QED correction (see
Sect. 4.2.3), αgint is the interelectronic-integration correction, (see Sect. 4.2.4.1),
αgQED is the screened QED correction (see Sect. 4.2.4.2), αgnuc is the sum of the
nuclear recoil, finite nuclear size and nuclear polarization corrections (see Sect. 4.4).
The QED theory of the g factor has been considered in detail in previous sections of
this chapter.
In the next subsection we consider the non-linear in magnetic field contributions
(B).
αE (2,3)
A

4.5.1 Non-linear in Magnetic Field Effects
The second-order term in the Zeeman splitting can be presented in the following
form:
(2)
2
2
αE (2)
A (B) = g (M J )(μB B) /(m e c ),

(4.59)

where the dimensionless coefficient g (2) is introduced, by analogy with the g factor.
The dependence of this term on M J is not as simple as for the first-order effect.
However, g (2) obeys the symmetry relation g (2) (−M J ) = g (2) (M J ). Due to this
relation the quadratic effect does not affect the Zeeman splitting for J = 1/2. So,
it is not observable in the ground-state g-factor measurements in hydrogen-like and
lithium-like ions. It can be observed e.g. in boron-like ions, if the first excited state
P3/2 is available for measurement, as it was proposed in [64] for boron-like argon.
(2)
The leading-order contribution to αE A can be calculated according to the formula:
(2)

αE A (B) =

∞ ∼a|Vmagn |n≈∼n|Vmagn |a≈
n

Δa − Δn

The corresponding diagram is depicted in Fig. 4.13.

.

(4.60)
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+2nd order
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Zeeman splitting

fine structure

Fig. 4.14 Level scheme of the 2 2PJ states of boron-like ion in external magnetic field with higherorder contributions to the zeeman effect (not true to scale)

Typically, for the magnetic fields of several Tesla the quadratic effect is rather
small. However, it can be strongly enhanced due to the small energy difference
between the levels mixed by the magnetic interaction. Such situation takes place in
boron-like ions, especially for low nuclear charge. In this case a simple order-ofmagnitude estimation is valid,
αE (2)
A (B)
αE (1)
A (B)

(0)

↔

αE (1)
A (B)
,
αE FS

(4.61)

(0)

where αE FS = E 3/2 − E 1/2 is the fine-structure interval Fig. 4.14.
The third-order term in the Zeeman splitting can be presented in the following
form:
(3)

αE A (B) = g (3) (M J )(μB B)3 /(m e c2 )2 ,

(4.62)

where the dimensionless coefficient g (3) obeys the relation g J (−M J ) = −g J (M J ).
(3)
The leading-order contributions to αE A can be calculated according to the formula:
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αE (3)
A (B) =

 ∞ ∼a|Vmagn |n 1 ≈∼n 1 |Vmagn |n 2 ≈∼n 2 |Vmagn |a≈
(Δa − Δn 1 )(Δa − Δn 2 )

n 1 ,n 2

∞ ∼a|Vmagn |n≈∼n|Vmagn |a≈
−
∼a|Vmagn |a≈,
(Δa − Δn )2
n

(4.63)

The third-order effect is strongly enhanced in boron-like ions as well. Orderof-magnitude estimation in this case reads
⎡

(3)

αE A (B)
(1)

αE A (B)

↔

(1)

αE A (B)
αE FS

⎣2
.

(4.64)

References
1. O.V. Andreev, D.A. Glazov, A.V. Volotka, V.M. Shabaev, G. Plunien, Evaluation of the
screened vacuum-polarization corrections to the hyperfine splitting of Li-like bismuth. Phys.
Rev. A 85, 022510 (2012)
2. I. Angeli, A consistent set of nuclear rms charge radii: properties of the radius surface R(N;Z).
At. Data Nucl. Data Tables 87, 185 (2004)
3. J.M. Anthony, K.J. Sebastian, Relativistic corrections to the zeeman effect in heliumlike
atoms. Phys. Rev. A 48, 3792 (1993)
4. A.N. Artemyev, V.M. Shabaev, I.I. Tupitsyn, G. Plunien, V.A. Yerokhin, QED Calculation of
the 2p3/2 -2p1/2 transition energy in boronlike argon. Phys. Rev. Lett. 98, 173004 (2007)
5. T. Beier, The g j -factor of a bound electron and the hyperfine structure splitting in hydrogenlike
ions. Phys. Rep. 339, 79 (2000)
6. T. Beier, I. Lindgren, H. Persson, S. Salomonson, P. Sunnergren, H. Häffner, N. Hermanspahn,
g-Factor of an electron bound in a hydrogenlike ion. Phys. Rev. A 62, 032510 (2000)
7. T. Beier, S. Djekic, H. Häffner, P. Indelicato, H.-J. Kluge, W. Quint, V.M. Shabaev, J. Verdú,
T. Valenzuela, G. Plunien, V.A. Yerokhin, Determination of the electron’s mass from g-factor
experiments on 12 C5+ and 16 O7+ . Nucl. Instrum. Methods Phys. Res. B 205, 15 (2003)
8. S.A. Blundell, N.J. Snyderman, Basis-set approach to calculating the radiative self-energy in
highly ionized atoms. Phys. Rev. A 44, R1427 (1991)
9. S.A. Blundell, K.T. Cheng, J. Sapirstein, Radiative corrections in atomic physics in the presence of perturbing potentials. Phys. Rev. A 55, 1857 (1997)
10. G. Breit, The magnetic moment of the electron. Nature 122, 649 (1928)
11. S.J. Brodsky, J.R. Primack, The electromagnetic interactions of composite systems. Ann.
Phys. (N.Y.) 52, 315 (1969)
12. S.J. Brodsky, R.G. Parsons, Precise theory of the zeeman spectrum for atomic hydrogen and
deuterium and the lamb shift. Phys. Rev. 163, 134 (1967)
13. S.J. Brodsky, J.R. Primack, Electromagnetic interactions of loosely-bound composite systems.
Phys. Rev. 174, 2071 (1968)
14. J. Calmet, H. Grotch, D.A. Owen, Comment on radiative magnetic energy shifts in hydrogen.
Phys. Rev. A 17, 1218 (1978)
15. F.E. Close, H. Osborn, Relativistic extension of the electromagnetic current for composite
systems. Phys. Lett. B 34, 400 (1971)
16. R. Cowan, The Theory of Atomic Spectra (University of California Press, Berkeley, 1981)
17. A. Czarnecki, K. Melnikov, A. Yelkhovsky, Anomalous magnetic moment of a bound electron.
Phys. Rev. A 63, 012509 (2001)
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Chapter 5

The Magnetic Moments of the Proton
and the Antiproton
Stefan Ulmer and Christian Smorra

Abstract A comparison of the magnetic moments of the proton and the antiproton
provides a sensitive test of matter-antimatter symmetry. While the magnetic moment
of the proton is known with a relative precision of 10−8 , that of the antiproton is
only known with moderate accuracy. Important progress towards a high-precision
measurement of the particle’s magnetic moment was reported in 2011 by a group
at Mainz when spin transitions of a single proton stored in a cryogenic Penning
trap were observed. To resolve the single-proton spin flips, the so-called ’continuous Stern-Gerlach effect’ was utilized. Using this technique, the proton magnetic
moment was measured by two groups at Mainz and Harvard with relative precisions of 8.9 × 10−6 and 2.5 × 10−6 , respectively. Currently, two collaborations at
the CERN antiproton decelerator (AD)—a part of ATRAP and BASE—are pushing
their efforts to apply the methods developed for the proton to measure the magnetic
moment of the antiproton. Very recently, DiSciacca et al. reported on a measurement
of the antiproton’s magnetic moment with a relative precision of 4.4 ppm, which is a
improvement of the formerly best value by about a factor of 680. Using the so-called
double Penning trap technique, both collaborations aim for a precision measurement
at the level of at least 10−9 in future experiments, which would provide a highly
sensitive test of the CPT symmetry using baryons.

5.1 Introduction
The Standard Model of elementary particle physics [1] is the pride and joy of modern physics. This locally gauge-invariant, unitary, relativistic SU(3)xSU(2)xU(1)
quantum field theory describes many aspects observed in nature, and two of the
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four known fundamental interactions, electromagnetism and weak interaction, were
unified in its framework [2, 3]. Using the concept of spontaneous symmetry breaking, the SM explains the appearance of mass, mediated by the scalar Higgs field,
which is propagated by a hypothetic massive boson, the so-called Higgs particle [4].
Very recently the ATLAS and the CMS collaborations at the large hadron collider at
CERN announced the highly exciting 4.9 sigma significant discovery of a preliminarily unknown massive boson at an energy where the Higgs boson is expected to
be, i.e. at 125 GeV [5, 6].
Although the SM witnesses a deep human understanding of some aspects of
nature, even for massless neutrinos it still involves 18 free parameters, such as particle masses, CKM mixing angles, phases and coupling constants. Moreover, many
physics mechanisms and experimental observations are introduced into the model ‘by
hand’. In addition, several physics phenomena are known which are not involved in
the SM, such as dark matter and dark energy, gravitation, neutrino oscillations or the
observed matter excess in the universe, the so-called baryon asymmetry. The investigation of these physics beyond the standard model is subject of numerous global
physics research programs, which are dedicated to settle these questions and perhaps
give guidance towards one of the major goals of modern fundamental physics-the
development of a consistent grand unified theory (GUT).
Complementary to high-energy physics strategies, high-precision experiments at
very low energies provide important contributions for the development of an even
deeper understanding of nature. In these experiments, particle and antiparticle parameters such as for example charge, mass or magnetic moments are compared with
very high precision, providing stringent test of the so-called CPT-symmetry. C stands
for charge conjugation and transforms a particle to its antiparticle, P represents a parity transformation, and T a time reversal. It has been axiomatically proven, that this
symmetry holds for all relativistic quantum field theories involved in the standard
model [7, 8]. An important consequence of the CPT theorem is that particles and
their antiparticles behave identical in the sense that masses and lifetimes are exactly
the same, while the values of charges and magnetic moments are numerically identical but of opposite sign. Moreover, the CPT invariance also predicts that whenever
a particle and its antimatter mirror image collide, the particles annihilate exactly,
and so far no violation of this behaviour has been observed. On the other hand, this
is in strong contradiction to our observations of the universe which is made out of
matter, while antimatter can only be observed under highly exotic conditions, as in
cosmic rays or particle accelerator facilities which are specifically dedicated to antimatter production [8]. This matter-antimatter asymmetry in the baryon sector can be
expressed by the baryon asymmetry parameter [9]
α=

nB − nB̄
= 6 · 10−10 ,
nν

(5.1)

where nB is the baryon density, nB̄ the antibaryon density and nν the photon density in the universe. So far, no baryon number B violating processes have been
observed, which indicates that the B-asymmetry is remanent from the early phase of
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the universe. However, an explanation of the absence of antimatter in our universe
is lacking a satisfactory explanation. An intrinsic baryon asymmetry B > 0 from
the Big Bang can most likely be excluded, since in thermal equilibrium the number
of baryons and antibaryons evens out. The possibility that B = 0 and matter and
antimatter dominated regions in the universe exist is also unlikely, since so far no
annihilation radiation form the boundaries of these regions has ever been observed.
Furthermore, large energy cosmic rays contain typically 104 protons per antiproton
and no source of primary antiprotons or antinuclei has been found [10]. Thus, assuming that B = 0 at the beginning of the universe, the observed baryon asymmetry can
only be explained by a process which generates an excess of baryons over time.
According to Sakharov the necessary conditions required for such a ‘baryogenesis’
are:
1. The existence of a baryon number violating process.
2. A violation of the C and CP symmetry.
3. Thermodynamic non-equilibrium.
Within the Standard Model, B-violating processes and baryogenesis are plausible.
However, theoretical considerations show that the CP-violating phase in the CKMmatrix is not sufficiently large to consistently explain the observed baryon excess.
One proposed process consistent with the standard model is the so-called sphaleron
process, which could have taken place during the electroweak phase transition. This
process is a transition between two vacuum configurations. It conserves the B − L
quantum number, where L is the lepton number, and turns 3 leptons, one of each
generation, into 9 quarks, three of each generation [11–13]. This requires at first
a generation of a lepton asymmetry (leptogenesis), which is then converted into a
baryon asymmetry. This is favored because a lepton asymmetry could arise from
CP-violating phases in the neutrino sector, whereas the CP-violation in the quark
sector is expected to be too weak to generate the observed baryon excess in time
[14]. The sphaleron process is expected to occur at energies above 10 TeV, and
thus cannot be probed with current accelerators. Other possibilities of baryogenesis
incorporate physics beyond the Standard Model, such as in GUTs or supersymmetric theories. For example, a baryon-number and CPT-symmetry violating process
can produce a baryon asymmetry independent of the C- and CP-violating process
described by Sakharov, even in thermal equilibrium. This scenario is favoured by
string theories [15]. Therefore, CPT-violation as manifestation of physics beyond
the Standard Model and as a possible source for baryogenesis has been investigated
in many experiments.

5.2 CPT Tests
In the search for a violation of the CPT-symmetry many different matter/antimatter
systems have been compared so far (see Table 5.1). One of the most famous CPT-tests
is the widely recognized comparison of neutral Kaon/Antikaon masses [16]
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Table 5.1 A list of CPT test related to the proton antiproton g-factor comparison
Measured quantity Measurement precision CPT test precision Sensitivity
e− /e+ mass
e+ /e− g-factor
μ+ /μ− g-factor
p/p mass
p/p charge/mass
p/p g-factor
K0 /K 0 mass
H/H HFS
H/H 1S–2S

ρc
ρa
ρa
ρc and ρHFS
ρc
ρL and ρc
Decay amplitudes
ρHFS
ρ1S≡2S

7.3×10−10 [47]
2.8×10−13 [49]

9×10−11 [46]
1.0×10−8 [53]
7×10−13 [26]
4.2×10−15 [27]

8×10−9 [48]
2.1×10−12 [21]
3.7×10−9 [51]
2×10−9 [52]
9×10−11 [46]
5×10−6 [54]
7×10−4 [55]
–
–

1.3×10−20
1.6×10−21 [50]
8.7×10−24 [51]
4×10−26 [46]
5×10−21
1.3×10−18 [55]
–
–

A recent complete overview of CPT tests can be found in Ref. [56]. The measured quantities for
the CPT tests are given in the second column. ρc denotes the cyclotron frequency, ρL the Larmor
frequency, ρa the anomally frequency, ρHFS hyperfine-structure transition frequencies, ρ1S−2S the
12 S–22 S transition frequency in hydrogen. The highest relative precision achieved for the respective
quantities is listed in the third column. The fourth column lists the relative precision achieved in
matter-antimatter comparisons. The last column called sensitivity lists the figure of merit for CPT
tests as proposed in [57]. Further details are given in the text

m(K0 ) − m(K̄0 )
< 6 · 10−19 .
m(avg)

(5.2)

That figure of merit can be understood as a comparison of meson masses before
and after a CPT transformation, and thus, is at the given level consistent with CPT
conservation. In the framework of the standard model extension, which has been
developed by Kostelecky and co-workers [17–20], bounds on CPT violation are
derived which relate the achieved experimental precision to the intrinsic energy scale
of the investigated systems. This approach predicts that the precision investigation of
matter/antimatter systems with a low absolute intrinsic energy scale provides much
sharper bounds on CPT-violation as the K0 /K̄0 mass comparison. In that context,
comparisons of stable matter/antimatter systems as the electron and the positron, the
proton and the antiproton or of bound systems as hydrogen and antihydrogen are
specifically attractive. The stability of these systems allows for infinite observation
times, and thus, such comparisons meet the requirements for experimental high
precision studies. For instance, the g − 2 values of the electron and the positron were
compared with the fantastic precision of 2 × 10−12 [21]. These experiments were
carried out by measuring anomaly frequencies ρa = ρL − ρc with single particles
stored in cryogenic Penning traps, where the continuous Stern-Gerlach effect [22]
was applied to detect the spin direction of the investigated particles non-destructively.
With an improved apparatus a group at Harvard has measured the g − 2 value of the
electron with even higher precision [23], and currently methods are being developed
to improve g−2 for the positron as well. In other experiments, charges and masses of
e+ and e− were compared at a level of 4 × 10−8 [24] and 8 × 10−9 [25], respectively.
For the near future, experiments are planned to perform highly sensitive CPTtests by using antihydrogen, which is a positron e+ bound to an antiproton p̄. The
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electromagnetic spectrum of this anti-atom will be compared to that of hydrogen,
which is one of the best understood and most precisely investigated simple systems
in modern experimental physics [26, 27]. A precision measurement of the antihydrogen hyperfine structure with a relative precision of at least 5 × 10−7 [28] is planned
by the ASACUSA collaboration [29] at the antiproton decelerator (AD) at CERN
[30, 31]. In these experiments a polarized antihydrogen beam will be produced using
a superconducting anti-Helmholtz cusp polarizer followed by a radio-frequency cavity, a sextupole analyzer and an antihydrogen detector. Using this system, Rabi-like
microwave spectroscopy will be performed [32]. In later experiments the application
of Ramsey beam spectroscopy is planned and in the far future even more elegant
methods as atomic fountain spectroscopy [33] might be applied. Another experimental approach to access the hyperfine structure of antihydrogen is planned by the
ALPHA collaboration [34] using low-field seeking antihydrogen atoms trapped in
a magnetic minimum Ioffe trap. By inducing antihydrogen spin flips with magnetic
radio-frequency drives, trapped low-field seekers are transformed into high-field
seeking states, which escape from the magnetic bottle trap. Recording the antihydrogen annihilation signal as a function of the drive frequency gives as well access
to the antihydrogen hyperfine structure. Although the typical depths of the magnetic
minimum traps are only in the order of about 40 µeV, recently the first trapping of
antihydrogen atoms, was reported [35, 36]. In these experiments, storage times of up
to 1000 s were achieved. By applying the scheme described above, resonant quantum
transitions in antihydrogen have been observed for the first time [37], which is an
important milestone towards precision spectroscopy of antihydrogen.
In addition to these magnetic spectroscopy experiments, the ALPHA collaboration as well as the ATRAP collaboration [38] plan to measure the antihydrogen
1S–2S transition using two-photon spectroscopy. In companion experiments conducted with hydrogen, a high-precision measurement of the respective transition at
the level of 10−15 was achieved [39]. To reach a comparable precision in magnetic
minimum traps, the antihydrogen atoms have to be laser-cooled [40, 41]. Although
it is challenging to produce coherent continuous-wave Lyman-δ radiation with sufficient laser power, utilizing the non-linear electromagnetic susceptibility of mercury
vapor in a so-called triple-resonant four-wave mixing approach, the cw-production
of 121 nm wavelength with a power of 6 µW has been reported recently [42].
Other experimental efforts focus on microwave and optical spectroscopy of exotic
atoms [43]. With a probability of about 3 % antiprotons passing a cryogenic helium
target replace one of the two electrons and exotic p̄He+ is formed. Performing spectroscopy with these complex exotic atoms, in elegant experiments using frequencycomb-locked two-photon spectroscopy, the antiproton-to-electron mass ratio was
determined with sub-ppb precision [43].
Also the proton/antiproton system was subject of high-accuracy studies. In pioneering experiments conducted by the TRAP collaboration, which demonstrated the
first trapping of antiprotons from the Low Energy Antiproton Ring at CERN [44],
first electron cooling of antiprotons [45], as well as the first observation of a single
antiproton stored in a Penning trap, the charge-to-mass ratios of the two particles
were compared with sub-ppb precision [46]. In a first approach TRAP aimed at a
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precision comparison at the level of 10−9 by measuring the cyclotron frequency of a
single trapped proton, and then reversing the trapping potential to measure the same
value for the antiproton. In using an H− ion for these comparison experiments, systematic effects due to reversal of the trapping potential were suppressed, and finally
a precision comparison at the level of 9×10−11 was achieved (Table 5.1).

5.3 The Magnetic Moments of the Proton and the Antiproton
One quantity of stable particle-antiparticle systems has not yet been compared with
high precision, the magnetic moment
μp,p̄ = gp,p̄

e
·S
2mp,p̄

(5.3)

of the proton and the antiproton, where e/mp,p̄ is the charge-to-mass ratio, S the
particle spin, and gp,p̄ the so-called g-factor. A summary of measurements conducted
so far is shown in Fig. 5.1.
The first measurement of the magnetic moment of the proton goes back to Otto
Stern. In using his famous ‘molecular ray method’ [58], sensationally, the magnetic
moment of the proton was found to be μp = 2.5(3) · μN , where μN = (e)/(2mp )
is the nuclear magneton. The measured value differed by a factor of 2.5 from the
value expected from Dirac theory [59], and was the first experimental indication to
baryon substructure. For this trailblazing discovery, Stern received the Nobel Prize

Fig. 5.1 Experimental precision achieved by different experiments within physic history. Black
squares represent the measurements carried out with hydrogen. Red dots are results of precision
experiments using a single trapped proton in a Penning trap. The blue triangles represent spectroscopy results with antiprotonic atoms. In 2012 the ATRAP collaboration determined the magnetic
moment of a single trapped antiproton with a precision of 4.4 ppm
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in 1943. This spectacular result inspired numerous experimentalists to perpetually
increase the resolution of their techniques. Between the 1930s and the 1970s, Rabi
[60] (molecular beam method), Bloch [61, 62] (nuclear magnetic resonance method),
Sommer [63], and Collington [64] (omegatron method) continuously improved the
value to a relative precision of Δμp /μp = 1.4 × 10−5 . Presently, the most precise
value for μp is extracted from an experiment conducted about forty years ago at
the Massachusetts Institute of Technology [65]. The data are based on hyperfine
spectroscopy of an atomic hydrogen maser in a magnetic field, yielding the magnetic
moment ratio of the proton and the electron bound in atomic hydrogen μp (H)/μe (H)
at a level of 10 ppb. From this experiment the g-value of the free proton
gp = ge ·

gp
μp (H)
ge (H) mp
·
·
·
μe (H) gp (H)
ge
me

(5.4)

is calculated, where the g-factor of the electron ge , and the proton-to-electron mass
ratio mp /me are known at a level of <0.001 ppb [23] and <1 ppb [66], respectively.
The theoretical correction terms gp /gp (H) and ge (H)/ge are reviewed in [67, 68]
and are also known at the sub-ppb level, resulting in [69]
gp = 5.585 694 713 (46),

(5.5)

limited by the experimental precision achieved in the hydrogen-maser experiment
[65].
In comparison, the magnetic moment of the antiproton μp̄ is only known with
moderate precision. In the early 1970s a collaboration performing experiments at the
Berkeley National Laboratory (BNL) have extracted the first μp̄ -value from hyperfine
measurements of antiprotonic lead and uranium atoms with percent precision [70].
Using a similar method, this value was improved by a factor of 2 in 1988 [71]. The
ASACUSA collaboration [29] has extracted μp̄ from comparisons of super-hyperfine
spectroscopy data of antiprotonic helium atoms (p̄He+ ) and quantum electrodynamics (QED) calculations with a relative precision of 2.9 × 10−3 [72]. These exotic
three-body systems have a hyperfine structure which is caused by the interaction
of the electron magnetic moment with the antiproton angular momentum, as well
as a super-hyperfine structure which is mainly due to electron/antiproton magnetic
moment interaction. An energy level scheme is shown in Fig. 5.2. In these experiments, laser transitions between two specific quantum states (n, L) of the exotic atoms
are driven, where n is the principal quantum number and L the angular momentum
quantum number. One is the decay-dominated long-lived state with a lifetime of
1.5 µs (RD), and the other is the Auger-decay dominated short-lived state with 10 ns
lifetime (AgD). For the determination of the magnetic moment of the antiproton, an
annihilation signal is recorded as a function of a laser drive, which pumps the population from the RD state to the AgD state. Subsequently, microwave drives at ρHF, +
and ρHF, - repopulate the F+ state, and the laser depopulation is repeated (compare
Fig. 5.2). From the measured difference of ρHF, + and ρHF, - , the antiproton magnetic
moment is obtained [73]. The precision of these measurements is limited by statistics,
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Fig. 5.2 Energy levels in
exotic antiprotonic helium
atoms and illustration of the
laser/microwave spectroscopy
scheme which was applied to
measure the magnetic moment
of the antiproton. For further
details see text

Doppler and pressure broadening, as well as the three-body QED calculations which
are based on the Breit-Pauli Hamiltonian. In the theoretical solution of the three-body
problem, relative contributions of the order δ 2 = 5 × 10−5 are neglected. Assuming
that all these limitations can be eliminated, the best possible precision will be ultimately limited by the natural linewidth of the longer-lived (n, L)-state to the order of
about 5×10−7 [74].
However, important progress towards a high-precision determination of the magnetic moment of the antiproton was achieved [75]. Spin quantum transitions of a
single proton stored in a cryogenic Penning trap were detected for the first time
[76]. Based on these experiments, the magnetic moment of a single proton stored in
a cryogenic Penning trap was measured with a relative precision of 8.9×10−6 by a
group at Mainz [77]. Independently, a group at Harvard [78] reported a value with
a relative precision of 2.5×10−6 [79]. This group (a part of the ATRAP collaboration) recently succeeded in measuring the magnetic moment of a single trapped
antiproton with a precision of 4.4 ppm, which is a sensational improvement by a factor of about 680 compared to [72]. The experimental methods are very similar to the
ones used in the g − 2 comparisons of the electron and the positron [21]. However, in
case of the proton/antiproton system, these experiments are more difficult compared
to e− /e+ , since the magnetic moment of the proton/antiproton is about 650 times
smaller, which requires a much higher sensitivity of the experimental apparatus. In
the future both groups aim for a precision measurement at the ppb level of accuracy
by application of the so-called double Penning-trap technique [80], which will be
explained later in this chapter.

5 The Magnetic Moments of the Proton and the Antiproton

173

Fig. 5.3 Ground-state hyperfine structure of antihydrogen as a function of an externally applied
magnetic field. For details see text

5.4 Antiproton Magnetic Moment and Antihydrogen
Hyperfine Structure
As described above, the ASACUSA collaboration as well as the ALPHA collaboration plan to perform a measurement of the antihydrogen ground-state hyperfine
structure (GS-HFS). While ASACUSA utilizes a beam-spectroscopy scheme [28],
the experiments planned by ALPHA are based on trapped antihydrogen [37].
The GS-HFS, shown in Fig. 5.3, arises from the interaction of the magnetic
moments of the positron μe+ and the antiproton μp̄ . At vanishing magnetic field
B = 0 the GS-HFS is split into two the energy levels F = 0 and F = 1
(ρHFS = ΔE/h ≈ 1.42 GHz), where F is the total angular momentum quantum
number. In the F = 0 state the μe+ /μp̄ interaction is attractive and in F = 1 repulsive. For B > 0 the F = 1 levels split into three sub-levels M = −1, M = 0
and M = 1, where M is the magnetic quantum number. Low-field seeking states
are characterized by positron magnetic moment antiparallel to the externally applied
B-field, while in high-field seeking states the positron magnetic moment is parallel
to B. At vanishing magnetic field the singlet (F = 0) to triplet (F = 1) transition
frequency is given by
ρHFS

16
=
3



mp̄
mp̄ + me+

3

me+ μe+ μp̄ 2
δ cR∼ ,
mp̄ μB μN

(5.6)

which is mainly a product of the positron magnetic moment μe+ and the antiproton
magnetic moment μp̄ . The constants involved in this expression are the positron and
the antiproton mass, me+ and mp̄ , respectively, the Bohr magneton μB , the nucleon
magnetic moment μN , the fine structure constant δ, the speed of light c, and the
Rydberg constant R∼ . This energy splitting ΔE/h results from the point-like Fermi
contact interaction of μe+ and μp̄ . Equation (5.6) reproduces the experimental value
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at a level of about 5 × 10−5 . Contributions below that level are due to antiproton
substructure and can be described theoretically by
2Zδme
Δρ = ρHFS
π2





d 3 q GE (−q2 )GM (−q2 )
−1 ,
q4
1+ω

(5.7)

where GE (−q2 ) and GM (−q)2 are the electric and magnetic form factors of the
antiproton, and ω the particle’s anomalous magnetic moment. Thus, together with an
independent measurement of the magnetic moment of the antiproton, the precision
measurement of the antihydrogen GS-HFS provides insight into the substructure of
the antiproton.

5.5 g-Factor Measurements
In a magnetic field B, the determination of the g-factor1 of a spin-carrying charged
particle with charge-to-mass ratio e/m reduces to the measurement of two frequencies, namely the free cyclotron frequency
ρc =

1 e
B,
2π m

(5.8)

1 e
B.
2π 2m

(5.9)

and the Larmor frequency
ρL = g

The Lorentz force F = ev × B constrains the particle to a circular orbit, where it
oscillates with the free cyclotron frequency ρc . The Larmor frequency ρL is the spin
precession frequency. A measurement of the frequency ratio ρL /ρc corresponds to
a direct measurement of the (anti)proton magnetic moment in units of the nuclear
magneton μN since
μp,p̄
ρL
g
=
=
.
(5.10)
2
ρc
μN

5.6 The Penning Trap
To perform the measurement described above, a single particle stored in a cryogenic Penning trap [81] is used. A schematic of such a trap is shown in Fig. 5.4a.
It is a superposition of a constant magnetic field Bez in the axial direction and an
electrostatic quadrupolar potential (see Fig. 5.4b)
1

Since the charge-to-mass ratio of the proton/antiproton is known with a precision of about 0.1 ppb
[46], we do not distinguish the terms g-factor and magnetic moment in the further text.
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Fig. 5.4 a Schematic of of a cylindrical Penning trap. The magnetic field is indicated by the arrow
in z-direction. Applying adequate voltages to the trap electrodes, the trapped particle sees an almost
perfect quadrupolar potential. b shows a parametric plot of electrostatic equipotential lines



∂2
,
τ(z, ∂) = V0 C2 z2 −
2

(5.11)

where z and ∂ are cylindrical coordinates. V0 is the potential difference between the
ring and the end cap electrodes of the trap and C2 a coefficient which characterizes
the trap geometry. The magnetic field constrains the particle to a circular orbit, while
the electrostatic quadupolar potential confines it along the magnetic field lines. A
typical trajectory of a particle trapped in such a superposition of static electric and
magnetic fields is shown in Fig. 5.5. It can be described as a superposition of three
independent harmonic oscillators,
• the axial oscillator at frequency
1
ρz =
2π
Fig. 5.5 Trajectory of a
single particle in a Penning
trap, which is a superposition
of three uncoupled harmonic
oscillators. For further details
see text



2C2 eV0
,
m

(5.12)

superposition
reduced
cyclotron motion

B

axial motion

magnetron motion

176

S. Ulmer and C. Smorra

which is the oscillation of the particle along the magnetic field lines due to the
electrostatic potential,
• the modified cyclotron oscillator at frequency



1
2
2
ρc + ρc − 2ρz ,
ρ+ =
2

(5.13)

which is the free cyclotron oscillation, slightly modified by the radially pulling
electrostatic potential,
• the magnetron oscillator at frequency
ρ− =




1
ρc − ρc2 − 2ρz2 ,
2

(5.14)

which is due to a drift in the crossed static fields.
Typical precision Penning traps are operated at ρ+  ρz  ρ− , where the stability
condition ρc2 − 2ρz2 > 0 is fulfilled. The proton/antiproton cyclotron frequency is
about 15.3 MHz/T, axial frequencies are of the order of 500 kHz to 1 MHz and thus,
the magnetron frequency ρ− = ρz2 /(2ρ+ ) is typically between 5 and 10 kHz. Note,
that the magnetron energy E− is of almost purely potential nature defined with
respect to the ring electrode, and thus, maximal for a vanishing magnetron radius
∂− . Consequently, the magnetron mode is meta-stable, however, typical radiative
magnetron cooling-time constants are in the order of the age of the universe.
One of the most important relations for high-precision Penning trap physics is the
so-called Brown-Gabrielse invariance theorem [81]
ρc =



2 + ρ2 + ρ2 ,
ρ+
−
z

(5.15)

which directly relates the measurable trap frequencies ρ+ , ρ− and ρz to the free
cyclotron frequency. This invariance theorem is robust against typical first-order trap
errors such as a tilt between the magnetic trapping field and the electrostatic quadrupole potential or slight trap ellipticities. Thus, by measuring the trap frequencies, the
charge-to-mass ratio of the trapped particle is directly accessible.
However, frequency shifts induced by trap imperfections as magnetic field inhomogeneities, anharmonicities of the trapping potential and relativistic effects affect
the measured cyclotron frequency. To illustrate this, consider the axial electrostatic
potential in presence of an octupolar perturbation τ(z) = V0 (C2 z2 + C4 z4 ). The
equation of motion is
z̈ + γz2 (1 +

2C4 2
2C4 2Ez
z )z = z̈ + γz2 (1 +
) = 0.
C2
C2 mγz2

(5.16)
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Since the perturbation scales as z2 , the solution of this equation of motion leads to a
frequency shift which scales linearly with the axial energy
3 C4 Ez
Δγz
=
,
γz
4 C22 qV0

(5.17)

as obtained by application of harmonic balance [82]. Frequency shifts for other
motions and different perturbations can be calculated in a similar way and are
described in the chapter by Vogel and Quint.

5.7 Experimental Setup
High precision Penning trap experiments, such as one for the measurement of μp and
μp̄ , requires different ingredients. In the following, we discuss the general aspects of
such an experiment, as for example implemented in the apparatus of BASE, which
is shown in Fig. 5.6. The magnetic field is provided by a highly stable, extremely
homogeneous, self-shielded superconducting magnet [83] with a typical homogeneity of ΔB/B ≈ 10−6 in the central cubic centimeter, and an average magnetic field
drift below 0.05 ppm/h. The cold stage of the apparatus, which includes the Penning trap, and sensitive single-particle detection electronics with cryogenic filter
stages are connected to the 4 K heat exchangers of cryostats. This cold stage is
surrounded by heat shields, which are connected to the liquid-nitrogen reservoirs
of the cryostats. For the proton/antiproton g-factor measurement, five-electrode

Fig. 5.6 Schematic of the BASE experiment. The trap is mounted in the center of the superconduction magnet. The cryogenic temperatures are provided by two cryostats placed at each end of
the magnet. The cryogenic detection electronics are placed close to the trap
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cylindrical Penning traps are used. The trap dimensions match the orthogonal,
compensated design [84, 85]. The electrodes are made out of oxygen-free highconductivity (OFHC) copper which has low magnetic susceptibility. The electrodes
are gold-plated, hence preventing surface oxidation which would disturb the electric
field due to surface potentials. Sapphire rings are used as spacers between the electrodes. In order to achieve long storage times, excellent vacuum conditions inside
the Penning traps are required. Thus, the traps are placed in a hermetically sealed,
cold-welded, cryo-pumped trap chamber, which is located in the center of the superconducting magnet. In this ‘trap can’ pressures of typically 10−16 mbar are achieved,
which avoids particle loss due to charge exchange or annihilation with residual gas
atoms. Under such conditions, the TRAP collaboration has stored a single antiproton for months [86]. Besides cryo-pumping, cryogenic operation of Penning-trap
experiments has the advantage that electronic noise is reduced at low temperatures.
In addition, superconducting resonators can be used for the particle-detection electronics, which increases detection efficiency and thus reduces the typical time scales
required for the experimental cycles.

5.8 Measurement of the Eigenfrequencies
5.8.1 Peak Detection
Crucial parts of high-precision Penning trap experiments are highly sensitive detection systems with single-particle sensitivity. High performance enables fast frequency
measurements at low particle energy, which avoids systematic energy-dependent
shifts of the measured cyclotron frequency. Pioneering work on single-particle detection has been contributed by Wineland and Dehmelt who for the first time detected
a single electron stored in a Penning trap in the early 1970s [87].
The basic principle of non-destructive detection is illustrated in Fig. 5.7. An oscillating trapped charged particle induces image currents Ip in the trap electrodes, which
are typically of the order of a few fA. By connecting a large resistor to one of the trap
electrodes, a voltage drop can be measured. In practice, the self capacitance CT of the
trap is compensated with an inductor L connected to the trap. L and CT form a parallel
Fig. 5.7 Illustration of single particle detection. Image
currents are induced in the
trap electrodes which can
be detected using resonant
detection systems tuned
to the particle’s oscillation
frequency

Penning trap

amplifier
B

Rp Cp

L
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(b)

Fig. 5.8 a Signal of a single excited proton tuned to resonance with the detector for the modified
cyclotron frequency. b Modified cyclotron frequency as a function of time. The change of ρ+ is due
to resistive cooling in the presence of trap errors

tuned circuit [88–90] which acts as a resistor Rp , where ρr it the resonance frequency
Rp = 2π ρr QL. Q is the so-called ‘quality factor’, which characterizes the energy loss
of the system per oscillation cycle. Tuning the particles’s oscillation frequency (for
example ρz ) to ρr , the voltage signal U = Rp · Ip is obtained which is amplified with
cryogenic low-noise amplifiers [91–93] and analyzed with a Fast-Fourier-Transform
(FFT) spectrum analyzer. The signal of a single excited proton in resonance with the
detector for the modified cyclotron frequency ρ+ is shown in Fig. 5.8a.The effective
parallel resistance Rp of the detector cools the particle resistively. The cooling time
constant

σ=

m D2
Rp e2

(5.18)

is inversely proportional to Rp and proportional to the square of the parameter D,
which is a trap-specific length. Figure 5.8b shows the measured modified cyclotron
frequency as a function of time. The frequency change is due to magnetic field inhomogeneities. Fitting an exponential to these data, the modified cyclotron frequency
can be determined with a precision of about 5 ppb.
In contrast to the modified cyclotron and the axial frequency, the magnetron
frequency is not measured directly. Resistive detection of ρ− increases the magnetron
radius ∂− and eventually leads to particle loss. Thus, the magnetron frequency is
measured by sideband coupling methods [94], which will be described below.

5.8.2 Dip Detection
A particle cooled to thermal equilibrium with the detection system involves some
interesting aspects which can be utilized to increase the experimental precision. At its
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resonance frequency, a single particle behaves like an almost perfect conductor which
shortcuts everything in parallel. This can be derived by considering the equations
of motion. Equivalent inductances and capacitances can be defined to rewrite the
equation of motion in the form of a differential equation which describes a series
tuned circuit with an almost infinite quality factor [87]. As a consequence, a single
particle cooled to
↔thermal equilibrium appears as a dip in the thermal Johnson-noise
spectrum eth = 4kB T ΔBRe[Z(ρ)] of the detector [95, 96]. In this expression kB is
the Boltzmann constant, T the detector temperature, ΔB the measuring bandwidth
and Re[Z(ρ)] the real part of the tuned circuit’s impedance. Such a noise spectrum
with a single particle tuned in parallel is shown in Fig. 5.9a. The linewidth Δρz of
the dip is defined by the cooling resistor Rp and its coupling D to the particle
ερz =

1 Rp e2
1
=
.
2π σ
2π mD2

(5.19)

The axial frequency is determined by a best fit to the data. For the parameters of
the detection systems used at the proton g-factor experiment at the University of
Mainz, the axial frequency can be determined with a precision of 10 ppb in an averaging time of 100 s. Cooled to thermal equilibrium with the detection system, the
particle is typically located within a volume below 50 µm3 . In such a small volume,
very homogeneous conditions can be produced and systematic frequency shifts are
typically below the ppb level.
Since the linewidth of the dip scales as e2 , a trapped cloud of N uncorrelated
particles produces a total linewidth Δρz (N) = N · Δρz . Thus, for low particle numbers, the measurement of the linewidth directly corresponds to a determination of
the number of trapped particles. This property is used to prepare a single particle in
the trap. The linewidth as a function of N is shown in Fig. 5.9b. These data were produced by excitation of the trapped particles and subsequent lowering of the trapping

(a)

(b)

Fig. 5.9 a Noise spectrum of the axial detection system. The dip is due to a proton which is tuned
in parallel to the detector and shorts the thermal noise of the resonator. b Line width of the ‘noise
dip’ as a function of particle number
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potential. After each heating step the particles were cooled to thermal equilibrium
and the linewidth was measured.

5.8.3 Sideband Coupling
While the axial frequency is measured directly by means of dip detection, the radial
frequencies are measured via peak detection or sideband coupling [94]. To this end,
an rf-signal at a frequency ρrf is applied to a radially segmented trap electrode. This
effectively produces an electrical rf-field
E (r, t) = Re Erf exp (2πıρrf t) ze∂ − ∂ez

(5.20)

at the center of the Penning trap, where Erf is the amplitude of the field. The term
ze∂ − ∂ez couples the eigenmotions. By adjusting the drive frequency ρrf to the
sum of the axial and the magnetron frequencies ρz +ρ− , energy is transferred between
both modes. If the difference frequency ρrf = ρ+ − ρz is irradiated, the axial and the
modified cyclotron motion are coupled. The energy transfer induced by the coupling
leads to an amplitude modulation of the axial motion


λ0
z(t) = z0 cos
t sin (2π ρz t)
2
  
 
 
 
0
0
= z0 sin 2π ρz +
t + sin 2π ρz −
t ,
4π
4π

(5.21)

where the resonant Rabi frequency 0 is defined by the field amplitude Erf . The
frequency spectrum of such a coupled motion shows two components, one at ρl =
0
0
ρz − 
4π and the other at ρr = ρz + 4π . A frequency spectrum of a single proton
tuned to resonance with the axial detector while a resonant coupling drive ρrf =
ρz + ρ− is applied is shown in Fig. 5.10a. If the drive frequency ρrf is detuned by
Γ− = ρrf − (ρz + ρ− ) or Γ+ = ρrf − (ρ+ − ρz ), respectively, the resulting frequencies
of such a double-dip are given by
±
Γ±
−
2
4π
±
Γ±
ρr = ρz −
+
,
2
4π
ρl = ρz −

(5.22)
(5.23)


2 + Γ 2 is the off-resonant Rabi frequency. By recording ρ and
where λ± = λ0,±
l
±
ρr as a function of the drive frequency ρrf , a ‘classical avoided crossing’ is observed
(see Fig. 5.10b).
The system of Eqs. (5.22) and (5.23) includes three unknown quantities: the Rabi
frequency λ± , the frequency of the radial mode ρ± , and the axial frequency ρz .
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Fig. 5.10 a Single proton on resonance with the axial detection system. The ‘double dip’ spectrum
(filled squares) was recorded while a sideband drive was irradiated. The single dip (filled circles)
is recorded without sideband drive. b ‘Classical Avoided Crossing’. The sideband frequencies as
function of the detuning of the rf-signal is shown. For details see text

By recording such a sideband frequency spectrum (double dip) and, in an additional
measurement, the axial frequency ρz , the respective radial frequency can be extracted
by solving the system of Eqs. (5.22) and (5.23).
Note, that by application of this sideband frequency measuring scheme, the frequencies are measured in thermal equilibrium with the cryogenic axial detection
system. Thus, during such a frequency measurement, the particle amplitudes are
typically below 100 µm and systematic shifts of the measured cyclotron frequency
which arise form trap imperfections are low.

5.9 Advanced Frequency Measurements
In analogy to the AC Stark shift, the frequencies ρl and ρr , which are due to coupling
of the axial motion to one of the radial modes, can be interpreted as ‘classical dressed
states’ [97]. Applying an additional drive to the trap, these new states can be dressed
with the remaining radial mode. Assume that a sideband drive ρrf = ρ+ − ρz defines
the new eigenstates ρl,+ and ρr,+ (cyclotron dressing). Once additional rf-drives at
ρrf,1 = ρl,+ + ρ− and ρrf,2 = ρr,+ + ρ− are superimposed, the left and the right signal
are split into another two modes

and

Γl,−
λl,−
−
4π
4π
λl,−
Γl,−
+
= ρl,+ −
4π
4π

ρl,l = ρl,+ −

(5.24)

ρl,r

(5.25)
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Fig. 5.11 a The principle for the simultaneous determination of all eigenfrequencies of a trapped
proton is based on double-dressed states. The axial mode is first dressed with the cyclotron mode.
Both cyclotron-dressed states are then coupled to the magnetron mode, which results in four doubledressed states. b Experimental result of a double-dressing. Applying three rf-drives to the trap, both
radial modes are simultaneously coupled to the axial mode, which results in a quadruple-dip

Γr,−
λr,−
−
(5.26)
4π
4π
λr,−
Γr,−
+
,
(5.27)
ρr,r = ρr,+ −
4π
4π


2 + Γ 2 and λ
2 + Γ 2 are off-resonant
respectively, where λl,− = λ−
=
λ−
r,−
r,−
l,−
Rabi frequencies of the double-dressing, and Γl,− /(4π ) = ρrf,l − (ρl,+ + ρ− ) and
Γr,− /(4π ) = ρrf,2 −(ρr,+ +ρ− ) the detuning parameters. The result of such a doubledressing, a quadruple-dip, is shown in Fig. 5.11b. The Eqs. (5.24)–(5.27) relate four
measured quantities ρl,l , ρl,r , ρr,l , and ρr,r to five unknown quantities, the eigenfrequencies of the trapped proton ρ+ , ρz , and ρ− , and the resonant Rabi frequencies
λ+ /2π and λ− /2π . To obtain an additional information, the rf drive is switches
‘on’ and ‘off’ while the spectrum is averaged, leading to an overlap of the fourfold
dip and the unperturbed axial frequency ρz . A quintuple-dip spectrum is obtained,
which is shown in Fig. 5.12. This spectrum carries all eigenfrequency information of
the trapped proton, and thus is a direct determination of the free cyclotron frequency
ρc of a single trapped particle [98]. From the spectrum shown in Fig. 5.12 a free
cyclotron frequency of
ρr,l = ρr,+ −

ρc = 28 974 060.15(14) Hz
is obtained, which corresponds to a precision of about 4.8 ppb.

(5.28)
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Fig. 5.12 This quintupledip spectrum was recorded
in one measurement and
carries all information of
the eigenfrequencies of the
trapped proton, and thus, the
free cyclotron frequency ρc

5.10 Continuous Stern Gerlach Effect
Compared to the detection of the free cyclotron frequency, the measurement of the
Larmor frequency is much more challenging. The Larmor precession is not accompanied by a charge shift, and is thus not directly accessible by image current detection. To overcome this problem the spin direction is coupled to the axial oscillation
frequency by superimposing a magnetic field inhomogeneity, a so-called magnetic
bottle,



∂2
2
z −
(5.29)
ez + (z∂) e∂ ,
ΔB = B2
2
to the Penning trap. In practice such a ΔB is introduced by making the central ring
electrode out of ferromagnetic material. The resulting magnetic field lines are shown
in Fig. 5.13. Consider the energy of a magnetic moment μ in a magnetic field
τmag = − (μB) .

(5.30)

In the axial direction the magnetic bottle contributes a spin dependent quadratic
potential
(5.31)
τmag = ±μz B2 z2
which adds to the electrostatic potential,
τ = τmag + τel = (eC2 V0 ± μz B2 ) z2

(5.32)

and thus, the axial oscillation frequency becomes a function of the spin eigenstate
ρz =

1
2π

2 (eC2 V0 ± μz B2 ) ≈ ρz,0 1 ±

μz B2
2
4π 2 mρz,0

.

(5.33)
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Fig. 5.13 Field lines produced by a magnetic bottle. The ferromagnetic central ring electrode
distorts the field lines adding a magnetic field inhomogeneity B2 to the homogeneous field B0 . The
resulting magnetic field is described by: B(z, ∂) = B0 ez + B2 z2 − ∂ 2 /2 ez − z∂e∂

Consequently a change of the spin direction of the trapped particle changes the axial
oscillation frequency by
μz B2
,
(5.34)
Δρz, SF ≈
2π 2 mρz,0
which is proportional to the strength of the magnetic bottle B2 , proportional to the particle’s magnetic moment μ and anti-proportional to its mass. This elegant measuring
principle called continuous Stern-Gerlach effect, was invented by Hans Dehmelt [22],
and has already been applied in the famous comparisons of the magnetic moments
of the electron and the positron, where a precision of 2 × 10−12 has been achieved.
However, the application of the same method to the proton/antiproton system is much
more difficult, since the ratio μp /mp is more than one million times smaller as in
case of the electron/positron system. To construct an experimental apparatus which
is sensitive enough to detect spin transitions of a proton or antiproton, a very strong
magnetic inhomogeneity B2 has to be used. At the Mainz proton g-factor apparatus, a Penning trap with an inner diameter of only 3.6 mm is used. The central ring
electrode is made out of Co/Fe-alloy which has a saturation magnetization of 2.35 T.
It produces a magnetic bottle of B2 = 300000 T/m2 . When shifted along the trap
axis by only about 1.5 mm, the average magnetic field seen by the particle changes
already by 1 T. Even under these extreme magnetic conditions, a single proton spin
flip changes the axial frequency of the particle by only about 200 mHz out of 680 kHz
(Fig. 5.14).

(a)

(b)
Signal amplitude (a. u.)
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0

= 184 mHz
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(Axial Frequency - 699217.4 Hz) / Hz

Fig. 5.14 a The effective potential for the axial motion in presence of the magnetic bottle. The
potential depends on the spin state of the antiproton. b Simulation of the detection of the axial
frequency of an antiproton in spin down state and in spin up state. The axial frequency difference
due to the spin state of the antiproton is 184 mHz out of 699 kHz

5.11 Larmor Frequency Measurement
The continuous Stern-Gerlach effect is an elegant scheme to non-destructively detect
the spin eigenstate of the trapped particle. This quantum non-demolition measurement can be applied to measure the Larmor frequency of the trapped particle. Spin
flips are driven by application of a simple Rabi resonance principle [99]. A magnetic
radio-frequency field is irradiated to the trap with magnetic field vector perpendicular
to the quantization axis which is defined by the axial magnetic field. On resonance
and in its rest frame, the particle experiences a constant magnetic field component
Brf in ∂-direction, and in a classical picture, the spin starts to precess around the
∂ axis. The quantum-mechanical treatment is similar to that of a simple two-level
system. A measurement of the axial frequency collapses the wave function to one
of the two possible spin eigenstates. The Larmor frequency is measured by applying
the following idealized experimental sequence:
1. Measurement of the axial frequency ρz in the trap with the superimposed magnetic
bottle.
2. Irradiation of a spin flip drive with amplitude Brf at a certain drive frequency ρrf .
3. Repetition of the axial frequency measurement.
A change of the axial frequency indicates that the rf-drive induced a spin flip (see
Fig. 5.15). Repeating this sequence for several times at different drive frequencies
ρrf gives the spin-flip probability PSF as a function of the drive frequency. With a
detailed understanding of the resulting lineshape PSF (ρrf ) the Larmor frequency is
obtained from a best fit to the measured data.
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Fig. 5.15 Axial frequency as a function of time (simulated data). After 32 min a spin flip drive is
irradiated and the axial frequency changes by about 200 mHz, which is due to a spin flip

5.12 Line Profile and Transition Rates
While a spin flip is driven, the particle is continuously thermalized by the axial
detection system, which leads to a Brownian diffusion of the particle’s axial energy
Ez , and due to the presence of the magnetic bottle B2 , to fluctuations of the average
Larmor frequency


B2 Ez
.
ρL (Ez ) = ρL,0 1 +
B0 2π 2 mρz2

(5.35)

The resulting line profile is thus a convolution of the approximately ‘infinitesimally’
sharp Lorentz line of the unperturbed Rabi resonance and the axial energy distribution
w(Ez ) = exp(−Ez /(kB Tz ))/(kB Tz ). The solution of the respective integral gives the
line profile [100]


Π (ρ − ρL )
Π(ρ − ρL,0 )
.
ρL,0 exp
κL (Ez ) =
ΓρLW
ΓρLW

(5.36)

where
ΓρLW = ρL,0

B2 kB Tz
,
B0 4π 2 mρz2

(5.37)

is the linewidth parameter, which describes the average Larmor frequency shift at a
given detector temperature Tz . The spin-transition rate is obtained by discussing the
dynamics of the Hamiltonian
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H = H0 + μi brf

(5.38)

in the interaction picture [101]. Here, H0 is the unperturbed Penning trap Hamiltonian
and brf characterizes the amplitude of the spin-flip drive. Finally the spin transition
probability is obtained:
PSF




1 2
1
1 − exp − λR t0 κ (2π ρrf , B2 , Tz )
=
,
2
2

(5.39)

where t0 is the irradiation time of the spin-flip drive and λR2 = (μbrf )/ the Rabi
frequency. Figure 5.16 shows theoretical results of Eq. (5.39) for different drive parameters. All curves show a sharp ‘cut-off’ arising from the convolution of the Rabi
resonance with the Boltzmann-distributed axial energy. High drive amplitudes brf
and irradiation times t0 saturate the spin resonance, see parts a and c of Fig. 5.16.
Part b of that figure shows Prf for different temperatures of the axial detection system.

(a)

(b)

(c)

(d)

Fig. 5.16 Spin flip probability for different variable parameters. a spin-flip probability as a function
of the drive frequency for variable drive amplitudes, b variable temperature, c variable drive time.
d Ratio of spin flip probability and linewidth Δχ
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For higher temperatures Tz the line broadens since the particles traces an effectively
higher magnetic field difference.

5.13 Statistical Detection of Spinflips
Above, an idealized measuring sequence for the determination of the Larmor frequency has been described. However, currently, in both experimental efforts aiming at a proton/antiproton g-factor measurement [76–79], the strong magnetic bottle
avoids the application of this straight-forward measuring scheme. The main difficulty
to resolve single proton/antiproton spin flips is the presence of the strong magnetic
bottle, which also couples the radial modes’ angular magnetic momenta to the axial
oscillation frequency ρz . In presence of the magnetic bottle, the axial frequency shift
as a function of a shift in the modified cyclotron and the magnetron energies, dE+
and dE− respectively, is given by
Δρz =

1
4π 2 mρz

B2
(dE+ + dE− ) .
B0

(5.40)

Under the conditions used at the proton g-factor experiment at Mainz, a shift in the
radial energies dE+ and dE− of only 1 µeV causes an axial frequency shift of already
≈1 Hz. A single quantum jump between cyclotron states n+ and n+ ± 1 changes the
axial frequency already by 70 mHz.
In the following discussion only the modified cyclotron oscillator is considered.
The transition rate between different cyclotron quantum states n+ can be calculated
by using Fermi’s golden rule
dn+
2π
2
=
Δ+ ∂f (E+ )χi≡f
,
dt


(5.41)

where Δ+ is the linewidth parameter of the modified cyclotron resonance curve,
∂f (E+ ) the density of cyclotron oscillator states, and

χi≡f = eE0


2π ρz m



n+
,
2

(5.42)

the transition matrix element between different n+ states. In this expression, E0 is the
electrical field noise density (which has the unit Vm−1 Hz−1/2 ). Since the transition
rate scales with the quantum number n+ , it is crucial to cool the cyclotron mode to low
quantum numbers. For example, at an effective modified cyclotron energy of only
86 µeV, which corresponds to a principal quantum number of about n+ ≈ 1000,
a spurious white noise drive of only 20 nVm−1 Hz−1/2 is sufficient to drive one
cyclotron quantum jump per second.
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For further discussion, the ‘axial frequency fluctuation’ Ω is introduced, which
is defined as the root-mean-square (rms) value of the difference of two subsequent
axial frequency measurements
1/2


(δi − δ̄)2
Ωax = (N − 1)−1
,

(5.43)

where δ = ρz (t) − ρz (t + Δt). The best axial-frequency background fluctuation
Ωref so far achieved at the Mainz experiments is about 55 mHz. Using the formalism described above together with an absolute temperature calibration carried out in
the magnetic bottle [102], this corresponds to an effective drive amplitude of only
E0 = 7 nVm−1 ·Hz−1/2 . Although these background-noise conditions are remarkably low, the fluctuation is still too large to observe single proton/antiproton spin
flips. However, using a statistical detection method [76], single-proton spin flips
were observed for the first time.
For the statistical detection of single-proton spin flips the following measuring
sequence is applied
1.
2.
3.
4.
5.

measurement of the axial frequency,
irradiation of a resonant spin flip drive,
second measurement of the axial frequency,
irradiation of a reference drive below the Larmor frequency,
third measurement of the axial frequency.

The reference drive measurement is carried out to ensure that frequency generator background noise does not lead to additional heating. This scheme is repeated
for several hundreds of times, and the background fluctuation Ωref (axial frequency
difference between measurements 3 and 5) is compared to the fluctuation which
is obtained with spin-flip drive on ΩSF (axial frequency difference between measurements 1 and 3). The spin-flip-induced axial frequency shifts ερz,SF add to the
background fluctuation Ωref in a statistical way
ΩSF =



2 + P Δρ 2
Ωref
SF
z, SF ,

(5.44)

and from a comparison of ΩSF and Ωref the spin flip probability PSF is obtained.
Results of such a toothed measurement are shown in Fig. 5.17a. The upper curve
shows the evolution of ΩSF as a function of measurement cycles, while Ωref is the
measured background fluctuation. The clear separation of the two lines demonstrates
the unambiguous detection of single-proton spin flips. An alternative analysis of the
same data is shown in Fig. 5.17b. The entire data sequence was split into subsets
and the values of ΩSF and Ωref were binned to two histograms. Once this statistical
2 − Ω2
detection method is repeated for different drive frequencies vtextr f and ΩSF
ref
is evaluated, the resonance curve shown in Fig. 5.18 is obtained. From a best fit to
these data, the Larmor frequency was determined with a precision of 5×10−5 .
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Fig. 5.17 In (a) the evolution of the frequency fluctuations ΩSF and Ωref as a function of measurement cycles is shown. The clear separation of the two lines shows that spin flips are detected. An
alternative analysis is shown in (b). The entire data sequence was split into subsets and the values
of ΩSF and Ωref were binned to two histograms
Fig. 5.18 Proton Larmor
resonance obtained by
statistical spin-flip detection
in the analysis trap with its
inhomogeneous magnetic
field

5.14 Feedback Cooling: Reduction of Linewidth
Although the first detection of single-proton spin flips described above was a major
step to improve the magnetic moment of the antiproton, the Larmor-frequency resolution is only moderate. To further increase the experimental precision, active electronic
feedback cooling was applied [103]. This reduces the temperature of the axial detection system Tz , and thus the width of the spin line. A schematic which illustrates
the basic principle is shown in Fig. 5.19a. The single particle signal is picked up,
amplified and split into two branches. One branch of the signal is phase-shifted and
fed back to the axial detector. The detector temperature Tz can be adjusted by means
of feedback phase and -gain. The ratio of Tz and the effective parallel resistance
Rp, eff is a fluctuation-dissipation invariant [104]. Figure 5.19b shows noise spectra
of a single proton tuned to resonance with the axial detection system with different
feedback strengths applied. For positive feedback (feedback phase 0∞ ) the signal-tonoise ratio as well as the linewidth of the single-particle dip become larger, which
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Fig. 5.19 a Principle of the feedback cooling circuit. b Axial frequency signal for different feedback
temperatures

is due to an increase of Rp, eff . For negative feedback (feedback phase 180∞ ), the dip
width and the signal-to-noise ratio decrease. The direct proportionality to the particle
temperature can be proven by an independent temperature measurement using the
magnetic bottle, as described in [102].

5.15 Determination of the g-Factor
For the g-factor determination, the Larmor frequency is measured as above while
the axial detection system is feedback-cooled to about 2.5 K. The result is shown in
Fig. 5.20a. A best fit of Eq. (5.39) to the data gives a Larmor frequency resolution
of 1.8ppm. For a measurement of the cyclotron frequency, the same principle is
applied as in case of the Larmor line, but with an electrical dipole drive scanning the
modified cyclotron frequency. The drive amplitude is chosen weak enough that it does
not affect significant heating of the modified cyclotron mode, but it increases the axial

Fig. 5.20 a 1.8 ppm Larmor resonance b 8.9 ppm cyclotron resonance. Both data sets were measured with a single proton stored in a cryogenic Penning trap [77]
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frequency fluctuation as a function of the drive frequency detectably. Figure 5.20b
shows the corresponding data from which the free cyclotron frequency is obtained
with 8.9 ppm precision. From these data the proton value
g/2 = 2.792 849 (25)

(5.45)

is extracted, limited by the precision of the cyclotron frequency determination [77].
However, at least another order of magnitude in the determination of the cyclotron
frequency can be obtained easily just by more accurate sampling of the cyclotron
resonance line. This strategy was applied by the Harvard group, which recently published the currently best-known single-particle-based free-proton magnetic moment
[79]
g/2 = 2.792 846 (7),

(5.46)

while the Mainz group focussed on establishing a more advanced experimental
method.

5.16 Double Penning Trap Technique
For further improvement of precision, the so-called ‘double Penning trap method’
will be applied. This technique was developed at the University of Mainz by a group
which measured the magnetic moment of the electron bound to highly charged ions
[80] for stringent tests of bound-state quantum electrodynamics. In experiments
carried out with C5+ [105, 106], O7+ [107], and Si13+ [108] precisions at the subppb level were achieved. A schematic of such a double Penning trap is shown in
Fig. 5.21. The basic idea of this scheme is the spacial separation of the spin state
analysis and the precision frequency measurements to two traps:
1. An analysis trap with the superimposed magnetic bottle.
2. A precision trap in which the magnetic field is about 105 times more homogeneous
than in the analysis trap.
A g-factor measuring sequence in the double trap is as follows (Fig. 5.22): First, the
spin state is analyzed in the analysis trap, and afterwards, the particle is transported
to the precision trap, where the cyclotron frequency ρc is measured and a magnetic
radio-frequency drive is applied to flip the spin. Subsequently, the particle is transported back to the analysis trap and the spin state is analyzed. As in case of a g-factor
measurement in the magnetic bottle, this sequence is repeated for several times at
different drive frequencies ρrf , and the spin-flip probability PSF (ρrf ) is obtained. The
difference to a g-factor measurement in the magnetic bottle is, that the frequency
determination is carried out in a magnetic field which is much more homogeneous
than in the analysis trap. This reduces the line width of the g-factor resonance significantly, and increases the experimental precision. However, to decide whether a

194

S. Ulmer and C. Smorra

Fig. 5.21 Double Penning trap setup. It consists of an analysis trap with a the superimposed magnetic bottle and a precision trap in which the magnetic field is about 105 times more homogeneous
than in the analysis trap. For further details see text

Fig. 5.22 Measuring sequence for the double Penning-trap based g-factor determination, where
the spin state analysis and the precision measurements of ρL and ρc are separated to two traps. This
sequence is repeated for several hundred times at different spin-flip drive frequencies. Since the
spin is flipped in the by a factor of 100,000 more homogeneous precision trap, the spin resonance
is much narrower

spin flip happened in the precision trap, single spin-flip resolution in the analysis
trap is required. At the BASE experiment at Mainz encouraging progress towards
the application of this method was reported recently. Single spin flips were observed
with a fidelity of up to about 90 %[109], which allowed the first demonstration of the
double-trap technique using a single proton[110]. With these encouraging results a
measurement of μp and μp̄ is in close reach.
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5.17 Towards a High Precision Measurement of the Antiproton
Magnetic Moment
All methods described above for the proton can be directly transferred to measure
the magnetic moment of the antiproton. Two collaborations at CERN AD, a part
of ATRAP (Harvard) and BASE (RIKEN, Mainz) [111, 112], are aiming at this
high-precision CPT test. Applying the methods described above, in 2012 diSciacca
et al. (ATRAP) reported on a first Penning-trap-based measurement of the magnetic
moment of a single antiproton. In these experiments, a relative precision of 4.4 ppm
was achieved, which is a sensational 680-fold improvement of the value measured in
[72]. In future steps, the double-trap scheme will be applied to eventually improve
this value by another factor of 1,000.
However, to conduct this measurement with antimatter, several modifications of
the apparatus are necessary. Trapping of antiprotons from AD has to be established.
This requires a beamline to guide the 5.3 MeV antiprotons to the experiment, as well
as a degrader structure, which typically consists of a sequence of several thin metallic
foils, to bridge the energy range from MeV to about 10 keV which can be handled
by Penning trap setups. Passing through the degrader, antiprotons lose energy due to
electromagnetic interaction with the degrader material. The transmission and energy
distribution of the antiprotons is sensitive to the degrader thickness [113, 114]. Thus,
for sensitive tuning a rotatable degrader with azimutally increasing thickness will be
used. Typically, a fraction of 10−4 moderated antiprotons passes the structure and is
trapped by high voltages applied to specifically designed electrodes. The degrader
technique has been pioneered by the TRAP collaboration [46, 115] and is meanwhile
routinely applied in several antimatter experiments [29, 34, 116].
Figure 5.23 shows a section view of the Penning trap used by the BASE collaboration. It is an assembly of cylindrical stacked electrodes in carefully designed
geometry. At the entrance of the electrode stack, a beryllium degrader is placed.
Between two high-voltage electrodes which are used to catch the keV antiprotons,
two traps are located. The first trap is called reservoir trap with the purpose of catching, cooling and storing a cloud of antiprotons. Several AD-pulses are accumulated
and single antiprotons are suspended into the second trap, which is the precision
trap, used for the frequency measurements in the double-trap measurement scheme.
The capability of storing antiprotons ensures the experimental operation of BASE
independent of accelerator cycles. Downstream to the second high voltage electrode
the analysis trap and a monitor trap (MT) are located. The MT has an inner diameter
of only about 3 mm and will be used for efficient cooling of the modified cyclotron
motion during the g-factor measurement cycle. In later experiments in which the collaboration plans an improved comparison of the proton/antiproton charge-to-mass
ratio, a single particle stored into this trap may serve as a probe to monitor and correct
for magnetic field fluctuations.
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Fig. 5.23 Penning trap stack which is used by the BASE collaboration to measure the magnetic
moment of the antiproton

Fig. 5.24 Summary of the current proton and antiproton magnetic moment precision achieved

5.18 Summary
In this chapter, experiments to perform high-precision measurements of the magnetic
moments of the proton and the antiproton were presented. Starting with an overview
on precision tests of matter-antimatter asymmetry, the efforts of two independent
collaborations, BASE and a part of ATRAP, which aim at such high-precision measurements, were placed into context. The applied experimental methods have been
described in detail, starting form an introduction of the Penning trap and followed
by an explanation of the key technique which employs the continuous Stern-Gerlach
effect. The current status of the experiments has been presented and described in
detail. While ATRAP has succeeded in measuring the antiprotonic magnetic moment
at the level of 4.4 ppm in 2012, the BASE collaboration is preparing the apparatus for
the application of the double-trap technique at the Antiproton Decelerator of CERN.
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To close the chapter, the current status of precisions regarding the proton/antiproton
magnetic moments is shown in Fig. 5.24.
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Chapter 6

Fundamental Physics with Antihydrogen
J. S. Hangst

Abstract Antihydrogen—the antimatter equivalent of the hydrogen atom—is of
fundamental interest as a test bed for universal symmetries—such as CPT and the
Weak Equivalence Principle for gravitation. Invariance under CPT requires that
hydrogen and antihydrogen have the same spectrum. Antimatter is of course intriguing because of the observed baryon asymmetry in the universe—currently unexplained by the Standard Model. At the CERN Antiproton Decelerator (AD) [1],
several groups have been working diligently since 1999 to produce, trap, and study
the structure and behaviour of the antihydrogen atom. One of the main thrusts of the
AD experimental program is to apply precision techniques from atomic physics to
the study of antimatter. Such experiments complement the high-energy searches for
physics beyond the Standard Model. Antihydrogen is the only atom of antimatter to
be produced in the laboratory. This is not so unfortunate, as its matter equivalent,
hydrogen, is one of the most well-understood and accurately measured systems in
all of physics. It is thus very compelling to undertake experimental examinations of
the structure of antihydrogen. As experimental spectroscopy of antihydrogen has yet
to begin in earnest, I will give here a brief introduction to some of the ion and atom
trap developments necessary for synthesizing and trapping antihydrogen, so that it
can be studied.

6.1 Some History
Antihydrogen was initially produced and observed in in-beam experiments at CERN
and Fermilab [2, 3], but these experiments had little potential for future measurements
of the anithydrogen spectrum, and were quickly abandoned. During the operation
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of the LEAR facility at CERN, the TRAP collaboration developed the necessary
techniques for slowing, cooling, and trapping antiprotons [4, 5]. In parallel, Surko
and colleagues developed the technology for accumulating and storing positrons [6]
emitted from a radioactive source. The Surko technique was adapted for antihydrogen
production by the ATHENA collaboration [7] at the AD. ATHENA successfully
demonstrated synthesis of antihydrogen atoms from trapped plasmas of antiprotons
and positrons in 2002 [8]. Following the 1-year shutdown of the AD in 2005, the
ATRAP and ALPHA (successor to ATHENA) collaborations embarked on efforts to
magnetically trap neutral antihydrogen atoms. The ALPHA collaboration succeeded
in trapping atoms of antihydrogen in 2010 [9]. Progress with trapped antihydrogen
has been brisk in recent years. ALPHA has shown that it is possible to hold trapped
anti-atoms for up to 1,000 s [10], and to drive resonant quantum microwave transitions
(positron spin flip) in the trapped atoms [11]. More recently, ALPHA has performed
the first systematic study of antihydrogen atoms in gravitational free fall [12]. ATRAP
has reported evidence for trapped antihydrogen atoms [13], although the experiment
appears to suffer from a lack of reproducible conditions. Using a very different
approach, the ASACUSA collaboration hopes to study the hyperfine spectrum of
antihydrogen atoms in flight [14]. They have recently demonstrated progress on
generating a beam of antihydrogen atoms produced in their novel cusp trap [15].
Two new experiments at the AD hope to study the effect of the Earths gravitational
field on antihydrogen atoms. The AEgIS experiment [16] began operation in 2012,
and the Gbar experiment [17] should begin in a few years. It is fair to say that there
has never been more activity in low-energy antihydrogen physics than at the present
time. In the following I will concentrate on the experimental techniques that have
been developed to produce trappable antihydrogen atoms. The point of reference
will of course be the authors ALPHA and ATHENA experiments, but differences
between these approaches and those of other groups will be noted along the way.
This chapter is intended as an overview, with the technical details to be found in the
referenced literature.

6.2 Producing Antihydrogen: ATHENA
The basic idea for producing antihydrogen atoms is deceptively simple. Clouds of
positrons and antiprotons, stored in Penning traps, are mixed, i.e., allowed to spatially overlap and interact (we will not review all of the techniques for catching and
accumulating antiprotons and positrons here; see the above-referenced literature).
The basic workhorse potential used for mixing is the so-called nested potential [18],
shown in Fig. 6.1. The positrons are trapped in the center well of the nested potential.
In the ATHENA solenoidal field of 3 T, the positrons would cool by cyclotron radiation and attempt to come into equilibrium with the surrounding trap structure—which
was at about 15 K; however, no absolute measure of temperature was available in
ATHENA. The antiprotons were injected from a side well (Fig. 6.1) and would interact in the positron cloud to form antihydrogen. The dominant formation mechanism
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Fig. 6.1 The potential well configuration used in the first demonstration of low energy antihydrogen
production by ATHENA. Antiprotons were injected from the well at the left of the figure (dashed
line) into the nested potential well (reproduced from [8])

is a three-body event involving two positrons and an antiproton—the extra positron
carries away the binding energy of the atom. Three-body formation typically results
in loosely-bound Rydberg atoms. In ATHENA, a typical mixing cycle involved a
few tens of thousands of antiprotons and up to 108 positrons. Several thousand antihydrogen atoms could be produced per cycle, with a peak rate of a few hundred per
second [19].

6.3 Detecting Antihydrogen: ATHENA
The charged particles used to make antihydrogen are confined by the fields of the
Penning trap. When a neutral antihydrogen atom forms, it is insensitive to the trapping fields and escapes, to annihilate on the inner surface of the trap electrodes.
ATHENA pioneered the method of annihilation detection to identify the lost atoms
when they hit the wall [7]. The ATHENA detector is shown schematically in Fig. 6.2.
The two-layer silicon detector could identify the tracks of charged pions from the
antiproton annihilation, and the CsI crystals detected the back-to-back, 511 keV
gamma rays from positron annihilation. Spatial and temporal coincidence of these
two signatures on the wall of the Penning trap provided the first confirmation for
production of low energy antihydrogen [7]. Spatial characterization of the antihydrogen annihilation distribution proved to be a powerful tool for studying and
optimising antihydrogen production in ATHENA [20]. For example, it is possible to
distinguish antihydrogen annihilation from the annihilation of bare antiprotons lost
from the trap (or resulting from field ionisation of anti-atoms) without relying on the
positron detection. A position sensitive annihilation detector is also a key feature of
the ALPHA antihydrogen trapping apparatus; see below. Note that the ATRAP collaboration has relied heavily on field-ionisation detection of Rydberg antihydrogen
for their production experiments [21]. In this technique, a drifting Rydberg anti-atom
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Fig. 6.2 Schematic diagram of the ATHENA antihydrogen production trap and annihilation detector. The dashed green lines represent charged pion tracks from an antiproton annihilation; the wavy
blue lines are 511 keV gammas from a positron annihilation. The location of the positron plasma
is indicated by the blue shape at the center of the Penning trap, which employed a 3 T axial field
(reproduced from [8])

is stripped by a spatially localized electric field, and the freed antiproton is re-trapped,
to be released, detected and counted at a later time. This technique cannot be applied
to antihydrogen in the ground state—which is the ultimate system of interest.

6.4 Antihydrogen and Ion Trap Physics
Production of antihydrogen requires careful control and manipulation of one component plasmas of electrons, antiprotons and positrons. The Penning traps employed
comprise solenoidal magnetic fields of typically a few T, and stacks of hollow, cylindrical electrodes that can be used to create and dynamically manipulate longitudinal
electric fields. (see Figs. 6.1 and 6.2.) The traps are typically placed in contact with
a liquid helium cryostat for thermal and vacuum considerations. Electrons are used
to cool the trapped antiprotons—which have initial energies of up to several keV—
down to cryogenic temperatures [5]. Electrons pre-loaded into the catching well cool
through cyclotron radiation in the solenoidal magnetic field. A bunch of antiprotons
from the AD (5.3 MeV kinetic) can be dynamically trapped using a pulsed, high
voltage electrode. The antiprotons are either slowed by passing through a thin foil
(ATRAP, ATHENA, ALPHA) or are first decelerated to 100 keV by a radiofrequency
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quadrupole before the final degrading stage (ASACUSA). The AD cycle is typically
about 100 s in duration and results in about 3 × 107 antiprotons delivered to the
experiment in each cycle.
Many complex manipulations of the plasmas are necessary to produce antihydrogen reproducibly. The electrons must first be removed from the combined electronantiproton plasma before antihydrogen formation can proceed. In ALPHA, this
plasma would typically comprise several tens of millions of electrons and about
50,000 antiprotons. The electrons are removed by pulsing open the confining potential for intervals short enough that the faster electrons can escape while the antiprotons
remain trapped. This process inevitably heats the antiprotons—so even if the initial
mixed plasma was close to the cryogenic wall temperature, the antiprotons will typically end up at a few hundred K. We will consider further cooling of antiprotons
later.
Luckily, just producing antihydrogen doesnt require terribly cold antiprotons.
The antiprotons are typically injected into a much colder positron plasma and can
be cooled by Coulomb collisions inside the positron cloud. Indeed, in the initial
ATHENA experiments, antiprotons were injected into the positron plasma with tens
of eV of longitudinal energy (note that 1 eV is equivalent to about 12,000 K). Temperature plays a much more important role when we discuss trapping of antihydrogen
later.
Plasma radii and densities must also be controlled. The rotating wall technique
[22] plays a crucial role in production of antihydrogen cold enough to trap, and is also
typically used for tailoring electron and positron densities in any production experiment. In ALPHA, the rotating wall compression technique is used extensively: on
electrons, on positrons, and on combined electron/antiproton plasmas [23]. It is obviously important to have reliable diagnostics for measuring the transverse sizes and
density distributions of the trapped plasmas. In ALPHA we have relied heavily on
microchannelplate/phosphour screen detectors [24]. The trapped cloud is extracted
longitudinally from the trap and dumped onto the imaging detector. A rather extreme
example of an unstable antiproton cloud extracted from the ALPHA-2 device is
shown in Fig. 6.3. Note that linear tracks from the annihilation products can be seen
traversing the face of the detector. ASACUSA has used similar detectors to study
rotating wall compression of plasmas in their traps [25]. Monitoring of plasma vibrational modes has also proved to be a useful technique for diagnosing the behaviour of
lepton plasmas for antihydrogen production and related experiments. In particular,
monitoring changes in temperature through changes in the quadrupole frequency
[26, 27] was very useful in ATHENA [28, 29]. In ALPHA we have recently used
similar electron plasma mode diagnostics to study the effect of injected microwaves,
resonant at the cyclotron frequency, on stored electrons, and used this information
to help characterize the microwave field profile [30] for the antihydrogen spin flip
experiment [11].
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Fig. 6.3 A false color image of an antiproton plasma extracted from the ALPHA-2 device. The
antiprotons strike a multichannel plate/phosphor screen detector; the phosphor is imaged by a CCD
camera. This image is of an unstable antiproton cloud that was initially captured off-axis in the
Penning trap. The hollow profile results from diochotron oscillations of the plasma. Tracks from
annihilation products can be seen in the plane of the detector

6.5 Trapping Antihdyrogen for Spectroscopy: ALPHA
The ALPHA device was purpose-built to trap antihydrogen atoms so that their properties can be studied. The basic idea is to produce antihydrogen atoms at the field
minimum of a magnetic gradient trap. The μ · B interaction of the atoms magnetic
dipole moment with the external field creates a potential well; if the atom is born
with a small enough energy, it cannot escape the well and is trapped. Unfortunately,
the interaction is very weak compared to what can be obtained with charged particles. For ground state antihydrogen, one obtains about 0.7 K of confinement depth
for every 1 T of field change. The ALPHA trap has a well depth of about 0.5 K [31].
Thus atoms must be created with energies corresponding to less than 0.5 K in order
to be trapped. When one compares this to the typical energy scales of the charged
particle plasmas used to produce the neutral anti-atoms, it is clear that the task is
rather daunting. The antiprotons—whose momentum determines the antihydrogen
atoms momentum at production—must have meV energies when they produce antiatoms. Recall that they start by being trapped at keV energies, and that even very
careful removal of electrons leaves them at order of 100 K—to be compared to the
0.5 K trapping depth. Again, one can rely on interactions with a cyclotron-radiation
cooled positron plasma to cool the antiprotons. However, in practice, the positrons
dont often reach equilibrium with the cryogenic walls of the trap. The reasons for this
arent yet understood in any quantitative way, but black body radiation from warm
areas of the apparatus plays a role, as does electrical noise on the Penning trap electrodes. In ALPHA we generally find that plasmas with fewer numbers of positrons
equilibrate at lower temperatures; the plasmas used in the first demonstration of
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trapping were typically 70–80 K, at equilibrium, and then evaporatively cooled (see
discussion below) to about 40 K before mixing. These temperatures can be compared
to the trap electrodes, which were at about 10 K.
The bottom line is that the charged particle temperatures achieved in the experiment to date are still quite high compared to the neutral trapping well depth. Thus
one can only hope to catch a fraction of the antihydrogen atoms produced.

6.5.1 ALPHA Configuration
A schematic of the ALPHA central trapping region is shown in Fig. 6.4. The Penning trap electrodes are immediately inside the inner wall of the crystostat for the
superconducting magnets that make up the neutral atom trap. An external solenoid
(not pictured) provides a 1 T uniform field for the Penning trap. The atom trap magnets comprise an octupole and two solenoidal mirror coils. The resulting field has
a minimum at the center of the Penning trap, where the antihydrogen is produced.
The ALPHA device employs a transverse octupole—not the quadrupole generally
used in Ioffe-Pritchard traps for atoms of matter. The motivation here is to try to
minimize perturbations from transverse magnetic fields on the charged plasmas that
are needed to form antihydrogen. Recall that most Penning traps use a very uniform
axial field in order to maintain rotational symmetry. The transverse fields of the atom
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Fig. 6.4 Schematic representation of the ALPHA antihydrogen production and trapping region.
The Penning trap electrodes (yellow) have an inner diameter of 44.5 mm. The inner cryostat wall and
vacuum chamber wall is shown in grey. The atom trap coils are shown in green (axial confinement)
and red (transverse confinement). The effective length of the atom trap is 274 mm. The modular
annihilation detector is shown in a cutaway view; it covers the full azimuthal region. An external
solenoid (not pictured) provides a 1 T axial field for the Penning trap (Reproduced from [9])
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trap strongly break this symmetry. In the design stages of ALPHA, we were very
concerned that these transverse fields could have a serious negative effect on stability
of the positron and antiproton clouds, and experiments at Berkeley demonstrated the
that strong quadrupole fields had serious effects on the stability of stored electron
plasmas [32]. The particles can be directly lost if their axial excursions are so long
that they follow the transverse field lines into the trap wall—so called ballistic loss.
This was a big concern for antihydrogen production—as the plasmas typically have
to be moved together over distances that would cause such loss [32].
Fajans and Schmidt had earlier pointed out that, by using a higher-order multipole
magnet, it should be possible to achieve the same total atom trap well depth while
having a much flatter field profile at the axis of the Penning trap [33]. This is illustrated
in Fig. 6.5 for the octupole versus quadrupole case. (An octupole—as opposed to a
higher order multipole—was chosen due to practical tradeoffs in the engineering
and construction of the magnets.) The operational goal then is to confine the charged
particle clouds to small radii where the transverse fields are small. One of the first
important results of ALPHA was to demonstrate that, in the presence of the atom
trap fields, both antiprotons and positrons could indeed be trapped for times long
enough to allow for antihydrogen synthesis [34]. ATRAP demonstrated antihydrogen
production in a quadrupole atom trap in 2008 [35].
The ALPHA atom trap magnets are of a special construction developed by
Brookhaven National Laboratory (BNL) [31]. The superconductor is wound directly
onto the cryostat wall and secured with a tensioned fiberglass composite. There are
no metal collars to counter the magnetic forces. This is very important for ALPHA,
as the material in the magnet structure scatters the charged pions that are used to
determine the antihydrogen annihilation position—the vertex. Denser material in
the magnet structure leads to degraded vertex position resolution. Position sensitive

Fig. 6.5 Plot illustrating the magnetic field strength profiles for an octupole (solid curve) and a
quadupole (dashed curve). The scalar field magnitudes are normalized to the maximum field Bw at
the inner wall radius rw of the Penning trap. The maximum obtainable field is assumed to be the
same for both magnet types. The shaded region roughly indicates the maximum radius at which
plasmas are typically stored in ALPHA
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Fig. 6.6 Schematic representation (in axial projection) of event topologies in the ALPHA detector.
a an antiproton from an antihydrogen atom annihilates on the inner wall of the Penning trap electrodes and yields four charged pions. The pion tracks (red curves) are reconstructed from the hit
positions (red dots) in the three-layer silicon detector. Analysis of the tracks determines the vertex
position (blue diamond). b a typical track from a cosmic ray arriving from overhead (Reproduced
from [9])

detection of the antiproton annihilation has proven to be critical in all of the recent
results involving trapped antihydrogen. The octupole is wound in eight distinct layers
of 1 mm diameter superconductor. The effective atom trapping region is a cylindrical
volume of 274 mm length and 44.5 mm diameter.
The ALPHA production and trapping region is surrounded by a three-layer, imaging vertex detector [36] comprised of segmented silicon. The detector is used to identify antiproton annihilations from lost antihydrogen, and to distinguish these from
cosmic rays—which are the source of the dominant background for this experiment.
The typical topologies for antiproton and cosmic ray events are shown in Fig. 6.6.
Data samples of bare antiproton annihilations and cosmic ray annihilations can be
collected independently of any of our antihydrogen experiments and used to develop
the criteria for distinguishing signal from background in an unbiased manner. In the
latest published results, we were able to reject cosmic rays to a background level of
1.7 × 10−3 s−1 [11]. Note that, unlike ATHENA, ALPHA does not have a detector
for identifying the gamma rays from the positron annihilation. Absorption by the
material in the cryostat and atom trap magnets precludes efficient detection of these
photons. Thus we rely mainly on the antiproton annihilation detector to analyse what
is happening in our experiments.

6.5.2 Detecting Trapped Antihydrogen
When the ALPHA machine was being designed in 2004–2005, it seemed unlikely
that conventional ways of detecting trapped atoms of matter (e.g., by laser fluorescence) could be utilised—due to the small number of atoms expected to be trapped
and the restricted geometry of the experiment itself. We thus settled on an alternative:
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detection of trapped anti-atoms by controlled release from the trap and observation of
the resulting annihilation. A key to this technique is rapid shutdown of the superconducting magnets in the atom trap—in order to minimise the probability that a cosmic
ray arrives during the release interval. The ALPHA magnets can be de-energised
with a time constant of about 9 ms. Note that this is extreme for a superconducting
magnet and the experiment was not undertaken without some risk. The magnets are
shut down by diverting their current (about 900 A for the octupole and 700 A for
the mirror coils) to a resistor network by means of an IGBT (isolated-gate bipolar
transistor) switch. The magnets quench during this shutdown, but the BNL produced
magnets have survived many thousands of cycles of this treatment.

6.5.3 Antihydrogen Trapping
Ignoring many of the subtle details for now, the sequence for trapping antihydrogen
involves preparing plasmas of antiprotons and positrons in adjacent wells, with the
positrons centered in the atom trap. The atom trap magnets are then energized, and
the plasmas are mixed to form antihydrogen. After the mixing the Penning potentials
are removed and pulsed electric fields are used to remove any un-reacted charged
particles that may be mirror-trapped by the atom trap magnetic fields [37].
Then the magnets are shut down, and we analyze the annihilation detector output
for events resulting from antihydrogen annihilation during the release interval (typically 30 ms). To be certain that any released particles are neutral antihydrogen and
not bare antiprotons, we apply an axial electric field to the trap volume while the
trap is being shut down and look for evidence of displacement of the annihilation
vertex positions under influence of the fields. Data sets are accumulated with fields
in one axial direction left, the opposite direction right, and with no field. Figure 6.7
shows the results of the first published experiment [9]. We observed 38 events consistent with the release of trapped antihydrogen, out of 335 attempts. The expected
background for the total sample was 1.4 ± 1.4 events. The antihydrogen would have
been held for at least 172 ms, which is the time necessary to perform the field manipulations to remove any remaining trapped particles. The axial distribution of the
annihilation positions is consistent with computer simulations of the release process
for neutral antihydrogen and completely inconsistent with simulations for release
of mirror trapped antiprotons [9, 37]. Refinements during the 2010 and 2011 AD
running periods led to an improvement in the initial trapping rate (about one in nine
attempts) to about one trapped atom per attempt [10]. An attempt takes about 20 min
of real time.

6.5.4 Holding Antihydrogen
An obvious next question is How long can one hold onto trapped antihydrogen?
We investigated this by simply delaying the shutdown of the magnets in our usual
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Fig. 6.7 Data and simulation of annihilation events from particles released from the ALPHA
antihydrogen trap. The axial position of an annihilation is plotted versus the time from the initiation
of the shutdown of the trap magnets. The measured data are the green circles (no axial deflection
field), red triangles (axial field to deflect antiprotons to the right), and blue triangles (axial field
to deflect antiprotons to the left). The measured data set is compared to (a) computer simulations
of the release of trapped antihydrogen (grey dots) and (b) computer simulations of the release of
mirror trapped antiprotons (coloured dots corresponding to the bias fields described above). One
background point (purple star) was obtained with conditions (heated positrons) under which no
trappable antihydrogen should have been produced (Reproduced from [9])

trapping sequence to study the survival rate at various times. The short answer is
that there is clear evidence for trapped antihydrogen after 1,000 s of hold time [10],
Fig. 6.8. About half of the atoms survive for this time. We have yet to investigate any
loss mechanisms in detail (there may be multiple mechanisms with different time
scales) or to carefully study longer times—these measurements are quite frankly
rather tedious. But 1,000 s is a very long time on an atomic scale and is sufficient to
allow one to contemplate spectroscopic measurements and laser cooling—even for
just one atom trapped at time. The long hold times also guarantee that the trapped
antihydrogen—which may have been initially trapped in a positronic excited state—
has decayed to the ground state [10]. This is an extremely important point, as ground
state antihydrogen is the object we wish to study precisely—for example using the 1s–
2s transition. This transition in material hydrogen has been measured very precisely
(a fractional frequency uncertainty of 4.2 × 10−15 ) and referenced to a frequency
standard by the Hänsch group [38]. Comparison of the frequencies of this transition
for hydrogen and antihydrogen is one of the longest-standing goals of the AD physics
program.
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Fig. 6.8 Determination of the storage lifetime of trapped antihydrogen in the ALPHA trap. a The
average number of antihydrogen atoms released per attempt is plotted versus the holding time. The
error bars are due to counting statistics. b statistical significance of the data points in the graph
above, expressed in σ (Reproduced from [10])

6.5.5 Measuring Trapped Antihydrogen
The original ALPHA device was not equipped with windows to allow laser access
to the trapping volume, but we were able, in the shutdown between the 2010 and
2011 AD runs, to modify the apparatus to allow for axial injection of microwaves
into the anti-atom trapping volume. The goal of this modification was to try to
observe resonant quantum transitions between the ground-state hyperfine levels in
trapped antihydrogen. The microwaves were introduced using a vacuum mounted
horn antenna that could be manipulated onto the experiments access. Of the four
ground state hyperfine levels, two are low-field seeking (the energy level increases
with B-field) and can be trapped in the minimum-B trap. The other two states are
high field seeking and untrappable. The idea behind this experiment was to resonantly
drive microwave transitions between these two level manifolds [11]. The anti-atoms
that make a transition go from being trapped to being untrappable and are thus lost.
The transition corresponds to a positron spin flip. The experiment is conducted in
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the same way as the storage time experiment. Atoms are trapped and held, and while
being held they are illuminated with microwaves for some time (180 s in this case).
After the irradiation, the trap is released to see if any atoms remain trapped.
Three types of data sets are accumulated: microwaves on resonance, microwaves
off resonance, and no microwaves present. In this case on resonance” means resonant
with the minimum field in the highly inhomogeneous trap—obviously the field varies
greatly over the trapping volume. (Note that both of the low field seeking states were
addressed by alternating the microwave frequency back and forth between the two
during the irradiation interval.) It turns out that we could clearly see the effects of
the microwaves in the release data: the resonant microwaves effectively empty the
trap; using no microwaves or off-resonant microwaves does not [11]. We were also
able to directly detect the annihilation of the atoms when their spin-flip occurred.
This was a rather simple on-off measurement—the off-resonant microwaves were
detuned 100 MHz from the roughly 29 GHz resonant field, and we did not attempt to
scan the frequency to measure a line shape. Nevertheless, it represents the first-ever
resonant interaction with an anti-matter atom, and demonstrates that it is possible to
do some interesting physics with just a few anti-atoms (the total sample here was
about 100 atoms detected).

6.5.6 Trapped Antihydrogen and Ion Trap Physics
As mentioned above, producing antihydrogen in the first place requires the successful
and reliable implementation of many manipulation and diagnostic tools for Penning
traps. In addition to the ones summarized above, a few innovations that are unique
to ALPHA are worth mentioning, as they are directly related to producing cold
antihdyrogen. We attempted for many years to trap antihydrogen using ATHENAtype mixing. These attempts failed to produce any antihydrogen cold enough to be
trapped—at least at the level of our sensitivity and patience. Two techniques have
been particularly important to our success: autoresonant injection of antiprotons into
a positron plasma and evaporative cooling of charged particle plasmas. These are
described briefly below; again the details can be found in the references.

6.6 Autoresonant Injection of Antiprotons
into a Positron Plasma
As described above, in ATHENA the antiprotons were injected into the positron
plasma with relative energies of many electron volts. There was evidence, both from
ATHENA [20] and ATRAP [39], that this type of mixing produced hot antihydrogen
of perhaps hundreds of degrees K. Simulations suggested that the antihydrogen forms
before the antiprotons cool into thermal equilibrium in the positron plasma [40].
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Fig. 6.9 Representation of the axial potential used for autoresonant injection of antiprotons in
ALPHA. The externally applied potential is shown in red. The positron space charge significantly
flattens the total potential in the center of the nested well

As mentioned above, the inability of ALPHA to trap antihdyrogen atoms produced a
la ATHENA tends to confirm this expectation. The scheme for autoresonant (see [41])
injection can be illustrated with help of Fig. 6.9. The positron and antiproton plasmas
are prepared in adjacent wells. Both plasmas can be cooled in-situ by evaporative
cooling—see discussion below. The axial motion of the antiprotons in the potential
well is driven by applying a periodic signal to one of the Penning electrodes. Under
the correct conditions of drive strength and plasma density and temperature, the
antiproton cloud will behave as a coherent macroparticle [42]. The nested well shape
for the antiprotons results in nonlinear behaviour: the frequency at the bottom of
the antiproton well (the antiproton starting position in Fig. 6.9) is higher than that
at the energy level at which the antiprotons would enter the positron plasma. The
cold antiproton cloud is captured by the drive in the linear part of the well and
the frequency is then swept from high to low. The antiproton cloud autoresonantly
follows the drive (downward in Fig. 6.9)—matching its axial oscillation amplitude
to the corresponding frequency determined by the well shape. By careful control of
this frequency sweep, the antiprotons can be injected into the positron plasma with
very small relative velocity—allowing for production of cold antihydrogen. All of
the antihydrogen trapped in ALPHA has been produced with this kind of mixing, but
this technique is still relatively new and has yet to be fully exploited. A theoretical
study involving simulations of the plasma behaviour under autoresonant injection
was recently published [43] and gives some guidance for optimising this technique
in the future.

6.7 Evaporative Cooling of Charged Antimatter Plasmas
The technique of evaporative cooling is a mainstay of cold atom research [44]. In
ALPHA, we have applied this technique to both antiprotons [45] and positrons in our
efforts to create trappable antihydrogen (see [46] for a description of the experimental
situation before evaporative cooling was introduced).
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As noted above, the positron plasmas in our machine do not reach thermal equilibrium with the cryogenic trap walls (10 K). The antiproton plasmas are usually left
at a temperature of a few hundred K after electron removal. In order to improve this
situation we can evaporatively cool both species by simply reducing the Penning trap
well depth to allow warmer particles to escape. We have earlier cooled a sample of
antiprotons to about 9 K using this technique [45]. This of course involves throwing
away precious antimatter particles, but the idea is to end up with more particles that
can produce trappable antihydrogen.
For positrons, the situation is not very dire; we can easily trap close to 108
positrons, but we use only about 2 million positrons in the successful antihydrogen trapping experiments. It hurts more to throw away antiprotons—we only have
about 40,000 to start with, but current thinking suggests that the positron temperature
still plays the dominant role, as the antiprotons quickly equilibrate when they are
gently introduced by the autoresonant technique.
Indeed, our first hint of antihydrogen trapping came in 2009, when we saw six
candidate events in 212 attempts with positrons at about 70 K [46]. These measurements were taken without the electrical bias fields that ensure that the events were
not due to mirror-trapped antiprotons, but simulations indicate that it is very unlikely
that these were charged events. The most substantial change between the 2009 and
2010 runs was the introduction of evaporative cooling to the positron plasma. This
resulted in positrons of about 40 K, and the measured trapping rate of one atom in
about nine attempts.
While the antiproton temperature may only have a higher order effect on the
efficiency of the current mixing technique, evaporative cooling can in principle lead
to better control and reproducibility of the autoresonance injection. In other mixing
techniques in which the antiproton plasma is stationary—for example, interaction
of an antiproton cloud with positronium atoms [47], evaporative cooling could be a
very important tool for increasing the number of trapped atoms. Both ATRAP and
AEGIS use variations of the positronium technique. Efforts in ALPHA will continue
to reduce the positron plasma temperature, as well as optimization of the whole
production cycle to increase the number of trapped atoms per attempt. Madsen [48]
is pursuing the use of sympathetic cooling of positrons by laser cooled trapped ions,
as demonstrated by the Bollinger group [49], to reduce the positron temperature.
This project is funded and just beginning to be implemented for ALPHA.

6.8 Towards Antihydrogen Spectroscopy
At the time of the writing of this chapter (Summer 2013), the AD is currently shut
down in connection with the upgrade of the LHC machine, and we will not see
antiproton beam again before mid-2014 at the earliest. To prepare for the next generation of experiments with antihydrogen, we have (in 2012) constructed a completely
new experimental apparatus, known as ALPHA-2. A schematic diagram is shown
in Fig. 6.10. As mentioned above, the original ALPHA machine did not allow for
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Fig. 6.10 Graphic depiction of the ALPHA-2 device. The antiprotons from the AD (arriving from
the left of the figure) are caught, cooled and accumulated in a separate trap with its own solenoid
magnet. The atom trap features a similar construction to that of the original ALPHA machine, but
with added solenoidal coils for tailoring the longitudinal field shape. Current is introduced to the
magnets (eight individual coils) through high temperature superconducting leads developed for the
LHC

access of laser beams to the anti-atom trapping volume. ALPHA-2 remedies this by
including access and egress windows for up to four laser beams. One of the laser
paths features a Fabry-Perot buildup cavity within the cryogenic UHV system to
allow for power enhancement of the 243 nm laser light needed for the two-photon
excitation of the 1s–2s transition. Investigation of this transition has been one of the
goals of the collaboration since its inception. We hope to begin initial investigations
of this line with ALPHA-2 when the AD beam returns.
Some ALPHA colleagues have recently considered the feasibility of laser cooling
of trapped antihydrogen atoms using pulsed Lyman-α light [50]. The potential for
this is also included in the design of ALPHA-2, and the necessary laser is being developed within the collaboration. We will also continue our microwave investigations.
ALPHA-2 features extra magnetic coils that will allow us to flatten the longitudinal
field profile in the trap center, yielding a larger resonant volume for the microwave
transitions. We eventually hope to probe the antihydrogen NMR (nuclear magnetic
resonance or antiproton spin flip) transitions using trapped antihydrogen, but some
technical development remains to allow injection of the required wavelength into the
trapping volume. Meanwhile, ASACUSA is actively pursuing their Ramsey-type
drift experiment [14] to measure the hyperfine spectrum. I will refrain from making
predictions about how the development of antihydrogen spectroscopy will proceed—
these always ultimately lead to embarrassment. It is in many ways remarkable that we
are now in a position to design real measurements using trapped antimatter atoms—
the landscape was somewhat bleaker a few short years ago. Clearly we would like
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to have more trapped atoms per attempt, and the truly precision experiments may
require vastly different experimental setups than those we have now. I remain confident that this inexhaustible and creative community of physicists will overcome
the necessary obstacles to answer the very fundamental and intriguing question: Do
atoms of matter and antimatter obey the same laws of physics?
To aid us in this quest, CERN has recently approved a major upgrade to the AD
complex. The ELENA ring will further decelerate antiprotons from the AD down to
100 keV. This will allow researches to capture a much higher fraction of the delivered
antiprotons and allow us to make more rapid progress in our research. The entire
community is looking at a very bright future for low energy antiproton physics.

6.8.1 Dropping Antihydrogen
Although this is a volume about spectroscopy, we note in passing that ALPHA
has recently published the first experimental study to directly address gravitational
effects on neutral antimatter [12]. The concept is simple—we looked at the position distribution of the annihilation vertices due to antihydrogen atoms that were
intentionally released from the trap. This was not an experiment per se, but a retrospective analysis of data taken in the course of other experiments. The antihydrogen
in ALPHA is typically too warm (recall the well depth is up to about 0.5 K) that we
would expect to see the effect of gravitational free fall when the atoms are released
in the horizontally oriented atom trap. However, there is a distribution of energies,
and the coldest atoms can be expected to emerge later in the release process, as the
confining potential decays. So while we cannot directly observe free fall (or upward
acceleration, for antigravity), we can compare the measurements to computer simulations of the release of trapped atoms. In the simulations, we can assume that the
gravitational mass of antihydrogen is different from its inertial mass by some ratio
F. By statistically comparing the data with simulations of varying F, we can use the
data to place limits on F. The answer is that F lies between −65 and 110 (negative
signs imply antigravity). This is not a very interesting band yet, but the experiment
shows how one might approach such measurements with trapped antihydrogen, and
we have examined the improvements that could be made to this technique in the
future. It is not unreasonable to expect to be able to rule out F = −1 (antigravity)
with this technique in the not too distant future. Both AEGIS and Gbar will aim
for more precise measurements of the value of g for antiatoms. These are both very
technically challenging experiments.
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Chapter 7

High-Precision Mass Measurements
of Radionuclides with Penning Traps
Michael Block

Abstract The mass of an atom is directly related to the binding energy of all its
constituents. Thus, it provides information about all the interactions inside the atom.
High-precision mass measurements hence allow studies of fundamental interactions
and are of great importance in many different fields in physics. The masses of radionuclides provide information on their stability and their structure and are therefore of
particular interest for nuclear structure investigations and as input for nucleosynthesis
models in nuclear astrophysics. Penning trap mass spectrometry provides masses of
radionuclides with unprecedented accuracies on the order of 10−8 and can nowadays
be applied even to nuclides with short half-lives and low production rates. Utilizing
advanced ion manipulation techniques radionuclides from essentially all elements
produced in a broad range of nuclear reactions can be accessed. In this chapter the
standard procedures of on-line Penning trap mass spectrometry are introduced and
some representative examples of recent mass measurements are given.

7.1 Importance of Masses of Radionuclides
The mass of an atom is one of its fundamental properties and contains information
about all the interactions inside the atom. The atomic mass m of the atom is smaller
than the sum of the masses of all its constituents. This difference is due to the binding
energy B(N, Z) of all its constituents that can be obtained from the relation
B(N, Z) = [Nmn + Zmp + Zme − m(Z, N)]c2 ;

(7.1)

where N is the neutron number, Z is the atomic number, mn is the mass of a neutron,
mp is the proton mass, and me is the electron mass. Since the binding energy of the
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electrons is much lower than the nuclear binding energy it does not play a significant
role for nuclidic masses at the present uncertainty level that can be reached for
radionuclides so that Bnucl ≡ B(N, Z).
Masses play an important role in several fields of physics ranging from astrophysics to tests of the Standard Model [1, 2]. Mass measurements on stable nuclides
can nowadays be performed with relative uncertainties on the order of about 10−11
[3–5], an accuracy that is required for the determination of fundamental constants and
for very sensitive tests of fundamental symmetries. For example, a high-precision
comparison of the proton-to-antiproton-mass ratio [6] provides a sensitive test of
the charge, parity, and time reversal (CPT) symmetry. High-precision mass measurements also support precise tests of the Standard Model via the unitarity of the
Cabbibo-Kobayashi-Maskawa quark mixing matrix by studies of superallowed β
decays [7].
Mass measurements of radionuclides are a powerful tool for nuclear physics since
they provide information on the stability and the nuclear structure of the investigated
nuclides. Structural effects are revealed by several indicators such as the nucleon
separation energies [1, 2]. In this context masses are often expressed by the mass
excess ME defined as
ME = [m(in u) − A];
(7.2)
where A = N + Z is the mass number and the atomic mass unit u is defined as
1/12th of the mass of 12 C. A moderate precision on the order of 100 keV already
allows identifying global structure phenomena such as major shell closures. For the
investigation of nucleon pairing or deformation a higher precision on the order of
10 keV is often required. For tests of relations such as the isobaric multiplet mass
equation (IMME) [8] even a higher precision on the level of about 1 keV is desirable.
The IMME relation describes the masses of nuclides within an isobaric multiplet.
It is based on the fact the strong interaction is approximately charge independent, a
symmetry of this interaction that was already realized by Heisenberg [9] and Wigner
[10] leading to the introduction of the isospin concept.
For nuclear structure studies it is important to reach radionuclides far away from
stability whose proton-to-neutron ratio is very different from nuclides close to stability. Such extreme ratios often lead to changes in the structure and to new discoveries.
It has been observed for example that the shell closure at N = 28 established in
nuclides close to stability erodes in more neutron-rich nuclides [11]. The shell structure evolution can be tracked by masses.
A prominent nuclear structure phenomenon observed in light nuclides are halo
structures. In such cases one or two nucleons are very loosely bound giving rise
to exceptional large radii. For example, the two-neutron halo nucleus 11 Li [12] has
a similar size as the much heavier nucleus 208 Pb illustrated also by mean square
charge radii of 11 Li obtained by laser spectroscopy [13]. Halo candidate nuclides
can be identified by mass measurements that reveal the neutron binding energy.
Another peculiar example are ‘superheavy’ elements (Z ≈ 104) that are predicted
to inhabit an ‘island of stability’ [14]. Their nuclei owe their very existence to nuclear
shell effects that stabilize them against the disintegration by spontaneous fission
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due to the strong Coulomb repulsion. The strength of these shell effects can be
experimentally determined by direct mass measurements with Penning traps [15].
In general the proton and neutron separation (binding) energies determine the
limits of stability given by the drip lines (Sp (N, Z), Sn (N, Z) = 0) [16]. Since mass
differences also determine the energy available for radioactive decays mass measurements allow identifying nuclides that exhibit exotic decay modes as for instance
two-proton decay [17] or cluster radioactivity [18].
Masses and mass differences (Q values) also play an important role in nuclear
astrophysics for the modelling of the formation of elements in stellar and explosive
burning scenarios [19]. They determine the pathway of the different nucleosynthesis
processes such as the rapid proton capture, the slow neutron capture and the rapid
neutron capture process [20–22].
Accurate Q values are moreover relevant for neutrino physics. The search for rare
processes such as neutrino-less double β decay and neutrino-less double electron
capture needs very accurate Q values [23, 24]. The observation of one of these rare
neutrino-less decay modes would unambiguously establish the neutrino as a Majorana particle and allow us to to determine the (anti)neutrino mass. The determination
of the neutrino mass from the endpoint of the β decay spectrum of tritium as planned
in the KATRIN experiment [25] for example, requires the very accurate knowledge
of the 3 H-3 He mass difference.
The present knowledge on the masses of all about 3,500 nuclides known to date is
summarized in the latest Atomic-Mass Evaluation (AME 2012) [26]. It contains all
experimental data related to nuclidic masses obtained by different mass spectrometry
techniques.

7.2 Mass Measurements at On-line Facilities
The development of mass spectrometry goes along with some important discoveries
in physics. The ‘birth’ of mass spectrometry dates back to the time around 1900, a
very productive period in physics with several ground breaking discoveries. A brief
history on mass measurements and their evaluation can be found in an article by
Audi [27].
An important milestone was the discovery of the electron by J. J. Thompson in
1897 that was based on a measurement of its mass-to-charge ratio [28], the same
principle still applied in Penning trap mass spectrometry (PTMS) to date. Another
important discovery was made 100 years ago by the observation of different neon
isotopes using a mass spectrograph with electric and magnetic fields by the very same
J. J. Thompson [29–32] who was awarded the Nobel prize in physics in 1906. F. W.
Aston, J. J. Thompson’s student, improved the mass spectrograph, where the different
ions were registered on a photo plate, and discovered several new nuclides [33]. He
was awarded the Nobel prize in chemistry in 1922. Further people involved in the
development and improvement of mass spectrometers with higher resolution include
for example Dempster [34], Mattauch and Herzog [35], Bainbridge, and Jordan [33].
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Such devices reached a relative mass uncertainty of up to 10−5 and were used for a
number of mass measurements of stable nuclides. Besides the discovery of multiple
nuclides it led to the experimental observation of the mass defect, i.e. the difference
between the atomic mass and the sum of the masses of its constituents as discussed
in the introduction.
Mass measurements of radionuclides had to be carried out on-line at radioactive
beam facilities. This endeavour started in the 1970s [36] at ISOLDE [37], the isotope
separator on-line at CERN Geneva, and were initially performed by conventional
mass spectrometers. However, such spectrometers reach their limits in applications
to radionuclides due to the limited yield of such particles since in conventional mass
spectrometers, for example of Mattauch-Herzog type, a high resolution often requires
the use of narrow slits that reduces the transmission.
The advantage of a mass determination based on a cyclotron frequency measurement was realized by L. Smith who constructed an radiofrequency (rf) mass
spectrometer in the 1960s [38] that could reach a higher precision. The ‘Mistral’
spectrometer installed at ISOLDE was a mass spectrometer of Smith type that was
used in particular for measurements of light halo nuclides [39, 40]. However, its operation was rather complicated and the efficiency was limited so that this spectrometer
was later decommissioned.
High-precision mass measurements of radionuclides in a Penning trap were
pioneered almost thirty years ago, again at ISOLDE. The first mass measurement in
a Penning trap was performed a couple of years earlier [41]. The installation of the
Penning trap mass spectrometer ISOLTRAP [42, 43] marked the beginning of a new
era in mass spectrometry.
Penning traps provide masses of radionuclides with unprecedented accuracies
based on a direct cyclotron frequency measurement. Relative uncertainties on the
order of 10−8 are nowadays feasible [1] and even radionuclides with short half-life
[44] and low production rates [15] are accessible. For certain radionuclides even an
accuracy of a few parts in 109 was already reported [45]. Since the installation of
ISOLTRAP the landscape at radioactive beam facilities has changed dramatically.
Today many Penning trap mass spectrometers are operated or planned at facilities
around the world [43, 46–53]. The different devices show a large complementarity
utilizing different production and measurement schemes in order to access practically
the full nuclear chart.
A different technique for mass measurements that is also well suited for the application to radionuclides is time-of-flight mass spectrometry (ToFMS). First devices
were used by A.E. Cameron and and D.F. Eggers around 1950 [54]. ToFMS can
reach radionuclides far away from stability. However, the precision using conventional devices was typically only on the order of 10−6 for a reasonable flight path.
This is often not sufficient to resolve nuclear isomers, and even nuclear isobars
is some cases, and renders an accurate mass determination difficult. Recently new
devices have been developed for ToFMS that allow a longer flight path of the ions
of interest to achieve a higher resolving power maintaining a compact design. In
so-called multi-reflection time-of-flight mass spectrometers [55–57] ion bunches are
reflected multiple times between electrostatic mirrors. Such devices can reach a mass
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resolving power of up to about 200,000 for a several turns within a few milliseconds
cycle time. They are thus attractive as isobar separators [58] and may be used for
mass measurements of very short-lived radionuclides with reasonable precision.
Another workaround in ToFMs is the use of a high-energy storage ring such
as the experiment storage ring (ESR) at GSI Darmstadt [59]. An ion circulates in
the ring with about 100 m circumference with a typical frequency on the order
of MHz. In the so-called isochronous mode the mass of short-lived nuclides with
microsecond half-lives can be determined by ToFMS with a precision of about 10−6
[60, 61]. Alternatively the Schottky mode, where even single ions can be detected
electronically by the signal they induce into pick up electrodes while they orbit, mass
measurements with a precision of about 10−7 can be obtained. However, the latter
technique requires (electron) cooling of the radioactive ions so that only nuclides
with half-lives of more than about one second can be tackled [60].

7.3 Penning-Trap Mass Spectrometry
Penning-trap mass spectrometry (PTMS) has in recent years developed into an elite
method for high-precision mass measurements not only of stable nuclides but also
for radionuclides [1]. This has opened up many new possibilities for studies related
to various fields in physics as discussed in Sect. 7.1. With respect to nuclear structure
investigations and to nuclear astrophysics it is necessary to extend the reach to exotic
nuclides far away from stability. To this end, the introduction of buffer-gas stopping
of ion beams along with advanced ion-manipulation techniques has been crucial.
Nowadays PTMS can be applied to radioisotopes of essentially all elements, even of
the elements above fermium, are meanwhile accessible to PTMS (c.f. Sect. 7.5.4).
In the following the basic principles and some of the standard methods in PTMS are
briefly introduced. Many of the general aspects discussed here also apply to PTMS of
stable nuclides, however the focus here is on techniques relevant for experiments with
radionuclides, where one has to deal with the challenges related to short half-lives
and low production rates.

7.4 Production of Radionuclides at On-line Facilities
For the production and separation of radioactive ion beams a variety of techniques has
been developed. The most important methods at accelerator facilities are presently
the so-called ISOL method [62] and the in-flight technique. In ISOL facilities
radionuclides are produced by fission and spallation reactions, typically induced
by high-energy protons or light ions impinging on a thick target of a few mg/cm2 , for
example made of uranium carbide. Alternatively neutron-induced fission or photofission are utilized. The radioactive ions are stopped in the target, diffuse out of the
hot target cavity to the ion source where the radioactive atoms or molecules are
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ionized by different methods and extracted as an ion beam at energies of typically
30–60 keV.
In addition to surface ionization nowadays more selective ionization methods such
as laser resonant ionization are more and more often used to provide radioactive
ion beams of higher purity [63]. The ion beam is mass separated in a magnetic
separator, typically with a mass resoling power of about m/δm ≡ 3,000 sufficient
to separate isotopes, and delivered to the experiments. Since the diffusion out of the
hot cavity takes time the access to very short-lived nuclides with half-lives below a
few milliseconds is not feasible. Moreover, certain elements are not available due
to their chemical properties. For example refractory elements cannot be produced at
ISOL facilities.
The first ISOL facility, the the LISOL facility in Louvain-la-neuve [64], came
into operation in 1989. The major ISOL facilities operated today are ISOLDE at
CERN, Geneva [37], the ISAC facility at TRIUMF, Vancouver [65], and SPIRAL at
GANIL, Caen [66]. The ion guide isotope separator on line (IGISOL) method [67] is
a variant of the ISOL technique that overcomes some of its limitations. In the IGISOL
technique the reaction target is installed in a buffer gas-filled chamber. Ions that recoil
out of the target are slowed down in the gas and swept out by the gas flow through
an extraction hole. The ion source system is kept at high voltage, typically about 30
keV, and the extracted ion beam is also mass separated by a magnetic separator prior
to the distribution to the experiments. The IGISOL facility at Jyvaeskylae [68] is a
user facility where this approach is applied.
In order to get access to all elements and to increase the reach to more exotic,
short-lived radionuclides other production schemes have to be employed. The fragmentation of relativistic projectiles in combination with the in-flight separation by
electromagnetic fragment separators gives access to all elements lighter than the projectile, i.e. in the case of uranium fragmentation isotopes of all elements up to uranium
can be produced. This method requires projectile energies of about 100 AMeV to
about 1 AGeV and can use thick targets of a few mg/cm2 . The beam quality (emittance) is worse than at ISOL facilities but rather pure beams can be obtained by
two-stage separators. In addition to fragmentation also in-flight fission of fragments
is utilized, an approach that is favourable for the production of neutron-rich nuclides.
Facilities based on projectile fragmentation in operation comprise the radioactive isotope beam factory (RIBF) [69] at RIKEN, Wako-shi, Japan, the fragment separator
(FRS) [70] at GSI in Darmstadt, Germany, and the A1900 [71] at the NSCL at
Michigan State University, East Lansing, USA.
Another approach for the production of radionuclides is via fusion-evaporation
reactions. Light to heavy-ion beams with energies around the Coulomb barrier, i.e.
about 5 AMeV, are reacted with thin targets of about 0.5 mg/cm2 to form a compound
nucleus. The compound nucleus de-excites by the evaporation of protons, neutrons,
or α particles depending on its excitation energy. The evaporation residue recoils
out of the target and is separated from the primary beam by kinematic separators
in flight. Either vacuum separators such as the velocity filter SHIP at GSI Darmstadt [72], Vassilissa at Dubna [73], or gas-filled separators such as the DGFRS
in Dubna, Russia [74], the BGS at LBNL Berkeley, USA [75], GARIS at RIKEN
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[76], RITU at Jyvaeskylae [77], or TASCA [78] at GSI Darmstadt are employed.
These separators are optimized for high transmission and a high primary beam rejection but do generally not contain a separation based on the mass-to-charge ratio of
the reaction products. This production scheme is presently the only way to access
the heaviest elements. Using beams of stable nuclides and various targets including
radioactive actinides targets this approach has been used for production of elements
up to Z = 118 [74]. However, in general neutron-deficient nuclides are produced by
this method.

7.4.1 Typical Layout of a Penning Trap Mass Spectrometer
The typical layout of an on-line Penning trap mass spectrometer setup for highprecision mass measurements of radionuclides is schematically depicted in Fig. 7.1.
The initial stage has to be adapted to the properties of the radioactive ion beams
delivered from a radioactive beam facility. The ion beams delivered by isotope separator online (ISOL) facilities have a moderate beam energy of 30–60 keV and a
relatively good beam quality. Radioactive beams from in-flight separators have a
much higher energy of tens of MeV up to hundreds of MeV per nucleon and a rather
high emittance. Then buffer gas cells have to be employed for the conversion into a
low-energy ion beam.
Independent of the production scheme one has to deal with low production rates
that require highly efficient setups and sensitive diagnostics. The first beam preparation stage that is nowadays included in practically all state-of-the-art Penning trap
mass spectrometers is a buffer-gas filled radiofrequency quadrupole (RFQ) cooler
and buncher. In such buffer gas-filled linear Paul traps ions can be cooled by an
inert buffer gas in a few milliseconds, accumulated over several cycles, and bunched.
Thereby low emittance bunched ions beams can be prepared for an efficient injection into Penning trap systems. In this way also the properties of the ion beam are
decoupled from the production stage.
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Fig. 7.1 Typical Layout of a Penning Trap Mass Spectrometer at an accelerator facility
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In nuclear reactions often several nuclides are produced at the same time. In
addition, contaminant ions may be created in the different beam preparation stages,
for example by charge exchange reactions in the buffer gas, due the formation of
molecular ions, or by background ions arising from nuclear decay products and
unwanted ionization. The presence of unwanted ions that may even be much more
abundant than the ion of interest has to be handled. The preparation of pure samples is
crucial for high-precision mass measurements. To this end, in many setups a second
Penning trap is utilized as a purification trap. In this trap a mass-selective buffer
gas cooling and centering technique [79] is employed. This universal technique is
suitable for radionuclides and provides a high mass resolving power of about 100,000
so that the separation of nuclear isobars can be accomplished. Alternatively other
isobar separators such as magnetic separators [80] or multi-reflection time-of-flight
mass spectrometer can be utilized [58]. The actual cyclotron frequency measurement
is performed in the measurement trap, a precision Penning trap where the ions of
interest are stored and manipulated in ultrahigh vacuum conditions. In the following
the production of radionuclides is briefly addressed and the individual stages of an
on-line Penning trap mass spectrometer are discussed in more detail.

7.5 Beam Preparation
The kinetic energy of the radionuclides produced by either of the techniques discussed
above is too high for ion trapping. Thus, the ions have to be slowed down and prepared
for the injection into a Penning trap first. In the case of an ISOL facility this can be
accomplished utilizing an RFQ cooler buncher operated at high voltage [81]. The
development of RFQ cooler-buncher devices was crucial to boost the performance of
on-line Penning trap mass spectrometers and has made them a standard component
for the preparation for low-energy radioactive beams. They are addressed in more
detail in the next section.
Due to their much higher kinetic energy, about 50 MeV for fusion products up
to several 100 AMeV for projectile fragments, the reaction products from in-flight
separation cannot be slowed down electrostatically. An additional beam preparation
stage in this case is provided by so-called buffer gas cells or ion-catcher devices
[82–86] that are based on the IGISOL approach. In such gas cells the ions are slowed
down in an inert buffer gas, typically helium, after passing a solid degrader that takes
away most of the initial kinetic energy. The gas cells are operated at pressures on
the order of 100 mbar for fusion products to about 1 bar for fragment beams. The
ions remain singly or doubly charged in this process depending on their ionization
potential and the cleanliness of the system. The ions are extracted by a combination of
electric fields and buffer gas flow through an extraction hole, often a de Laval nozzle,
within a few milliseconds at low pressure up to some hundred milliseconds at high
pressure. In addition, cone-shaped electrode stacks [82, 85], so-called funnels, or ‘rf
carpets’ [83, 87, 88] are utilized to facilitate an efficient extraction. In these devices
a repelling force is created by an appropriate rf field to minimize ion losses during
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the focussing on the extraction hole. The typical efficiency of gas stopping cells is
presently about 10 % [82–85]. Since for every incoming ion up to 106 helium ion
electron pairs are created a very high cleanliness and high gas purity are essential to
avoid losses by charge exchange and molecule formation. Thus, cryogenic gas cells
have recently been developed [88, 89] that will be operated at temperatures of 40–
80 K so that most impurities freeze out. They are expected to boost the efficiency of
gas stopping systems and provide purer beams. A so-called ‘cyclotron gas stopper’
[90, 91] has been suggested to handle radioactive beams with high rates. In this
device the ions are also slowed down in a buffer gas in a weak focussing field of
a cyclotron-type magnet that results in a spiraling motion that extends the ions’
pathway. Such a device can be operated at a lower pressure and may be beneficial
for the stopping of light particles. A prototype of a cyclotron gas stopper is being
constructed at the NSCL [92].

7.5.1 Beam Preparation with an RFQ Cooler and Buncher
RFQ ion-beam cooler and buncher devices allow the preparation of low-energy rare
isotope beams with high beam quality [46, 93–95]. Their main benefits are
• a reduction of the transversal emittance and the energy spread of the injected beam
• the beam properties of the extracted beam are decoupled from the beam properties
of the injected beam
• ion accumulation over several accelerator cycles becomes possible
• bunched beams with variable repetition rate can be provided.
This is a prerequisite for many precision experiments on radionuclides. It allows an
efficient injection of rare isotope beams into ion traps and improves the sensitivity
of laser spectroscopy experiments. In this section the basic principle of an RFQ
cooler-buncher is briefly summarized. More detailed information about RFQs and
Paul traps can be found in various textbooks and monographs [96–99].
An RFQ cooler-buncher is a buffer-gas filled linear Paul trap [100] where the ions
are confined in a quadrupolar time varying potential of the form
φ(x, y, t) =

V0 cos Ωt 2
(x − y2 )
r02

(7.3)

that is created by an rf voltage
U(t) = V0 cos Ωt

(7.4)

applied to pairs of opposite electrodes of a four-rod structure as shown in Fig. 7.2. In
contrast to the original mass filter design by Paul [100] nowadays mostly cylindrical
electrodes are used instead of hyperbolic-shaped ones as they are easier to machine
and the potential sensed by the ions close to the symmetry axis of the RFQ is similar.
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Fig. 7.2 Schematic view of an RFQ ion beam cooler and buncher. (Top, left) Cut in the transversal
plane showing the connection of the rf voltage to the electrode rods. (Top, right) Cut of along the
beam axis. The axially segmented buffer gas-filled electrode structure is shown. (Bottom) Axial DC
potential in bunch mode

The ion motion can be described by Mathieu-type equations of motion of the form
δ2 u
= (a − 2q cos(2Ωt))u = 0.
δ2 ξ

(7.5)

with generalized coordinates u and a parameterized time ξ . The Mathieu parameters
a and q represent the DC and rf amplitudes of the trapping potential, respectively.
a=

4eU0
mr02 Ω 2

(7.6)

q=

2eU0
,
mr02 Ω 2

(7.7)

Stable solutions of the Mathieu equation are obtained for certain values of a and q.
The stability criterion can be depicted in a diagram as shown in Fig. 7.3 where a stable
confinement is achieved choosing operating parameters within the shaded region. For
an RFQ ion-beam cooler-buncher typically a = 0 is chosen leading to the stability
condition q < 0.908 [98]. From this condition the required rf amplitude for a selected
operation frequency Ω and a given charge-to-mass ratio can be derived. The motion
in the rf potential can also be described in terms of a time-averaged pseudo-potential
as introduced by Dehmelt [101]. The ion motion
x(t) = {x0 cos(ωt)} cos Ωt

(7.8)

is a composition of a forced oscillation following the driving rf field resulting in
a so-called micro-motion at frequency Ω and a harmonic oscillation, the macromotion, at a frequency
q
(7.9)
ω = ∼ Ω.
8
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Fig. 7.3 Stability diagram of an rf trap. A stable confinement is achieved for operating points
(ao , qo ) within the shaded region

For typical parameters of an RFQ ion-beam cooler of a = 0, q ≡ 0.4, and Ω =
1 MHz an oscillation frequency of ω = 2π · 76 kHz is obtained for an ion with mass
A = 100.
While the radial confinement in the RFQ is provided by an rf field as discussed
above a static electric field gradient is superimposed for the axial confinement and
to drag the ions through the buffer gas into a potential well at the end of the RFQ.
To this end the electrode rods are segmented so that the desired axial field gradient
can be created as indicated in Fig. 7.2. The RFQ is filled with a light inert buffer gas,
typically high-purity helium, at a pressure of about 10−3 mbar so that the ions are
thermalized in collisions with the buffer gas atoms within a few milliseconds. If the
RFQ is operated as ion guide in transmission mode a higher pressure is typically
used since the ions have to be cooled in a single pass, whereas a lower pressure
is favourable for bunching. This buffer gas cooling technique is universal and thus
suitable for radioactive ions. It can be applied as long as the mass of the buffer gas
atoms is small compared to the mass of the ion to be cooled. The application of
buffer gas cooling results in an emittance reduction of an injected ion beam to about
10 π mm×mrad or less and results in a longitudinal energy spread of less than 1 eV.
The cooled ions can be accumulated in a potential well at the end of the rod structure
where they form an ion bunch. An ion bunch is extracted by switching the voltages
applied to the end electrodes of the RFQ. A typical bunch width of about 100 ns–1µs
is achieved. The bunch properties can be influenced by the trapping potential and
the extraction voltages. There are several designs in use for RFQ cooler bunchers, in
some of which the electrodes for the DC potential are separated from the rf electrodes
[95].
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7.5.2 Penning Traps
Penning traps are well described in the literature in several review articles, monographs, and textbooks [96, 97, 99, 102, 103]. The application of Penning traps for
high-precision mass spectrometry has also been addressed in various works [1, 104,
105]. In this section the basics are briefly summarized and the relevant methods with
respect to PTMS of radionuclides are introduced.
The concept of a Penning trap goes back to the works of F. Penning, who actually
worked on more accurate pressure gauges but was credited with the name nonetheless
[106], and Pierce [107]. However, the real breakthrough using Penning traps for highprecision experiments was related to Dehmelt’s famous experiment on the anomalous
magnetic moment of a free electron [101]. This ingenious experiment earned him
the the Nobel prize in physics in 1989 together with Wolfgang Paul, another ion
trap pioneer introducing the RF trap nowadays referred to as Paul trap, and Norman
Ramsey, whose method of separate oscillatory fields has meanwhile also found its
way into PTMS [108].
In a Penning trap a charged particle is confined by a strong homogeneous magnetic
field B = B0 z and a superimposed electrostatic quadrupolar field E created by a set
of electrodes as shown in Fig. 7.4. A quadrupolar potential of the form
U(ρ, z) =

ρ02

U0
(ρ 2 − 2z2 ),
+ 2z02

(7.10)

Fig. 7.4 Ideal Penning trap with hyperbolical electrodes (left) and the motion of a single ion in the
trap (right)
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where ρ0 and z0 are the trap dimensions as shown in Fig. 7.4, is created applying a
voltage U between a ring electrode and two endcap electrodes of the trap. In practice
traps with hyperbolic electrodes as well as with cylindrical electrodes are in use.
With the characteristic dimension d
ρ02 + 2z02 = 4d 2

(7.11)

the potential can be rewritten as
U(ρ, z) =

U0 2
(ρ − 2z2 ).
4d 2

(7.12)

Solving the equations of motion for a single trapped ion leads to three independent
eigenmotions: A harmonic oscillation in axial direction at frequency

ωz =

qU
md 2

(7.13)

and two radial motions, the cyclotron motion at the modified cyclotron frequency
ωc
+
ω+ =
2



ω2
ωc2
− z
4
2

(7.14)

ω2
ωc2
− z.
4
2

(7.15)

and the magnetron motion at a frequency
ωc
−
ω− =
2



The magnetron frequency is to first order independent of the mass of the stored
ion. For typical parameters the hierarchy of the eigenfrequencies is ω− < ωz <
ω+ . In a Penning trap even single ions can be confined under well-defined, almost
perturbation-free conditions in ultrahigh vacuum. This results in long observation
times, in the case of radionuclides ultimately limited by the half-life, that lay the
ground for experiments of unprecedented precision.
The mass m of an ions with charge q can be obtained from its free cyclotron
frequency ωc at which it orbits in a magnetic field of strength B.
ωc = 2π νc =

qB
.
m

(7.16)

For PTMS in particular the following relations between the free cyclotron frequency
and the eigenfrequencies in the trap are important:
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ωc = ω+ + ω− ;
ωc = ω+ ω− =



ωz2

(7.17)

= 2ω+ ω− ;

(7.18)

2 + ω2 + ω2 ;
ω+
−
z

(7.19)

where the latter relation is also known as the Brown-Gabrielse invariance theorem
[102]. It is often used for the cyclotron frequency determination of stable nuclides.
Equation 7.17 is typically employed for PTMS of radionuclides since νc can be measured directly using the so-called time-of-flight ion-cyclotron resonance (ToF-ICR)
technique [109, 110]. This method is universal and fast and has become the method
of choice for the cyclotron frequency measurement in on-line PTMS applications.
A discussion on its applicability and limitations for high-precision PTMS in real
Penning traps was recently presented by Gabrielse [111].
The basic principle of the ToF-ICR method is explained in the following. The ion’s
magnetron motion is excited by a dipolar rf field in the azimuthal plane of the Penning
trap at the frequency ν− . Thereby the ion, initially injected into the trap on axis, is
prepared in a pure magnetron motion on a radius Rm . Subsequently a quadrupolar
rf field at the frequency νrf is applied in the azimuthal plane. The frequency of this
rf field is varied around the expected cyclotron frequency. If νrf = νc the two radial
motions are coupled and energy is transferred converting the magnetron motion into
cyclotron motion. If the length and the amplitude of the rf pulse are chosen properly
then the ion is prepared in a pure cyclotron motion with radius Rc = Rm after the
second excitation. This conversion is accompanied by an increase of the radial kinetic
energy of the ion, i.e. the energy in the plane perpendicular to the magnetic field axis,
giving rise to a resonance. This can be detected via the orbital magnetic moment µB
of the ion that increases on resonance. This change can be detected via the time of
flight of the ion through the magnetic field gradient of the superconducting solenoid
of the Penning trap to an ion detector outside the magnet field [109, 110]. In the
magnetic field gradient the ion experiences an accelerating axial force
F = ∇µB · B; ,

(7.20)

so that resonantly excited ions reach the detector earlier than those off resonance. If
the time of flight is recorded as a function of the excitation frequency νrf a resonance
as shown in Fig. 7.5 is obtained. From a fit of the theoretically expected line shape
[103, 110] to the resonance curve the cyclotron frequency is derived. In an ideal case
the linewidth of such a time-of-flight cyclotron resonance is Fourier limited and thus
−1
.
approximately given as [104] δν = 0.8 · TRF
The resolving power ↔ of the ToF-ICR method scales according to
↔=

ν
m
=
∞ νc Trf .
Δν
Δm

(7.21)

It is proportional to the product of the excitation time TRF and the cyclotron frequency. For radionuclides the excitation time is ultimately limited by the half-life
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Fig. 7.5 Cyclotron resonance of 252 No adapted from [112]. The line represents a fit of the theoretically expected lineshape to the data points

of the investigated particle. An optimum is then reached for Trf ≡ 3T1/2 [113]. The
statistical uncertainty of the frequency determination is given by the relation [114]
δm
1
m
∞ ∼
∞
∼
m
↔ Ndet
qBTrf Ndet

(7.22)

where Ndet is the number of detected ions after excitation and extraction from the
trap. Typically at least about 30 ions have to be accumulated to obtain a resonance
curve [15, 112]. In on-line PTMS the accuracy of cyclotron frequency measurements
is often limited by statistics due to the low production rates of the radionuclides of
interest. For an excitation time of 1 s a resolving power of about R ≡ 1,000,000
can be reached for an ion of mass A = 100 in a magnetic field of B = 7 T . The
corresponding statistical uncertainty that can be reached for a nuclide with a half-life
−8
of about one second for a number of 1,000 detected ions is then ( δm
m )stat = 3 × 10 .
A higher accuracy can be obtained applying different excitation schemes to the
ToF-ICR method such as an octupolar excitation [115–117] or a Ramsey-type excitation [108]. Alternatively highly charged ions can be utilized as recently demonstrated
with the TITAN spectrometer at the TRIUMF facility in Vancouver [118]. Another
approach that has recently been developed is the so-called phase sensitive PI-ICR
method [119] where the ion motion is imaged onto a spatially resolving microchannel
plate detector. Then the (radial) eigenfrequencies can be measured via a phase measurement. In this way one can overcome the Fourier limit of the ToF-ICR method.
With SHIPTRAP a gain in resolving power by a factor of forty and a gain in precision
by a factor of about five has already been demonstrated with this novel method [119].
This allows measurements with a high accuracy in rather short time and thus extends
the reach of PTMS to shorter-lived nuclides.
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7.5.3 Contributions to the Systematic Uncertainty in PTMS
For high-precision mass measurements in addition to the statistical uncertainty
several systematic uncertainties have to be considered. The most relevant systematic effects for PTMS of radionuclides have been discussed for example by Bollen
et al. [104] following an analysis for electrons by Brown and Gabrielse [102]. For
a high-precision cyclotron frequency measurement the following effects can lead to
cyclotron frequency shifts
•
•
•
•
•

a deviation of the electric trapping field from a pure quadrupolar field
spatial magnetic field inhomogeneities
temporal fluctuations of the confining fields
a tilt of the electrical field axis relative to the magnetic field axis
ion-ion interaction if more than one ion is trapped at a time.

7.5.3.1 Temporal Magnetic Field Changes
The magnetic field strength B has to be known precisely in order to derive the mass
with high precision from the measured cyclotron frequency according to Eq. 7.16.
However, the magnetic field also changes in time. An intrinsic decay due to flux
creep that is approximately linear over time on the order of 10−8 /h is accompanied
by short-term fluctuations. These can arise for example from changes of parameters
like the ambient temperature that lead to changes in the magnetic susceptibility of
the materials inside the magnet bore and from changes of the pressure in the liquid
helium cryostat of the solenoid, and thus the boiling point of the liquid helium.
Moreover, external magnetic stray fields that are often unavoidable at accelerator
facilities can play a role.
An example of the magnetic field stability is presented in Fig. 7.6 where the
magnetic field evolution of the solenoid of the SHIPTRAP mass spectrometer is
shown. The general trend shows a linear decay of the magnetic field over time with
Fig. 7.6 Relative magnetic
field changes in the SHIPTRAP solenoid over a period
of 2.5 days. The magnetic field
was monitored by cyclotron
frequency measurements of
85Rb+ ions. The red line represents the temperature in the
bore of the superconducting
solenoid

7 High-Precision Mass Measurements of Radionuclides with Penning Traps
Fig. 7.7 Principle of the
magnetic field calibration
using a linear interpolation.
The actual magnetic field is
represented by the dashed
line. The black dots marked
the time where a calibration
measurements is performed.
The interpolation is indicated
by the full line
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superimposed fluctuations on shorter time scales. These are mainly correlated to
changes of the temperature measured inside the bore of the solenoid.
The temporal fluctuations of the magnetic field are accounted for in PTMS by
calibrating the magnetic field via a cyclotron frequency measurement of a reference
ion with well-known mass that is chosen such that its mass-to-charge ratio is similar
to that of the ion of interest. Then both ions are trapped at the same positions in the trap
and sense the same field. Calibration measurements are then performed before (t1 )
and after (t3 ) the frequency measurement of the ion of interest at time t2 . The scheme
is qualitatively illustrated in Fig. 7.7. From the measured cyclotron frequencies a
linear extrapolation to the time of the actual measurement t2 is performed providing
ref
the frequency νc (t2 ) according to the relation
ref

νcref (t2 ) = νcref (t1 ) +

ref

νc (t3 ) − νc (t1 )
(t2 − t1 ),
t3 − t1

(7.23)

Thereby the linear decay of the magnetic field is corrected. The effect of nonlinear
magnetic field fluctuations is considered by a systematic uncertainty that depends on
the measurement time needed to acquire a single cyclotron resonance. This uncertainty due the difference between the actual magnetic field value and the interpolated
values can be estimated experimentally by an analysis as described in [120]. In the
example of SHIPTRAP mentioned above a time dependent uncertainty due to nonlinear magnetic field fluctuations was determined [121] to be on the order of
σB ≡ 2 × 10−9 /min × Δt,

(7.24)

where Δt is the time interval between consecutive calibration measurements in
minutes. This uncertainty is quadratically added to the statistical uncertainty of the
frequency measurements. Since part of the temporal magnetic field fluctuations are
due to changes of the temperature in the bore of the solenoid and the pressure in the
liquid helium dewar of the solenoid an active stabilization system for both parameters
can improve the long time stability of the magnetic field. At SHIPTRAP such a system has recently been implemented and reduced the uncertainty related to temporal
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fluctuation of magnetic field to [122].
σωB ≡ 2 × 10−11 /min × Δt.

(7.25)

The primary result of a PTMS experiment following this calibration procedure is
thus the frequency ratio r between the cyclotron frequencies of the ion of interest
and the reference ion
r=

νc (t2 )
.
νc,ref (t2 )

(7.26)

The uncertainty δr of a measured frequency ratio r is comprised by the statistical
uncertainty σstat and a systematic uncertainty σsyst that includes for example the
uncertainty due to nonlinear fluctuations of the magnetic field σB as discussed above
δr =



2 + σ2 =
σstat
syst



2 + σ2 ,
σB2 + σstat
res

(7.27)

and σres contains all other systematic uncertainties.
The atomic mass is obtained from the measured frequency ratio according to the
following relation using the most recent and hence most accurate mass value of the
reference ion mref
q
r(mref − qref me ) + qme ,
(7.28)
m=
qref
where me is the electron mass and q and qref are the charge states of the ion of interest
and the reference ion. For the typical uncertainties achieved for radionuclides the
binding energy of the electrons can be neglected. If carbon cluster ions are used as
mass reference [120] absolute mass measurements can be performed since the atomic
mass is defined via the mass of 12 C.

7.5.3.2 Spatial Homogeneity of the Confining Fields
The electric trapping potential of a real trap deviates from a pure quadrupole potential even for a hyperbolic electrode geometry due to several reasons, for example,
machining imperfections, misalignments, the truncation of electrodes, and additional
holes required for the injection and extraction of particles. The impact of such perturbations can be compensated to some extent by additional correction electrodes. In
a similar way a harmonic trapping potential can be realized using a cylindrical trap
geometry with open endcaps [123]. Cylindrical traps are simpler to machine and can
be pumped more efficiently than traps with hyperbolic electrodes. In such a cylindrical trap a careful tuning of the trapping voltages (applied to the correction electrodes)
is particularly important. In addition, patch potentials on the electrode surfaces can
play a role. Those are generally avoided by gold plating of the electrodes.
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In general a perfect harmonic potential is only realized in a small region around the
trap center whereas for larger distances from the trap center higher order multipoles
of the trapping field become significant. The deviation from the ideal quadrupole
field thus also depends on the amplitude of the ion motion. Therefore the application
of ion cooling to constrain the amplitudes of the ion motion to a region close to trap
center is crucial for high precision measurements.
The deviation of the real trapping potential from a pure quadrupole is expressed
by the coefficients Ci of a multipole expansion of the real potential φreal :
φreal =

U0 
r
Ci ( )i Pi (cosθ )
2
d

(7.29)

i

For an ideal quadrupole potential C2 = −2, while all other coefficients vanish. In
real traps typically the next two higher order terms, the octupole (C4 ) and dodecapole
(C6 ) term, play a role. As long as the radial symmetry is not broken all odd expansion
coefficients vanish. The cyclotron frequency shift in case of non-vanishing C4 and
C6 terms is given [102] by
2
3 2
15 C6 2 2
2 ωz
2
4
4
− ρ−
) 2+
[ρ (ρ − ρ+
) − (ρ−
− ρ+
)]. (7.30)
Δωcelectr = C4 (ρ+
4
ωc
4 d2 z −

It depends on the amplitudes of the ion motion but is approximately mass independent. The size of the different multipole coefficients can be estimated for a given
electrode geometry by fitting Eq. 7.29 to the numerically calculated potential in a
certain region around the trap center.
Besides electric field anharmonicities also spatial magnetic field inhomogeneities
lead to frequency shifts. The intrinsic homogeneity of a commercially available
state-of-the-art superconducting solenoid magnet is on the order of ΔB/B = 0.1 − 1
ppm/cm3 if no special measures are taken. The actual magnetic field B sensed by the
trapped ions can be additionally modified by materials introduced into the magnetic
field such as the trap electrodes or the trap vacuum tube due to a non-zero magnetic
susceptibility. The modification of the magnetic field around the trap center can be
described by
δB
= β2 [(z2 − ρ 2 /2)z − zρ],
(7.31)
B0
where B0 is the magnetic field at the trap center, and z and ρ are the motional
amplitudes, since a linear term vanishes. The resulting cyclotron frequency shift is
then given by [102]
Δωcmagn = ωc β2 [z2 −

2
ρ+
ρ2
ωc
ωc
(1 +
) − − (1 +
)]
4
ω+ − ω−
4
ω+ − ω−

(7.32)

This shift is proportional to the cyclotron frequency and hence, depends on the mass
of the ion. This effect can be minimized by using materials with low magnetic sus-
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ceptibility for the trap construction and reducing the amount of material introduced.
Moreover, the design should be such that the radial symmetry is maintained.

7.5.3.3 Trap Misalignments
Misalignments of the individual trap electrodes can be minimized by a careful
mechanical trap design and thus do not play a significant role in particular for cylindrical traps. However, a misalignment of the electrical field axis with respect to the
magnetic field axis is much harder to avoid in practice. A tilt of the axis by an angle
θ results in a shift of the eigenfrequencies [104] by
Δωc tilt ≡

9
ω− sin2 θ,
4

(7.33)

where ω− is the magnetron frequency. However, all eigenfrequencies shift in the
same way. This shift is to first order mass independent. By a careful alignment of
the trap in the magnet bore this tilt angle is minimized. Typical values that can be
achieved are on the order of 1 mrad.

7.5.3.4 Ion-Ion Interactions
In experiments with radioactive particles contaminant ions can be created either in the
production stage by unwanted nuclear reactions, in the ion preparation process, or by
the radioactive decay of the investigated particle itself. The presence of of unwanted
ions in the trap can result in a shift the cyclotron frequency due to the Coulomb
interaction between different ions. In general this effect is avoided if a measurement
is performed with only a single trapped ion at a time, however this is not always
possible in on-line experiments. If the different ions in the trap have the same massto-charge ratio then the field acts on the center of mass and no frequency shift occurs.
In the case of contaminant ions with different mass-to-charge ratio one resonance
shifted in frequency is observed if the two different cyclotron frequencies cannot
be resolved. If the mass difference of the ions is large enough that the individual
resonances are resolved both resonances shift to lower frequencies and the frequency
shift is proportional to the number of trapped ions [124]. Therefore, in a precision
measurement possible frequency shifts are revealed by an analysis as described in
[120]. In this method the cyclotron frequency is determined as a function of the
number of ions in the trap at a time by dividing the data into subsets with similar
statistics. Then the cyclotron frequency is linearly extrapolated to one ion in the
trap taking into account the ion detection efficiency. Frequency shifts due to image
charge effects do not play a role for radionuclides yet as they are typically two or
three orders of magnitude smaller than the statistical uncertainty.
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7.5.4 Applications of High-Precision Mass Measurements
In this section some recent examples of mass measurements of radionuclides
performed by PTMS are given. They illustrate the versatility and the present performance of PTMS for radionuclides. The first example is related to mass measurements
in the context of nuclear astrophysics. The second example addresses experiments
in the region of the heaviest elements.
In the stellar nucleosynthesis of heavy elements in the universe various scenarios
and processes are discussed. The slow and rapid neutron capture process (s and r
process) are expected to be responsible for the creation of most of the heavy elements
beyond iron [21, 22]. The rapid proton-capture process (rp process) is believed to be
responsible for so-called X-ray bursts [20] and may also take place in a neutrino driven
wind in core collapse supernovae [125]. Type I x-ray bursts can occur when a neutron
star accretes matter from an expanded companion star and last for a few seconds. For
a detailed astrophysical modelling of the various processes under different conditions
several nuclear properties such as half-lives and masses are required input parameters.
In order to eliminate or at least minimize the impact of nuclear physics-related
uncertainties on the astrophysical conclusions accurate data of the relevant properties
are needed for many, often very exotic, radionuclides.
The predicted pathway of the r process [21] proceeds in a region of very neutronrich nuclides some of which will only be accessible at next generation radioactive
beam facilities such as FAIR in Darmstadt [126], FRIB at Michigan State university
[127], or SPIRAL 2 at GANIL [128].
The rp process consists of a sequence of proton capture reactions and subsequent
beta decays in competition with photodisintegration. The predicted rp process pathway [20] reaches out to exotic nuclides at the proton drip line that can already be
accessed for practically all nuclides relevant to the rp process at present radioactive
beam facilities. However, some of them are short-lived and can only be produced in
minute quantities. The impact of masses on the r and rp process was discussed in
several articles [19, 129, 130]. In these investigations it was found that masses are
required with an uncertainty on the order of 10 keV or below. For so-called ‘waiting
points’ a higher precision is often needed.
Waiting points in the rp process are rather long-lived nuclides encountered when
the proton capture reaches the drip line so that the process only proceeds towards
heavier nuclei after the β decay of the waiting point nuclide (or if it can be bypassed
via two-proton capture). Thus waiting point nuclides have a large impact on the characteristics of an x-ray burst, for example the corresponding light curve. Depending
on the density and temperature conditions in the stellar environment the effective
half-life of a waiting point, i.e. the time until the rp process proceeds, can be altered
significantly. An example is shown in Fig. 7.8 for the waiting point 68 Se to illustrate the impact of precise mass values. The effective lifetime of 68 Se as a function of temperature was determined by a local network calculation based on mass
measurements with LEBIT [131]. The effective lifetime previous to this experiment was 10.7(6.8) s so that 68 Se would not be a strong waiting point within the
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Fig. 7.8 Impact on the mass
on the effective half-life of
the rp process waiting point
68 Se (adapted from [131]) for
different temperatures

experimental uncertainty. Based on the new accurate mass values a lifetime of
17.4(4.5) s was obtained indicating that 68 Se is indeed a strong waiting point for
all relevant conditions.
In recent years the masses of many radionuclides relevant for nuclear astrophysics
have have been measured with high accuracy by direct mass measurements using
PTMS at various radioactive beam facilities [132–139]. In certain areas, for example
around 84 Mo, the estimated masses have been found to deviate from the new data
by as much as 1 MeV [135]. Based on the new data improved calculations were
performed that contribute to a better understanding of nucleosynthesis.
An example for mass measurements in the context of nuclear structure studies is
related to direct mass measurements of the heaviest elements. Superheavy nuclides
owe their very existence to nuclear shell effects that stabilize them against the disintegration by spontaneous fission due to the strong Coulomb repulsion in nuclides
with high-Z. The fission barrier calculated according to macroscopic nuclear models
[14] vanishes for nuclides with Z ≡ 104. However, a finite fission barrier is obtained
for superheavy elements when including nuclear shell effects. Superheavy elements
are predicted to inhabit an ‘island of stability’ by different theoretical models that,
however, still disagree on the exact location an extension of this island. The predicted
center is located at Z = 114, 120, or 126 and N = 172 or 184 depending on the
parametrization [14, 140–142]. Experimentally this concept is supported by several new elements that have been discovered in recent years in different laboratories
worldwide with the latest claims reaching up to element Z = 118 [72, 74, 143–147].
However, binding energies that are at the heart of superheavy nuclides have experimentally been out of reach for a long time. The transuranium nuclides have not been
accessible by PTMS either due to their low production rates of due to to their production scheme that requires additional preparation steps. Isotopes of the elements
above fermium (Z = 100) can only be produced by fusion-evaporation reactions
with heavy-ion beams typically from 40 Ar to 70 Zn and either lead and bismuth targets or actinide targets from uranium to californium. However, the production rates
are very low even for primary beam intensities of almost 1013 particles per second.
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About four ions per second can be delivered to a PTMS setup for 254 No (Z = 102),
but the rate drops steeply to about one atom per three days for element flerovium
(Z = 114) [144]. The actual number of ions available for PTMS is even lower due
to the losses during the slowing down and beam preparation procedures resulting in
overall efficiencies on the order of a few percent. Such low rates are a major challenge
for PTMS since they result in very long measurement times of a few days over which
all relevant parameters such as the trapping fields have to be stable.
Nonetheless, recently direct mass measurements of several nobelium and lawrencium isotopes have been performed with the Penning trap mass spectrometer SHIPTRAP at GSI in Darmstadt, Germany [15, 112]. In case of the nuclide 256 Lr the
yield was on the order of two particles per minute. For a cyclotron resonance about
50 ions were detected statistically distributed over a period of about four days. The
masses have been determined with an accuracy of down to about 10 keV and now
provide reliable anchor points in the region of the heaviest elements.
New elements in this region have so far been identified by the observation of α
decay chains that connect new nuclides to well known nuclides. Prior to the SHIPTRAP experiments also the masses of nuclides in this region were determined in
this way, i.e. indirectly from the measured α decay energy and the known mass of
the daughter nuclide. However, this method works only well if the α decay occurs
between nuclear ground states as for even-even nuclides, else it requires a detailed
knowledge about the nuclear level scheme. In addition, the mass uncertainties accumulate going along the chain.
In addition to providing anchor points direct mass measurements allow mapping the strength of nuclear shell effects as demonstrated by SHIPTRAP [15].
From accurate experimental mass values the strength of the shell effects can be
derived according to Eq. 7.34. The difference of several nuclidic masses provides the
so-called shell gap parameter δ2n (N, Z) that amplifies the visibility of a shell closure.
δ2n (N, Z) = S2n (N, Z) − S2n (N + 2, Z)
= 2ME(N, Z) + ME(N − 2, Z) + ME(N + 2, Z),

(7.34)
(7.35)

where S2n (N, Z) is the two-neutron separation energy. The binding energy of neighboring nuclides changes most significantly when a closed shell is reached since the
nuclides are most strongly bound for closed shells. Such differences can also be
visualized by the other mass differences such as the two-nucleon separation energy
S2n/2p (N, Z). Since the pairing between nucleon results in a change of the binding
energy that would result in an odd even staggering of one-nucleon separation energies
two nucleon separation energies are used to visualize trends in the nuclear structure
evolution.
Figure 7.9 shows the shell gap parameter for nobelium isotopes around neutron
number N = 152. The effect of a closed neutron shell is clearly visible by the peak in
δ2n (N, Z). The strength of this shell closure in a region of deformed nuclei is much
weaker though than for example in the spherical doubly magic nucleus 208 Pb where
the shell gap is about 8 MeV large. The accurate experimental data provide a sensitive
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Fig. 7.9 Neutron shell gap
for neutron numbers around
N = 152 (adapted from
[15]). Experimental data are
given by the red points. Filled
symbols are exclusively based
on SHIPTRAP data [15, 112]

benchmark for nuclear models that are used to describe superheavy elements and can
thus be used to improve predictions of the island of stability.

7.6 Conclusions
PTMS has proven to be a versatile method that provides mass values of unprecedented accuracy even for radionuclides with short half-lives and with production
rates as low as a few particles per second. Since the installation of the first Penning
trap at a radioactive beam facility almost 30 years ago a new era in precision mass
spectrometry has begun and resulted in many exciting scientific results contributing
to great discoveries in various disciplines. Penning traps dominate the landscape
in mass spectrometry to date and with ongoing and future devolvements they will
advance further towards higher precision, higher selectivity, and higher sensitivity.
This will pave the way to extend the reach to more exotic nuclides and lead to new
breakthroughs in physics.
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Chapter 8

Quantum Information Processing
with Trapped Ions
Christian Roos

Abstract Trapped ions constitute a well-isolated small quantum system that offers
low decoherence rates and excellent opportunities for quantum control and measurement by laser-induced manipulation of the ions. These properties make trapped ions
an attractive system for experimental investigations of quantum information processing. In the following, the basics of storing, manipulating and measuring quantum
information encoded in a string of trapped ions will be discussed. Based on these
techniques, entanglement can be created and simple quantum protocols like quantum teleportation be realized. This chapter concludes with a discussion of the use of
entangling laser-ion interactions for quantum simulations and quantum logic spectroscopy.

8.1 Introduction
Information processing by computers is based on transistors and other fundamental
elements whose functioning can only be understood within the framework of quantum
theory. However, the theory describing the processing of information by computers
is entirely based on classical terms: the basic unit of information, the bit, is encoded
as one of two classical physical states of a memory element. Similarly, the processing
of information by logical gates that change the state of a bit depending on the state
of other bits is based on Boolean logic that does not use quantum physics.
In contrast to traditional computer science, quantum information science is a
research field where the notions of information processing are investigated within
the framework of quantum theory. Its origins go back to studies that tried to generalize
theories of classical information processing to the quantum domain. In the 1980s and
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1990s, it was shown that by making explicit use of the laws of quantum physics certain
information processing parts could be carried out more efficiently than by classical
information processing [1]. The best-known example of such a quantum speed-up
was discovered by Peter Shor who showed that the time required for factoring large
numbers increases only polynomially with the size of the number whereas all known
classical algorithms show an exponential scaling and are thus inefficient for the
factoring of large numbers.
In a quantum computer, bits are replaced by quantum bits or qubits, i.e. two-level
quantum systems storing the most basic unit of information in superposition states
|ψ≡ = α|≈≡ + β|∼≡. Processing of quantum information can be effected by a sequence
of quantum gates acting on a register of quantum bits initially prepared in a suitable
pure quantum state. Here, quantum gates replace the logic gates of a conventional
information processor and they are realized by unitary operations acting on a small
number of quantum bits. Importantly, quantum gates acting on more than a single
qubit have the capability of entangling qubits with each other. In addition to unitary
transformations of the processor’s quantum state, measurements play a key role in
quantum information processing. The speed-up of certain information processing
tasks by running them on a quantum processor is often attributed to the possibility
of preparing the quantum register at the beginning of the processing task in a giant
superposition state and carrying out computations in parallel on all input states at
once. However, this parallelism does not carry over to the stage where the result of
the computation is read out by a quantum measurement. Nevertheless, algorithms
like the one invented by Peter Shor, exploit quantum interference effect by clever
quantum measurements that extract the vital information from the register’s quantum
state.
Quantum computation might be the best-known branch of quantum information
processing (QIP). But the term encompasses also many other fields like quantum
communication, the study of properties of entangled states, the enhancement of measurements by protocols processing quantum information, and quantum simulation.
While the study of QIP started as a purely theoretical endeavour, it turned into a
major research field when proposals were put forward which discussed actual quantum information processing in experiments and showed ways of dealing with errors
arising from unwanted interactions between the qubits and their physical environment as well as imperfect quantum gate operations. The discovery of quantum error
correction came as a big surprise as it is not obvious that qubits whose state space
is continuous and not discrete can be protected against errors by measurements that
tend to destroy the coherence of a quantum state.
The first practical proposal for QIP was made for trapped ions in 1995 and soon
followed by other proposals for systems like ultracold neutral atoms, photons, quantum dots or superconducting devices. Any physical system considered for QIP needs
to fulfil a set of basic requirements formulated by David DiVincenzo [2] as the
following five criteria:
1. A scalable physical system with well characterized qubits.
2. The ability to initialize the state of the qubits to a pure state.

8 Quantum Information Processing with Trapped Ions

255

3. Long relevant decoherence times, much longer than the gate operation time.
4. A universal set of quantum gates into which the computation can be broken down.
5. A qubit-specific measurement capability.
All of these requirements are met to an excellent degree by experiments with
trapped ions. Paul and Penning traps enable the trapping of single or few ions for days
or even weeks. When placed in ultra-high vacuum environments with a pressure of
about 10−11 mbar or below, ions will be perturbed by collisions with background gas
atoms and molecules only very infrequently. The availability of lasers for exciting
atomic transitions constitutes a versatile tool which can be used for trapping and
cooling, quantum state manipulation and state detection. The ions’ motional state
can be localized to a region of about 10 nm by laser cooling them to the ground state
of the confining potential.
A long time before the DiVincenco criteria were written down, the technology for
meeting the criteria (excluding the fourth one) in trapped ion experiments had already
been developed. These technical developments were driven by the goal of using
single trapped ions for precision spectroscopy and in particular for the development
of (optical) frequency standards. Stable or metastable states connected by a narrow
atomic transition as used in frequency standards are also well-suited for encoding
a quantum bit as a superposition state of those two electronic levels. To achieve
long coherence times, the electromagnetic field at the location of the ions has to be
controlled very well and a pair of electronic states should be chosen for the qubit that is
not much affected by changes of the field. Under such conditions, an ion can become
a quantum object with coherence times in the range of milliseconds to minutes [3].
Linear ion strings can be used to create a multi-qubit system. The initialization of the
qubit states is accomplished by optical pumping using techniques. Once a quantum
bit is prepared in a pure inital quantum state, the qubit can be manipulated by pulses
of coherent laser light similar to the ones for probing an ion in a frequency standard.
The qubit-specific measurement capability by which the state of the qubit can be
detected at the end of the computation refers to the ability to discriminate between
the ion being in either one or the other of two long-lived states. An efficient state
read-out based on fluorescence detection is possible if one of the two states can be
excited to a third short-lived state which decays back to the original state [4–6] which
is nothing else than Dehmelt’s well-known electron shelving technique.
The availability of these techniques developed for precision spectroscopy have
made trapped ions an interesting system for quantum optics experiments, fundamental tests of quantum physics and for quantum information processing. For the latter,
the challenge to be overcome consists in realizing entangling interactions between
the quantum bits that allows the system to be scaled up—at least in principle—to a
large number of quantum bits. The problem is rooted in the difficulty of engineering
interactions between different ions in the string that depend on the internal states of
the ions even though the distances between the ions are on the order of micrometers,
i.e. many orders of magnitude bigger than the characteristic atomic length scale.
The solution, proposed by Ignacio Cirac and Peter Zoller in 1995 [7], is to use a
laser-ion interaction that couples the qubit states to the vibrational modes of the ion
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string. Due to the Coulomb interaction between the ions, the vibrational modes are
shared between all ions in the string. This proposal and further ideas [8, 9] inspired
by it have been successfully implemented in the last couple of years and have led to
the demonstration of different two-qubit quantum gates [10–13] and the realization
of simple quantum algorithms. In other experiments, the same interactions have been
used for creating entangled states and studying their entanglement.

8.2 Storing Quantum Information in Trapped Ions
In linear radio-frequency ion traps, the trapping frequency along the axial direction
is typically much weaker than along the radial directions, i. e. ωz  ωx , ωy . For
a collection of N ions, the equilibrium configuration minimizing their energy will
be a linear ion string along the axial direction (with uneven ion spacings) as long
as the anisotropy of the confining potential is sufficiently large [14]. The typical
distance between neighbouring ions d is of the order of a few micrometers for axial
frequencies of about 1 MHz.
The magnitude of d is interesting for several reasons. First of all, d is considerably
bigger than optical wavelengths which makes it possible to address a single ion within
an ion string by a strongly focussed laser beam [15] and to spatially resolve the
fluorescence emitted by the ions on a CCD camera. Secondly, the inter-ion distance
d is much bigger than the Bohr radius. For this reason, state-dependent ion-ion
interactions are extremely weak and the energy of an ion hardly depends on the state
of a neighbouring ion. Therefore, trapped ions are well suited for storing quantum
information in their internal states.
The storage of a quantum bit of information in a single ion requires the use of longlived atomic states. Otherwise, the information will be quickly lost by spontaneous
decay. As shown in Fig. 8.1, there are different possibilities for encoding a qubit: it
can be encoded as a hyperfine qubit in a pair of two hyperfine ground states if the ion
has non-zero nuclear spin or as a Zeeman qubit in a superposition of two Zeeman
ground states if the total angular momentum of the ground state is different from

(a)

(b)

Fig. 8.1 Quantum information may be encoded in an optical qubit (a) or in a hyperfine or Zeeman
qubit (b). The qubit is manipulated by laser pulses exciting either a single-photon or a Raman
transition. For fluorescence state detection, one of the qubit levels is coupled to a short-lived state
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zero. Alternatively, a ground state and a metastable state can be used for encoding
the qubit as an optical qubit, the name referring to the energy difference between
the two qubit states that corresponds to the one of a photon in the visible or nearinfrared range of wavelengths. In this case, the lifetime of the metastable state has to
be considerably longer than the time it takes to carry out the quantum information
processing task.
The availability of states suitable for encoding a qubit is a first requirement that
limits the choice of ion species. Further constraints arise from the requirements of
having a qubit that can be efficiently detected and conveniently manipulated by laser
light. For these reasons, experiments have focussed on singly-charged alkali-earth
ions and some further ion species. Ions that have been used for encoding hyperfine
qubits are 9 Be+ , 25 Mg+ , 43 Ca+ , 111 Cd+ , 137 Ba+ and 171 Yb+ . Optical qubits have
been encoded in 40 Ca+ and 88 Sr+ .
Hyperfine qubits have qubit states with transition frequencies in the microwave
range and the transition frequency of a Zeeman qubit may even lie in the radiofrequency domain. Therefore, single-qubit operations can in principle be realized by
coupling the states with microwave or radio-frequency fields. However, due to their
long wavelengths, this approach is unable to address a single qubit within an ion
string unless ion-qubit s are mad unequal by spatially inhomogeneous external fields
in order to achieve addressing in the frequency domain.
For this reason, the method of choice has been to use lasers for qubit manipulation.
In the case of hyperfine or Zeeman qubits, two-photon Raman transitions are used
for coupling the qubit states by using a laser field that off-resonantly couples the
qubit states to a short-lived excited state [16]. Decoherence caused by spontaneous
decay of the excited state can be sufficiently reduced by choosing large detunings.
Coupling the qubit states by a two-photon Raman process has the benefit of relaxing
the frequency stability requirements for the laser source which are much higher
in the case of optical qubits. Optical qubit states are directly coupled on a singlephoton dipole-forbidden transition using a laser with ultra-stable frequency [17]. In
the following, procedures for qubit preparation, manipulation and measurement will
be discussed for case of optical qubits.

8.3 Preparation and Detection of a Qubit Encoded in a Single Ion
Most experiments processing quantum information using optical qubits have been
carried out with 40 Ca+ ions (see Fig. 8.2) which will serve us to illustrate the procedures for preparing, manipulating and detecting the qubit. In 40 Ca+ , we make the
identifications |∼≡ = |S1/2 , m≡ and |≈≡ = |D5/2 , m↔ ≡ where |≈≡ (|∼≡) is an eigenstate of the operator σz with eigenvalue +1 (−1) and m, m↔ denote different Zeeman
states of the S1/2 ground and D5/2 metastable state. The metastable D5/2 state has a
lifetime of about 1.15 s which is long compared with the typical duration of coherent
manipulation and state detection.
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Fig. 8.2 Example of an optical qubit. Energy levels and transitions used in the experiments with
40 Ca+ . The optical qubit is encoded in a suitable pair of Zeeman states of the S
1/2 and the D5/2
metastable state. The right-hand side shows the Zeeman structure of the S1/2 ∞ D5/2 quadrupole
transition after lifting the degeneracy by a small magnetic field which shifts the Zeeman states by
about 10 MHz

Laser cooling allows for preparing the vibrational state of a single trapped ion
or an ion crystal in a pure quantum state. For quantum information processing, also
the ion’s internal state needs to be initialized in a pure state which is achieved by
optical pumping. To illustrate this process, we consider the problem of initializing a
40 Ca+ ion in the S
1/2 , m = 1/2 state. The metastable state D3/2 and D5/2 are easily
pumped to the S1/2 by coupling them to the P1/2 or P3/2 state with lasers running at
866 and 854 nm. To initialize the ion in the m = 1/2 Zeeman ground state, an ion
placed in a weak magnetic field which defines the quantization axis can be excited
with σ+ -circularly polarized light on the S1/2 ∞ P1/2 transition. In this way, the
polarization of the laser beam ensures that only the m = −1/2 state couples to the
excited state. In practice, about 99 % of the population can be transferred to the qubit
state by optical pumping.
The optical qubit can be conveniently detected by coupling the S1/2 state to the
short-lived excited state P1/2 by a laser with a wavelength close to 397 nm as shown
in Fig. 8.3. As the P1/2 state decays after about 8 ns back to the S1/2 state, tens of
millions of photons per second can be scattered on this transition by near-resonant
laser light provided that a second laser at 866 nm is used to prevent optical pumping
to the D3/2 state. By suitably setting the frequencies of these lasers, the ion can be
Doppler-cooled at the same time. If the qubit is originally in the |∼≡ state, the ion will
scatter laser light that is detected by either a photomultiplier tube or a CCD camera.
If on the other hand, the qubit is in the |≈≡ state, the ion does not couple to the laser
fields and will not emit fluorescence photons. In this case, the only light that reaches
the detectors is due to scattering of stray light from the trap electrodes. To the detect
the state of a single qubit, a photo-multiplier tube can be used. If several qubits in a
string of ions are to be measured, the ions’ fluorescence has to be spatially resolved
by imaging it onto a low-noise CCD camera.
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(a)
(b)
Number of events

(c)

Counts per 3 ms

Fig. 8.3 Quantum state detection by electron shelving. a Lasers used for exciting the S1/2 -D5/2
optical qubit in 40 Ca+ . Fluorescence indicates that the ion resides in state S1/2 ≡ |∼≡, absence of
fluorescence indicates that the ion is in the D5/2 ≡ |≈≡ state. b The fluorescence histogram measured
by a photo-multiplier shows a bimodal distribution, the left peak caused by stray light scattered
off trap electrodes, the right peak due to atomic fluorescence (and stray light). If the count rate is
below the threshold indicated by the dashed line, the ion is detected in state |≈≡. c A low-noise
CCD camera can be used for spatially resolving the fluorescence of a string of ions. In this way,
correlations between the qubit states can be measured

The detection process constitutes a projective measurement which projects the
qubit state onto either | ∼≡ or | ≈≡. Detection errors can arise if the qubit changes
its state during the detection interval or if photons scattered off trap electrodes are
mistaken for fluorescence photons. In a recent experiment, the Oxford ion trapping
group demonstrated qubit detection errors as small as 10−4 [18].

8.4 Coherent Manipulation of a Qubit
We will start by discussing how an ion-qubit interacts with a monochromatic
travelling-wave laser beam.

8.4.1 Laser-Ion Interactions
The qubit can be coherently manipulated by coherently exciting it with a monochromatic travelling-wave laser beam. This process is described by a Hamiltonian
consisting of three parts,
H = H (e) + H (m) + H (i)
where H (m) describes the ion’s motional state, H (e) the electronic structure of the
ion, and H (i) the interaction of the ion with the laser beam. For a laser-cooled ion in
a harmonic potential, H (m) is the sum of three quantum harmonic oscillators. Here,
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Fig. 8.4 Simplest quantum system for modelling the interactions of a trapped ions with a laser
beam. The ion is described as a two-level system trapped in a harmonic potential. The quantum
state is described by two quantum number, respectively specifying the internal and the motional
state of the ion. The spin matrices to the right are used for describing coherent operations changing
the qubit state

we will assume that the laser beam is aligned with the direction of one of these
normal modes with angular frequency ν. This simplifies the description and reduces
the Hamiltonian to
H (m) = ν(a† a + 1/2)
where a† and a are creation and annihilation operators of vibrational quanta inducing changes between the vibrational quantum states |0≡, |1≡, |2≡ . . . and so on. The
electronic part of the Hamiltonian, H (e) can often be approximated by describing the
ion as a two-level system as in Fig. 8.4 with excited state |≈≡ and ground state |∼≡.
In this approximation,
H (e) =

ω0
σz ,
2

where σz is a Pauli spin matrix, accounts for the energy difference ω0 between the
two states. The Hamiltonian describing the laser-ion interaction is then given by
H (i) = Ω(σ+ + σ− ) cos(k x̂ − ωL t − φ).

(8.1)

Here, ωL and φL denote the frequency and phase of the laser field at the location
of the ion which is described by the position operator x̂. k is the magnitude of the
laser beam’s wave vector and the Rabi frequency Ω characterizes the strength of the
interaction. The jump operator σ+ induces change of the qubit state from |∼≡ to |≈≡,
σ− induces the inverse process.
The laser-ion interaction can be considerably simplified if the motional energy of
the ion is so low that its wave packet is localized on a length scale much smaller than
the wavelength of the laser. In this regime, which is called the Lamb-Dicke regime,
the ion is sensitive to the spatial gradient of the electric field of the laser beam but
not to any higher derivative. For an ion cooled to the ground state of
 motion, Lamb
of its wave
Dicke parameter η, defined as η = kx0 , compares the width x0 = 2mν
packet with the laser wavelength. With the help of this definition, we can express in
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Eq. (8.1) the coupling of the laser to the ion motion k x̂ = η(a + a† ) by the creation
and annihilation operators.
If in addition the laser resonantly or near-resonantly couples a pair of quantum
states as shown in Fig. 8.5b, a standard procedure of quantum optics can be employed.
It consists in going into an interaction picture defined with respect to H (e) + H (m)
and carrying out the rotating wave approximation which amounts to dropping rapidly
time-varying terms from the resulting interaction Hamiltonian. Mathematical details
regarding this procedure can be found in Ref. [19].
As a result, one obtains three simple Hamiltonians that describe the situations
where the laser-ion detuning Δ = ωL − ω0 is either zero or equal to ±ν. These
Hamiltonians resonantly couple the quantum state | ∼≡|n≡ with the states | ≈≡|m≡,
where m = n or m = n ± 1. There are three resonances in the spectrum shown in
Fig. 8.5a which correspond to the following situations:
1. If the laser is resonant with the atomic transition, ωL = ω0 , the Hamiltonian
Hcarr =

Ω
(σ+ eiφ + σ− e−iφ )
2

(8.2)

couples the ground state to the excited state without affecting the motional state.
This excitation is called carrier excitation and it corresponds to the strong center
resonance in Fig. 8.5a
2. If ωL = ω0 − ν, the laser is resonant with the red sideband of the transition. The
Hamiltonian
ηΩ
(σ+ aeiφ − σ− a† e−iφ ).
(8.3)
HRSB = i
2
describes processes where upon excitation to the upper state the vibrational quantum number is reduced by one unit. This process corresponds to the resonance to
the left of the carrier transition in Fig. 8.5a. The resonance is weaker because
≥ the
coupling strength between the states |∼≡|n≡ ∞ |≈≡|n − 1≡ is reduced by η n with
respect to the carrier transition. This interaction is known in quantum optics as

(b)

(a)
Excitation

1

(c)

Carrier transition

…
red
sideband

blue
sideband

ω laser = ω0 − ν
ω laser = ω0 + ν

0

Laser detuning Δ (MHz)

Fig. 8.5 Spin-motion coupling. a Coherent excitation on vibrational sidebands is used for coupling
the qubit to the motional state. b, c By exciting the red (blue) sideband, a qubit state change
is accompanied by a decrease (increase) of the vibrational quantum number, realizing an (anti-)
Jaynes-Cummings Hamiltonian
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a Jaynes-Cummings model which describes the interaction between a two-level
atom and mode of the electromagnetic field.
3. Similarly, if ωL = ω0 + ν, the laser is resonant with the blue sideband of the
transition. The Hamiltonian
HBSB = i

ηΩ
(σ+ a† eiφ − σ− ae−iφ ).
2

(8.4)

describes processes where upon excitation to the upper state the vibrational quantum number is increased by one unit, giving rise to the resonance to the right
of the carrier transition. In this case,≥the coupling strength between the states
|∼≡|n≡ ∞ |≈≡|n + 1≡ is reduced by η n + 1 with respect to the strength of the
carrier transition.
The laser-ion interactions described above can easily be generalized to cover also
situations where multiple ions interacting with the laser. In most cases, the laser will
be resonant with no more than a single vibrational mode of the ion string so that all
the other modes don’t need to be taken into account for the description of the process.
If in addition the laser interacts with just a single ion, the only difference with the
single-ion case described above concerns the ion’s position operator which needs to
be expressed in terms of the joint vibrational modes of the ion string. More details
on this topic and on the case of laser-ion interactions involving Raman processes are
provided by Ref. [20].

8.4.2 Laser Cooling of Single Ions
Different methods have been developed to reduce the kinetic energy of trapped ions.
The motion of the ions can be damped by coupling the trap electrodes to an electric
circuit that dissipates energy, by collisions with background gas atoms or by inelastic
scattering of laser light. Out of these methods only laser cooling offers the prospect
of cooling the ion into the quantum regime. Besides, it is flexible as it allows one
to switch the interaction on and off at will. Laser cooling works by near-resonant
excitation of an atomic transition. In the rest frame of the oscillating ion, the laser
frequency appears frequency-modulated with the trap frequency. The strength of the
sidebands depends on the amplitude of the ionic motion. Two limiting cases will be
considered:
ν  Γ : If the trap frequency ν is much lower than the decay rate Γ of the transition used for cooling, then the spacing of the sidebands is much smaller than the
absorption width of the transition. The velocity of the ion due to the confining
potential changes on a longer timescale than the time it takes the ion to absorb or
emit a photon. So these processes can be assumed to change the momentum of the
ion instantaneously. The ion behaves like a free particle seeing a time-dependent
Doppler-shifted laser frequency. A velocity-dependent radiation pressure can provide cooling [21, 22], which has been termed Doppler cooling.
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ν → Γ : In the opposite case, the sidebands are resolved so that the laser can be
tuned to a specific sideband. If the energy of the absorbed photons is smaller than
the mean energy of spontaneously emitted photons, the kinetic energy of the ion
shrinks.
In the following, the cooling mechanisms will be explained by means of simple models for the case of a two-level atom. A more elaborate and mathematically
stringent treatment of Doppler cooling can be found in [23, 24].
The complementary aspects of both cooling techniques can be combined in a
cooling scheme that allows the cooling of a trapped ion from room temperature to
the quantum mechanical ground state of the trapping potential.
Doppler cooling: Consider a two-level atom moving with velocity v interacting with
a travelling wave laser field. The laser is characterised by its frequency ωL and the
Rabi frequency Ω, ω0 denotes the atomic transition frequency and Δ = ωL − ω0 the
detuning of the laser. The laser exerts a radiation pressure force on the atom, given
by
F = kΓ ρee ,
where the excited state probability is
ρee =

Ω2
Γ2

+ 4 (Δ − kv)2

in the limit of low saturation. The radiation pressure force can be linearised around
v = 0 if the velocity is already small:

dF 
v,
F = F0 +
dv v=0
with
F0 = kΓ

Γ2

(8.5)

Ω2
+ 4Δ2


8kΔ
dF 
= F0 2
.

dv v=0
Γ + 4Δ2

and

F0 is the time-averaged radiation pressure which displaces the ion slightly from the
centre of the trap. The velocity-dependent part of Eq. (8.5) provides a viscous drag,
if the detuning Δ is negative. The random nature of the absorption and emission
processes counteracts this cooling force. The cooling rate is given by
Ėcool



dF 
dF 
= Fv≡ = (F0 +
v)v≡ =
v2 ≡.
dv v=0
dv v=0
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Spontaneously emitted photons lead to a diffusive spreading of the mean squared
momentum. Assuming uncorrelated spontaneous emission events, a heating rate
results, given by
em
=
Ėheat

1 d 2
1
1
p ≡=
(k)2 Γ ρee (v)≡ ∝
(k)2 Γ ρee (v = 0),
2m dt
2m
2m

provided that the atomic velocity is small. A second contribution to the heating rate,
em , results from the fluctuations of the cooling force due to the
similar in size to Ėheat
discreteness of the absorption process. In the steady state, the cooling rate Ėcool
em + Ė abs leading to
equals the total heating rate Ėheat = Ėheat
heat
Ėcool + Ėheat


dF 
1
= 0 ∗≤
v2 ≡ = (k)2 Γ ρee (v = 0).

dv v=0
m

Using the relation m v2 ≡ = kB T the cooling limit can be formulated as
kB T =

Γ
4




Γ
−2Δ
+
.
−2Δ
Γ

The lowest temperatures kB Tmin = 2Γ are obtained by setting Δ = − Γ2 . Expressing
the energy in terms of the average vibrational quantum number, kB T = n≡ν yields
the equation
Γ
.
(8.6)
n≡ =
2ν
In the derivation it was assumed that the wave vector of spontaneously emitted
photons points in or against the direction of the laser beam. Cooling of the harmonic
motion in all three oscillator directions ei is accomplished by choosing a wave vector
k that has a non-vanishing overlap with every direction ei .
Sideband cooling: Sideband cooling on an atomic transition requires the trap frequency to be large compared to the laser linewidth and the decay rate of the excited
state, allowing the laser to be tuned to the lower motional sideband of the transition. Then each excitation to the upper level is accompanied by a reduction in the
vibrational quantum number. In the Lamb-Dicke regime, spontaneous decay does
not affect the ion’s motional state most of the time. So every cycle of absorption followed by spontaneous emission takes out a motional quantum until the ion reaches
the ground state of motion that is decoupled from the laser excitation. Figure 8.6a
illustrates the basic process.
The cooling process has been described in great detail [23]. For a vibrational
mode that is aligned with the direction of the laser beam, a simple model provides
estimates for the cooling rate
≥
(η nΩ)2
Rn = Γ
≥
2(η nΩ)2 + Γ 2
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for a particle residing in the nth vibrational state, and for the average quantum number
in steady state
Γ2
n≡ ∝
.
(8.7)
4ω2
In the resolved sideband limit, Γ  ω, the particle is cooled to the zero-point
energy of motion with high probability. Non-resonant excitation from the |n = 0≡
state (see Fig. 8.6b) prevents the motional ground state from being a perfect ‘dark
state’ and imposes a limit upon the minimum energy achievable. The cooling limit
has been calculated under the assumption that n≡  1 and that the sideband Rabi
frequency ηΩ is small compared to the decay rate Γ . Therefore, the magnitude of the
decay rate Γ constrains the cooling rate maximally attainable. If the natural lifetime
of the excited level is very long, it can be advantageous to shorten it by coupling
the level to an auxiliary level having a shorter lifetime [25]. In this way, the cooling
rate can be tailored to the desired value by adjusting the laser power coupling the
metastable state to the auxiliary state.
To cool an ion to the vibrational ground state, a two-step process is used. In a first
step, Doppler cooling provides high cooling rate required to cooling an ion having a
temperature in the range of 100–1000 K into the mK regime. Next, starting with an
energy of a few to a few tens of vibrational quanta, sideband cooling takes the ion
to the ground state. Sideband cooling cannot only be carried out on narrow singlephoton transitions [25] but also between hyperfine or Zeeman ground states coupled
by Raman processes [16]. Figure 8.7 shows the typical signature of an ion having
reached the ground state |n = 0≡, excitation on the red sideband is no longer possible.
By comparing the excitation probabilities pr and pb on the red and the blue vibrational
sidebands, the average motional energy can be calculated via n≡ = pr /(pb − pr ).
As the coupling strength on the vibrational sidebands depends on the vibrational
quantum number (cf. Eqs. (8.3), (8.4)), it is even possible to infer the probabilities
of occupying the nth vibrational level from the population dynamics on vibrational
sidebands [26].

(a)

(b)

3
2
n = 0

1

1
n=0

Fig. 8.6 a Principle of sideband cooling: each excitation to the upper state lowers the number of
vibrational quanta by one while spontaneous emission does not change the motional state (to first
order). b Heating processes depleting the vibrational ground state are off-resonant excitation of the
ion involving blue sideband processes and motional heating due to fluctuating electric fields by
noise at the trap frequency (indicated as dashed lines coupling n = 0 to n = 1)
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Fig. 8.7 a Cooling to the ground state is detected by the vanishing of the red vibrational sideband
in the excitation spectrum. The average vibrational quantum number n≡ can be extracted by a
comparison of the excitation probabilities on the red and the blue vibrational sidebands. b The plot
shows the rate at which n≡ decreases as a function of the length of the sideband cooling pulse
(Adapted from [17])

8.4.3 Single-Qubit Gates
Single-qubit rotations can be carried out with by resonantly exciting the qubit with
laser pulses on the carrier transition as described by Eq. (8.2). This interaction will
act only on the qubit state without affecting the ion’s motional state. The resulting
Rabi oscillations are shown in Fig. 8.8. By applying the interaction for a duration τ ,
qubit state transformations
i
U(θ, φ) = exp(− Hcarr τ )


(8.8)

Fig. 8.8 Rabi oscillations of an ion initially prepared in the |∼≡ state and resonantly excited on
the qubit transition. The figure shows the probability of finding the ion in the upper state |≈≡ as a
function of the duration of the laser pulse. Each point is an average of 1,000 individual experiments
consisting of qubit preparation, manipulation and measurement. A π/2 pulse, corresponding to
an excitation of about 3 µs creates an equal superposition of the | ∼≡ and | ≈≡ state. A π pulse,
corresponding to a 6 µs pulse, exchanges the population of the qubit states

8 Quantum Information Processing with Trapped Ions

267

are induced that correspond to rotations of the Bloch sphere around a rotation axis
located in the equatorial plane of the Bloch sphere with the rotation angle θ given by
θ = Ωτ . In particular, rotations around the x- and the y-axis are realized by setting
the laser phase φ either to 0 or to π/2.
To illustrate this in some more detail, let us assume that φ = 0. Then, Hcarr =
Ω
Ω
2 (σ+ + σ− ) = 2 σx induces a rotation around the x-axis. If the duration τ of
the pulse is chosen such that θ = Ωτ = π/2, the laser pulse induces the coherent
operation described by U(π/2, 0) = exp(−i π4 σx ) = ≥1 (I − iσx ). A qubit initially
2
prepared by optical pumping in |∼≡ is mapped by this operation to the superposition
state
1
(8.9)
|∼≡ −→ ψf = ≥ (|∼≡ − i|≈≡).
2

Ramsey pulse sequence
x

x

π/2

π/2

Time

Population in excited state

At this stage, the assignment of a particular relative phase to this state is somewhat
arbitrary. If instead of the basis states {| ≈≡, | ∼≡} one had chosen to introduce the
˜ + |≈≡.
˜
˜ = |∼≡, |≈≡
˜ = −i|≈≡, the resulting state would have been ψf ∝ |∼≡
states |∼≡
However, once a basis has been chosen, it has to be kept for all subsequent operations.
For example, in the Ramsey experiment shown in Fig. 8.9, a π/2 pulse around the
x-axis applied to |∼≡ prepares the superposition state (8.9) which is the +1 eigenstate
of the σy Pauli matrix. This state is mapped by a second pulse (having the same laser
phase as the first pulse) to the |≈≡ state. If, in the time between the pulses, the phase
of the superposition state is changed to ≥1 (|∼≡ − i|≈≡) which is the −1 eigenstate
2
of σy , the second pulse maps it back to the initial | ∼≡ state. This experiment can
also be viewed in the following way: The time before the start of the second pulse
can be interpreted as a state preparation procedure. The second pulse in combination
with the fluorescence measurement probes the coherence of the prepared state by

1
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Fig. 8.9 The easiest non-trivial single-qubit manipulation is a Ramsey experiment. The first Ramsey
pulse prepares the qubit in an superposition of the |≈≡ and |∼≡ states. The second Ramsey pulse
probes this superposition. If the relative phase of the superposition state did not change in the time
between the pulses, the two π/2 pulses act as a single π pulse which flips the initial state from |∼≡
to |≈≡. This is shown in the data set as the time evolution marked by black and blue data points
where each point corresponds to the average excitation probability measured in 400 experiments. If
during the waiting time, the relative phase changed by π , the second Ramsey pulse would reverse
the time evolution induced by the first pulse (red data points)
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projecting the state onto the y-axis of the Bloch sphere describing the state space
of the qubit. Such measurements are the basis for a complete characterization of
multi-qubit states by state tomography described in Sect. 8.6.
In the usual Schrödinger picture, the relative phase of the superposition state ψf
of (8.9) would evolve in time as ≥1 (| ∼≡ − e−iω0 t i| ≈≡). For optical qubits where
2

ω0 /(2π ) > 1014 Hz, the only way to track the phase evolution of such a state is to
compare its phase with the phase of the laser field coupling the qubit states which
evolves at the same rate. This is exactly what one does by going into an interaction
picture in which the laser-ion interaction is described by the Hamiltonian of Eq. (8.2).
It also explains why high-fidelity single-qubit operations on an optical qubit require a
very frequency-stable laser. If the laser frequency fluctuates, its phase at a time t after
the start of a gate operation is no longer precisely defined with respect to its initial
phase. Therefore the phase of the qubit state can no longer be precisely determined
which is equivalent to a dephasing of the qubit state. For a hyperfine or Zeeman
qubit, the frequency stability requirements of the source inducing single-qubit gates
are much less stringent provided that the same source is used for creating the two
laser frequencies of the Raman process coupling the qubit states.
Arbitrary single qubit operations (which realize rotations of the Bloch sphere
around any desired rotation axes and for any rotation angle) are realized by combining
single-qubit operations of type (8.8) around the x- and the y-axis in a way which is
similar to the description of the rotation of a rigid body by the Euler angles.
Additionally, rotations around the z-axis can be accomplished by illuminating
the ion with a far-detuned laser field coupling either to the quadrupole or to dipole
transitions that induce a differential Stark shift of the qubit states. In comparison to the
rotations induced by the resonant interaction (8.2), the light-shift-based interaction
has the advantage of being independent of path-length fluctuation of the optical beam
path that shift the phase of the laser light.
Single-qubit operations become more challenging to achieve if they are to be
carried out on a single qubit of a qubit register. There are several possible approaches.
The most direct way consists in strongly focussing a laser beam so that it interacts
with only a single ion in the ion string. An alternative approach is based on using
segmented micro-fabricated ion traps that provide flexible trapping potentials which
enable splitting ion strings into substrings so that the qubit to me manipulated can
be spatially separated from the other qubits. Finally, one can also try to spectrally
separate the transition frequency of the qubit to be manipulated from the other qubits
by using inhomogeneous fields.

8.5 Entangling Quantum Gates
The big challenge in trapped-ion quantum information processing is the generation of entanglement between different ion-qubits. As the distance between ions is
much bigger than the Bohr radius, no state-dependent ion–ion interactions exist in
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the absence of additional external electromagnetic fields. Fortunately, the Coulomb
force not only pushes the ions apart but also leads to a coupling of the ion motion
which provides a means for mediating entanglement between the qubits. For this,
laser fields are used that lead to correlated changes of the state of the qubits and
the motional degrees of the ion crystal and thus entangle the two subsystems. The
laser-ion interactions can be arranged in such a way that in the end an entangling
operation has been carried out between two or more qubits and no entanglement
persists between the qubits and the vibrational degrees of freedom.
Another possibility for creating entanglement between ion qubits is the use of
qubit-state-dependent external potentials in addition to the trap potential which would
enable entanglement generation by microwave fields [27]. This approach leads to a
coupling of the qubits with the motional degrees of freedom of the ion string which
is similar to the one induced by coupling on the vibrational sidebands of a qubit
transition. A third strategy, developed to entangle ions over macroscopic distances,
consists in entangling ion qubits with photons that are subsequently projected onto
an entangled state by a measurement [28]. Currently, however, it is not very efficient
as the entanglement generation process is non-deterministic and succeeds only in
about 1 out of 108 trials.
All current quantum gate realizations that deterministically entangle ions rely on
a transient coupling of the internal states to the vibrational modes of the ion string
by either laser light or inhomogeneous microwave fields. In the following, we will
focus on laser-induced entangling operations. The basic processes underlying them
are described by Eqs. (8.3) and (8.4).
These gate operations can be broadly classified according to the way the lasers
interact with the ions:
1. Quantum gates induced by a laser beam that interacts with a single ion at a time
as originally proposed in the seminal chapter by Cirac and Zoller [7]. In these
gates, a single ion is entangled with a vibrational mode of the ion string and
the entanglement is subsequently transferred from the vibrational mode to the
internal state of a second ion.
2. Quantum gates induced by a bi-chromatic laser that collectively interacts with
two or more ions. Here, a vibrational mode becomes transiently entangled with
the qubits before getting disentangled at the end of the gate operation, resulting
in an effective interaction between the qubits capable of entangling them [8, 9,
29, 30].
Even though both classes of gates are applicable to hyperfine qubits as well as optical
qubits, for a long time experiments with optical qubits have relied on the former [12]
and experiments with hyperfine qubits on the latter type of interaction [11]. In any
case, the main goal consists in demonstrating fast operations creating entanglement
with high fidelity.
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8.5.1 Cirac–Zoller-Type Gate Interactions
An interaction on the red or the blue sideband leads to entanglement between the
ion’s internal and vibrational states. For experiments aiming at entangling internal
states of several ions, the goal consists in finding pulse sequences that transiently
entangle internal and vibrational states in such a way that in the end the internal states
are entangled, with no entanglement remaining between the internal states and the
motion. The simplest example of such a pulse sequence is the following: initially,
two ions are prepared in the state | ∼≡| ∼≡|0≡ by optical pumping, sideband cooling
and a carrier π -pulse to flip the state of one of the ions. Next, a π/2 pulse is applied
to the other ion on the blue sideband. These pulses induce the mapping
| ∼≡| ∼≡|0≡ → | ∼≡| ≈≡|0≡ → | ∼≡| ≈≡|0≡ + | ≈≡| ≈≡|1≡
and entangle one of the ions with the motion (here, for simplicity, the normalization
factor was dropped). In the last step, the entanglement is transferred from the vibrational mode to the second ion by a π -pulse on the blue sideband, this time applied
to yet unentangled ion, in order to map the state to
| ∼≡| ≈≡|0≡ + | ≈≡| ≈≡|1≡ → | ∼≡| ≈≡|0≡ + | ≈≡| ∼≡|0≡.
While the sequence given above maps a product state onto a maximally entangled
state, it does not constitute a quantum gate operation since it performs the mapping
only for a specific input state while it transforms all other input states into two-qubit
states that are entangled with the vibrational state.
The best-known entangling two-qubit gate is the controlled-NOT gate which is
acts on the two-qubit basis states as follows:
|≈≡|≈≡ −→ |≈≡|≈≡
|≈≡|∼≡ −→ |≈≡|∼≡

(8.10)
(8.11)

|∼≡|≈≡ −→ |∼≡|∼≡
|∼≡|∼≡ −→ |∼≡|≈≡.

(8.12)
(8.13)

The state of the second qubit (the target qubit) is flipped if the state of the first qubit
(the control qubit) is the |∼≡ state. This is an entangling operation. If the control qubit
is prepared in a superposition state, the gate creates a Bell state:
(|≈≡ + |∼≡)|≈≡ −→ |≈≡|≈≡ + |∼≡|∼≡
The controlled-NOT (CNOT) gate derives its importance from the fact that any quantum computation on a set of qubits can be broken down into a circuit of elementary
quantum gates consisting of CNOT gates and single-qubit gates.
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Slightly more complicated pulse sequences than the ones mentioned above for
creating a two-ion Bell state can indeed realize a CNOT gate operation as was first
shown by I. Cirac and P. Zoller. In their proposal [7], the state ψ = α| ≈≡ + β| ∼≡
of the control qubit is swapped by a π -pulse on the blue sideband onto a vibrational
mode initially prepared in the ground state. After this pulse, the vibrational mode
is in a superposition α|0≡ + β|1≡ of the two lowest vibrational states and acts as an
additional qubit. This approach reduces the problem to carrying out a controlled-NOT
gate between the qubit encoded in the vibrational mode and the target qubit. The gate
operation is completed by mapping the quantum information from the vibrational
mode back to the control qubit using again a π -pulse on the blue motional sideband
as shown in Fig. 8.10a.
The CNOT operation between the vibrational mode and the target qubit can be
further broken down into a conditional phase gate enclosed in a Ramsey experiment
consisting of two π/2-carrier pulses on the target qubit. Here, the conditional phase
is an entangling operation that realizes the mapping
|≈≡|≈≡ −→
|≈≡|∼≡ −→

|≈≡|≈≡
|≈≡|∼≡

(8.14)
(8.15)

|∼≡|≈≡ −→ |∼≡|≈≡
|∼≡|∼≡ −→ −|∼≡|∼≡

(8.16)
(8.17)

which multiplies the state by −1 if both qubits are in the spin-down state. To realize
such a gate with trapped ions, in Ref. [7] it was suggested to use a 2π -pulse on the
red sideband of a transition connecting one of the target qubit states to an auxiliary
level. Such a pulse does not change the state of the target qubit if the vibrational state
is in n = 0 or if the target qubit is in the state not coupling to the auxiliary state. If
on the other hand the vibrational state is in n = 1 and the target qubit is in the state
coupling to the auxiliary state, then a 2π rotation multiplies the initial state by −1
as required for the conditional phase gate.

(a)
control
qubit
target
qubit

(b)
BSB

BSB

π

π
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π/2
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conditional
phase gate
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z
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Fig. 8.10 Cirac–Zoller CNOT gate operation. a The state of the control qubit is transiently mapped
on the vibrational mode by blue sideband pulses. A composite gate operation realizes a CNOT
between the vibrational mode qubit controlling the target qubit. b, c Bloch sphere dynamics induced
on the target qubit by the pulses (1–3). Depending on the state of the control qubit, the target qubit
is either flipped or remains in its initial state
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The equivalence between the CNOT gate and the conditional phase gate can be
understood in terms of Ramsey spectroscopy experiments (see Fig. 8.10b, c). If the
control qubit (i.e the qubit encoded in the vibrational states) is in state | ≈≡, the
conditional phase gate has no effect. Therefore, a sequence of two Ramsey π/2
pulses enclosing the phase gate, the second pulse being the inverse of the first one,
has no effect on the state in this case. If, however, the control qubit is in state |∼≡,
the conditional phase gate shifts the phase of the target qubit’s |∼≡ state by π . As a
result, now the two Ramsey pulses flip the state of the target qubit as required for the
operation of a CNOT gate. Experimental data illustrating this process were already
presented in Fig. 8.9.
The experimental realization of a controlled-NOT gate operation is important for
trapped-ion quantum computing as the gate allows for realizing arbitrary unitary
operations when combined with the single-qubit operations described in Sect. 8.4.
A CNOT gate on two qubits encoded in the vibrational state and the internal state of
a single ion was already demonstrated in 1995 [31]. Since the first demonstration of
a two-ion CNOT gate in 2003 [12], the gate fidelity has been raised from the initial
70 % to about 90 % [32], and the gate has been employed as a building block in
experiments demonstrating elementary quantum protocols.

8.5.2 Quantum Gates Based on Bichromatic Light Fields
An alternative route towards the realization of a universal two-qubit gate consists in
coupling both ions simultaneously to the vibrational mode. A number of different
entangling gate operations has been demonstrated that is based on this approach
[10, 11]. Interestingly, there is a unified description for both types of gates even
though at a first glance the physical mechanisms at work seem to be fairly different
[33]. This description, which is based on the driven quantum harmonic oscillator,
will be reviewed in the following:
The Hamiltonian H̃ = νa† a + γ i(a† eiωt − ae−iωt ) describes a harmonic oscillator oscillating at frequency ν and driven by a periodic force with frequency ω and
coupling strength γ . Going into an interaction picture defined by H0 = νa† a yields
the Hamiltonian
H = γ i(a† eiδt − ae−iδt ),

(8.18)

where δ = ω − ν. Under the action of the driving force, an oscillator that is initially
in a coherent state remains in a coherent state. For a force that is slightly detuned
from resonance, the coherent state maps out a circle in phase space and returns to the
initial state after a period τ = 2π/δ. This operation multiplies the oscillator state by
a phase factor whose magnitude is given by the ratio of the strength of the force and
the detuning [11, 29]. After time t, the propagator is U(t) = D̂(α(t)) exp(iΦ(t)) with
 2
 
†
∩
α(t) = i γδ (1 − eiδt ) and Φ = γδ (δt − sin δt). Here, D̂(α) = eαa −α a denotes
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the displacement operator in the motional state space. After a time τN = 2π N/|δ|,
N = 1, 2, . . ., the motional state returns to its initial state in phase space with its
 2
phase changed by an amount Φ(τN ) = 2π N γδ sign(δ).
By making this phase change depend on the states two qubits are prepared in, an
entangling gate operation can be achieved. For
H = γ i(a† eiδt − ae−iδt )O

(8.19)

where O is an operator acting on the qubit states, the propagator U is replaced by
U(t) = D̂(α(t)O) exp(iΦ(t)O 2 ).

(8.20)

If the interaction time τ is chosen such that α(τ ) = 0, the displacement operator
D̂ vanishes from the equation. Therefore, the vibrational state is not altered and
thus a gate operation U(τ ) = exp(iΦ(τ )O 2 ) is obtained which depends on O in a
non-linear way. Various entangling gates can be realized by different choices of O
where this operator is the sum of single-qubit operators acting on a pair of qubits.
In the following, two widely used entangling gates will be discussed where either
O = σz(1) + σz(2) or O = σy(1) + σy(2) .

8.5.3 Conditional Phase Gates
(1)

(2)

Conditional phase gates are obtained by setting O = σz + σz . With this choice
and for a suitable coupling strength, the gate operation becomes
 π
U = exp i σz(1) ∅ σz(2) .
4
In the eigenstate basis of the σz operator, the gate multiplies the basis states by the
phase factors shown in Eqs. (8.14)–(8.17) that cannot be obtained by single-qubit
gate operations. As already discussed, the resulting conditional phase gate can be
converted into a controlled-NOT gate operation by additional single-qubit operations.
This type of gate was first implemented in Ref. [11] on hyperfine qubits encoded
in two 9 Be+ ions. To realize the required gate Hamiltonian, the ions were placed into
a standing wave created by two counter-propagating beams off-resonantly exciting
the qubit states to an excited state. As the qubit states coupled differently to this
state, they experienced spatially varying ac-Stark shifts of opposite sign as indicated
in Fig. 8.11. When placed in the node of the standing wave, an ion experiences a
state-dependent force described by the Hamiltonian H ∝ (a + a† )σz . The force is
made time-varying by detuning the frequency of one of the beams forming the standing wave by an amount close to a vibrational mode frequency of the two-ion crystal.
This turns the standing wave into a walking wave. In the experiment by Leibfried
et al. [11], the two counter-propagating Raman beams had a frequency difference
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Fig. 8.11 Realization of a conditional phase gate. Two ions are placed into a qubit-state-dependent
potential created by a spatially varying ac-Stark shift that is temporally modulated with a frequency
close to one of the vibrational modes. The solid (dashed) line indicates the potential experienced
by an ion in the |≈≡ (|∼≡) state, a If both ions are in the same state, the resulting force couples to the
center-of-mass mode but not to the stretch mode. b If the ions are in different states, a coupling to
the stretch mode exists but not to the center of mass mode

≥
δω = ≥3ν + δ which coupled the ions to the stretch mode (oscillating at frequency 3ν) if the ions were in different qubit states.1 In this way, a state-dependent
displacement force was created based on the strong field gradients created by the
Raman light field which realized the Hamiltonian (8.19). An gate was realized that
entangled the ions with a fidelity of 97 % in less than 40 µs.

8.5.4 Mølmer-Sørensen Gates
Another entangling gate, which was first investigated by Sørensen, Mølmer [8] and
(1)
(2)
others [9], is obtained by setting O = σy + σy . This choice leads to the gate
operation
 π
U = exp i σy(1) ∅ σy(2) .
4
In contrast to σz ∅ σz gates that do not change the internal states of the ions, the
Mølmer-Sørensen gate operation induces collective spin flips |∼∼≡ ∞ |≈≈≡, |∼≈≡ ∞
|∼≈≡ by processes coupling to the lower and upper motional sidebands as illustrated in
Fig. 8.12. The gate operation U maps the product state basis {|≈≈≡, |≈∼≡, |∼≈≡, |∼∼≡}
onto a basis of entangled states.
In order to see that the simultaneous application of a red and a blue sideband
excitation indeed produces the desired interaction, the Hamiltonians (8.3) and (8.4)
have to be summed up. The phases appearing in the red and the blue sideband
Hamiltonian become time-dependent when the laser is not perfectly resonant with
the sideband transition. If the sum of the frequencies exciting the red and the blue
sideband equals twice the qubit frequency, an interesting situation arises. For ωr =
ω0 − (ν + ε) and ωb = ω0 + (ν + ε), the phases become φr = εt and φb = −εt, and
HRSB + HBSB = −
1

ηΩ
σy (a† e−iεt + aeiεt ).
2

(8.21)

The actual experiment was slightly more involved as the ac-Stark shifts experienced by the qubit
states had not the same magnitude.
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Fig. 8.12 a Mølmer-Sørensen gate. A bichromatic laser field with frequencies ωb , ωr satisfying
2ω0 = ωb + ωr is tuned close to the upper and lower motional sideband of the qubit transition.
The field couples the qubit states | ∼∼≡ ∞ | ≈≈≡ via the four interfering paths shown in the figure.
Similar processes couple the states | ≈∼≡ ∞ | ∼≈≡ with the same strength provided that the Rabi
frequencies of the light fields ωb , ωr are equal. b Dynamics of the populations p∼∼ (black symbols),
p≈≈ (blue symbols) and p∼≈ + p≈∼ (red symbols) induced by the bichromatic laser field. After
τ = 50 µs, the | ∼∼≡ has been transformed into the entangled state | ∼∼≡ + i| ≈≈≡

This Hamiltonian is valid for a single ion. If two ions are simultaneously illuminated by the bichromatic light field, a similar Hamiltonian is obtained that corre(1)
(2)
sponds to setting O = σy + σy in (8.19). A Mølmer-Sørensen gate is produced
ε
by a laser pulse of duration τ = 2π
|ε| for a coupling strength ηΩ = 2 . Figure 8.12
shows the population evolution under the action of a Mølmer-Sørensen gate in an
experiment [13] demonstrating the creation of Bell states with a fidelity above 99 %.
To prove that Bell states of high fidelity were indeed produced, additional measurements have to be carried out to test the coherence of the superposition states produced
by the gate.
Other gates like the σx ∅ σx gate are generated by shifting the overall phase of the
bichromatic light field. When applied to more than two ions, the Mølmer-Sørensen
gate produces a pairwise coupling of the spin-flip operators of the different qubits
which can be used for generating maximally entangled states.

8.6 Quantum State Tomography
All information about physical systems is inferred from measurements. In quantum
physics, sometimes a measurement on only a single quantum system is performed,
the outcome of which is one of the eigenvalues of the observable that is measured.
More often, however, the expectation value A≡ = Tr(ρA) of an observable A is
measured using an ensemble of systems all prepared in the same quantum state ρ
where Tr denotes the trace operation. Here, the measurement is either carried out in
parallel on many quantum systems of the same type or it is carried out sequentially
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on an individual quantum system that is repeatedly prepared and measured to gather
the required information.
In the field of quantum information, quantum measurements are a key element.
Among others, measurement of observables called entanglement witnesses can provide information about whether a quantum state is entangled. There are, however,
also questions that cannot be answered by the measurement of a single observable
because the quantity to be measured cannot be written as a linear function of the
density operator. A simple example of this kind is the task to determine the purity of
a single-qubit state. Another example is the characterization of the entanglement of
a two-qubit entangled state by means of an entanglement measure.
In these cases, the brute-force approach is to determine the whole density matrix
that describes the quantum state. In this way, the complete characterization of the
quantum state by means of its density matrix provides the answer to any question
one might want to pose. The complete reconstruction of a state has been termed
quantum state tomography. The following discussion of quantum state tomography
will be restricted to the case of finite-dimensional Hilbert spaces. The assumption
that the description of the quantum state to be measured requires only a finite number
of dimensions is well satisfied in the experiments described in this article. Formally,
the basic principle of quantum state tomography can be summarized as follows:
In a d-dimensional quantum system, it is possible to expand the density matrix ρ
using a basis of d 2 hermitian matrices Ai that are mutually orthogonal. Mathematically, this condition is expressed as
d2

ρ=

λi Ai

(8.22)

i=1

with Tr(Ai Aj ) = μi δij where μi ⊂= 0. Since the matrices Ai are assumed to be
hermitian, they are observables with mean value
d2

Aj ≡ = Tr(ρAj ) =

λi Tr(Ai Aj ) = λi μi ,

(8.23)

i=1

and the coefficients that completely characterize the state are given by
Ai ≡.
λi = μ−1
i

(8.24)

Therefore, a measurement of the set of observables S = {Ai } is sufficient for reconstructing the density operator ρ. The most basic example for a measurement of this
kind is the reconstruction of the density matrix of a spin-1/2 system or any other
two-level quantum system. In this case, a possible set of observables is given by
S = {I, σx , σy , σz } where I is the identity and σj are the Pauli matrices. Because
of Tr(σi σj ) = 2δij and Tr(σi ) = 0, the observables are orthogonal and the density
matrix can be written as
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ρ=

1
(I + nx σx + ny σy + nz σz ) with nk = σk ≡.
2
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(8.25)

A measurement of the density matrix is accomplished by measuring the components
nj of the Bloch vector n = (nx , ny , nz ). The observable I does not need to be measured
since I≡ = 1 for any quantum state.
The generalization of this procedure to the reconstruction of an N-qubit system is
straightforward. In this case, it is sufficient to measure observables Aj that are tensor
products of Pauli matrices, i. e. Aj = Aj1 ∅ Aj2 ∅ · · · with Ajk ⊃ {I, σx , σy , σz }.
For a qubit encoded in a trapped ion, the following measurements need to be carried out: the observable σz is determined by a fluorescence measurement as described
in Sect. 8.3. The other two observables cannot be directly measured. Instead, for
measuring σx , we apply first the single-qubit rotation (8.8) that maps the eigenvector corresponding to the eigenvalue +1 of σx onto the +1-eigenvector of σz before
measuring σz on the transformed state. A similar procedure is carried out for measurements of σy . In case of an N-qubit system encoded in a string of ions, this procedure
requires the possibility of addressing single ions and also measuring the fluorescence
(1)
(2)
of a single ion. To measure a spin correlation like σx ∅ σz , first the Bloch sphere
of qubit 1 is rotated around the y-axis by a π/2 pulse. Then, a spatially resolved
measurement of the fluorescence of both ions is performed in order to determine
σz(1) ∅ σz(2) . This requires correlating the measurement results (either +1 or −1)
found for ion 1 and ion 2 by multiplying them with each other. The procedure is
easily generalized to N qubits where it requires measurements in 3N different bases
(j )
(j )
(j )
(j )
(j )
(j )
that are reduced to measurements of σz 1 , σz 1 ∅ σz 2 , σz 1 ∅ σz 2 ∅ σz 3 where
jm ⊃ {1, 2, . . . N} and so on. Figure 8.13 shows the experimentally reconstructed
density matrix of a two-ion Bell state.
Although the general strategy for measuring the density matrix ρ is very straightforward, its practical implementation becomes non-trivial once the inevitable condition is taken into account that in any experiment only a finite number of copies
of ρ is available for carrying out the measurements. For this reason, it is impossible to measure the expectation values Ai ≡ of Eq. (8.24) to arbitrary precision. Any
value entering this equation can therefore only be an estimate λ̃i of the observable’s
expectation value λi that will only converge to the true value in the limit of an infinite
number of measurements.
This little difference has important consequences that are illustrated in Fig. 8.14
for the case of a two-level system. For simplicity, the Bloch vector describing the
state of the system is assumed to have a vanishing y-component. Any valid Bloch
vector has to lie within the unit circle. However, errors in the measurement of σx ≡
and σz ≡ can give rise to a state reconstruction with a vector whose tip lies outside
the ‘Bloch’ circle. Then, the corresponding density matrix has one eigenvalue bigger than one and one eigenvalue smaller than zero; thus, it is no longer positive
semi-definite and does not describe a valid physical state. This problem occurs in
particular for states of high purity that lie close to the boundary of the Bloch sphere.
However, the likelihood of encountering this problem increases the higher the dimension of the state space becomes. In practice, these problems can be overcome by state

278

C. Roos

Fig. 8.13 Density matrix reconstruction of the two-ion Bell state |ψ≡ = ≥1 (|∼≡|∼≡ + |≈≡|≈≡). On
2
the left, the real part of the experimentally reconstructed density matrix ρ is shown. As expected, the
∼∼ and ≈≈ states have populations close to 0.5. In addition, the existence of off-diagonal elements
close to 0.5 demonstrates the coherence between the ∼∼ and ≈≈ parts and proves that the state is
indeed entangled and not just a mixture of ∼∼ and ≈≈

(a)

(b)

Fig. 8.14 Quantum state tomography of a two-level system. a The Bloch vector describing the system is indicated by an arrow. Its components are determined by measurements of the corresponding
observables. b Errors in the determination of Bloch vector components λx and λz can give rise to
a reconstructed vector whose tip (indicated by the ‘+’ sign) lies outside the unit circle containing
the physically allowed states

reconstruction schemes based on maximum-likelihood or Bayesian estimation that
go beyond the simple linear reconstruction scheme sketched in Eqs. (8.22)–(8.24).
By these schemes physically valid density matrices such as the one shown in Fig. 8.13
can be reconstructed from the same set of measurements used for the linear reconstruction technique.
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While the principles of quantum state tomography were already considered 50
years ago, its extension to the complete characterization of quantum processes [1]
is more recent. In quantum process tomography, the characterization of a physical
transformation of a state by means of unitary or decohering processes and measurements is achieved by preparing a set of input states that are subjected to the process
in question and reconstructing the quantum state at the output. Process tomography
is one possible way of characterizing experimental realizations of entangling gate
operations [32].

8.7 Entangled States and Elementary Quantum Protocols
In current experiments, entangling gate operations have been applied to ion strings
of up to 16 ions. Experiments investigating high-fidelity operations have shown
that single qubit gates can be performed with error rates as low a one part in 105
whereas for two-qubit gates error rates as low as 1 % have been observed. While these
achievements are still far from the requirements of large-scale quantum computation
which would require millions of gates acting on thousands of qubits, they have
enabled interesting entanglement studies in few-ion strings and the demonstration of
a number of elementary quantum protocols.
Various experiments have, for example, investigated Greenberger-HorneZeilinger (GHZ)-states
1
ψ = ≥ (| ≈≈ · · · ≈≡ + | ∼∼ · · · ∼≡)
2
of up to 14 ions [10, 34]. Figure 8.15a shows an example of a three-ion GHZ state.
The off-diagonal elements of the reconstructed density matrix prove the coherence
of the state. GHZ states are maximally entangled in the sense that a measurement
of single ion can reveal the full information about the state of the other ions. This
property makes GHZ states fragile with respect to interactions with a decohering
environment. It does not, however, signify that any measurement will completely
destroy the quantum character of the state. If, for example, one ion of the three-qubit
state ψ = ≥1 (| ≈≈≈≡ + | ∼∼∼≡) is measured in the σz -basis {|≈≡, |∼≡}, the other two
2
will be projected into either the product state | ∼∼≡ or | ≈≈≡. If, on the other hand,
a measurement onto the eigenstates of σx (| ≈≡ ± | ∼≡) is carried out, the remaining
ions are projected into one of the Bell state states | ≈∼≡ − | ∼≈≡ as demonstrated
in Ref. [35]. Figure 8.15b, c shows the state after projecting the first qubit into the
x-basis (onto the states |≈≡ + |∼≡ and |≈≡ − |∼≡) and after a correction operation that
deterministically turns the state into a Bell state.
Elementary quantum algorithms with trapped ions include demonstrations of
quantum teleportation, quantum error correction, entanglement purification and
entanglement swapping [36–40]. More details about some of these experiments can
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Fig. 8.15 Quantum state tomography of a GHZ state. a The figure shows the absolute value of the
density matrix. b After measuring the second qubit in the x-basis, the resulting state is a mixture of
two Bell states if the measurement result is disregarded. c If, depending on the measurement result,
a correction operation is applied, the GHZ-state can be deterministically transformed into a Bell
state

be found in references [41, 42]. Efforts to advance experiments along these lines
focus on reducing error rates in the coherent operations, speeding them up and handling larger number of ions by using microfabricated ion traps.

8.7.1 Deterministic Quantum Teleportation
Quantum teleportation is an simple example of an important quantum communication
protocol. It solves the problem of sending a quantum bit prepared in an unknown
state from one party, often called Alice, to another party, usually named Bob, in the
absence of a ‘quantum channel’ by measurements and local quantum operations.
The key to accomplishing this task is the existence of a quantum resource shared
between Alice and Bob in the form of a (maximally entangled) Bell state |Ψ− ≡ =
≥1 (| ≈∼≡ − | ∼≈≡). The teleportation protocol and its implementation with a string
2
of three ions is sketched in Fig. 8.16. In addition to the unknown quantum state
|φ≡ = α|≈≡ + β|∼≡, Alice is in the possession of the first qubit of the Bell state |Ψ− ≡
she shares with Bob (who has the second qubit of |Ψ ≡). By means of the four Bell
states |Ψ± ≡ = ≥1 (| ≈∼≡ ± | ∼≈≡), |Φ± ≡ = ≥1 (| ≈≈≡ ± | ∼∼≡), the initial three-qubit
2
2
state of Alice and Bob can be rewritten as follows
(α| ≈≡1 + β| ∼≡1 )((| ≈∼≡23 − | ∼≈≡23 )
1
= {|Ψ− ≡12 (−α| ≈≡3 − β| ∼≡3 ) + |Ψ+ ≡12 (−α| ≈≡3 + β| ∼≡3 )
2
+ |Φ− ≡12 (β| ≈≡3 + α| ∼≡3 ) + |Φ+ ≡12 (−β| ≈≡3 + α| ∼≡3 )}
π
π
1
= {|Ψ− ≡12 (−I|φ≡3 ) + |Ψ+ ≡12 (iei 2 σz |φ≡3 ) + |Φ− ≡12 (−iei 2 σx |φ≡3 )
2
π
+ |Φ+ ≡12 (−ei 2 σy |φ≡3 ), }
where the index 1 refers to qubit 1 and 23 to the two qubits on Bob’s side. The last
line of the equations contains the key to recovering |φ≡ in qubit 3 on Bob’s side. If
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Fig. 8.16 a Quantum teleportation protocol: an unknown quantum state |φ≡ is teleported from Alice
to Bob by means of measurements on the original state and a Bell state shared between the two
parties. b Quantum teleportation protocol with trapped ions. Alice prepares the initial state by the
unitary Uχ in ion 1 and carries out a two-qubit measurement (using an entangling gate) followed by
state measurements. The measurement results are communicated to Bob who carries out additional
single-qubit gates, which depend on the measurement outcomes, in order to restore the state on his
side

qubits 1 and 2 are projected onto the Bell state basis, qubit 3 is equal to |φ≡ up to
single qubit rotations around the x, y, and z-axis. If Bob applies the inverse of these
single qubit operations to qubit 3 after having received the measurement outcome
telling him on which Bell state qubits 1 and 2 had been projected, he will reconstitute
the initial state |φ≡ on his side.
Figure 8.16b shows protocol in some more detail using a graphical representation
of the quantum circuit which widely used in quantum information processing. Here,
lines represent qubits, boxes are gate operations acting on them as well as measurements. The double lines after measurements of qubits 1 and 2 indicate classical
information (instead of quantum information encoded in a qubit). First a Bell state is
prepared in ions 2 and 3. Next ion 1 is prepared in |φ≡ by the unitary operation Uχ .
The symbol connecting qubit 1 and 2 to the right of Uχ represents a CNOT gate operation. The CNOT together with the π/2 pulse on ion 1 is used for mapping the Bell
state basis onto the product state basis, ≈≈, ≈∼, ∼≈, ∼∼ which can be measured by
flourescence measurements. Conditioned on the results of these two measurements,
additional single-qubit gates are applied to qubit 3 to recover the initial state.
Deterministic quantum teleportation was first demonstrated [36, 37] by groups
in Boulder and Innsbruck in 2004. Figure 8.16c shows the measured teleportation
fidelity of different input states [43], i.e. the probability of successfully recovering the
state on Bob’s side which on average was 83 %. By purely classical communication,
this result would have been 66.6 % at most which demonstrates that genuine quantum
effects were at work in these experiments.
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8.8 Quantum Simulation
Quantum simulations are another research direction that has recently come into the
focus of trapped-ion experiments. Quantum simulation aims at simulating a quantum
system of interest with a controllable laboratory system described by the same mathematical model. In this way, it might be possible to simulate quantum systems that
can neither be efficiently simulated on a classical computer [44] nor easily accessed
experimentally. For this, the laboratory system needs to be very well understood in
terms of the Hamiltonian describing it. To turn it into a useful quantum simulator, it
should allow for parameter tunability and for the measurement of observables that
provide important insights into the physics of the system to be simulated. There are
two types of quantum simulators currently discussed in the literature. Digital quantum simulators [45] try to translate the unitaries describing the system dynamics
into quantum circuits consisting of elementary gate operations. In this approach, a
universal quantum computer could be used for efficiently simulating all quantum
systems with local interactions. The second class, that one might call analog quantum simulators, builds on the principle of engineering a system having exactly the
Hamiltonian one is interested in. The main motivation behind these approaches is to
find solutions of problems in quantum-many body physics that cannot be efficiently
simulated on classical computers. First experiments demonstrating basic elements
of analog and digital quantum simulators with trapped ions have been carried out in
the last couple of years (for an overview, see Refs. [46, 47]).
One class of Hamiltonians that seem to be particularly well-suited for being simulated by trapped ions, are models describing systems of interacting spins. Experij
ments simulating the Ising Hamiltonian with a transverse field, H = i,j Jij σzi σz +
B i σxi started with 2–3 ions [48, 49] demonstrating adiabatic state changes and
spin frustration. In the mean time, experiments involving up 16 ions [50] have been
carried out in order to show the onset of a quantum phase transition. In all these
experiments, each ion-qubit encodes a spin-1/2 system that interacts with the other
spins via laser-mediated effective spin-spin interactions similar to the ones used for
the entangling quantum gates discussed previously. The action of the transverse field
can be fairly straight-forwardly implemented by further interactions coupling the
two qubit states.
If the present experiments using the analog simulation approach could be scaled up
to a few tens of ions, trapped-ion experiments might enter the regime where numerical
simulation aiming at predicting experimental outcomes becomes infeasible due to
the big size of the Hilbert space required to describe the quantum dynamics. If
these conditions are met, trapped-ion quantum experiments would no longer be only
demonstration experiments but also become tools for predicting quantum behaviour
in a new regime.
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8.9 Quantum Information for Precision Measurements
Techniques for entangling ions with each other are not only of interest in the context
of quantum computation and simulation but also for spectroscopic precision measurements. There are different ways of enhancing spectroscopic measurements with
trapped ions by entangling interactions:
1. Improved signal-to-noise ratio. In a Ramsey experiment (see Fig. 8.9), an ion
initially prepared in a superposition state ψ(0) = |α≡ + |β≡ is used to measure
the difference Δ between the laser (or the microwave) frequency and the atomic
transition frequency. At the end of the Ramsey probe time τ , a non-vanishing Δ
manifests itself as a phase factor in the quantum state ψ(τ ) = |α≡ + eiΔτ |β≡.
The second Ramsey pulse maps the phase φ = Δτ into a population imbalance
of the upper and lower state which is subsequently measured by a fluorescence
measurement. If this experiment is carried out on≥N ions instead of a single one,
the signal-to-noise ratio is improved by a factor N.
Instead of preparing N ions in such a product state, on which experiments are
performed in parallel, they can also be prepared in the entangled state Ψ (0) =
|α≡|α≡ · · · |α≡ + |β≡|β≡ · · · |β≡ by one of the interactions discussed in Sect. 8.5.
At the end of the probe time, this state has evolved into Ψ (t) = |α≡|α≡ · · · |α≡ +
eiNΔτ |β≡|β≡ · · · |β≡ and the phase factor can be mapped into changes of the state
populations by another laser pulse. The phase of this entangled state, φ = NΔτ ,
is more sensitive to changes in Δ than a single-ion superposition state. The signalto-noise ratio is improved by a factor N compared to the single-ion experiment
provided that the state remains fully coherent over the time
≥ of the experiment.
Thus entanglement enhances the sensitivity by a factor of N. Use of entangled
states for enhancing the signal-to-noise ratio of spectroscopic measurements was
first proposed by Bollinger and colleagues [51] and experimentally implemented
in a demonstration experiment a few year later [52]. However, when evaluating
the advantage brought by entangled states, the effects of decoherence need to be
considered with great care [53].
2. Longer coherence times. Entanglement can also be used to achieve longer coherence times by preparing a quantum state that is not susceptible to the dominant
source of decoherence. In Ref. [54], a maximally entangled state of two ions
was prepared for measuring the atomic quadrupole moment of the D5/2 state in
40 Ca+ . The entangled state was made insensitive to fluctuations of the strengths
of the magnetic field which limited the coherence time of single-ion superposition states to few milliseconds. In contrast, the entanglement of the two-ion state
persisted for hundreds of milliseconds which greatly enhanced the spectroscopic
resolution.
3. Quantum logic spectroscopy. Undoubtedly, the practically most relevant use of
entanglement for spectroscopic purposes is the development of quantum logic
spectroscopy [55]. This technique enables the spectroscopic investigations of
narrow transitions in ions that cannot be easily measured by the electron shelving
technique (see Fig. 8.3). The key idea is to transfer the information about whether
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Fig. 8.17 Quantum logic spectroscopy protocol. After ground state cooling and initialization of
the logic ion (L + ), the spectroscopy ion (S + ) is probed. In steps 3 and 4, a red sideband π pulse on
S + mapping the upper state population to the motional mode is followed by another red sideband π
pulse on L + which transfers the information from the mode into the qubit encoded in L + . Finally,
the qubit is read out by a fluorescence measurement using the electron shelving technique

the excitation of the “spectroscopy” ion was successful or not to an second “logic”
ion of a different species that is co-trapped with the other ion. The logic ion is
an ion species that can be easily detected. The information transfer proceeds by
mapping the information via red sideband excitation from the spectroscopy ion
to a joint vibrational mode of the two-ion crystal that was initially cooled to the
ground state. In a second step, the information is mapped from the vibrational
mode to the internal states of the logic ion where it is read out. This protocol is
illustrated in Fig. 8.17.
Quantum logic spectroscopy was developed for the construction of atomic clocks
based on a single 27 Al+ . This isotope has a clock transition in the ultraviolet
spectral region with very favourable properties but cannot be measured and lasercooled easily. The Boulder ion trapping group has demonstrated the operation
of Al+ single ion clocks with fractional frequency uncertainties in the range of
10−17 by transferring the spectroscopic information to a co-trapped 9 Be+ or a
27 Mg+ ion [56, 57].
Other variants of quantum logic spectroscopy are likely to find applications in
spectroscopic investigations of atomic dipole transitions that are of astro-physical
interest and in experiments with molecular ions.

8.10 Decoherence and Scalability Issues
The coherent quantum operations described so far will fail if the experimental control
is not good enough or if the ions couple to strongly to fluctuating electromagnetic
fields created by the ions’ environment. Also, some of the most important quantum
computation applications require control over a very large number of qubits which
makes scalability of the approach an important issue. These two topics will be briefly
discussed in the following.
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8.10.1 Decoherence in Trapped-Ion Experiments
The coherence of multi-qubit entangled states can be affected by decoherence in
many different ways. In the absence of control fields inducing gate operations, the
most relevant type of decoherence is dephasing of the qubit states by electromagnetic
fields leading to shifts in the energy difference of the qubit states. Such shifts are
often caused by fluctuating magnetic fields causing Zeeman shifts. For this reason, it
is favourable to store quantum information in qubits whose transition frequency does
not depend in first order on the Zeeman effect. In this way, single-qubit coherence
times of greater than 10 s can be achieved [58].
Spontaneous decay is only relevant for optical qubits where one of the qubit states
is metastable. However, it is only a minor error source as the lifetime of these states
usually is on the order of a second and therefore much longer than the typical duration
of most of the current experiments.
Since all current deterministic entangling gates make use of qubit-qubit couplings
mediated by the ion motion, we also need to consider the influence of an environment
on the ion’s motional state. Trapped ions couple via their charge to fluctuating electric
fields. Field fluctuations at frequencies close to the vibrational frequency heat up the
ion motion [59]. Motional heating reduces the fidelity of entangling gates. In case of
the Cirac-Zoller gate, the ion motion has to be cooled to the vibrational ground state.
The conditional phase gate and the Mølmer-Sørensen require the ion motion to be
only in the Lamb-Dicke regime, but they are affected by heating occurring during
the gate operation.
The physical origin of the fluctuating electric fields are still under discussion.
Thermal electric noise and noise generated by processes involving the surfaces of
the trap are being considered. For smaller traps, the problem becomes more and
more severe due to the much stronger electric fields that voltage fluctuations on a
trap electrode create. While for millimeter-sized ion traps and oscillation frequencies
in the MHz-range, heating rates are typically on the order of 1 phonon per second,
for microfabricated traps with ion-electrode distances below 100 µm, heating rates
can be orders of magnitude higher. Operating ion traps at cryogenic temperatures is
one approach for reducing motional heating rates [60]. Recently, it was found that
motional heating could be strongly improved by in-situ cleaning of an ion trap with
an argon-ion beam [61].
Limited classical control is yet another source of errors in trapped ion quantum
information experiments. Laser intensity noise leads to errors in single- and multiqubit rotations. Laser frequency noise is an important source of errors in experiments
with optical qubits as the laser frequency serves as a local oscillator for measuring the
phase of qubit superposition states. In experiments with hyperfine qubits, temporal
fluctuations of the length of the laser path of the Raman beam setup can give rise
to phase errors as well. In multi-qubit experiments, qubit cross-talk needs to be
avoided. Finally, real ions have more stable states than the two energy levels the
quantum information is encoded in. Absorption or emission of photons on transitions
connecting the qubit states to other states leads to a loss of information from the
computational subspace.

286

C. Roos

8.10.2 Increasing the Number of Qubits
The prospect of building a universal quantum computer started the field of trapped-ion
quantum information processing. Building such a device with imperfect components
is in principle possible if quantum error correction protocols are used. However, the
implementation of fault-tolerant quantum computing comes with a huge overhead
in terms of the number of qubits that are required for carrying out even simple gate
operations.
The simple approach of manipulating quantum information stored in a linear
string of ions by coupling to the ion motion becomes impractical for ion numbers
beyond a few tens of particles. There are two obvious problems with this approach:
• There is a structural phase transition from a linear ion string to a zig-zag configuration when more and more ions are added to an anisotropic harmonic potential
characterized by the axial and radial frequencies νax and νtr with νax  νtr . To
keep the crystal linear, the trap anisotropy νax /νtr has to be increased. While raising νtr is difficult, lowering νax renders laser cooling more difficult and comes
at the price of increased motional heating and reduced speed of two-qubit gate
operations.
• In longer strings, the speed of two-qubit gate operations is reduced for an additional
reason. Because of the higher mass of longer ion strings, the momentum transfer
of k from photon absorption or emission causes smaller changes to the motional
state of the string. In addition, coupling to a single vibrational mode becomes more
challenging due to the increased number of vibrational mode frequencies.
Different strategies are being explored to overcome these problems. One approach
is based on storing smaller number of ions in different traps and using photons as
a quantum interface for entangling ions held in different traps. While it appears to
be challenging to achieve deterministic entangling gates with this approach, entanglement distribution is feasible. In this approach, ion qubits are entangled with a
degree of freedom of an emitted photon. When photons emitted from different ions
are interfered on a beam splitter and subsequently measured, entanglement between
the ions can be created probabilistically but heralded by the photon measurement
results [28].
Another strategy is to split a long ion string into smaller substrings that are dynamically merged, split and moved around in order to carry out entangling gates on a
small number of ions. This approach, which was pioneered by D. Wineland’s ion trapping group in Boulder, requires the ability to create anharmonic trapping potentials
that can be dynamically changed. The efficient generation of anharmonic potentials
necessitates in turn a reduction of the ion-electrode distance which can be achieved
by making use of microfabrication technologies for building microstructured segmented ion traps. This approach is currently pursued by many different research
groups.
By segmenting the electrode opposing the rf-electrodes in a linear trap as
shown in Fig. 8.18, flexible axial potentials are generated by application of suitable
dc-voltages. An even more radical approach consists in arranging all electrodes in a
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Fig. 8.18 A Two-layer segmented linear trap. By segmenting the electrode opposite to the radiofrequency electrode, anharmonic potentials along the axis of the trap are produced by applying
dc-voltages to the different trap segments (figure reproduced from Ref. [63])

single plane in such a way that a two-dimensional rf-quadrupole field providing transverse confinement is created a few tens of micrometers above the trap surface and
axial potentials are produced by dc-voltages applied to the segmented electrodes.
In segmented microtraps, entanglement between ions in different trapping wells
was demonstrated [62, 63]. With very low-noise programmable voltage sources, it
is possible to transport ions fast and non-adiabatically over macroscopic distances
[64, 65] and to split ions strings on timescales of a few tens of microseconds without
significantly heating up the ion motion. A second ion species co-trapped with the
quantum logic ions can be used for re-cooling the ion string after splitting operations. Microstructured ion traps are also being considered for achieving quantum
simulations with two-dimensional arrays of ions each held in a separate trap.

8.11 Outlook
Over the last decade, techniques have been developed for quantum information
processing using small crystals with about 2–20 ions. Qubits encoded in ions can
be prepared, manipulated and measured with high fidelity. While the experimental demonstrations are still far from coming close to what is needed for full-scale
quantum computation, they have enabled experiments demonstrating fundamental
principles of QIP and have helped to shed new light on fundamental properties of
quantum physics like entanglement between particles and the quantum measurement
process.
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In addition to the multi-ion gates discussed in this chapter, new techniques are
currently being developed. These include the development of new entangling gates
based on microwaves and magnetic field gradients [66, 67], the use of Rydberg
instead of Coulomb interactions [68] and the development of fast gates based on
ultrashort laser pulses [69]. Other experimental efforts are directed at interfacing
trapped ions with the modes of microfabricated optical resonators and with other
quantum systems capable of storing quantum information.
The biggest impact QIP techniques with trapped ions will have in the short term
is most likely to be found in the field of quantum simulation where the gap between
the experimental achievements and the theoretical requirements is much smaller than
for quantum computation. Also, QIP techniques will certainly continue to gain even
more importance in experiments where quantum logic techniques are used for turning
ions into sensitive sensors and measurement devices for quantum logic spectroscopy.
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Chapter 9

Optical Transitions in Highly Charged
Ions for Detection of Variations
in the Fine-Structure Constant
A. Ong, J. C. Berengut and V. V. Flambaum

Abstract In this review, we explore a class of optical transitions in highly charged
ions that have very high sensitivity to variation of the fine-structure constant, α. An
atomic clock based on such a transition could place strong limits on α-variation,
and could be sensitive enough to corroborate astronomical studies that suggest cosmological spatial variations in α. We discuss how to find the ions which have these
optical transitions, the source of the high sensitivity to α-variation, and some scaling
laws that suggest that a highly charged ion clock could have better systematics than
existing singly-ionized trapped ion clocks. Finally we give an overview of atomic
spectra calculations as applied in highly charged ions.

9.1 Introduction
Atomic clocks are the most accurate devices in physics. The cesium fountain clock—
the primary frequency standard used to define the second—is accurate to parts in
10−16 (see, e.g., [1–4]). More recently, two different clock technologies based on
optical transitions have enabled stable frequency determination at the 10−17 level:
optical lattice clocks, such as the Sr clock [5]; and ion clocks based on forbidden
optical transitions in a single Al+ ion interrogated with a logic ion [6]. In this chapter
we consider the use of highly charged ions (HCIs) as the basis of an optical-frequency
atomic clock. Electrons in highly charged ions (HCIs) are far more tightly bound
than their near-neutral equivalents, and so systematic shifts in atomic clocks based
on HCIs could be much smaller. We will show that optical transitions from the
ground state may be found in particular HCIs, and estimate the systematic shifts.
Furthermore we will show that such clocks can have very high sensitivity to variation
of fundamental constants, which enables tests of fundamental physics. We start by
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discussing variations in the fundamental constants of nature, and the astronomical
results that motivated the discovery of these HCI transitions.
The Standard Model of Particle Physics contains around 25 dimensionless fundamental constants, such as coupling constants and mass ratios, that cannot be predicted
by the theory and must be determined from experiment. It is widely believed that the
Standard Model is a low energy manifestation of a more complete theory that unifies
the forces of the Standard Model (electromagnetism and the strong and weak nuclear
forces) with gravity. Several such theories predict variations in the fundamental constants in an evolving Universe [7–11]. The example that concerns us in this chapter
is the fine-structure constant, α = e2 /c ≡ 1/137: a dimensionless fundamental
constant of nature that determines the strength of the electromagnetic interaction.1
The value of α at different times and places in the Universe can be probed using
the fine-structure splitting of observed atomic spectra, such as alkali-doublets, which
depend on the value of the fine-structure constant. This “alkali-doublet” method
was used to determine the value of α first in the emission spectra of distant galaxies [12] and later in quasar absorption spectra [13–15]. The many-multiplet (MM)
method was developed in 1999 as a generalization of the alkali-doublet method [16].
The method has some advantages including: use of lines with higher sensitivity to
α-variation; use of all lines seen in a quasar absorption spectrum in the analysis
(higher statistical significance); and use of both positive and negative shifters that
shift in opposite directions if α changes, which helps control systematics. Taken together, these allow for more than an order of magnitude improvement in the determination of α from quasar spectra. The downside is that it requires a more sophisticated
approach to determine the α-sensitivity of lines used in the analysis, which is similar
to that presented in Sect. 9.2.
An astronomical study of around 300 different quasar absorption systems
observed using the Keck Telescope in Hawaii [17–19] and the Very Large Telescope
in Chile [20, 21] indicate a spatial gradient in the value of α across the Universe. In
one direction on the sky α appears to have been larger than the current laboratory
value, while in the opposite direction it appears to have been smaller. The data from
the two telescopes independently agree on the direction and magnitude of this variation. This result is known as the spatial α-dipole (or “Australian dipole”) and it has
the value of
να
= (1.10 ± 0.25) × 10−6 r cos ρ Gly−1 ,
(9.1)
α0
where να/α0 = (α(r) − α0 )/α0 is the relative variation of α at a particular place
r in the Universe (relative to Earth at r = 0). The geometrical term r cos ρ, where
ρ is the angle between the direction of the measurement and the axis of the spatial
dipole, gives the position of the quasar absorption system along the dipole axis.
The axis direction corresponds to (17.4 (0.9) h, −58 (9)≈ ) in equatorial coordinates.

The variation of α is unrelated to the well-known “running” of α at high energies, rather, it is a
variation of α at zero-momentum transfer across space and/or time.

1
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The distance function is the equivalent light-travel distance r = ct, measured in
giga-lightyears.
Our goal now is to translate the observed spatial gradient in values of α into
terrestrially observable measurements in order to corroborate the result in the laboratory. If we note that the Earth moves with respect to the rest frame of the cosmic
microwave background (CMB), then we can assume that this motion will have a
component along the spatial α dipole [22]. Thus, we would expect α to vary in the
terrestrial frame. Of course, we are making the assumption that the CMB should be
taken as the rest frame of the α-variation, as it would be if the source of the variation is a co-moving scalar field. To compute the expected terrestrial variation, we
start by neglecting the annual motion of the Earth around the Sun, which is averaged out over the course of a year. The velocity of the Sun in the CMB rest frame
is known to high accuracy from the CMB itself, and is 369 kms−1 in the direction
(168≈ , −7≈ ) [23]. This is almost perpendicular to the observed direction of the spatial
dipole, and is therefore sensitive to the exact angle the motion makes with the dipole.
This astronomical result thus translates into an α variation at the level of [22]
α̇
= 1.35 × 10−18 cos δ yr−1 ,
α

(9.2)

where δ is the angle the motion of our solar system makes with the α-dipole axis.
The best fit value for the spatial dipole results in a value of cos ρ ∼ 0.07, but this is
uncertain to the level of ∼0.1. Naturally, the full result must include the modulation
of the Earth’s annual motion around the Sun, with the angle between the ecliptic plane
and the spatial dipole approximately 35≈ . This modulation results in an α-variation of
να
= 1.4 × 10−20 cos Δt,
α

(9.3)

where Δ refers to the angular frequency of the yearly orbital and να/α takes its
maximal (cos Δt = 1) value on around 15 June each year. This modulation can be
used to show that a drift in α such as Eq. (9.2) is due to a spatial, rather than temporal,
variation.
The implications of α variation would manifest in a number of different systems [22], but of interest here are the shifts in atomic transition frequencies
observable by terrestrial atomic clocks. The current best limit on the α dipole is
(−1.6 ± 2.3) × 10−17 yr−1 and comes from comparing the transition frequencies in
the Al+ and Hg+ ion clocks [24]. Furthermore, a new generation of atomic clocks
based on highly charged ions has been proposed due to their increased level of
accuracy. These clocks would have the advantage of having a measurable drift in
transition frequencies in time frames ranging from one year to a decade, depending
on the choice of ion and the transitions used. Comparing this best limit with the
astronomical result in Eq. (9.2), we see that atomic clocks would need to be 2 to 3
orders of magnitude more sensitive in order to detect α-variation within a year of
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data collection. Fortunately, HCI-based atomic clocks have the potential to provide
this level of increase in accuracy.
HCIs have been produced in electron beam ion trap (EBIT) for around 30 years,
however trapping and cooling of HCIs is difficult, partly because of the lack of
strong E1 transitions. Furthermore, transitions in these ions are typically in the x-ray
region, which is not suitable for performing accurate spectroscopy. However, with
the refinement of EBIT technology and higher beam energies, the production of a
wide range of HCIs has become feasible [25]. Cooling and spectroscopy techniques
for HCIs in EBITs are improving [26–29], and in this chapter we will show how
level crossings can be used to overcome the problem of x-ray transition energies.
In the following sections, we first begin by introducing the method used to
determine the α-variation sensitivity of an energy level in an atom or ion (Sect. 9.2).
Then, we will discuss in further detail the concept of level crossings (Sect. 9.3),
which introduces useful optical E1, M1 and E2 transitions that can be used to probe
α-variation. In doing so, we show how HCIs can provide the additional two orders of
magnitude required to bridge this result with the astronomical limit previously mentioned. After that, we will introduce scaling laws to help extend our intuition from
near-neutral systems to highly charged ions. Finally, we provide a brief overview
of the computational methods that are used to accurately determine the theoretical
properties of HCIs.

9.2 Sensitivity of Atomic Transitions to α-Variation
In this section, we quantify the sensitivity to α-variation of various atomic transitions
so that we may directly compare the sensitivity of different systems. Our aim is to
assign a value to each energy level or transition that measures the magnitude and
direction of the change in atomic transition frequency for a fixed change in the value
of α. This can be done by parametrizing the frequency shift using the quantity q,
defined as

dΔ 
,
(9.4)
q=
d x x=0
where x = α 2 /α02 − 1 ≡ 2 (α − α0 )/α0 is the fractional change of the square of the
fine-structure constant, α, from its current value α0 . q is the therefore a measure of
the rate of change of a transition frequency with respect to the fractional change in
the fine-structure constant, with all quantities measured in atomic units (e = m e =
 = 1).
Let us consider the leading relativistic corrections (order v2 /c2 ), which are most
important near the origin, to the central-field Schrödinger equation for a valence
electron, which can be written as (see, e.g. [30])
q=−

α2
2


R 2 (r )(E 0 + V (r ))2 r 2 dr +

α2
4




R(r )

R
dR
−X
dr
r



dV 2
r dr, (9.5)
dr
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where R(r ) and E 0 are the non-relativistic radial wavefunction and energy respectively, V (r ) is the potential and X = j ( j + 1) − l(l + 1) − s(s + 1). Near the
origin, the potential V (r ) ≡ Z /r as it is unscreened by the electrons. Furthermore,
the wavefunction squared for a many-electron ion with atomic number Z and ion
charge Z ion is [31–33]
ρ(0)2 ≡

Z (Z ion + 1)2
Z Z a2
=
,
π3
πn 2

(9.6)

where π is the effective principal quantum number and we have introduced an effective charge Z a , defined by the relation Z a /n = (Z ion + 1)/π. With the appropriate
substitution, we are then able to write
qn j ≡ −In

(Z α)2
.
π( j + 1/2)

(9.7)

Here In is the (positive) ionization energy of an electron in that atomic orbital, Z is
the atomic charge, π is the non-integer effective principal quantum number and j the
angular momentum of the orbital.
Alternatively, we may arrive at the same result if we consider the fine-structure
energy correction (the non-relativistic energy does not have an explicit dependence
on α) to the Dirac equation for a hydrogen-like atom or ion in a pure, central Coulomb
field, given by


1
3
α2 Z 4
−
,
(9.8)
E f.s. = −
2n 3
j + 1/2 4n
we see that as a consequence of the proportionality of the wavefunction near the
origin above, we must have [34]
E f.s.

Z 2 α 2 Z a2
= − a2
2n
π



1
Za
−
j + 1/2 n Z



Za π
1−
4n Z


.

(9.9)

Noting that In = −E n = Z a2 /2n 2 and that in HCIs 1/( j + 1/2)  Z a /(n Z ) we
arrive again at Eq. (9.7).
If we label the lower state in the clock transition i and the upper state f, then the
sensitivity of the transition to α-variation is q = q f − qi . Measuring a variation in α
requires the comparison of the frequencies of two atomic clocks. As an example we
consider the ions used to obtain the current best limit on α-variation [24] mentioned
in the introduction. The transition used as the optical frequency standard in the
Al+ clock is from the 3s 21 S0 state to the 3s3 p 3 P0 state, this transition is relatively
insensitive to α variation (small q). On the other hand, the Hg+ clock uses a transition
which is strongly dependent on α variation (large q). In fact, the Hg+ transition is a
strong negative shifter, q ≡ −52,000 cm−1 . The ratio of these transition frequencies
would therefore change if α were changing. By comparing how the ratio of these
frequencies changes over a year, a terrestrial limit was placed on α-variation of
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α̇/α = (−1.6 ± 2.3) × 10−17 yr−1 . This limit could in principle be improved by
using a strongly positive shifting clock transition, rather than the Al+ clock transition.
Equation (9.7) is an analytical approximation useful for estimating the size of
the q value of atomic levels. However, we calculate the value of q for a atomic
levels by directly varying the value of α in ab initio atomic codes that calculate the
ion spectrum (our energy calculations are outlined in Sect. 9.6). The value of Δ in
Eq. (9.4) is calculated for the values of x = −0.01, 0.0, 0.01; q is then calculated
from the numerical derivative using Eq. (9.4). The value of q calculated using any
two of the three computed values should remain within a few percentage points of
the others—any further deviation from this amount indicates that it is possible that
repulsion between levels is occurring, at least in the numerical computation. Special
care must be taken to compute q in these cases, such as computing Δ for two extra
values of x. It is possible to resolve the q values in cases where level crossings occur
using experimental g factors, if they are available [35].

9.3 Level Crossings in Highly Charged Ions
Using Eq. (9.7), we see that the sensitivity to α-variation can be maximized by using
highly charged ions because of their large ionization energy In . This can be further
enhanced by using heavier elements to provide a large Z . Finally, significant differences in the configuration of the states involved allows for larger ranges of q. To
maximize |q| = |q f − qi |, Eq. (9.7) should be used to look for maximal q values
of both levels with opposite signs. However at the same time we also wish to constrain the transition energy to be within the range of optical lasers so that accurate
optical spectroscopy techniques can be used. This is problematic for highly charged
ions, since just like In the transition frequencies also grow with ion charge as ∼Z a2 .
Fortunately we can solve this problem using the phenomenon of level crossings [36].
A level crossing in an ion occurs when the energy ordering of two or more orbitals
changes. In hydrogen-like ions in the non-relativistic limit, the energy levels are
sorted only by principal quantum number n. That is, the energy of levels with the same
principal quantum number n are degenerate—we will refer to this as the Coulomb
degenerate limit.
In many-electron atoms or ions, the order of filling of the orbitals is different from
the ordering implied by the Coulomb degenerate limit. This is because the presence
of the first electron modifies the electric potential experienced by the second electron,
which modifies the energy of the second electron. Electrons near the nucleus of the ion
tend to reduce the “visible” charge experienced by the external electrons—an effect
known as screening. The result of this effect is that orbitals with a smaller effective
radius become more energetically favoured than those with a larger effective radius.
K+ has completely filled 1s, 2s, 2p, 3s, and 3p orbitals. In the Coulomb degenerate
limit, the 3d orbital would be filled next as it is expected to have the lowest energy
amongst unfilled orbitals. However, in neutral potassium we see that the 4s level
is filled first, because as mentioned above, an electron in the 3d orbital would tend
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to spend a large amount of time further away from the nucleus, hence experiencing
a smaller screened charge. As a result, the electron is more tightly bound to the
nucleus in the 4s orbital than the 3d orbital, and correspondingly the 4s orbital is
more energetically favourable than the 3d orbital. Thus we see that in the periodic
table the energy levels fill in a different order from the Coulomb degenerate limit; for
most atoms the ordering follows the Madelung rule (also known as the Klechkowski
rule).
Consider an isoelectronic sequence, which is created by adding additional protons
to a nucleus while keeping the number of electrons constant. Successively adding
protons brings the ion closer to the Coulomb degenerate limit, where screening effects
no longer dominate the energy ordering. Returning to neutral potassium, this implies
that there is some point along its isoelectronic sequence where having the valence
electron in the 3d orbital becomes more energetically favorable than the 4s orbital.
We call the point at which this occurs a level crossing. For the isoelectronic sequence
of neutral potassium, the ground state of Sc2+ is 3d—here the level crossing occurs
at a relatively low ion charge.
Near such level crossings, the ionisation energies of the two levels can be very
similar, so that the energy of transitions between the crossing orbitals may be
within the range of optical lasers even in highly charged ions. This is of significant
importance because the energy intervals in highly charged ions are usually in the
x-ray regime. On the other hand, fine-structure transitions may also be within optical
range, but such transitions would most likely have relatively small q-values, as predicted by Eq. (9.7). The most promising level crossings in HCIs possessing a high
sensitivity to α-variation have been identified as the 4 f − 5s, 4 f − 5 p and 5 f − 6 p
crossings [37], which take place at ion charges of between 8+ and 20+. See [37] for
an exhaustive listing of all available level crossings in the periodic table.
As an example, we consider the 5s – 4 f (see Fig. 9.1) level crossing in the Ag
isoelectronic sequence. In neutral Ag (Z = N = 47) the valence electron is in the 5s
orbital, with the 4 f lying above energetically. As the nuclear charge is increased along
the isoelectronic sequence, the 4 f orbital eventually goes below the 5s orbital; this
occurs at Z ≡ 61. In Ref. [36] the energy levels of the single-valence-electron HCIs
Nd13+ , Pm14+ , and Sm15+ were calculated. The 4 f – 5s transitions were indeed
found to be within laser range, even though the ionisation energies are ∼250 eV.
The spectrum of the two-valence-electron ion Sm14+ was also calculated in [36].
This ion has E1 transitions that could potentially be used for trapping and cooling,
as well as weak clock transitions with very high sensitivity to α-variation. Indeed,
comparison of two different transitions in Sm14+ would have sensitivity to α of
ωq ≡ 260,000 cm−1 , around five times larger than the sensitivity of the Hg+ ion
clock.
The potential of high-precision HCI clocks using Nd13+ and Sm15+ was explored
in [38]; there a potential fractional clock accuracy of ∼10−19 was estimated. This
level of accuracy would allow for determination of α-variation to within parts in 10−20
per year, competitive with astronomical bounds on spatial variation. A summary of
potential candidate HCIs for detecting α-variation is presented in Table 9.1.

300

A. Ong et al.

Fig. 9.1 Plot of the binding energy of the 4 f and 5s orbitals in the Ag isoelectronic sequence.
The 5s orbital is more energetically favorable compared to the 4 f orbital until the level crossing
at Z ≡ 61. In the vicinity of this level crossing, the difference in the binding energies of the two
orbitals is within the range of optical lasers
Table 9.1 List of one-, two-, and three-valence-electron HCIs near selected level crossings that
may have optical transitions from the ground state
Crossing

One electron

Two electrons

Three electrons

4 f –5 p
4 f –5s
5 f –6 p

Ce9+ , Pr10+ , Nd11+
Pm14+
Bk16+ , Cf17+ , Es18+

Ce8+ , Pr9+
Pm13+ , Sm14+ , Eu15+
Bk15+ , Cf16+ , Es17+ , Fm18+

Pr8+ , Nd9+ , Pm10+
Sm13+ , Eu14+ , Gd15+ , Tb16+
Cm13+ , Bk14+ , Cf15+ , Es16+ , Fm17+

9.4 Hole Crossings
Within the isoelectronic sequences of highly charged ions near a given level crossing,
which ions would be the most sensitive to α-variation? We will address this question
in this section. In our search for further enhancement to the sensitivity coefficient q, it
is helpful to notice that the number of allowed angular momentum combinations for
one or two holes in otherwise closed shells is equivalent to that of the electron case.
However, consider how Eq. (9.7) should be modified for system of two holes with the
same quantum numbers as a system of two electrons near the same level crossing.
In particular, the ionization energy would be larger, due to the hole state spending a
larger amount of time closer to the nucleus, resulting in a larger relativistic shift. In
3/2
Ref. [39] it was shown that q ∼ In for holes, rather than the ∼In of Eq. (9.7). This
makes it possible to achieve higher sensitivity to α variation without complicating
the electronic level structure of a particular ion by using holes.
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From an experimental perspective, a two hole ion is not particularly more complex
than the two-valence-electron ion. Some of the most promising candidates for building an atomic clock for the detection of α-variation studied so far are W7+ , W8+ , Ir16+
and Ir17+ , and they are representative of one and two hole systems with 4 f − 5 p
and 4 f − 5s crossings, respectively [39]. Comparison of two transitions in Ir17+
could yield a total sensitivity to α-variation up to τq ≡ 730,000 cm−1 . The 5 f − 6 p
level crossing for holes is not considered here because it occurs well beyond the
range of stable atomic nuclei, and would be unsuitable for a long-lived α-variation
experiment.
One complication that using holes presents is that it greatly increases the complexity of the configuration interaction calculations performed that are normally used
to calculate the theoretical energy levels. In the case of two electrons above closed
shells, the closed shells can be neglected for a reasonably accurate physical representation of the system. With two holes, however, one needs to treat all the electrons in
the two orbitals that are near the level crossing as valence electrons. This is because
the energy difference between these two orbitals are similar, by construction of taking
ions near level crossings. The result of this is that in the p − f crossing, it effectively
becomes an 18-valence-electron problem. Nevertheless, the benefits of increased q
coefficients conferred by hole crossings make them worth studying.

9.5 Scaling Laws for Atomic Clocks Based
on Highly Charged Ions
In the previous sections, we saw that HCI-based atomic clocks are highly sensitive
to α-variation. The next step would then be to consider the feasibility of constructing
such a clock by examining the size of systematic errors experimentalists would
expect to encounter in HCIs compared to near-neutral systems. In this section we
generalise the size of systematic effects from existing ion clock systems towards
highly charged ions, and examine if there is a general trend these systematics follow
in highly charged systems. To do so, we first parametrize the evolution of an ion
from a neutral system to a highly charged one and write approximate scaling laws
which can be used in conjunction with the already-known properties of near-neutral
ions to compute properties of highly charged ions. A previous topical review on
highly charged ions [40] provides estimates for the scaling of some of these effects
in hydrogen-like ions. In this review, we will instead derive scaling laws applicable
to multi-electron ions.
It is first necessary to sensibly parametrize the evolution from neutral atom to a
highly charged ion. There are two natural ways of doing this: starting with a neutral
atom and then removing electrons one at a time (isonuclear sequence); or considering
starting with a neutral atom and then adding protons one at a time (isoelectronic
sequence). While the former way is how one would actually produce highly charged
ions (such as the production of U92+ in an electron beam ion trap by removing
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electrons from neutral uranium one at a time), it turns out that the use of isoelectronic
sequences is more convenient for calculations because the electronic structure of the
ion is kept roughly constant. For example, it is meaningful to ask how a particular
6s − 6 p transition changes along the isoelectronic sequence, but the same transition
may not be present along the corresponding isonuclear sequence once the electronic
structure changes.
It is tempting to use the ion charge, Z ion , as a parameter for traversing along an
isoelectronic sequence. However, the ion charge does not take into consideration the
changes to the screening that the valence electron experiences. A different approach
would be to use the effective charge experienced by the valence electron, Z a . In
deriving this parameter, we assume that the electron is moving in a screened Coulomb
potential
Za
(9.10)
V (r ) ∼ −
r
If we recall the formula for the nonrelativistic energy of an electron in such a potential,
En = −

Za
(Z ion + 1)2
=
−
,
2n 2
2π 2

(9.11)

where n is the integer principal quantum number. The second equality relates this
equation to the formalism where an effective (non-integer) principal quantum number π is used to parametrize the screening. We see that multi-electron ions require
two parameters to characterise the effective interaction—the bare nuclear charge Z
(important for short-range effects where the nucleus is unscreened), and the effective
charge Z a that the electron sees at larger distances. For example, the fine-structure
scaling cannot be described by Z a alone since it is a relativistic effect and depends
on the wavefunction at the nucleus and hence depends on Z as well.
The value of Z a for a particular orbital in an ion can be extracted from the DiracFock energy of the level via E n = −Z a2 /2n 2 . This approximation yields reasonable
results whenever the dominant contribution of the potential experienced by the electron is well described by the mean field. Alternatively, one may turn to tabulated
tables for Z a , such as those presented in [37]. The evolution of Z a from the neutral
atom to highly charged ions can be fit to a linear function of the ion charge Z ion over
restricted intervals (Z a = AZ ion + B). We find that near-neutral ions (0 < Z ion < 5)
of the isoelectronic sequence can be described by a different set of coefficients A
and B than ions in the same sequence with 5 < Z ion < 30.

9.5.1 Scaling of the Sensitivity to α-Variaition
In a previous section, we presented a formula that can be used to estimate the value
of the q coefficient that measures the sensitivity of an energy level to α variation. The
α)2
relation qn j ≡ −In π((Z
j+1/2) was derived using the Schrödinger equation with some
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Fig. 9.2 Comparison of the normalized sensitivity, qnor m , of the 5s orbital for the Ag isoelectronic
sequence. Circles: qnor m calculated from Eq. (9.12) using Dirac-Fock values of q and In . Crosses:
qnor m approximated using the scaling formula, Z a /(Z ion + 1)n, where Z a is extracted from the
calculated Dirac-Fock value of In . The method of scaling reproduces the trend of the diagram
correctly

modifications, and it would be interesting to examine how closely the our convention
for using Z i is able to predict the results of fully relativistic calculations. We can
define a ‘normalized’ version of the q coefficient, qnor m [39], defined by


 q 
qnor m =  2 2  .
Z α In

(9.12)

a
Using this equation, we find that the normalized q coefficient scales as (Z ionZ+1)n
.
Figure 9.2 compares the result of using this scaling and the values derived from a
Dirac-Fock calculation of the 5s orbital in the Ag isoelectronic sequence (ions that
have the same number of electrons as neutral Ag but with any charge Z ↔ 47). In the
figure, the points marked with crosses represent the value of qnor m calculated using
our scaling formulation, whereas the points marked with filled circles are the values
obtained from direct Dirac-Fock calculation. We see that the simple scaling model
is able to correctly reproduce the trend, but the value of the approximation decreases
when trying to accurately predict the q value due to compounding errors. This is
because the initial approximation overestimates the ratio of qnor m,Z +1 /qnor m,Z , thus
further points include the overestimation of the previous points (although the pointto-point error in qnor m,Z +1 /qnor m,Z decreases as we approach higher Z ).
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9.5.2 Scaling of EJ and MJ Transition Matrix Elements
In this section we present the approximate analytical scaling of the EJ and MJ transition matrix elements. As a starting point, we first examine the scaling of the nonrelativistic E1 matrix element,

Pnl r Pn  l  dr.
(9.13)
∞nl|r |n l  ≥ =
We can approximate the radial wavefunction Pnl by the non-relativistic singleelectron wavefunction in a central Coulomb potential with effective charge Z a by

Pnl = Nnl

2Z a r
n

2l+1

e−

Za r
n



2Z a r
F −n + l + 1, 2l + 2,
n


where
Nnl

1
=
n(2l + 1)!

Z a (n + l)!
(n − l − 1)!

(9.14)

(9.15)


(m) x m /b(m) m! are confluent
is a normalization coefficient and F(a, b, x) = →
m=0 a
hypergeometric functions. This radial wavefunction which is a reasonable approximation at distances far from the nucleus where the electron wavefunction has its
peak.
The Z a dependence of the integral in Eq. (9.13) can be calculated as

r Pi P j dr ∼

1
.
Za

(9.16)

This is simply a formal way of stating that the ion gets smaller in size as its charge
increases. As a result, the strength of E1 matrix elements is reduced in highly charged
ions. On the other hand, M1 matrix elements are proportional to the magnetic moment
(and hence angular momentum) of the external electron, which does not reduce as
the ion gets smaller. Therefore the M1 matrix element does not scale with the charge.
In neutral atoms, E1 transitions are usually the strongest transitions available. Our
scaling law, however, tells us that in highly charged ions, E1 transitions grow weaker
with increasing ion charge, yet M1 transitions remain relatively constant in strength.
For higher multipoles, one obtains higher powers of the atomic radius,

∞r n ≥ ∼

aB
Za

n
,

(9.17)

where a B is the Bohr radius, a characteristic length in atomic systems. The general
scaling law for EJ matrix elements is
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(E)

∞∂i ||q J ||∂ j ≥ ∼ (Z a )−J

(9.18)

and for MJ matrix elements is
1−J
.
∞∂i ||q (M)
J ||∂ j ≥ ∼ (Z a )

(9.19)

9.5.3 Scaling of Polarizability and Blackbody Radiation Shift
The blackbody radiation shift, in the lowest order, is proportional to the difference
in the dipole polarizabilities of the two energy levels involved in the atomic clock
transition. For an adiabatic system, this can be evaluated using the formula

1
2 T (K )
α0 (1 + γ)
ν E = − (831.9 V /m)
2
300

(9.20)

where T (K ) is the temperature in Kelvins, α0 is the static dipole polarizability and
γ is a small dynamic correction due to the frequency distribution, which will be
disregarded for our purposes. The valence scalar polarizability of an atom in a state
v can be expressed as a sum over all excited intermediate states n allowed by E1
selection rules,
∞v||r ||n≥∞n||r ||v≥
2
.
(9.21)
α0 =
3(2 jv + 1) n
En − Ev
We are interested in the approximate scaling of the blackbody radiation shift in highly
charged ions. The reduced matrix elements in Eq. (9.21) have been shown to scale
as 1/Z a in Eq. (9.16). The non-relativistic energy scales as Z a2 using Eq. (9.11). This
means that all terms in the summation have the same 1/Z a4 scaling, so that the total
polarizability must also scale as

ν E ∼ α0 ∼

1
Za

4
.

(9.22)

Equation (9.22) implies that the blackbody shifts in highly charged ions (large Z a )
would be largely suppressed compared to near-neutral ions.

9.5.4 Scaling of the Hyperfine Structure
Operators with large negative powers of radius will not follow the Coulomb radius
scaling, Eq. (9.17), since the wavefunction at small distances cannot be described by
Pnl that we introduced in Sect. 9.5.2. The hyperfine interaction is an example of such
an interaction, with operators proportional to large negative powers of the radius r .
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Table 9.2 Magnetic dipole hyperfine coefficients A and their scaling with increasing Z along the
lithium isoelectronic sequence
Isotope

I

gI

A (MHz)

Za

(A/g I )
(A/g I )|p

Z Z a3
Z ion +1
Z Z a3
Z ion +1 p

7 Li
3
9 Be+
4
11 B2+
5
13 C3+
6
15 N4+
7
17 O5+
8
19 F6+
9

3/2
3/2
3/2
1/2
1/2
5/2
1/2

2.1709
−0.7850
1.7924
1.4048
−0.5664
−0.7575
5.2578

399.34
−625.55
3603.77
5642.40
−3973.68
−8474.13
88106.93

1.25
2.31
3.33
4.35
5.36
6.36
7.37

4.35
2.53
2.00
1.74
1.59
1.50

4.20
2.49
2.00
1.74
1.59
1.50




Values of Z a were obtained from Dirac-Fock calculations using the relation Z a = |2n 2 E| where
n is the principal quantum number and E is the orbital energy in atomic units. The notation |p means
to use the values in the previous row of the table

Instead we must use the approach of Fermi-Segré [32, 33] where the normalised
squared wavefunction at the origin is shown to be proportional to Z (Z ion + 1)2 /π 3 .
Note that since π = n(Z ion +1)/Z a , we can substitute these results into the formulae
for the non-relativistic magnetic dipole hyperfine constant [41] A of a one-valenceelectron system:


A=

Pnl (r )
2
,
3 g I limr →0
r

→
l(l+1)
1
j ( j+1) g I 0 Pnl (r ) r 3

for l = 0
Pnl (r ), for l ∝= 0

(9.23)

to obtain the following scaling law
A
Z Z a3
.
∼
gI
(Z ion + 1)

(9.24)

Here we have factored out the nuclear g-factor g I which varies greatly between
nuclei to facilitate comparison with experimental results. We compare this scaling
law with experimental data in Table 9.2. The table shows that the scaling law in
this case very accurately predicts the experimental result. A similar result may be
derived for the electric quadrupole hyperfine constant B. We should also point out
that the widths of hyperfine transitions will scale as Δ3 ∼ A3 , therefore relaxation
of hyperfine structure will occur much faster in HCIs.

9.5.5 Summary of Scaling Laws
We present a summary of the scaling laws in Table 9.3. One may extrapolate from
known values of systematic shifts in near-neutral ions to estimate their values in HCIs;
to do this one only needs to know the relevant Z a values which are tabulated in [37].
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Table 9.3 Scaling dependences for HCIs for various sources of systematic shifts in optical clocks
2nd order Stark shift
Blackbody shift
2nd order Zeeman shift
Electric quadrupole shift
Fine-structure
Hyperfine A coefficient

∼1/Z a4
∼1/Z a4
suppressed1
∼1/Z a2
∼Z 2 Z a3 /(Z ion + 1)
∼Z Z a3 /(Z ion + 1)

The second-order Zeeman effect is slightly more complicated, since it may depend
on the particular fine or hyperfine structure of the ion. Nevertheless it will generally
be suppressed in HCIs due to a larger energy denominator [42]. As a result of the
reduced systematic effects, atomic clocks using HCIs and fine-structure transitions
could reach 10−19 relative accuracy [43].

9.6 Atomic Calculations for Highly Charged Ions
In the following sections, we give a quick overview of the techniques we have used
in computing the energy levels and other properties in HCIs. Further details can be
found in Ref. [44]. We will pay particular attention to the difficulties that may arise
when using these techniques in HCIs, especially when near a level crossing.

9.6.1 Hartree-Fock and Relativistic Hartree-Fock
The Hartree-Fock (HF) method is used to determine the ground state wave function
and energies of a system that can be approximated by a single Slater determinant
of orbitals (labelled 1s, 2s, 2 p, etc. in atomic systems). Relativistic Hartree-Fock,
also known as Dirac-Fock (DF), is an extension of the regular Hartree-Fock method
that makes use of spin-orbitals instead (1s1/2 , 2s1/2 , 2 p3/2 , 2 p1/2 , etc.). Here, the
equation being solved is the Dirac equation as opposed to the Schrödinger equation
in the non-relativistic variant.
For highly charged ions, the nuclear charge is generally large enough such that
the spin-orbit (fine-structure) energy splitting incurred by the relativistic terms is
significant. For example, the 6 p1/2 and 6 p3/2 orbitals in 98 C f 17+ may be considered
separately, as their energy separation exceeds 200,000 cm−1 (approximately 25 eV),
far greater than the separation of 6 p1/2 and 5 f 5/2 which is less than 10,000 cm−1 .
Thus, while non-relativistic methods may suffice for light neutral atoms and nearneutral ions, relativistic methods should be employed in order to ensure meaningful
results when working with heavy, highly charged ions.
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9.6.2 Configuration Interaction
In the Hartree-Fock approximation, we assume that the electrons move independently in the self-consistent average field of the other electrons. The configuration
interaction (CI) method is introduced to account for the correlation between electrons in different orbitals. The lowest order of the wave function is fixed by the
Hartree-Fock determinant, further corrections to the wave function are generated by
allowing progressively more excitations from the spin-orbitals present in the HartreeFock determinant. In contrast to the Hartree-Fock method where the basic building
blocks are single electron spin-orbitals, the configuration interaction uses linear combinations the Hartree-Fock spin-orbitals to form configuration state functions. These
configuration state functions are then taken in further linear combinations to form
the final configuration interaction wave function.
The technical requirements of a full configuration interaction calculation generally
limits it to being used in simple systems with a small number of electrons. To apply
the technique to ions with many occupied spin-orbitals, configuration state functions
may instead be generated by characterised by the number of spin-orbitals they contain
which are swapped with virtual orbitals from one or more Hartree-Fock determinants
(excitations). For example, if only a single spin-orbital differs, this is referred to as a
configuration state function with a single excitation from the original configuration.
In our calculations, the configuration state function is usually truncated at the level
of double excitations. This is a particularly limiting approximation for the accuracy
of the configuration interaction method in highly charged ions, as many interesting
highly charged ions are heavy and thus tend to have many core electrons. When
excitations are limited to those generated from only the valence orbitals, the core-core
electron correlations and the core-valence electron correlations are poorly accounted
for. In the next section, we will discuss a method that is particularly well-suited for
use in such systems.
In general, one may expect the CI method to produce results for ionization energies
that are roughly within the region of 1–10 % of the experimental value. However, in
highly charged ions with level crossings, we will see in our sample Cf16+ calculation
that this level of accuracy is insufficient for predicting the ordering of levels. This is
because the ordering of energy levels is derived from the cancellation of the ionization
energies at the fourth or fifth significant digit (because of the large ionization energies
in HCIs). This means that our margin of error is comparable to the actual separation
between levels, and thus is unable to predict the ordering of levels decisively.

9.6.3 Combining Many-Body Perturbation Theory
with Configuration Interaction
In principle, a full configuration interaction calculation solves the Schrödinger (or
Dirac) equation exactly, however it is not possible to perform a full calculation for
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any but the simplest atoms and ions. As previously mentioned, in the configuration
interaction a small subset of electrons in an ion is often chosen (usually only the
electrons in the valence orbitals are used), neglecting core-core and core-valence
electron correlation effects. Many-body perturbation theory, on the other hand, is not
accurate in describing valence-valence interactions, but accurately accounts for the
core-valence interactions. A practical method has been developed [44] to combine
the two techniques in order to leverage both their strengths, aptly called the combined
configuration interaction and many-body perturbation theory (CI + MBPT) method.
The idea is to first use many-body perturbation theory to form an effective Hamiltonian, which includes accurate core-valence corrections as computed by many-body
perturbation theory. The next step is to use this corrected Hamiltonian in the configuration interaction calculation instead of the original, unperturbed Hamiltonian.
The method of the calculation remains otherwise the same as that was described in
9.6.2. The method produces highly accurate results that can be compared to other
techniques such as the coupled-cluster method. As we will see, the corrections introduced by the inclusion of many-body perturbation theory in highly charged ions
is usually significant, more so for such ions near level crossings, as the corrections
may ultimately result in a reordering of energy levels. This usually translates to an
ionization energy accurate at the 0.1–1 % level, compared to the 1–10 % accuracy of
the CI-only method in Sect. 9.6.2.

9.6.4 Cf16+ : A Sample Calculation
In this section, we include a sample calculation for the highly charged Cf16+ ion,
following [45]. The implementation of the CI + MBPT method used here, named
AMBiT, is described in Refs. [46–48]. Californium is one of the last elements in the
period table with a long-lived isotope (∼900 years). This is advantageous in that it
provides one of the highest charges available together with a level crossing. The Cf16+
ion itself contains two valence electrons above closed shells, near a 5 f − 6 p1/2 level
crossing. The level structure of this ion is relatively simple, because the relatively
large energy interval of the 6 p1/2 − 6 p3/2 causes mixed fine-structure states to
be pushed well out of optical range. Therefore, the leading configurations of the
lowest-lying states only involve 6 p1/2 . In order to highlight the significance of the
inclusion of MBPT effects, we present two calculations side-by-side in Table 9.4—a
CI-only calculation that includes all single and double excitations (from the valence
configuration 6 p 2 ) up to a n = 16, l = 3, and a second CI + MBPT calculation that
includes the CI-only calculation in addition to an MBPT calculation that includes
states up to n = 40, l = 6.
From the table, we see that the effect of adding MBPT into the calculation causes
the ordering of energy levels to change. We have already mentioned the importance
of correctly accounting for the core-valence correlations, which the CI method fails
to take into account particularly in Cf16+ . The 80 core electrons that have been
excluded from the CI calculation must summarily be accounted for using the MBPT
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Table 9.4 Table of Cf16+ Levels, all levels of interest have even parity. g-factors have been included
to assist in the identification of levels
Configuration

J

g

5 f 1 6 p1
6 p2
5 f 1 6 p1
5f2
5 f 1 6 p1
5f2
5 f 1 6 p1
5f2
5f2
5f2
5f2
5f2
5f2
5f2
5f2
5f2
5f2
5f2
5 f 1 6 p1
6 p2

3
0
2
4
4
2
3
5
3
4
6
0
2
4
1
6
2
0
3
1

0.82989
0.84818
0.85345
1.0481
0.75319
1.1776
1.0333
1.0954
1.1197
1.1371
1.1672
1.1198
1.5
1.0296
1.2672
0.97651
1.4963

Energy (cm)−1
CI
CI + σ
0
0
−7429
5267
7313
6104
287461
9711
214152
24481
38674
24483
23979
25025
43097
29588
50953
37467
53229
42122
57220
44107
68192
51425
67267
51471
69475
58035
75018
58132
78739
63175
89580
75041
127521
114986
211414
212632
198879
213864

q (cm)−1
0
−370928
106124
414876
162126
354444
59395
451455
393755
319216
459347
380986
446045
461543
449977
460416
465293
446376
323435
−113277

Levels marked1,2 are heavily mixed in the CI calculation, resulting in a dominant contribution from
5 f 2 (63 and 51 % respectively) in both, while in the CI + σ calculation the first state is 96 % 5 f 2
and the second state is 63 % 5 f 1 6 p 1 . In order to account for the total number of physical states, we
have labelled the state with the largest 5 f 1 6 p 1 contribution as the 5 f 1 6 p 1 state

method. These corrections constitute about 1 % of the ionization energy of these
levels. However, because the level crossing results in the intervals between the crossing states becoming anomalously small—the transition energies between crossing
levels involve the calculation of the differences between large ionization energies in
order to arrive at a difference in the fourth to sixth digit. In that regard, a physically
accurate picture implies the necessity for calculations that are far more accurate than
in atoms or ions not near level crossing. The exclusion of quantum electrodynamical
corrections and the Breit interaction is noted here, as they may make a difference to
the ionization energy at this level of accuracy.
The transition with the highest sensitivity to α variation will have the 6 p 2 J = 0
state as the lower (metastable) ground state. This is due to the level being a large
negative shifter. Suitable upper levels include any of the 5 f 2 levels that have J ∗ 2
to ensure the transition is at least of E2 type. The accuracy of an atomic clock
derived from this ion will be dictated in part by the transition rates in Table 9.5.
The transition rate controls the number of discrete excitation (or relaxation) events
that can be counted, and the shorter the time between the discrete events, the greater
the resolution of the device. Excitation events may be recorded through the use of a
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Table 9.5 Selected transitions between states, identified by energy in relation to Table 9.4
Config.
5 f 1 6 p1

J
3

E (cm)−1
0

6 p2

0

5267

5 f 1 6 p1

2

6104

5 f 1 6 p1
5f2

4
2

24481
24483

5 f 1 6 p1
5f2
5f2
5f2

3
3
0
2

25025
37467
51425
51471

Config.

J

E (cm)−1

S

g.A (s)−1

6 p2

0
2
4
4
4
3
1
2
2
1
4
4
3
3
1
1
3
1
1
4
1
1
1
1

5267
6104
9711
24481
24481
25025
58132
6104
24483
58132
9711
24481
25025
25025
58132
58132
25025
58132
58132
58132
58132
58132
58132
58132

0.92401 M3
0.14553 M1
0.16895 M1
2.5836 M1
0.20237 E2
0.071521 M1
0.0023199 E2
0.54123 E2
0.019556 E2
0.1195 M1
0.1839 E2
0.028394 E2
3.1428 M1
0.033026 E2
0.0082881 M1
0.043495 E2
0.99502 M1
0.024099 M1
0.18074 E2
0.084098 E2
0.084098 E2
1.6793 M1
1.0698 M1
0.58299 E2

4.3519E-18
0.89281
4.1731
1022.5
0.1993
30.235
0.17249
2.4845E-8
0.0057377
476.2
1.2569E-5
0.0066653
574.24
0.0089701
31.485
1.8571
0.0043219
24.766
0.87324
0.37462
0.37462
13.671
8.5301
0.00085652

5 f 1 6 p1
5f2
5 f 1 6 p1
5 f 1 6 p1
5 f 1 6 p1
5f2
5 f 1 6 p1
5f2
5f2
5f2
5 f 1 6 p1
5 f 1 6 p1
5 f 1 6 p1
5f2
5f2
5 f 1 6 p1
5f2
5f2
5 f 1 6 p1
5f2
5f2
5f2
5f2

The included 6 p 2 state is metastable with respect to spontaneous decay into the ground state

separate logic ion, such as in [24]. In such a scheme, the clock ion and the logic ion
are trapped together and a laser is used to pump the clock transition. The logic ion
is then probed at a fixed rate, and it will be in a different state depending on whether
the excitation of the clock ion occurred or otherwise.
2 J = 0 state is that the quadrupole moment
A further advantage of using the 6 p1/2
shift for such states, which is proportional to the stretched E2 diagonal matrix element
2 M = 0|E2|6 p 2 M = 0≥ is zero due to angular momentum considerations.
∞6 p1/2
J
1/2 J
This means, however, that the quadrupole moment shift of the other transition state
should also be kept small to minimize the total observable shift, which is just the
difference between the two individual shifts of the two states. In theory, it is possible
to work around a large quadrupole moment shift by achieving cancellation between
the individual shifts of the upper and lower transition states.
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Chapter 10

Emission and Laser Spectroscopy of Trapped
Highly Charged Ions in Electron Beam Ion Traps
José R. Crespo López-Urrutia and Zoltán Harman

Abstract Research with highly charged ions addresses bound state quantum
electrodynamics and relativistic atomic theory at their frontiers. Electron beam ion
traps have provided practical means to study not only these fundamental fields, but
also the physics of extremely hot plasmas in stars, active galactic nuclei, and fusion
research plasma devices. Starting from the X-ray region, where the first experiments
took place, this chapter will visit various regions of the electromagnetic spectrum
and give a review of essential contributions of different groups to this field.

10.1 Introduction
Wherever high concentrations of energy are present, be it inside stars, in active
galactic nuclei containing black holes, or fusion devices, highly charged ions (HCI)
play a dominating role in radiation transport. They also tenuously fill vast regions
of space as the warm–hot intergalactic medium (WHIM). Knowledge of the spectroscopy of HCI is essential for diagnosing astrophysical plasmas. In HCI, the tightly
bound active electrons show enormously magnified quantum electrodynamics, relativistic and nuclear size effects compared to their outer-shell counterparts in neutrals.
Today, their accurate description still challenges theory, and their study offers new
avenues for an improved understanding of fundamental interactions also governing
the physics of inner-shell electrons in both neutral atoms and ions in low charge
states. Isoelectronic sequences of all elements multiply the number of objects of
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study available for experiments. Because of the different scaling laws of the various
interactions, their relative strengths can be tuned along such series, providing a tool
to disentangle their effects.

10.2 Quantum Electrodynamics Studies with Trapped HCI
Both quantum electrodynamics (QED) effects and relativistic contributions to the
electron binding energies show a steep ≡ Z 4 dependence on the atomic number Z.
Another central scaling law of QED energy corrections is their ≡1/n3 dependence,
with n being the principal quantum number. Therefore, electrons in deeper shells of
heavy elements acquire the largest binding energy contributions. As a consequence,
the perturbative treatment of QED, which is well suited for small QED corrections
breaks down, as the series expansions in terms of α n has to be extended to include
terms in the form of (Zα)n that do not rapidly converge at high charges and require
a completely different mathematical treatment.
In principle, these points also apply to neutral atoms, as well as to ions in any
charge state. But for spectroscopy it is crucial both to reduce the complexity of the
system and to extend the lifetime of the states which have to be interrogated. Therefore, heavy atoms are less suitable for these studies, since their filled, neutral electronic shells introduce correlations effects that are difficult to disentangle from the
QED contributions. Furthermore, their inner-shell excitations usually decay by fast
Auger processes that broaden the energy spectrum of both the competing radiative
decay and Auger electron energy. It thus seems logical to use ions of heavy elements
with the lowest possible number of bound electrons, found in the hydrogen-like, the
helium-like, and the lithium-like isoelectronic sequences. The simplicity of the first
makes it ideal for the study of a bound two-body system. The second one constitutes the simplest example of a three-body system including two strongly correlated
fermions. In the third one, a quasi one-electron system again, the calculable, reduced
overlap of the electronic wave function with the nucleus allows for complementary
investigations of QED and nuclear size (NS) effects. Important theoretical questions which have been experimentally investigated are the one-loop, two-loop, and
screened (many-electron) QED contributions, the treatment of the negative energy
spectrum of the bound electrons, of the Breit interaction, as well as the calculation
of electron correlations using multi-configuration Dirac-Fock (MCDF), relativistic
many-body perturbation theory (RMBPT), and relativistic configuration interaction
(RCI) schemes. Effects arising from nuclear structure such as finite nuclear size (NS)
effects, nuclear recoil, hyperfine interactions and their anomalies represent another
very interesting field of research with HCI, which show extremely magnified contributions of these effects. An interesting summary of these issues and references to
the relevant literature can be found in Refs. [1, 256].
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10.3 Historical Development of Experiments with Electron
Beam Ion Traps
Laboratory work with HCI requires practical sources of these species. From a spectroscopical point of view, a line-shaped radiation source of the highest possible
density and at a very low temperature would seem ideal. For HCI sources, however, compromises are necessary, since HCI production encompasses tremendous
concentration of energy in various forms upon the educt atoms in any given target
ensemble. Thus, the product HCI will show high kinetic energies and temperatures.
Stationary conditions can be difficult to achieve, as the presence of steep density as
well as temperature gradients leads to a rapid expansion of the targets. The different mobilities of electrons and ions in a plasma also induces strong electromagnetic
fields with a fast temporal evolution. Transient sources using electrical discharges or
laser-produced plasmas suffer from these limitations.
Fortunately, these obstacles can effectively be circumvented since the introduction
of the electron beam ion trap (EBIT). Its principle, ion production and trapping
by a focused electron beam, quickly leads to a steady-state spatial distribution of
HCI occupying a small cylindrical volume with a large aspect ratio [2, 3]. This
arrangement is very well suited for coupling to spectroscopic equipment, as shown in
Fig. 10.1. Mutual ion repulsion is compensated by the negative space charge potential
of the electron beam, which is focused by a strong magnetic field overcoming its
own tendency to expand. By virtue of the large mass difference between projectile
electrons and atomic targets, momentum transfer is rather slow, and the heating
proceeds by orders of magnitude less abruptly than in other HCI sources [4]. At the
same time, ions of different charge states evaporate from the trapping potential at
enormously disparate rates, and so some species can act as coolants for others. These
advantages have been essential for the many applications of EBITs to spectroscopy
of HCI. Starting from the X-ray region, where the first experiments took place, this
chapter will visit all regions of the electromagnetic spectrum and present essential
contributions of different groups to this field of research.
After the introduction of the electron beam ion source (EBIS) [5–7], it became
obvious that production of HCI by means of focused electron beams was rather
effective. However, EBIS could not generate the highest possible charge states. It
was presumed that this was due to plasma instabilities heating up the trapped ions and
reducing their interaction time with the beam. Moreover, the EBIS design did not offer
adequate diagnostic ports for spectroscopic work. Both problems were overcome
with the invention of the EBIT (see Fig. 10.1) by Levine and Marrs [2, 3, 8–11] at
Lawrence Livermore National Laboratory (LLNL). By reducing the total length of
the device and changing the electron beam design, a stable and more compressed
beam was achieved, while the Helmholtz configuration of the superconducting coils
introduced in the design granted optical access to the center of the region where the
ions interact with the beam. At the same time, the beam was sufficiently stable to
allow for long trapping times without ion losses by heating. It was soon realized how
important evaporative cooling was to keep species of interest from leaving the trap,
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Fig. 10.1 Principle of an electron beam ion trap. Electrons emitted by a thermoionic cathode at
the bottom are accelerated and launched into the magnetic field generated by the superconducting
Helmholtz coils depicted. The Lorentz force acting on electrons counteracts their mutual repulsion
and compresses the beam. As it passes through the central drift tube, the beam ionizes neutrals
injected as an atomic beam (left), and traps the ions thereby produced by virtue of its negative space
charge. Ion escape in the axial direction is suppressed by positive potentials applied to the drift
tubes below and above of the central one. X-ray detectors or other spectrometers gain optical access
to the trapped ion cloud through slotted apertures in the central drift tube

and careful modelling by Penetrante [4] pointed to the underlying principles of the
time evolution of charge states and ion temperature, which were soon experimentally
confirmed [12, 13].
From its introduction in the year 1986 on, EBITs have become the most useful
instruments for the investigation of the properties of HCI. Their larger competitors,
accelerators and ion storage rings, can indeed also perform very well, and even outperform EBITs in certain tasks, but the scope and variety of experimental techniques
associated to EBITs is remarkable.
Initially, ion production was monitored in EBITs by X-ray photon detectors, soon
complemented by crystal spectrometers. Later, the soft X-ray range was also covered by similar instruments and also grating-based devices. Optical spectrometers
followed soon thereafter. With the inception of lifetime-measuring techniques [14]
and the magnetic trapping mode [15], EBITs became an established tool for investigation of quantum processes in time scales spanning from the femtosecond range

10 Emission and Laser Spectroscopy

319

of the fast X-ray transitions to the millisecond domain in which forbidden optical
transitions take place, an amazing twelve orders of magnitude.
Particularly fruitful have been experiments utilizing the variable electron beam
energy as a tool to resonantly excite inner-shell electrons by photo-recombination.
As the time reversal of the Auger process, dielectronic recombination plays a crucial
role in the temperature and ionization balance of hot astrophysical and laboratory
plasmas, and in the opacity of stellar interiors.
Finally, a compact scientific tool was available for investigating the, in the Universe ubiquitous, HCI in the laboratory. Application of the novel device to fundamental studies started immediately at LLNL. Soon, the importance of the development
became clear in the wider community, and other groups followed rapidly along the
same path. Two EBITs based on the LLNL blueprint were built at Oxford University
[16, 17] for that group and for the one based at the National Institute for Standards
and Technology (NIST) [18, 19]. A device of the same design was purchased for
the Max-Planck Institute for Plasma Physics subsidiary in Berlin from a company
based in Livermore. In Japan, strong efforts led to the construction of another superconducting EBIT inspired by the Livermore model [20–22]. A French group around
J. P. Briand developed a very compact electron beam ion trap using permanent magnet technology which showed very promising capabilities [23]. Meanwhile, strong
scientific activity went on at the LLNL team and the younger then existing groups.
Since the commissioning of the high energy SuperEBIT [2], even bare uranium ions,
which hitherto had only been accessible at relativistic velocities in high-end accelerators, became available in a trap. Beiersdorfer has recompiled the history of those
pioneering LLNL experiments until the year 2008 in a review paper [24].
The cross sections for the production of heavy hydrogen-like ions were determined by analyzing the beam geometry and the ion yield [25]. Lifetimes of excited
levels in the fs range could be determined based on the natural line width of X-ray
transitions [26]. With the magnetic trapping mode [15], it became possible to reduce
the background caused by electron impact excitation (EIE) as well as bremsstrahlung
in certain types of measurements, and also to suppress the quenching of metastable
states allowing for precise lifetime measurements [14, 27–35]. A wide variety of
experiments with HCI [36] had become possible, addressing important questions
of QED in strong fields (for an introduction to these theoretical questions in the
perspective of EBIT experiments see e.g., the short reviews by Cheng [37] and
Sapirstein [1]).
By the end of the 1990s, in addition to the original vertical design, a horizontal type
was introduced at the Freiburg University EBIT (FreEBIT) [38] to allow for more
convenient ion extraction and for the use of commercially available superconducting
magnet technology with much lower liquid helium consumption than the first devices.
Plans were also drafted there for an EBIT geared towards investigations at freeelectron lasers and synchrotrons, which later became FLASH-EBIT [39], and for
another twin device with applications to charge breeding of short-lived isotopes, the
TRIUMF-EBIT. Elsewhere, vertical EBITs were planned and came into operation
in Shanghai [40] and Stockholm [41]. Commercial models achieving some of the
performance of the cryogenic devices appeared on the market [42]. Quite recently,

320

J. R. Crespo López-Urrutia and Z. Harman

small, compact EBITs used for visible and VUV emission spectroscopy have been
introduced by the Tokyo and Shanghai EBIT groups [43, 44].
In recent years, laser spectroscopy with EBIT trapped ions has been applied to
the study of the Lamb shift in hydrogen-like and lithium-like ions, of accurate wavelengths of coronal lines, to the QED contributions to the binding energy. Combination
of EBITs with free-electron lasers [39] and synchrotron radiation sources [45–47]
has resulted in the first examples of laser spectroscopy in the X-ray region [48, 49],
with applications to both fundamental and applied physics. And the inherent stability
of quantum states in HCI against external perturbations has lead to the first attempts
for using trapped HCI to investigating the time variation of fundamental constants.
Given the large literature body which has originated from research with EBITs,
we will have to restrict ourselves in this chapter to a partial view focused on a few
experiments that aimed at simple electronic systems with few bound electrons, and
exclude experiments with straightforward applications to the study of the electronic
structure of complex ions. This latter field has also central position in atomic physics,
since HCI are truly essential and abundant constituents of stars and astrophysical
plasmas (for a review see Ref. [50]), such as those found in the powerhouses of active
galactic nuclei, in accretion disks around black holes, and spectroscopic diagnostics
are key for understanding the physics of such objects.

10.4 Production and Trapping of Highly Charged Ions
by Electron Beams
HCI require energetic collisions for their production. The most efficient mechanism
is electron impact ionization (EII), for which the cross sections at threshold are
zero, and grow with the energy, peaking at approximately two and a half times the
ionization potential. However, in presence of a trapping mechanism, the small cross
section at threshold is compensated by the long interaction times.
As its name already states, an EBIT starts with an intense beam of electrons.
Inside the trapping region (see Fig. 10.2), the electron beam is compressed by a
strong magnetic field which produces a magnetic pressure keeping the beam from
expanding due to the mutual repulsion of its particles. A very high density beam
(reaching values of thousands of amperes per square centimeter) is the result, which
induces a negative space charge potential arising from the ‘line charge’ (see Fig. 10.3).
At typical operation parameters, the potential difference between the central axis of
the electron beam and its boundary is of the order of tens to hundreds of volts. Across
the distance to the inner wall of the central drift tube, the potential difference may
reach kilovolt values [51].
Small EII cross sections call for the highest possible current density. Indeed, the
electron beams realized at EBITs belong to the most intense examples available. Their
ancestors were the ones used in travelling wave tubes and other microwave-generating
devices. By perfecting electron beam injection into the EBIT and optimizing its
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Fig. 10.2 Principle of operation of an electron beam ion trap. A strong magnetic field (value at axis
given by red curve) generated by Helmholtz coils (bottom, false colour map) is used to compress
an electron beam launched into its axis. The negative space charge potential (top insert) induced
by the beam confines the motion of positive ions radially. Its value is sketched as a function of the
separation from the axis (top, right). An axial electrostatic potential well (top center) produced by
voltages applied to the drift tubes traps the ions axially. At a typical current of 200 mA, a potential
difference of ≈200 V between the center and the edge of the electron beam (typical radius ≈70 µm)
arises from the negative charge

transport with superconducting magnets, the currently achieved current area densities of more than 104 A/cm2 imply that atoms are hit millions of times every second. With electron concentrations of 1013 /cm3 at its center, the beam represents a
0.3-mbar pressure-equivalent concentration of negative charges, and also causes a
nearly as dense positive ionic charge accumulation. All this occurs within an ultrahigh vacuum environment which is roughly ten orders of magnitude thinner. It is
here, at conditions rather similar to those prevailing in astrophysical plasmas widely
found in stellar coronae, where the physics of ionization and recombination between
these two classes of partners gives rise to a wide variety of processes that have to
be understood in the first place. When a neutral atom or molecule moving at typical
thermal velocities crosses the electron beam at the center drift tube (see Figs. 10.2
and 10.4), it is ionized with a high probability in a time scale of microseconds or less.
The negative space charge potential then traps the resulting ion within the electron
beam, and the repeated interactions with it strip more and more electrons from the

322

J. R. Crespo López-Urrutia and Z. Harman
0

Potential in V

-100
-200

-250
-300

-300

-350
-400

-400

-450
-500

-500
-600

-550
0,0

0

1

0,1

0,2

2

0,3

0,4

3

4

0,5

5

Radius r in mm

Fig. 10.3 Space charge potential generated by an electron beam as a function of the radial separation
from the beam axis. The green shaded region indicates the beam radius. The insert shows a magnified
view of the potential at a close distance from the electron beam. Even inside the beam itself, a
potential difference of 50 V arises from the presence of the negative charges
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Fig. 10.4 Section through the trap electrodes, or drift tubes, of a cryogenic electron beam ion
trap (FLASH EBIT [39]). Sapphire insulators are used to separate the different elements. Slotted
apertures in the central electrode allow for viewing the ions trapped within it. The whole assembly
is approximately 350 mm long,and the inner diameter of the drift tubes (labelled G1–G4, C1–G4,
and the central one) varies from 5 to 15 mm

trapped ion. Although the cross sections for EII rapidly decrease with the removal
of the external electronic shells, the trapping time amply compensates for their
reduction. The average charge state of the ions rises in time, keeping a rather narrow
distribution. This can be used to measure the cross sections for ion production, as,
e.g., in the case of hydrogen-like ions [25, 52, 53]. Eventually, no more electrons can
be stripped, when the binding energy of the remaining ones is higher than the kinetic

10 Emission and Laser Spectroscopy

323

energy of the beam electrons. The choice of this energy is essential for the charge
states being generated. However, a pure ensemble of ions in a single charge state is
never fully achieved. Quite frequently, a continuous injection of neutrals as an atomic
beam is used. In this case, a wide distribution of charge states results, since the interaction time of the trapped species with the beam varies [13, 54]. This effect is not
present when pulsed injection of atoms or ions is applied. In cases where very heavy
elements are injected and very high charge states are aimed at, the recombination
processes (radiative and dielectronic recombination as well as charge exchange with
residual gas) efficiently compete with EII. Then, due to ion-electron recombination,
the charge state distribution encompasses also several charge states.

10.5 Physical Processes in the Trap Region
Whenever electrons and ions encounter, their collisions induce dynamic processes
that are paramount for the energetics and composition of plasmas in general. First
of all, EII drives the ion production. While the direct process can bring electrons
into the continuum always at any projectile energy surpassing the binding forces, its
cross section is quite often dwarfed by the one corresponding to indirect pathways
following electron impact excitation of an inner-shell electron to an outer shell, and
the subsequent collapse of the electronic shell with emission of Auger electrons.
At the same time, the reversibility of quantum processes at the atomic level leads to
the appearance of radiative recombination (RR), the time reversal of photo-ionization.
Here, photons are emitted instead of being absorbed, and their energy is larger than
that of the projectile electron in the ionic reference frame. Once some of the electronic shells offers vacancies, electrons from deeper levels are continuously cycled
in EIE and photonic as well as auto-ionization decay (AI). Again, the strong resonant time-reversed process, called dielectronic recombination (DR), competes with
the up-charging mechanisms and generates strong emission lines. In both directions,
electronic correlations have proven to be a key element for the dynamic evolution of
the charge states.
Independently of the presence of free electrons, residual gas offers for HCI a
potential reservoir for replenishment of the missing negative charges. In most EBITs,
cryogenic pumping due to the cold surfaces at near 4 K lowers the pressure into the
≈ 10−13 mbar range, reducing the neutral particle density accordingly, and therefore
strongly suppressing charge exchange. However, it is also possible to intentionally
enhance charge exchange by injecting a dense atomic beam in a pulsed mode into
the trap region [55]. Analogously to the situation in the atmospheres of planets and
comets [56] under the effects of the solar wind, recombination of HCI by charge
exchange produces not only ions in lower charge states but also recognizable X-ray
spectral lines [15, 56] which can be used for plasma diagnostics or for a backgroundfree study of resonance transitions.
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The individual mechanisms driving the trap physics, but also governing the radiation balance of hot plasmas in astrophysics and tokamaks, are described in the
following subsections.

10.5.1 Electron Impact Ionization
Under typical EBIT operating conditions, the current density in the beam reaches
values of 1022 e/(s · cm2 ), the equivalent of several thousand amperes per square
centimeter. For an atom with an assumed typical EII cross section of 10−16 cm2 , the
initial ionization rates lie in the MHz range, much faster than all other processes.
Thus, this process dominates the charge evolution within the trap region. When the
kinetic energy of the impacting electron Ee is higher than the ionization potential
Ip of the least-bound electron, its ejection can result with a given probability. Since
energy is conserved,
Aq+ + e− (Ee ) ∼ A(q+1)+ + e− (E1 ) + e− (E2 ) and Ee − Ip = E1 + E2 . (10.1)
Here, the notation Aq+ stands for an ion of the element A with a net positive charge q.
A rough estimate for the EII cross section can be obtained utilizing the semi-empirical
formula given by Lotz [57]:
σiL [cm2 ] = 4.49 × 10−14

N ln(u + 1)
,
Ip2 u + 1

(10.2)

with u = Ee /Ip − 1 and N being the number of equivalent electrons in the same shell.

10.5.2 Electron Impact Excitation
After the initial ionization steps, the availability of open shells closer to the ground
state gives rise to much stronger couplings between initial and the now possible,
unoccupied final states by collisional interactions. Excitation at a given projectile
electron kinetic energy Ee of the incident electron follows when this is higher than the
energy difference from the level n to n . The
↔ complete process, involving subsequent
radiative decay of the excited state Aq+ , can be represented as follows:
↔

Aq+ + e− ∼ Aq+ + e− ∼ Aq+ + ω .

(10.3)

Here,  is the reduced Planck constant, and ω is the angular frequency of the emitted
photon. For the case of resonant excitation resulting in a hole state:
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↔↔

Aq+ + e− ∼ A(q−1)+
,

(10.4)

and
can proceed either through auto-ionization following the scheme ∼
↔
 q+relaxation
+ e− or by photon emission ∼ A(q−1)+ + ω. Already for ions in moderately
A
charged states, the rates for photon emission compete and overcome the typical Auger
rates, which are rather independent of the charge state.
An useful approximation for the excitation cross sections is represented for an
electric dipole transition with an energy En,n by the Bethe formula [58]:
σex ≈

A
ln Ee
+B
, Ee ∞ En,n ,
Ee
Ee

(10.5)

where A is a constant, and the parameter B is linked to the corresponding oscillator
strength. Basically, this results from the fact that electronic collisions can be seen as
a pulse of virtual photons coupling with the bound electrons through dipole–dipole
interaction. This connection is applied in the empirical Van Regemorter formula [59]
for calculation of electric dipole-allowed cross sections:
VR
(x)[cm2 ] = 2.36 × 10−13
σex

1
E 2n,n

G(x)
fn,n ,
x

(10.6)

where the dimensionless parameter x is defined for a given transition n ∼ n as the
ratio between the kinetic energy of the incoming electron and the threshold energy
En,n : x = Ee /En,n . The value fn,n is the photon absorption oscillator strength. The
term G(x) is called the effective Gaunt factor, which scales the classical oscillator
strength to that of a quantum mechanical system. Van Regemorter [59] uses for this
factor another empirical approximation as
G(x) = 0.349 ln(x) + 0.0988 + 0.455 x −1 .

(10.7)

10.5.3 Radiative Recombination
When an ion captures a free electron under emission of a photon, and lowering its
charge state by one,
Aq+ + e− ∼ A(q−1) + ωRR ,

(10.8)

energy conservation requires that the photon energy be equal to the sum of the
kinetic energy of the projectile and the binding energy of the ion in the final state.
The condition is stated as:
(10.9)
ωRR = Ee + Ip .
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In order to obtain the energy-differential RR cross section, one can apply the principle
of detailed balance to the photo-ionization cross sections (σph ):
gq σph (ω) =

2me c2 Ee
gq+1 σRR (Ee ),
2 ω 2

(10.10)

where the statistical weights for each principal quantum number n are given bygq =
2n2 for the final state and gq+1 = 1 for the initial one. σph can be estimated by means
of the Bethe and Salpeter formula [60]. Kramers obtained for the RR cross section
the following expression:
Kramers
=
σRR

32π a02 α 3 Z|E0 |3/2
,
√
3 3 (E0 + Ee ) Ee

E0 = Z 2 Ry/n2 .

(10.11)

In order to obtain more accurate values, the use of advanced atomic structure methods and computer codes is required. Useful modules for calculating RR and photoionization cross sections are part of the Flexible Atomic Code by Gu [61] and the
RATIP package by Fritzsche [62].

10.5.4 Dielectronic Recombination
In dielectronic recombination, the free electron is captured into a vacant excited state
of the ion Aq+ transferring non-radiatively the energy difference to a core electron
with energy E1 , which is simultaneously promoted to a higher-laying excited state
with energy E2 of the ion, thus forming an intermediate (singly, doubly or multiply
excited) state, as shown on Fig. 10.5. This step is then followed by the emission of a
photon (or several photons):
↔



Aq+ + e− ∼ A(q−1)+ ∼ A(q−1)+ + ωDR .

(10.12)

This resonant process can only happen when the energy difference between the core
electron state and the state in which the second electron is excited is equal to the
kinetic energy of the free electron Ee plus the binding energy Ip of the recombined
state. This resonance condition is written as
ΔE = E2 − E1 = Ee + Ip .

(10.13)


↔
In the second step, the formed excited state A(q−1)+ may as well decay to the
ground state via an Auger auto-ionization process, where again there is a change
in the ion charge as the ion returns to its initial state. However, in HCI, radiative
de-excitation via emission of one or more photons strongly dominates. While the
Auger rates are proportional to the electron–electron interaction and show only a
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Fig. 10.5 Photo-ionization (PI) can proceed both directly (DPI) and resonantly (RPI). On the right
side, the time-reversed processes, namely, radiative recombination (RR) and dielectronic recombination (DR) are depicted [63]

weak dependence on Z, the radiative decay rates increase with Z 4 for dipole-allowed
transitions, and with up to very high powers of Z for magnetic, two-photon or higherorder transitions. In this way, radiative stabilization of the excited intermediate states
is usually the dominant channel in HCI, in contrast to neutrals, where Auger processes
dominate.
Dielectronic recombination is the time-reversed Auger process and, thus, the corresponding pathways are labelled accordingly. For instance, in a KLL DR resonance
for a helium-like initial state, as shown in Fig. 10.5, the free electron is captured into
the L shell of an ion, while a bound electron is promoted from the K shell to the
L shell to form an excited 1s2l2l state (with l, l denoting single-electron angular
momentum states). This intermediate excited state decays radiatively:
↔

e− + A(Z−2)+ (1s2 ) ∼ A(Z−3)+ (1s2l2l )

(10.14)

∼ A(Z−3)+ (1s2 2l or 1s2 2l  ) + ω(Kα ).
To a good approximation, the energy dependence of the cross section of resonant
recombination is described by a Lorentzian peak. The magnitude of the process is
best characterized by the area of the resonance peak, which is customarily named
resonance strength. Cross sections and resonance strengths for DR will be discussed
later in Sect. 10.7.1.

10.6 Photon Spectroscopy Under Electron Beam Excitation
The first observations of ions trapped in an EBIT were carried out using solid-state
photon detectors to analyze their X-ray emission upon EIE, generating characteristic bound–bound radiation. Furthermore, radiative recombination of mono-energetic
electrons into open shells produces narrow transitions which immediately reveal the
principal quantum number of the vacancies into which the electrons are captured.
An example of a recorded photon emission spectrum is given in Fig. 10.6. Far higher
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Fig. 10.6 X-ray photon spectrum of trapped holmium ions under excitation by an electron beam
with an energy of 132.7 keV. This value has been subtracted from the photon energy to display the
energy additionally liberated during radiative recombination (RR) into the different open shells (see
labels) of the trapped holmium ions, which corresponds to the binding energy of the corresponding
level. Insert RR peak of the n = 1 shell. The only vacancies in this shell occur in the cases of the
bare Ho67+ ion and of hydrogen-like Ho66+ ions. The emitted photons have an energy difference
(indicated) equal to the two-electron contribution to the binding energy

spectral resolution was soon reached at LLNL [64] by using crystal spectrometers
of various kinds [65, 66]. A distinct advantage of the EBIT as a radiation source is
the narrow confinement of the emitting particles in a narrow cylindrical volume with
a diameter on the order of 100 µm [51], which constitutes the geometric equivalent
of an entrance slit for the spectrometer. With the introduction of appropriate grating instruments, spectroscopy in the soft X-ray and vacuum ultraviolet region also
became possible [67–73]. The more recent introduction of X-ray micro-calorimeters
at EBITs (see e.g. [56, 74]) offers simultaneous spectral coverage over much wider
regions than it is possible with crystal spectrometers, while achieving a much higher
resolving power than typical solid-state photon detectors.

10.6.1 The X-ray Region: Lyman-α Transitions
of Hydrogen-Like Ions
The Lyman-α lines of hydrogenic ions are the touchstone of atomic structure theory.
Due to the comparatively simple structure of such single-electron systems, boundstate QED allows an accurate prediction of transition energies. Within relativistic
quantum mechanics, the energy levels of hydrogenic ions are given by the Sommerfeld formula. Radiative corrections beyond the Dirac theory are described by
self-energy diagrams, representing the energy shift of the bound electron due to its
interaction with the vacuum fluctuations of the electromagnetic field, and by vacuum
polarization diagrams, which depict the virtual creation and annihilation of electron–
positron pairs in the field of the nucleus. These diagrams on the one-loop level
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Fig. 10.7 Furry-picture [84] Feynman diagrams representing: (left) one-loop self-energy (SE) and
vacuum polarization (VP) corrections to the energy levels in hydrogenic ions; (center) exchange
diagrams with one and two photons in many-electron ions; and (right) two typical QED screening
diagrams in many-electron systems. The double lines indicate wave functions and propagators for
the electrons moving in the Coulomb field of the nucleus, and wavy lines depict virtual photons

(i.e. in first order in α (fine-structure constant) expansion) are shown on the left side
of Fig. 10.7. In light hydrogenic ions, these corrections can be evaluated to a large
extent analytically by employing truncated expansions in powers of the interaction
strength Zα (see e.g. [75, 76]). In highly charged ions, such an approach fails as Zα
cannot be regarded as a small parameter, and a theoretical ansatz is called for which
treats the interaction with the nucleus in an all-order fashion. The calculation of oneloop QED corrections in all order in Zα has started decades ago and has been refined
over the course of time [77–84]. Due to their comparatively high accuracy, theoretical transition energies of hydrogen-like ions, as for instance given in the tables by
Johnson and Soff [79], are often simply taken as calibration standards [85, 86].
The improvement of experimental techniques with regard to accuracy and the
accessible range of nuclear charges necessitated the calculation of two-loop QED
corrections (see e.g. the work of Yerokhin, Indelicato and Shabaev [87]). Besides
QED terms, calculations also have to account for effects arising from finite nuclear
size [82, 88] and mass [84, 89, 90]. In inner-shell transitions of heavy ions, the
polarization of the structured nucleus by the field of the orbiting electron gives rise
to further small level shifts [91]. Figure 10.8 shows the dependence of the different
contributions on the atomic number Z and compares one-loop and two-loop corrections and nuclear-size effects. Reviews by Mohr, Plunien and Soff [82], Shabaev [84]
and Cheng et al. [256] summarize the progress of high-precision QED calculations
in highly charged ions.
Early experimental work with HCI by Briand et al. at the Bevalac accelerator
facility was dedicated to hydrogen-like Ar17+ and Fe25+ [92, 93]. Källne et al. and
Richard et al. measured Cl16+ [94, 95], Tavernier at al. [96] hydrogenic Kr35+ , and
Marmar determined the Lamb shift of the Ar17+ ion [97]. At GSI, Deslattes and
Beyer studied the Lamb shift in hydrogen-like Ar17+ [98, 99] and Ni27+ [100] by
observing the radiative decay of recoil ions in the charge state that had been produced
by energetic collisions with relativistic heavy ions [101].
Independently of wavelength measurements calibrated with emission lines from
solid targets excited by electron impact, for which various systematic effects are
present, there has been a small number of absolute energy determinations based
on crystallographic standards. Beiersdorfer carried out EBIT investigations of the
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Fig. 10.8 Top scaling of one-loop QED contributions (self-energy, vacuum polarization) and
nuclear-size effects as a function of the atomic number Z for hydrogen-like ions according to
Johnson and Soff [79]. Bottom Comparison of the current uncertainty level due to nuclear-size
effects (grey shaded area) with reported experimental uncertainties (triangles) for the measurement of the total Lamb shift in hydrogen-like ions and with the predicted magnitude of two-loop
QED contributions to the binding energy (blue curve). For heavy elements, nuclear-size effects currently preclude a direct determination of two-loop QED corrections based solely on measurements
of the hydrogen-like Lyman-α transitions. All energy values have been normalized by a factor 1/Z 4
accounting for the first-order scaling of one-electron QED

wavelength of the two Lyman-α transitions in Mg11+ [102] using a quasi-monolith
[103] with two crystal mounted in parallel which had been metrologically characterized. The two reflections from each line appear separated by a distance which allows
determining the Bragg angle solely based on the crystal separation. An absolute
value for the transition energy resulted with an error bar of 24 ppm. In order to
infer the Lamb shift, the Dirac energy is simply calculated and subtracted from the
experimental result. In the case of Mg11+ , this yields 0.246(44) and 0.351(70) eV
for the Lamb shift correction to Lyman-α 1 and Lyman-α 2, respectively. For Si13+ ,
the value obtained in similar measurement had a larger error bar of 70 ppm [104].
Gillaspy et al. [105] measured at the NIST EBIT the energies for Lyman-α1
(1s−2p3/2 ) and Lyman-α2 (1s−2p1/2 ) in hydrogen-like V22+ to be 5443.95(25) and
5431.10(25) eV, respectively, in fair agreement with the theoretical values 5443.63
and 5430.70 eV. Nakamura and et al. [106] observed the intensity ratio between the
two Lymanα transitions in hydrogenic Ti21+ at the Tokyo EBIT. The Oxford group
utilized a Johann crystal spectrometer [66] calibrated using the Kα lines of neutral
vanadium [107] for investigating the 1s Lamb shift of hydrogen-like Ti21+ . Their
determination yielded a value of 2.29(14) eV, in good agreement with the predictions
(Fig. 10.9).
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Fig. 10.9 High-resolution spectrum of the Lyman-α transitions of hydrogen-like Mg11+ [102] using
a quasi-monolith consisting of two crystals mounted in parallel. Due to this arrangement, every line
appears twice, showing a geometric splitting which is used for an absolute energy determination.
The experimental resolution E/Δ E of nearly 9,000 already allows to separate the Lorentz natural
line width (τ ≈ 77 fs) from the thermal broadening contribution in a Voigt fit

A recent approach to absolute transition energy measurements has been the application of the Bond method [108] to EBIT spectroscopy. In this technique, a flat crystal
is turned from one Bragg reflection of the line of interest to the mirror symmetric
reflection. By using two detectors and measuring the angle difference, the absolute
Bragg angle can be obtained without offset correction. Since the lattice constant of
silicon [109] is a secondary representation of the meter in the International System of Units (SI), the Bragg angle yields the wavelength, and thus the transition
energy without the need for calibration lines. Bruhns et al. [110–114] implemented
this method, which was later improved by Kubiček et al. [115–117] by including
two laser beams as angular fiducials into the geometric scheme. By locating the
source of the laser beams virtually at the position of the emitting ions within the trap
region, the angular fiducials allowed to determine the X-ray position on the X-ray
CCD detectors without needing to know the relative positions of source, crystal, or
detectors. All the rays emanating from the X-ray source are reflected by the crystal
which becomes a symmetry plane, and then they intersect the detector camera. The
ratios of the respective separations between each fiducial and the X-ray line on the
detector plane are in this configuration independent from the total distance between
origin and detector. This setup eliminates the major sources of uncertainty typically
found in Bond method determinations, while allowing to dispense with using slits
to fix the incidence direction of the X rays, an approach which reduces the available
intensity. With this technique, systematic measurements of the Lyman-α transitions
in S15+ , Ar17+ , and Fe25+ were performed (see Fig. 10.10 and Table 10.1). The final
uncertainty for S15+ reached a level of 1.4 ppm, not yet sufficiently small to allow
for benchmarking predictions of two-loop QED contributions at this value of Z.
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Fig. 10.10 Resonance transitions 2p ∼ 1s in helium-like (left) and hydrogen-like (right) sulphur
and argon ions as observed in high-precision crystal spectrometer measurements [115–117]. The
photon energies have been scaled by 1/Z 2 in order to represent them in a common plot. This
scaling removes the first-order Coulomb term from the transition energy and shows shifts due to
correlation, relativistic and QED terms. The 1s2p 1 P1 ∼ 1s2 1 S0 shows a larger shift than the
Lyman-α transitions due to interelectronic correlations, which are not present in the hydrogen-like
system
Table 10.1 Experimental energies (Eexp. ) for the Ly-α1 and w (1s2 1 S0 ∼ 1s 2p 1 P1 ) transitions
and inferred values for the 1s ground-state Lamb shift (LS) obtained at the Heidelberg EBIT [115,
117] compared with earlier measurements [99, 116, 135, 138, 139] (Eprev. exp. ), unpublished data
for Fe24+ from Rudolph [140] obtained with FLASH EBIT, and predictions (Etheo. ) from references
[141] (H-like),[124] (UM), [118] (all order in 1/Z), [131] (BSQED)
Transition

Eexp. (eV)

Ly-α1 S15+
LS S15+
Ly-α1 Ar17+
LS Ar17+
Ly-α1 Fe25+
LS Fe25+
w S14+

2622.693(3)
0.828(3)
3322.993(8)
1.201(8)
6973.18(66)
4.06(66)
2460.627(3)

w Ar16+

w Fe24+

Eprev. exp. (eV)

References

3322.989(17)

[99]

6972.732(609)

[139]

2460.641(32)

[116]

3139.581(5)

3139.583(6)

[138]

6700.442(23)

6700.725(201)
6700.513(80)

[135]
[140]

Etheo. (eV)

References

2622.6995(1)
0.8212(1)
3322.9929(1)
1.2009(1)
6973.1804(8)
4.0574(8)
2460.626(1)
2460.629
2460.6292(3)
3139.576(2)
3139.581
3139.5821(4)
6700.401(7)
6700.424
6700.4347(12)

[141]
[141]
[141]
[141]
[141]
[141]
[124]
[118]
[131]
[124]
[118]
[131]
[124]
[118]
[131]
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10.6.2 The Heliumlike Sequence: A Test for Interelectronic
Correlation
In many-electron ions, correlation effects increase the complexity of the theoretical description. Helium-like ions with their two electrons represent an archetype
many-body system, therefore, a large literature list of theoretical work exists for the
electronic structure of such ions.
Most atomic structure methods use the Hartree-Fock (HF) approximation, or,
its relativistic generalization, the Dirac-Hartree-Fock (DHF) approximation as their
starting ground. Here, the two-electron wave function is represented by an antisymmetrized product of single-electron orbital functions, i.e. the particles are assumed
to be independent. Correlation contributions, defined as electron–electron interaction effects beyond the (D)HF approximation, can be either treated perturbatively or
variationally.
The former approach is generally referred to as relativistic many-body perturbation theory (RMBPT). Plante, Johnson and Sapirstein carried out RMBPT calculations for helium-like ions, with corrections taken into account to all orders
(AO method, Ref. [118]). In variational calculations, typically, a multiconfiguration
approach is employed: the many-electron wave function Ψ (JP) is represented as
linear combination of Slater determinants Φ(JP) coupled to a given total angular
momentum quantum number J and possessing a given parity P:
Ψ (JP) =

nc


ci Φi (JP) .

(10.15)

i=1

Here, nc is the number of configurations taken into account. In case of the multiconfiguration Dirac-Fock (MCDF) method, all single-electron orbitals used to construct
the configuration state functions Φ(JP) are variationally optimized [119]. MCDF
calculations for heliumlike ions were performed by Indelicato, with the inclusion of
additional radiative corrections [120, 121]. In case of the relativistic configuration
interaction method (RCI), the total Hamiltonian is diagonalized by using a fixed set
of single-electron orbitals. Such calculations for two-electron ions were performed
by Cheng et al. [122, 123, 256]. Both MCDF and RCI essentially include electronic
correlations in all orders.
In a completely different approach, non-relativistic explicitly correlated wave
functions are used, and relativistic and QED corrections are calculated perturbatively
with these. This unified method (UM) of Drake [124–126] is rather successful since it
is able to predict the dominant electronic correlation contributions better than earlier
works.
Especially in heavy two-electron ions, a quantum electrodynamic treatment of
electron interaction effects is mandatory. Here, the interelectronic interaction is
described to lowest order in 1/Z by the one-photon exchange diagram (see Fig. 10.7),
which, unlike the instantaneous Coulomb interaction, takes into account magnetic
and retardation corrections. The QED expansion is further improved by taking into
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Fig. 10.11 Break-up of the absolute values of the different contributions to the binding energy
of the 1s2 1 S0 ground state along the helium-like isoelectronic sequence resulting from electron–
electron correlations and QED. The curves follow calculations by Artemyev [131]. The experimental
uncertainties of different measurements are indicated as triangles for comparison. Recent work
[115–117] (green triangles) allows to test screened vacuum polarization predictions

account two-photon exchange contributions (Fig. 10.7). Lindgren performed detailed
QED calculations for the helium-like isoelectronic sequence [127, 128]. Essential
aspects of the QED treatment, like the use of the no-pair Hamiltonian, the role
of negative energy states are covered in the work of Johnson et al. [129] and by
Sapirstein [130].
The exchange of virtual photons between the bound electrons also modifies the
QED effects. Such corrections are described by the QED screening diagrams, containing both a SE or VP loop as well as an exchange photon connecting different electrons. Examples of such Feynman diagrams can be seen on Fig. 10.7. The
most advanced QED predictions, containing results for QED screening, two-photon
exchange as well as higher-order correlation effects were carried out by Artemyev
and colleagues [131, 132]. Figure 10.11 shows the magnitude of the different physical
contributions along the isoelectronic sequence.
Experiments in the range from Z = 16 to 39 were reported by Schleinkofer [133],
Aglitsky [134] and Beiersdorfer [135] based on tokamak observations. They were
based on plasmas with very high excitation rates, and contamination by satellite lines
could sometimes have compromised the accuracy of those results. Alternatively, and
for the same reasons, the helium-like lines and their satellites can be used for plasma
diagnostic purposes, and Biedermann carried out experiments at the Berlin EBIT to
that end [136]. The helium-like spectrum of argon [107] and vanadium [137] were
also obtained.
Kubiček [115–117] determined with very small uncertainty absolute Bragg angles
also for several helium-like electronic transitions. These latest measurements with
improved resolution confirmed bound-state QED predictions by Artemyev et al.
[131]. These results for He-like and H-like ions, together with earlier measurements
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and theoretical predictions, are summarized in Table 10.1. Here, for completeness, we
also introduce a result for helium-like iron from synchrotron radiation measurements
(see Sect. 10.8.2).

10.6.3 The QED-Sensitive 2s1/2 → 2p3/2,1/2 Transitions
in Lithiumlike Ions
In this section, we focus on results obtained using trapped ions. For measurements
of the 2s1/2 ∼ 2p3/2,1/2 transitions in lithium-like heavy ions using storage rings,
we refer to the the work at GSI [142–146] and references therein.
Studies on the Lamb shift of U ions form U82+ to U89+ were carried out at LLNL
by Beiersdorfer et al. already in 1993 [147]. A value of −47.39 ± 0.35 eV has been
determined for the 2s Lamb shift, in agreement with the theoretical result of
−47.58 eV by Blundell [148], based on the evaluation of radiative corrections with
an approximate potential describing the screening of the 2s and 2p electrons by the
1s2 core. A value of 4025.23 ± 0.14 eV was found for the 2s1/2 − 2p3/2 transition in
lithium-like Th87+ [149]. This value was sensitive to the effect of nuclear polarization
and confirmed predictions of a 36-eV QED contribution to within 0.4 %. A similar test
of QED and atomic structure calculations was also performed by measuring twelve
2s1/2 − 2p3/2 transitions in the neighbouring charge states. The measured transition energies in beryllium-like Th86+ through neonlike Th80+ were compared with
theoretical predictions from MCDF calculations of the electron-correlation terms.
By means of a high resolution crystal spectrometer, Beiersdorfer et al. measured
the 2s1/2 − 2p3/2 line in 209 Bi80+ [150]. Due to the large nuclear magnetic moment,
a sizable hyperfine splitting of 0.820 ± 0.026 eV appears between the states F = 4, 5
in the 1s2 2s1/2 ground configuration, as shown in Fig. 10.12. The measurement had
a very high accuracy due to its careful calibration with hydrogen-like transitions. Its
averaged result of 2788.139 ± 0.039 eV for the transition constituted at that time
an essential test of QED correction terms and motivated the evaluation of two-loop
QED corrections for heavy elements [150].
For the lithium-like ion W 71+ , Podpaly et al. determined a value of 1697.34 ±
1.03 eV for the 1s2 2s1/2 (J = 1/2) ∼ 1s2 2p3/2 (J = 3/2) transition using a flat
crystal spectrometer [151]. This result is in agreement with the multiconfiguration
Dirac-Fock prediction of 1696.0 eV by Kim et al. [152] and the configuration interaction value of 1697.6 eV [151]. However, the error bars were still rather large for
rigorously testing QED corrections. Besides the lithium-like one, a range of charge
states of tungsten was investigated, with applications to the diagnostics of fusion
plasmas [151].
Beiersdorfer determined the two-loop contributions to the binding energy of the
1s1/2 electron [153] by scaling the nuclear-size contributions from lithium-like U89+
[154] to hydrogen-like U91+ . This inferred value is in perfect agreement with the
theoretical prediction of Yerokhin et al. [87]. As for the transition energy of the
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Fig. 10.12 X-ray spectrum of the 2s1/2 ∼ 2p3/2 transition in lithium-like 209 Bi80+ showing the
two components due to the F = 4 and F = 5 hyperfine levels present in the ground state [150].
A very high resolution crystal spectrometer and efficient evaporative cooling were essential for this
result obtained using SuperEBIT operating at 100 keV beam energy

lithium-like charge state, also a good agreement with bound-state QED predictions
has been found [155]. Analogous experimental studies on the 3s electron QED shifts
were performed for the 3s1/2 − 3p3/2 resonance line in sodium-like U81+ [156].
More recently, the energy of the 1s2 2p3/2 ∼ 1s2 2s1/2 transition in Pb79+ was
measured with different isotopes at the Tokyo electron beam ion trap by Zhang
et al. [157]. Due to its nuclear spin (I = 1/2), the transition in 207 Pb shows three
blended hyperfine components. The transition energy result of 2642.260 ± 0.100 eV
yields a QED contribution of 24.990 ± 0.100 eV which was compared with different
calculations. The predicted isotopic shifts relative to 208 Pb are 0.1034, 0.0516, and
0.0258 eV for 204,206,207 Pb, respectively.

10.6.4 Spectroscopy of Forbidden Transitions in the Visible Range
Spectroscopic experiments determining optical transition wavelengths and lifetimes
of few-electron ions represent a continuing challenge for the theoretical understanding, due to the complex interplay of electron correlation, relativistic, and QED
effects. In the region of intermediate atomic numbers, these effects have comparable magnitudes (as measured, i.e., by their contribution to binding energies) and
are intertwined. Measurements of lifetimes are especially informative in benchmarking structure theories since the radiative transition matrix elements are particularly
sensitive to the long-range behaviour of the electronic probability density. Furthermore, experimental investigations of optical isotope shifts benefit from an increased
sensitivity of HCI to effects arising from nuclear properties. Therefore, experimental
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mass shifts in these systems provide on an ideal testing ground of relativistic nuclear
recoil effects.
The first forbidden transition in an EBIT was observed by Morgan at the NIST
EBIT. He detected the emission from the line connecting two low-lying states of the
3d 4 configuration in titanium-like Ba34+ [158]. Later, Porto et al. continued these
observations [159] along the isoelectronic sequence in ytterbium, tungsten and bismuth. Studies on the forbidden lines of Ba and Kr ions followed [27, 160]. Watanabe
performed a systematic study of the M1 transitions in the titanium-like sequence
[161] at the Tokyo EBIT. Other studies in this isoelectronic sequence are found in
Ref. [162]. Bieber studied coronal lines in argon and barium ions at the Oxford EBIT
[17]. Several measurements were performed at LLNL by Crespo et al. [163, 164].
Draganič [165] carried out very precise wavelength measurements in Ar13+,14+ and
Ba34+ and was able to resolve the Zeeman splitting of the transitions due to the
magnetic field of the EBITs in Freiburg and Heidelberg. Soria Orts continued these
investigations. An interesting outcome was her experimental confirmation [166] of
relativistic mass shifts [89, 167], and also the determination of the g factor on the
same ion [168]. An overview on the development of the field of visible transitions
in HCI is given in [169].
Lifetime measurements of the 1s2 2s2 2p 2 P3/2 level of boron-like Ar13+ were
performed [31, 170] at the Heidelberg EBIT [171]. The electron beam was switched
on periodically to excite the trapped ions to the 2 P3/2 state and, then, switched off
to detect the M1 decay to the ground state. Lifetimes were determined by recording
the decay curve, i.e. the decrease of fluorescence intensity versus time. The experimental result of τ = 9.573(4)(5) ms (stat)(syst) agrees well with measured data of
9.70(15) ms [32], while being by more than an order of magnitude more accurate
than previous experiments [32, 172–174]. Figure 10.13 displays a comparison with
various theoretical and experimental results. The most recent calculation using the
configuration interaction Dirac–Fock–Sturmian method (CI–DFS, Ref. [175]) yields
a lifetime value τ = 9.538 ms. The transition rate (Einstein coefficient) is proportional to the third power of the transition frequency. The corresponding wavelength
has been accurately measured in Ref. [165], resulting in λ = 441.2559(1) nm. In
Fig. 10.13, theoretical results are displayed in different ways: (i) as published, (ii)
corrected for the more accurate experimental transition frequency, and (iii) excluding
and (iv) including the effect of the leading radiative correction in the electron anomalous magnetic moment (EAMM) approximation. The EAMM correction leads to a
decrease of the lifetime by a factor 1 − 2 α/π . Calculated lifetimes appear to cluster
around a value of 9.53 ms, which is within a 3-σ disagreement with the experimental
value. The reason of this discrepancy is not yet understood, triggering further theoretical calculations [176] and measurements with different ions and transitions to
get to the root of this issue.
By means of a similar emission spectroscopy technique, the isotope shift of the
above transition in Ar13+ and that of the 1s2 2s 2p 3 P1 –3 P2 line in Ar14+ was studied
by measuring and comparing the wavelengths with the isotopes 36 Ar and 40 Ar. The
isotope shifts were determined based on the wavelength differences, which had a
sub-ppm accuracy. The details of the measurement can be found in Refs. [166, 183].
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Fig. 10.13 A selection of predicted lifetimes of the 2 P3/2 first excited state in Ar13+ (see in
corresponding order [175, 177–182]) and the experimental results of Ref. [31, 32] (red dots with
error bars). Dashed lines uncertainty level. In all calculations, the electron anomalous magnetic
moment (EAMM) contribution had been ignored, except in Refs. [175, 178]. See text for further
details

Such isotope shifts are due to the isotopic change of the nuclear mass and the nuclear
size, modifying the electronic wave function at short distances and thus shifting the
binding energy. The mass shift, or recoil, contribution, is customarily separated into
the normal and the specific mass shift terms. The relativistic recoil operator for a
many-electron state is given by [89, 167, 184]
p · pj
Zα
−
Rij = i
2M
2Mri



(α i · ri )ri
αi +
ri2


· pj ,

(10.16)

where relativistic units are used, and ri and pi are the position and the momentum,
respectively, of a given electron indexed by i, and αi stands for the Dirac matrices
acting on the wave function of that electron. M denotes the nuclear mass and α
is the fine-structure constant. The normal mass shift contribution is defined as the
expectation value of i Rii , and the specific mass shift term is given as the sum of
the non-diagonal elements ≥ i→=j Rij . Restricting Eq. (10.16) to the first term only
yields the familiar non-relativistic mass shift operator. Atomic structure calculations
of recoil effects based on the above operator are presented in Ref. [185]. A listing of
the normal and specific mass shift terms NMS and SMS, together with the respective
relativistic corrections RNMS and RSMS in Ar13+ is given in Table 10.2. These
terms define the nuclear recoil effect up to the order (αZ)4 me2 /M, with me being the
electron mass. The calculation of the QED contributions not included in the recoil
operator is based on the article [90]. For an evaluation of these radiative terms, the
use of QED beyond the Breit approximation is mandatory (see e. g., [184, 186]). The
calculated shifts including relativistic recoil terms are in an excellent agreement with
the experimental values. A calculation involving the non-relativistic recoil operator
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Table 10.2 Numerical
contributions of relativistic
recoil and QED recoil terms
to the total mass shift, and the
field shift effect (36 Ar – 40 Ar)
in the ground-state M1
transitions of Ar13+ and
Ar14+ ions, in units of cm−1 .
Results from [166]
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Contribution

Ar13+

Ar14+

NMS
RNMS
One-electron QED
SMS
RSMS
Two-electron QED
FS
Sum

0.1052
−0.0822
0.0002
−0.0741
0.1151
−0.0008
−0.0005
0.0629

0.0796
−0.0627
0.0002
−0.0697
0.0887
−0.0015
−0.0001
0.0345

only would disagree with the experiment by a factor of approx. 2 (for Ar13+ ) or 3
(for Ar14+ ), as Table 10.2 shows.

10.6.5 The Hyperfine Structure of Hydrogenlike Ions
The most tightly bound electron, the 1s1/2 , can give rise to an optical transition due
to the hyperfine splitting (HFS) in heavy hydrogen-like ions in the presence of a
nuclear spin. For heavy elements, the transition energy scales from the microwave
region up to the visible spectrum, and even into the ultraviolet region in the case
of bismuth. The magnetic hyperfine splitting of a hydrogenic ion with the electron
being in a state described by the usual quantum numbers n, l and j may be generally
represented in the form [187]
ΔEμ =

F(F + 1) − I(I + 1) − j(j + 1)
α(Zα)3 m
gI
mc2
n3
mp
2j(j + 1)(2l + 1)


× Aμ (αZ)(1 − δ)(1 − ε) + xrad .

(10.17)

Here, Z is the atomic number, α is the fine-structure constant, m and mp denote the
mass of the electron and the proton, respectively, and c is the speed of light. I is the
nuclear spin, F with |I − j| ∝ F ∝ I + j is the total angular momentum quantum
number of the ion, and gI = μ/(μN I) is the g factor of the nucleus, expressed in
terms of the nuclear magnetic moment μ and the nuclear magneton μN . Aμ (αZ)
stands for the relativistic factor
Aμ (αZ) =

n3 (2l + 1)κ(2κ(γ + nr ) − N)
,
N 4 γ (4γ 2 − 1)

(10.18)

with the relativistic angular momentum quantum number κ = 2(l − j)(j + 1/2), and
the further quantities γ = κ 2 − (αZ)2 , N = nr2 + 2nr γ + κ 2 , nr = n − |κ|.
Aμ converges to unity in the non-relativistic limit. Equation (10.17) with keeping
only the analytical relativistic factor Aμ (αZ) in the square brackets describes the
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Fig. 10.14 Spectra from the hyperfine transition between the F = 4 ∼ F = 3 states in
hydrogenlike Ho66+ (left) and F = 3 ∼ F = 2 states in hydrogenlike 185,187 Re74+ (right)
[29, 189]

hyperfine splitting in the point-like nucleus approximation. Further corrections are
introduced by the other parameters in the square brackets: δ is the nuclear charge
distribution correction, ε is the nuclear magnetization (Bohr-Weisskopf) correction,
and xrad stands for the radiative correction, represented by self-energy and vacuum
polarization diagrams. Further corrections arise due to the finite mass of the nucleus.
The parameters δ and ε can be calculated assuming some nuclear model for the
charge and magnetization distribution of the nucleus [187].
The first observation of HFS in HCI was achieved using the ESR storage ring at
GSI [188]. Accelerated 209 Bi82+ ions produced by stripping were stored in the ring
and excited by a laser which was tuned across the expected range. A fluorescence signal was obtained when the Doppler-shifted photon energy hit the F = 4 ∼ F = 5
transition between the ground state hyperfine levels. Shortly after, experiments at
Super EBIT measured the corresponding transitions in Ho66+ (see Fig. 10.14),
173,175 Re74+ , and 183,185 Tl80+ ions [189–191]. Later, the 207 Pb81+ ion was investigated, again at GSI [192]. Resonant laser excitation of the ground-state hyperfine
transition in lithium-like bismuth performed at the storage ring ESR has been reported
very recently [193]. Further studies will be required to reduce the uncertainties resulting from the Doppler shift.
Initially, the goal of the experiments had been to test QED contributions by means
of the HFS of the hydrogenic systems: in contrary to measuring transition energies,
which are mainly determined by the properties of the bound electron wave function
at atomic distances (typically, a0 /Z, with a0 being the Bohr radius), the value of
the hyperfine splitting is dominantly determined by the behaviour of the electron
wave function in the vicinity of the nucleus. Since the nuclear Coulomb field is
strongest in this regime, measurements of the HFS can provide tests of QED in
electric fields much stronger than those typical for binding energies. Experimental
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errors in hyperfine splitting energies are also well below the magnitude of QED
corrections.
However, very soon it turned out that uncertainties in the nuclear magnetization
distribution, due to nuclear structural effects, were already sufficient to compromise the QED tests, since knowledge about the so-called hyperfine anomaly was
not sufficiently accurate [194, 195]. The Bohr-Weisskopf effect resulting from this
magnetization distribution was larger than the total QED correction, thus an investigation of QED terms by directly comparing experimental and theoretical hyperfine
splitting is not possible. Additional problems might arise from the fact that nuclear
magnetic moments were usually determined under conditions in which the diamagnetic correction, the shielding of external magnetic fields by the electronic shell,
played a large role. While this correction plays less of a role in cases where atomic
beam measurements are the source of the nuclear magnetic moment data than in the
cases where nuclear magnetic resonance measurement with condensed probes were
used, the calculation of this large correction factor also affects the final result. For
these reasons, the measured wavelengths were used to determine the nuclear magnetization radii under different assumptions for the model magnetization distribution.
In this way it became possible to quantify this elusive parameter, which otherwise
can only be studied using muonic atoms. As an example, in the case of thallium the
RMS value for the nuclear magnetic radius was determined with a fivefold increase
in accuracy in comparison with previous work, to be 5.83 ± 0.14 fm and 5.89 ± 0.14
fm for the 203 Tl and 203 Tl isotopes, respectively [29].
As shown by Shabaev [196], the unwanted effect of not sufficiently well understood nuclear structural properties can be circumvented by employing a specific
combination of hyperfine splitting values in hydrogen-like and lithium-like ions. In
the following difference of the hyperfine splitting values of the different charge states,
Δ E = ΔE (2s) − ξ ΔE (1s) ,

(10.19)

the parameter ξ can be chosen such that the Bohr-Weisskopf correction is largely
cancelled. ξ can be calculated with sufficient accuracy, as it depends dominantly on
the bound electron wave function and hardly on nuclear properties. For example, for
bismuth (Z = 83), with ξ = 0.16885, a test of strong-field quantum electrodynamics on the percent level can be reached via Δ E, provided that the HFS values in
both charge states can be measured with a relative accuracy of approx. 10−6 [196].
A similar procedure may be applied using boron-like and hydrogen-like ions of the
same heavy element [197].

10.7 Resonant Photorecombination Processes
By choosing exactly the energy needed to excite dielectronic recombination resonances, far more selective excitation spectra can be obtained. Early EBIT measurements using this method were carried out by Beiersdorfer [198] on helium-like
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Fe24+ and by Knapp et al. [199]. For the Fe ions, the energy resolution allowed to test
dielectronic resonance strengths for individual resonances and compare them with
predictions. Normalization was performed by comparison with the radiative recombination rate, which as a non-resonant process could be predicted theoretically with
much smaller uncertainty.

10.7.1 Dielectronic Recombination
DR
In the DR process, the cross section σi∼d∼f
(E) indicates the probability for electronic capture from an initial state i to a final state f under excitation of an intermediate, and often doubly-excited, state d:
d∼f

DR
σi∼d∼f
(E) =

2π 2 4 Ar
i∼d
Ld (E)VDC
.
p2
Γd

(10.20)

Here, p = (E/c)2 − m2 c2 represents the momentum of the projectile electron
with a kinetic energy E. The energy dependence is conveniently represented with a
Lorentzian profile
Γd /(2π )
.
(10.21)
Ld (E) =
Γ2
(Ei + E − Ed )2 + 4d
In this equation, Γd is the natural width of the intermediate state resulting from both
radiative and auto-ionization decay channels: Γd = Adr +Ada . As mentioned above,
the dielectronic capture rate VDC and the Auger process rate are connected by the
principle of detailed balance:
i∼d
=
VDC

2Jd + 1 d∼i
A
.
2(2Ji + 1) a

(10.22)

The different density of initial and final states is accounted for with the multiplicities
which follow from the total angular momenta of the intermediate Jd and the initial
ionic state Ji , and the spin degeneracy of the initial continuum electron. Knowing
that the Lorentzian function (10.21) is normalized to unity on the energy scale,
i.e. dELd (E) = 1, and assuming for the electron momentum its resonance value
pres = (Ed − Ei )2 /c2 − m2 c2 , the strength of a DR resonance, i.e. the integrated
area of a peak can be written as
d∼f

DR
Si∼d∼f
=

2π 2 4 2Jd + 1 Ar Ad∼i
a
.
p2res 2(2Ji + 1)
Γd

(10.23)

If the final states are not resolved in an experiment, a summation over all possible such
states, i.e. radiative decay pathways of the auto-ionizing states, has to be performed.
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Fig. 10.15 Schematic representation of dielectronic (top) and radiative recombination (bottom),
exemplified for KLL transitions in helium-like ions. The initial state of the total system consists
of the ground-state ion and a continuum electron. After dielectronic capture, the ion is in an autoionizing intermediate state, which then relaxes by photon emission to a final state (which is not
necessarily a ground state). The figure also illustrates that the initial and final states of RR and DR
are indistinguishable, thus an interference of the two quantum pathways may occur

Also, usually in an EBIT experiment, it is not the above total cross section which is
measured, but the photon intensity at a given angle with respect to the direction of
the incoming electron beam. Therefore, the above formulas have to be corrected for
the angular distribution of the X-ray emission [200–205] (Fig. 10.15).
Equation (10.23) allows one to derive a simple scaling law for the DR resonance
strength with respect to the atomic number Z. As electron kinetic energies are much
lower than the rest energy mc2 , the non-relativistic approximation may be used
for the electron momentum, thus 1/p2 ≡ 1/E ≡ 1/Z 2 . As noted before, for E1
transitions radiative rates are approximately proportional to Z 4 , and the Auger rates
are independent on Z, i.e. Aa ≡ VDC ≡ Z 0 . Combining these, a non-relativistic
scaling law of the following form can be derived for the DR resonance strength:
DR
≡
Si∼d∼f

aZ 2

1
,
+ bZ −2

(10.24)

with a and b being parameters depending on the actual rates and transition energy of
the recombination channel. This function increases for low Z values, peaks usually
in the intermediate Z region, and then decreases as ≡ Z −2 .
The notion of dielectronic recombination (DR) was introduced by Massey and
Bates in 1942 [206]. In 1964, Burgress used this process for the explanation of the
temperature distribution of the solar corona. For a detailed historical treatment of
DR until 1976, see the review article of Seaton and Storey [207].
The helium-like ions trapped in the LLNL EBIT were investigated with an electron beam of variable energy and an event-by-event data collection of the emitted
X-rays and their energy as a function of the electron acceleration voltage [199, 208].
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These experiments were reproduced and extended to other species in different
laboratories. Investigations at the Berlin EBIT addressed channel-specific paths of
dielectronic recombination in krypton ions including the heliumlike resonances [209].
Dielectronic resonances of helium-like Fe24+ [210], Xe52+ [37], I53+ [211] and
heliumlike Ti20+ [212] were investigated by the Tokyo group, together with other
isoelectronic sequences involving recombination into the n = 2 shell. The resonance strengths in the DR process with Ar16+ ions were measured by Smith et al.
[213] at LLNL. He also studied the high n satellites of the Kα transition [214].
Tarbutt measured the dielectronic satellite transitions of the same ion under resonant
excitation conditions [107], and Biedermann carried out similar measurements with
the goal of improving plasma diagnostics in fusion research [136]. Relaxation of
the doubly-excited intermediate state 1s1 2s2 J = 1/2 through a two-electron onephoton transition in the KLL resonance array of Ar16+ were studied by Zou [215].
Zhang performed an investigation on Ge32+ [216].
Paralleling the experimental developments, extensive non-relativistic theories for
the description of DR have been developed in the late 1970s and early 1980s, with
the distorted wave formalism of Hahn et al. being an example [217, 218] (see also the
review [207]). An extension to the relativistic case was carried out in several works,
e.g. by Zimmerer et al. [219–221], by Chen and Scofield [37, 200], Pindzola [222].
The theoretical formalisms of Shabaev [84, 187] and Labzowsky et al. [223, 224]
are based on relativistic field theory and allow a systematic treatment of radiative
corrections and quantum interference effects.

10.7.2 Higher-Order Interactions in Photorecombination:
Trielectronic and Quadruelectronic Terms
For the KLL resonances, the dielectronic recombination process had been generally
understood to be the strongest photo-recombination channel. Beyond DR, however,
higher-order processes may occur, in which the recombining electron simultaneously
excites two or more bound electrons. These channels may be termed as trielectronic
and quadruelectronic recombination (TR and QR, respectively), as three or four electrons are actively participating in the transition. These processes may be presumed to
be weaker, since additional electron–electron interactions are needed to populate the
intermediate states which are more highly excited than in the case of DR. However,
experiments by Beilmann [225] showed that for some isoelectronic sequences, those
processes were actually rather strong and in some cases dominant (see Fig. 10.16).
The carbon-like ions in the range of atomic number 12 < Z < 26 show trielectronic
resonances as strong or stronger than the dielectronic ones.
For higher-order recombination processes, also the scaling of the resonance
strength with Z is modified. In contrast to the dielectronic capture rates (10.22)
which are largely independent on Z in the non-relativistic regime, trielectronic capture rates scale roughly as 1/Z 2 , since the additional Coulomb interaction among the
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Fig. 10.16 Comparison of the X-ray fluorescence spectra following resonance recombination with
carbon-like Ar, Fe, and Kr ions (Z = 18, 26, and 36). Trielectronic recombination (TR), barely
resolvable in the case of Kr, gathers a larger total resonance strength than the dielectronic channel
(DR) in the case of Ar (and other lighter elements). DR, TR and partially QR lines are marked by
orange, green and red colours, respectively. The electron energies are normalized by Z 2 for a better
comparison

electrons introduces a perturbative factor of 1/Z to the transition amplitude of the
recombination step [225]. Thus, the scaling of the TR strength can be given as
S TR ≡

1
.
aZ −2 + b + cZ 4

(10.25)

This behavior has been confirmed experimentally by measuring the ratio of certain
TR and DR strengths along the carbon-like isoelectronic series at different Z values
(Z = 18, 26, 36) [225].
Theoretical models have to include the more complex intermediate states populated by the higher-order processes, and configuration mixing between the resonances corresponding to DR, TR, and QR in order not to neglect a fraction of
the photo-recombination resonance strength. This has implications for the energy
transfer within the radiative zone of stellar interiors, and for the ionization equilibrium of those and other astrophysical plasmas.
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10.7.3 The Effect of the Breit Interaction in the Dielectronic
Process
In atomic structure calculations and in the modelling of dynamical processes, the
interaction between the electrons is usually approximated by the instantaneous
Coulomb interaction. As known from the Bohr model, the normalized velocity v/c
of atomic electrons can be approximated as v/c = Zα/n, with n being the principal
quantum number. This shows that in HCI with higher nuclear charge numbers, and,
especially, in transitions involving inner-shell electrons, relativistic effects have to
be taken into account. This does not only concern the bound-electron wave function,
but also the inter-electronic interaction: as it is known even from classical considerations, the Lorentz force coupling a moving charged particle to the magnetic field
induced by an other is proportional to v/c. Besides such current–current coupling
effects, retardation also plays a role. A rigorous derivation of the electron–electron
interaction can be made in the framework of QED. To the lowest order, the interaction of electrons is described by the one-photon exchange Feynman diagrams. In
the Coulomb gauge, this yields to an effective interaction operator, which can be
represented as the sum of the Coulomb and generalized Breit interactions:
Vij (ω) = VijC + VijB (ω) ,

(10.26)

with VijC = 1/rij and rij being the distance between two electrons. The generalized (or
frequency-dependent) Breit interaction VijB (ω) can be decomposed into the following
parts:
magn

VijB (ω) = Vij

+ Vijret + Vijret (ω) .

(10.27)

Here, the magnetic term is
magn

Vij

=−

αi · αj
,
rij

(10.28)

and the retardation of the scalar and the transverse interaction in the Breit approximation is described by the operator
Vijret =
magn

αi · αj
(α i · rij )(α j · rij )
−
.
2rij
2rij3

(10.29)

The sum of Vij
and Vijret is the usual (frequency-independent) Breit interaction
B
Vij . Additional retardation effects are described by a term which depends explicitly
on the frequency of the exchanged virtual photon: ω:
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cos(ωrij ) − 1
rij

+(α i · ∇ i )(α j · ∇ j )

(10.30)

cos(ωrij ) − 1 + ω2 rij2 /2
ω2 rij

.

Here, ∇ i denotes differentiation with respect to the position vector of the ith electron.
It has been recognized soon that such effects largely influence the energy levels in
heavy atoms and ions [226]. Cheng, Johnson et al. [123, 129, 227] found that even
higher-order Breit interactions contribute at the level of 0.1 eV and that inclusion of
frequency-dependent and other high-order many-body corrections was necessary in
order to extract QED contributions from the accurate experimental data.
A strong influence of the Breit interaction to the dielectronic capture rates have
been predicted by different groups [200, 219]. This effect was experimentally confirmed in EBIT measurements by Nakamura and his team [43] through comparison
of the resonance strengths to calculations with and without the inclusion of the Breit
interaction in the capture matrix elements. In a recent experiment, also at the TokyoEBIT [228], a measurement of the intensity of an X-ray decay following dielectronic
capture into lithium-like Au ions at 90∗ has confirmed the dominance of the Breit
interaction in the angular distribution of certain transitions, predicted by Fritzsche
et al. [205].

10.7.4 Quantum Interference Terms Between Dielectronic
and Radiative Recombination
For very high charge states, the RR cross Eq. 10.11 become very large. Intuitively,
this results from the strong nuclear field. At the same time, electron–electron correlations do not change much with the ionic charge, and, as also Eq. (10.24) shows,
dielectronic resonances decrease and partly lose their dominating role in photorecombination. Thus, the quantum mechanical transition amplitudes for the direct
and resonant recombination channels may become comparable. Since the initial and
final states of both channels may be the same, as shown in Fig. 10.15, quantum
interference of the two processes can occur. This situation is analogous to the case of
photo-ionization, for which a modification of the line shapes due to interference was
described by Fano [229]. The total cross section of photo-recombination including
interference effects is given by [221, 230–232]
PR
DR
(E) = Si∼d∼f
σi∼d∼f

2 1 − 1/q2 + 2ε/q
,
Γd π
1 + ε2

(10.31)

with q being the Fano interference parameter [221, 229–231], and the unitless energy
is ε = 2(E + Ei − Ed )/Γd . For large q values, the asymmetric Fano line shape converges to the symmetric Lorentzian one, i.e. limq∼≤ σ PR = σ DR . Calculations for
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Fig. 10.17 Fano line shapes observed in the X-ray fluorescence spectra following KLL photorecombination with beryllium- and boron-like Hg ions. The experimental data is shown in black,
and a fit curve in red (Fano profile convoluted with a Gaussian function to account for experimental
line broadening). Normalized non-convoluted theoretical cross sections are shown in blue and green
for the beryllium- and boron-like charge state, respectively. Figure taken from Ref. [63]

the photo-recombination of highly charged heavy ions taking into account quantum
interference effects between DR and RR have been performed by several groups
[221–223, 233, 234].
Since the increase of the radiative widths renders the resonances also rather broad
in the high-Z range, studies of resonance profiles by tuning the electron beam
energy became possible. Observations were made for helium- to boronlike uranium ions in the Super-EBIT [235], and with highly charged mercury ions using
the Heidelberg EBIT [63], as shown in Fig. 10.17. Further experimental observation
of the interference effect has been performed with beryllium-like bismuth ions using
the Tokyo-EBIT [236]. The q parameters of the Fano profiles was extracted and
compared with theory in Ref. [237].

10.7.5 Resonant Photo-Ionization Processes
The first demonstration of photo-ionization of HCI using an EBIT quickly gave way
to detailed studies in the soft X-ray region [45–47]. Much higher charge states were
accessed than in earlier work using synchrotron radiation, where merged ion-photon
beams were used to study resonant K-shell PI of C4+ at photon energies near 300 eV,
and also charge states as high as 7+ in Xe. However, ionization potentials were limited
to around 150 eV due to insufficient ion beam area densities. With the EBIT method,
Fe14+ and Ar12+ were addressed, with four times higher ionization potentials and
with high spectral resolution. The results for iron (see Fig. 10.18 showed remarkable
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(a)

(b)

(c)

(d)

(e)

Fig. 10.18 Photoion yield after irradiation of Fe13+ with synchrotron radiation as a function
of the photon energy [47]. Panel c overview scan; a, b, d detailed scans of various resonances;
e ionization edge and second-order photon lines. Theoretical values: RMBPT: blue circles (Ref.
[238]); HULLAC: brown triangles; MCDF: orange circles (both from Ref. [47])

disagreement with several predictions, but also a very consistent agreement with the
relativistic many-body perturbation theory (RMBPT) calculations of Gu [238] at the
level of meV.
Fano quantum interference of direct and resonant photoionization in the X-ray
regime, analogously to interferences in recombination processes discussed above,
has been observed with EBIT methods by Simon et al. [46].

10.8 Photonic Excitation: Laser Spectroscopy
from the Visible to the X-ray Range
One of the great advantages of EBITs is the linear structure of the ensemble of
trapped ions. The ion density can be estimated simply by assuming that the negative
space charge of the electron beam of a density ne (which can be as high as ne = 1013
cm−3 ) is compensated in part by the positive ions of charge state qion it traps. Thus,
a typical ion density is nion < 0.3 × ne /qion . If the interacting beam overlaps with
the ion cloud axially, the ion target area density results from integrating over a trap
length of a few centimeters, giving thus values of 1010 cm−2 ions. By comparison,
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the density of the residual gas background at pressures down to 10−13 mbar found in
a cryogenic EBIT can be as low as 3,000 neutrals/cm3 . Therefore, the photon beam
interacts mainly with the ion target and very little with the residual gas.

10.8.1 Laser Spectroscopy in the Soft X-ray Region
at Free-Electron Lasers
While laser spectroscopy had become by the end of the twentieth century an
established method in atomic physics, and its applications to various fields of science
had unleashed very rapid progress in the understanding of the electronic structure of
atoms and molecules, metrology, remote sensing and many other branches, the vacuum ultraviolet region had only been touched by two-photon laser spectroscopy of
the Lyman-α lines in the hydrogen atom. The cause for this status was primarily the
lack of practical lasers in this spectral range. The few demonstrations of X-ray lasers
based on collisional excitation within plasmas generated by pulsed optical lasers in
the kilojoule range [240, 241] or table-top devices using electrical discharges [242]
did not provide tunable beams, and required a very complex operation. The situation
changed with the introduction of free-electron lasers (FEL) capable of generating the
sought-after short wavelengths [243]. By changing the acceleration and undulator
parameters, it was now possible to scan the photon energy across a wide range, and
repetition rates on the order of 100 Hz were within reach. The Tesla Test Facility,
later renamed FLASH (Free-Electron LASer in Hamburg) opened its doors as an
experimental user facility in 2005 and enabled a large variety of novel experiments
[244]. The Freiburg EBIT group had already started with the design of an experiment involving an EBIT as a target of HCI for FEL laser spectroscopic studies. The
so-called Tesla (later FLASH) EBIT, a transportable device, came into operation in
the year 2006 [39] and was installed at FLASH. There, the Fe23+ ions produced and
stored within the device were exposed to the FLASH pulses (see Fig. 10.19), and
the transition 2s1/2 ∼ 2p1/2 was resonantly excited by them at a photon energy of
48.6 eV. A coincidence detection method enormously reduced the background. Since
the bandwidth of the radiation from FLASH was broad, an in-line grating monochromator had to be used to reduce it to an acceptable level [39, 239]. The experiment
with Fe23+ achieved an excellent level of statistical accuracy, but calibration and
stability of the in-line monochromator were not commensurate, and a systematic
calibration error of 0.15 eV remained. However, due to the high ion production rate
of that experiment, an accompanying measurement using a flat-field spectrometer
could improve earlier results and brought the total uncertainty to a level of 4 ppm.
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Fig. 10.19 X-ray laser spectroscopy setup with FLASH EBIT [39, 48, 239]. The monochromatic
photon beam from a free-electron laser or synchrotron radiation source enters through the hollow
collector and interacts with the trapped ions in the central drift tube region (zoomed insert). X-ray
resonance fluorescence is detected through the viewports arranged around the cryostat

10.8.2 Extending Laser Spectroscopy into the X-ray Domain
The next step followed with the commissioning of the Linac Coherent Light Source
(LCLS) at SLAC in Menlo Park, California. The FLASH EBIT was attached to
the SXR monochromator beamline in order to analyze the strongest transitions in
Fe16+ , an ion of utmost astrophysical importance. The question being addressed here
was the existing discrepancy between advanced theory and astrophysical as well as
plasma observations with regard to the intensity ratio of the strongest transitions in
its spectrum [48, 49] (Figs. 10.20, 10.21).
Very recently, this method has been demonstrated for excitation of the strongest
transitions in helium-like Fe24+ and in lithium-like Fe23+ by Rudolph and colleagues
[140], and for Kr34+ by Steinbrügge et al. Fig. 10.22 shows an overview spectrum
and individual line scans obtained with FLASH EBIT using a hard X-ray beamline equipped with a double undulator [245] at PETRA-III. The stability of the
available monochromator permitted high resolution scans, yielding accurate energies (see Table 10.3 and also line widths (see plot on the bottom of Fig. 10.22). The
measured energies confirm bound-state QED predictions by Artemyev et al. for the
helium-like [131] and lithiumlike [141] charge states, and point out the need of
extending such calculations to ions with more electrons. By using two detectors, one
of them parallel to the polarization plane of the incoming radiation, and one perpendicular, the fluorescence emission characteristics of the different transitions can be
recorded. Since for helium-like Fe24+ , the intercombination line y has a narrower
natural line width than the resonance transition w, the line profiles are distinct and can
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Fig. 10.20 Comparison of astrophysical emission spectra of highly charged iron ions (from Capella)
with data from FLASH EBIT. Blue Grating spectrometer data from Capella. Red Microcalorimeter
spectra obtained under different EBIT conditions. Green Soft X-ray laser spectroscopy results
[48, 49] obtained at the LCLS free-electron laser facility
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Fig. 10.21 Ratio 3C/3D of the oscillator strengths of the strongest soft X-ray transitions in neonlike
Fe16+ obtained with various theoretical methods, in comparison with the X-ray laser spectroscopy
result obtained at LCLS [48]. The significant and consistent discrepancy points to a probably
insufficient inclusion of electron–electron correlation contributions in the theoretical approaches

be fitted with a Voigt profile, yielding a Gaussian component resulting from instrumental effects and ion temperature, and a Lorentzian width corresponding to the transition rate. The example shown indicates a trapped ion temperature of less than 30 eV,
resulting from strong evaporative cooling. These initial results clearly that in the near
future, combining synchrotron radiation filtered by high-resolution monochromators
with trapped HCI will help overcoming current limitations of emission spectroscopy,
which has always to compromise spectral resolution for signal strength.

10.8.3 Laser Excitation of Forbidden Transitions
in the Visible Range
Many years there has been a strong interest in laser spectroscopic studies with highly
charged ions. Preparations for an experiment using beryllium-like Ar14+ were carried
out already at the Oxford EBIT [248]. The RETRAP program at LLNL [249] had the
aim of sympathetically cooling HCI for their use in laser spectroscopic studies. Laser
spectroscopy on trapped HCI was first achieved in Heidelberg by Mäckel et al. [250]
using Ar13+ ions. Here, a pulsed tunable laser was used in a collinear geometry for
excitation of the E1-forbidden transition 2p 2 P3/2 ∼ 2p 2 P1/2 within the groundstate configuration of the ion. Due to its M1 character with a long decay time of
9.7 ms [31], detection of fluorescence radiation had to rely on the magnetic-trapping
mode operation of the EBIT. The setup is sketched in Fig. 10.23. For the measurement
the following cyclic scheme was applied: After ion production, the electron beam is
turned off, and after a suitable decay time for the electron-impact excited ions, the
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Fig. 10.22 Top Overview fluorescence spectrum of helium-like, lithium-like and beryllium-like
Fe ions using two detectors aligned differently to the polarization plane of the incoming photon
beam: (red) perpendicular to polarization axis, and (blue) parallel to polarization axis. Bottom left
Scan over the intercombination line (y) 1s2 1 S0 ∼ 1s 2p 3 P1 . Bottom right Scan over the resonance
transition (w) 1s2 1 S0 ∼ 1s 2p 1 P1 . The fitted Gaussian and the Lorentzian widths wG and wL of
the transitions are shown [140]

fluorescence intensity after the laser excitation pulses is recorded as a function of
their wavelength. Simultaneously, evaporative cooling [12] was applied in order to
reduce the thermal width of the lines, which is very high due to the deep ion trapping
potential in the EBIT. In this way, the translational ion temperature was lowered from
values above 106 K down to the range of 105 K. Figure 10.24 shows the time evolution
of the fluorescence signal and the ion temperature during the wavelength scans. One
can observe how the width of four Zeeman components becomes smaller during the
cooling cycle. The resulting wavelength of 441.25568(26) nm agrees excellently with
earlier measurements carried out with grating spectrometers (441.2559(1) nm [165],
and 441.2556(1) nm [168]). The currently most elaborate theoretical prediction of
441.261(70) nm [176] has a much larger uncertainty. Higher resolution would be
possible if the trapped ions could be cooled even more. However, temperatures low
enough (in the mK and lower range) for very high resolution laser spectroscopy are
extremely difficult to achieve in this EBIT environment. A direct application of laser
cooling schemes is currently not possible due to the long lifetimes of the forbidden
transitions, and also to the lack of allowed transitions in the optical range. Most
likely, future experiments will have to rely on the use of sympathetic cooling using
external ion traps coupled to an EBIT.
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Table 10.3 X-ray transitions of helium-like, lithium-like, beryllium-like, boron-like and carbonlike transitions resonantly excited from the ground state with synchrotron radiation. X-ray fluorescence was detected as a function of photon energy. Energies are given in units of eV; the calibration
is based on the absorption edge technique [140]
Transition
∼ 1s

2p 1 P

Experiment

Theory

Reference

6700.4347(11)
6700.490
6667.5786(12)
6667.629
6676.129(47)
6675.87
6662.188(11)
6661.88
6652.776(25)
6652.58
6631.057
6586.7
6544.8

[131]
[118]
[131]
[118]
[141]
[246]
[141]
[246]
[141]
[246]
[247]
[140]
[140]

w

1s2 1 S0

1

6700.549(5)(70)

y

1s2 1 S0 ∼ 1s 2p 3 P1

6667.671(3)(69)

t

1s2 2s 2 S1/2 ∼ 1s 2s 2p 2 P1/2

6676.202(3)(69)

q

1s2 2s 2 S1/2 ∼ 1s 2s 2p 2 P3/2

6662.240(6)(69)

r

1s2 2s 2 S1/2 ∼ 1s 2s 2p 2 P1/2

6652.826(3)(69)

E
B
C

1s2 2s2 1 S0 ∼ 1s 2s2 2p 1 P1
1s2 2s2 2p 2 P1/2 ∼ 1s 2s2 2p2 2 P1/2 , 2 D3/2
1s2 2s2 2p2 3 P0 ∼ 1s 2s2 2p3 3 D1

6628.804(5)(68)
6586.085(7)(67)
6544.225(4)(66)

A similar scheme was recently applied by Schnorr et al. [251] to the study of
the so-called Fe XIVgreen coronal line, yielding a result of 530.2801(4) nm. This
astrophysically essential line was discovered in the solar corona during the solar
eclipse of 1869 [252], and originally even a new element, coronium, was postulated
as its source. Eventually, it was explained in the 1940s by Grotrian [253] and Edlén
[254] as arising from the Fe13+ ion, thus giving the first hint on the high temperature
of the solar corona. However, in spite of its widespread use in astrophysical plasma
diagnostics, no laboratory measurement of its wavelength had hitherto been reported.

10.9 Ion Cooling Schemes for Spectroscopy with HCI
In recent years, singly charged trapped ions have shown their ideal suitability as
excellent frequency standards [255, 257–260], in particular if combined with frequency combs [261–263]. Sympathetic cooling (see e.g., [264] allows for preparing
extremely cold samples of ions for this purpose. Among the number of open scientific
questions which are aimed at, the constancy of Nature’s laws stands out. A possible
time variation of fundamental constants, and very prominently of the fine-structure
constant α appears in various theories [265]. HCI offer new possibilities [266] due to
their intrinsic, advantageously low polarizability and strong α binding energy dependence.Several schemes that make use of particular isoelectronic sequences have been
proposed [266–273].
A central problem for laser spectroscopy with EBITs arises from the high translational temperature of the trapped ion ensemble, which is the result of the ionization by
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Fig. 10.23 Experimental setup for laser spectroscopy [251] of the forbidden transition
1s2 2s2 2p2 P3/2 ∼2 P1/2 in Ar13+ . Side photograph of the ion cloud. A pulsed tunable laser irradiates the trapped ions along the trap axis. Their fluorescence upon resonant excitation of forbidden
transitions decays slowly with a lifetime of several ms, and is collected by a hollow light guide
and detected with a photomultiplier. A chopper and an interference filter are used to reduce the
background during and after the pulses

electron impact. Evaporative cooling [250] does not solve this problem, even though
the the ion temperature is largely reduced. Since the cooling starts at T > 106 K, the
decrease to T < 105 K does not represent a substantial advantage for metrology purposes. Here, a different approach has to be implemented. The RETRAP experiment
[249] implemented resistive ion cooling and later succeeded in sympathetically cooling HCI within a laser-cooled crystal of Be+ ions [274] in a Penning trap. However,
that method does not provide the advantages of Paul traps, which offer a field-free
region at the trap center and no shifts due to the Zeeman effect. For this purpose,
the Heidelberg group has initiated a program using a novel cryogenic linear Paul
trap, CryPTEx [275] built for that purpose [276]. Both the storage of HCI over time
scales amenable for laser spectroscopy, and reduction of interactions with blackbody radiation set very exacting requirements for this experiments (see Fig. 10.25).
Quantum-logic methods [278] and similar schemes based on interrogating the
coherent motional states of co-trapped ions ([279]) would offer a tool for detection
of extremely long-lived states [280] in the optical domain. Furthermore, applications
to the X-ray region have been proposed [281].
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Fig. 10.24 Intensity of the resonant fluorescence of the forbidden M1 transition 1s2 2s2 2p2 P3/2
∼2 P1/2 in Ar13+ while scanning the laser wavelength (vertical axis) versus trapping time under
conditions of evaporative cooling [250]. The Zeeman π components are observed in perpendicular
direction to the magnetic field axis. Their linewidth decreases with increasing trapping time as the
ion temperature (right scale) is reduced by evaporative cooling. At the same time, the related ion
losses degrade the signal-to-noise ratio
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Fig. 10.25 Principle of operation of the cryogenic linear Paul trap CryPTEx [275]. Be+ ions are
produced by photo-ionization of Be atoms from an atomic beam. Laser-cooled ion crystals of Be+
(images show a Mg+ and a mixed Mg+ + MgH+ ion crystal) are used to sympathetically cool
highly charged ions produced in an EBIT. The 4 K cryogenic environment enables a vacuum on the
order of 10−14 mbar and decouples the trapped ions from thermal radiation causing undesired shifts
in the laser transitions of interest. One long term goal of this experiment is studying the possible
time variation of the fine-structure constant α using quantum-logic readout of forbidden transitions
in the trapped highly charged ions [277]. Predictions indicate that the frequencies of some of those
transitions have an extremely high sensitivity to the value of α [266]
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10.10 Summary and Future Directions
Nearly three decades of spectroscopy with EBITs have boosted our knowledge of
QED and relativistic effects in the electronic structure of the ubiquitous HCI. New
directions have surged with the advent of free-electron lasers and extremely intense
X-ray sources. An interesting new field which has not yet been exploited for HCI
research is the use of laser-generated high harmonics in the femtosecond and attosecond range. These compact sources of VUV radiation will soon become a workhorse
of atomic physics, and their combination with trapped HCI seems a logical consequence. Cold crystals offer interesting possibilities not only in the visible and
UV regions, but also for the detection of X-ray photons, since the heating of the
crystal by the recoil due to photon emission and absorption in the X-ray domain
becomes appreciable [282]. In combination with synchrotron radiation sources and
X-ray free-electron lasers, this might prove to be a very powerful technique for X-ray
spectroscopy with sympathetically cooled ions.
Nuclear excitation effects resulting from interactions with the electronic shell are
an important and nearly unexplored field [283]. High resolution laser spectroscopy of
fine and hyperfine structure will achieve a far higher sensitivity to those effects as the
overlap of electronic wave functions with the nucleus is strongly enhanced in HCI.
An interesting alternative approach are proposed investigations of circular states in
Rydberg states of HCI [284], in which nuclear size effects can be made weaker in
order to address other physical parameters of e.g., QED with lower uncertainties.
X-ray metrology is currently bound to the use of crystals as standards of length.
However, their suitability beyond the parts-per-billion accuracy is seriously compromised by various solid state effects. The most serious problem is thermal expansion,
implying that a temperature stability on the order of mK is needed for achieving
such an accuracy. In contrast, electronic transitions in HCI are per se insensitive
to external effects to a much higher degree. Even the allowed X-ray transitions in
HCI, in spite of their rather large natural width, provide truly stable standards in
this region. Forbidden transitions of different types would allow for an stability far
beyond any other standards currently in sight, including Mössbauer transitions in
nuclei, since they are sensitive to the strong fields within their host crystals. Trapped
HCI can provide a very large number of transitions to be used as standards at much
higher frequencies (1020 Hz) than the current optical clocks (1016 Hz). The possible applications that such fast-running clocks would afford for both technology and
fundamental scientific studies can only be dreamed of.
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Moshammer, J. Ullrich, R.D. Dubois, Y. Zou, Physics with highly-charged ions in an EBIT.
Hyperfine Interact. 146, 109 (2003)
172. F.G. Serpa, J.D. Gillaspy, E. Träbert, Lifetime measurements in the ground configuration of
Ar13+ and Kr22+ using an electron beam ion trap. J. Phys. B: At. Mol. Opt. Phys. 31, 3345
(1998)
173. D.P. Moehs, D.A. Church, Magnetic dipole transition rates from measured lifetimes of levels
of Be-like and B-like argon ions. Phys. Rev. A: At. Mol. Opt. Phys. 58, 1111 (1998)
174. E. Träbert, Precise atomic lifetime measurements with stored ion beams and ion traps. Can.
J. Phys. 80, 1481 (2002)

368

J. R. Crespo López-Urrutia and Z. Harman

175. I.I. Tupitsyn, A.V. Volotka, D.A. Glazov, V.M. Shabaev, G. Plunien, J.R. Crespo, LópezUrrutia, A. Lapierre, J. Ullrich, Magnetic-dipole transition probabilities in B-like and Be-like
ions. Phys. Rev. A: At. Mol. Opt. Phys. 72, 062503 (2005)
176. A.N. Artemyev, V.M. Shabaev, I.I. Tupitsyn, G. Plunien, V.A. Yerokhin, QED calculation of
the 2p3/2 -2p1/2 transition energy in boronlike argon. Phys. Rev. Lett. 98, 173004 (2007)
177. K.T. Cheng, Y.K. Kim, J.P. Desclaux, Electric dipole, quadrupole, and magnetic dipole transition probabilities of ions isoelectronic to the first-row atoms, Li through F. At. Data Nucl.
Data Tables 24, 111 (1979)
178. C. Froese-Fischer, Multiconfiguration Hartree-Fock Breit-Pauli results for 2p1/2 –2p3/2 transitions in the boron sequence. J. Phys. B: At. Mol. Opt. Phys. 16, 157 (1983)
179. B. Warner, Transition probabilities in np and np5 configurations. Zeitschrift für Astrophysik
69, 399 (1968)
180. M.E. Galavís, C. Mendoza, C.J. Zeippen, Atomic data from the iron project. Astron. Astrophys. Suppl. 133, 245 (1998)
181. E. Charro, S. López-Ferrero, I. Martín, Forbidden emission coefficients for intraconfiguration
transitions 2p3/2 ∼2p1/2 along the boron sequence. J. Phys. B: At. Mol. Opt. Phys. 34, 4243
(2001)
182. T.R. Verhey, B.P. Das, W.F. Perger, Multiconfiguration Dirac-Fock calculation of the forbidden
2p1/2 –2p3/2 ground-state M1 transition in the boron isoelectronic sequence. J. Phys. B: At.
Mol. Opt. Phys. 20, 3639 (1987)
183. Z. Harman, U.D. Jentschura, C.H. Keitel, A. Lapierre, R.S. Orts, J.R. Crespo, López-Urrutia,
H. Tawara, J. Ullrich, A.N. Artemyev, I.I. Tupitsyn, A.V. Volotka, V.M. Shabaev, Correlation
and quantum electrodynamic effects on the radiative lifetime and relativistic nuclear recoil in
Ar13+ and Ar14+ ions. J. Phys: Conf. Ser. 58, 133 (2007)
184. V.M. Shabaev, QED theory of the nuclear recoil effect in atoms. Phys. Rev. A: At. Mol. Opt.
Phys. 57, 59 (1998)
185. I.I. Tupitsyn, V.M. Shabaev, J.R. Crespo, López-Urrutia, I. Draganič, R. Soria Orts, J. Ullrich,
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Chapter 11

Tests of Theory in Rydberg States
of One-Electron Ions
Joseph N. Tan and Peter J. Mohr

Abstract Comparison of optical frequency measurements to predictions of quantum
electrodynamics (QED) for Rydberg states of one-electron ions can test theory and
allow new determinations of constants of nature to be made. Simplifications in the
QED theory of high-angular-momentum states reduces the uncertainty in the prediction of transition frequencies to a level where a new value of the Rydberg constant
which is independent of the proton radius can be determined. Since the energy-level
spacing between neighbouring Rydberg states grows as the square of the nuclear
charge number, it is possible to study transitions with optical frequencies that are
accessible to femtosecond laser frequency combs. Recently at the US National Institute of Standards and Technology (NIST), highly charged ions (including bare nuclei)
created in an Electron Beam Ion Trap (EBIT) were extracted and captured in a novel
compact Penning trap. An ongoing experiment aims to produce one-electron ions
isolated in an ion trap designed for laser spectroscopy. Tests of theory in a regime
free of nuclear effects would be valuable in shedding light on the puzzle surrounding
the large discrepancy in the value of the proton radius inferred from the observed
Lamb shift in muonic hydrogen as compared to the value deduced from hydrogen
and deuterium spectroscopy and electron scattering measurements.

11.1 Introduction
Quantum electrodynamics (QED) is the first satisfactory quantum description of the
interaction of charged particles (and antiparticles) via the exchange of photons and of
the creation and annihilation of elementary particles. QED makes precise predictions
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for various physical quantities, and these predictions have been tested across a vast
array of phenomena. Spectroscopic measurements in atoms have played a crucial
role in spurring the development of QED to be the most accurate physical theory yet
invented.
This success seems all the more remarkable because, as the quantum field theory
of electrons and photons, QED does not remove the divergences well known in
Maxwell’s classical theory of electromagnetism; on the contrary, new infinities are
found in QED, associated with virtual processes in the vacuum. Sensible, finite
results are obtainable only after renormalisation; this is an art inextricably tied to the
introduction of fundamental constants, such as the electron mass and charge, into the
theory.
One-electron atomic systems are among the simplest quantum-mechanical objects
that have enabled very stringent tests of QED to be made, yielding some of the
most precise measurements of fundamental constants. For example, the value of the
Rydberg constant recommended by the Committee on Data for Science and Technology (CODATA), an interdisciplinary scientific committee of the International Council
for Science (ICSU), is obtained from precise measurements of various transitions
in hydrogen and its stable isotope deuterium taken together with electron scattering
measurements [1].
For over a hundred years, the study of hydrogen-like atoms has contributed to
our understanding of the quantum world. Figure 11.1 illustrates the eight orders-ofmagnitude improvement in the accuracy of the Rydberg constant in a 130-year history that includes many theoretical and experimental discoveries and developments
[2, 3]. As another example, assuming the validity of quantum electrodynamics (QED)
calculations at the tenth order, the fine-structure constant α (the universal constant
of electromagnetic interactions) is most precisely obtained from the electron |g| − 2
experiment, which measures the anomalous magnetic moment of a single electron
stored in a Penning trap (dubbed geonium, an engineered atom consisting of one
electron bound to the earth).
The first tests of the emerging formalism of QED came shortly after World War II.
Reference [11] reported the first measurement of the anomalous magnetic moment
of the electron; in the same year, Ref. [12] presented the first measurement of the
Lamb shift of the 2s level of hydrogen [13], another departure from the Dirac theory
of the hydrogen atom. These discoveries have led to more stringent tests of QED,
with remarkable progress over six decades. On the one hand, with control and minimization of cavity effects that limited early geonium |g| − 2 experiments [14, 15],
the magnetic moment of the electron |g| = 2(1 + ae ) has been measured recently at
Harvard University with a relative uncertainty of 2.8 × 10−13 using a single electron
isolated in a cylindrical Penning trap [16]; by comparison, the calculated magnetic
moment of the electron has a relative uncertainty of 5.2 ×10−12 coming mainly from
the uncertainty of the best independent determination of the fine-structure constant.
On the other hand, the hydrogen 1s − 2s transition has been measured with a relative
uncertainty of 1.4 × 10−14 [17]; here a test of theory is hampered by uncertainties
in the nuclear-size corrections.
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Fig. 11.1 Uncertainty in the determinations of the Rydberg constant over its history. Its current
uncertainty of 5 × 10−12 is beset by a puzzling discrepancy in the proton radius that is about 7
times as large as the uncertainty of the disagreement. LSA refers to a least-squares adjustment of
fundamental constants

Currently the accuracy in the determination of the Rydberg constant has a relative
uncertainty of 5.0 × 10−12 [1]. It seems astonishing that QED should have attained
such high accuracy based on abstractions employed to represent physical objects and
measurements, particularly when one of the pioneers in its development has noted
the ‘mathematical inconsistencies and renormalized infinities swept under the rug’
[18].
Looking to the future, in Sect. 11.5, we consider possible determinations of fundamental constants and tests of theory in Rydberg states of one-electron ions. This
has been discussed in [19], where it was pointed out that the problems that limit the
theoretical predictions in low-angular-momentum states are strongly suppressed in
Rydberg states with high angular momentum (high l), because the electron has a very
small probability of being near the nucleus in such states. Remarkably, the simplification of higher-order QED terms in Rydberg states yields an overall theoretical
uncertainty that is smaller than the uncertainties propagated from the fundamental
constants. In particular, even with its currently-assigned uncertainty of 5.0 × 10−12 ,
the Rydberg constant is the leading source of uncertainty in this regime, larger than
the uncertainties due to other constants by a factor of 100. Hence, if precise measurements can be made for comparison with theory, one-electron ions in Rydberg states
can be useful in testing QED in a regime with negligible nuclear effects. Assuming
that QED remains valid, this could enable a Rydberg constant determination that
is independent of the proton radius. As discussed in Sect. 11.3, interest in such a
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determination is heightened by the large discrepancy in the proton radius determined
from the recent measurement of the muonic hydrogen Lamb shift compared to the
determinations of the radius by other methods, which potentially would be impacted
by an independent measurement of the Rydberg constant. In Sect. 11.6, we describe
an experimental effort at NIST to make one-electron ions in Rydberg states via charge
transfer from highly-excited atom to bare nuclei isolated in a trap.

11.2 The Rydberg Constant
The Rydberg constant is a combination of fundamental constants:
R≡ = α 2 m e c/2h,

(11.1)

where h is the Planck constant, c is the speed of light, m e is the electron mass, and
α is the fine-structure constant. It plays a pivotal role in the CODATA least-square
adjustments. Historically, it first appeared as the overall coefficient in the mathematical formula connecting the light frequency (or wavelength) to the numbers
characterizing the atomic states involved in the light emission. This relationship was
first discovered phenomenologically in the spectral line emissions of hydrogen by
Johann Balmer, who showed that the visible lines in the series named after him are
related by a simple formula involving integers. Inspired by this discovery, Johannes
Rydberg showed that a more general formula which included small non-integral offsets (now called ‘quantum defects’) has much broader application by accounting for
perturbations due to core electrons when studying atoms with one highly-excited
electron (Rydberg atoms) [20]. Figure 11.1 shows the improvement in the determinations of the Rydberg constant going back over one hundred years; a compilation
of the experimental values can be found in Ref. [3].
The CODATA recommended value of the Rydberg constant has been obtained
primarily by comparing theory and experiment for twenty-four transition frequencies
or pairs of frequencies in hydrogen and deuterium [1]. The theoretical value for each
transition is the product of the Rydberg constant and a calculated factor based on
QED that also depends on other constants. While the most accurately measured
transition frequency in hydrogen (1S–2S) has a relative uncertainty of 1.4 × 10−14
[17], the recommended value of the Rydberg constant has a larger relative uncertainty
of 5.0 × 10−12 which is essentially the uncertainty in the theoretical factor which
includes the proton radius. The main source of uncertainty in the theoretical factor is
from the charge radius of the proton with additional uncertainty due to uncalculated
or partially calculated higher-order terms in the QED corrections.
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11.3 The Proton Radius Puzzle: Is QED in Trouble?
The uncertainty introduced into the theory of hydrogen and deuterium transition
frequencies due to uncertainty in the proton and deuteron charge radii can be reduced
by employing accurate independent determinations of the radii. Electron-proton and
electron-deuteron scattering experiments are important sources of information about
the radii. Potentially more accurate information is provided by comparison of theory
and experiment for muonic hydrogen. In this section, the various sources of information on the charge radii are briefly reviewed, and the discrepancy that leads to the
proton radius puzzle is described.

11.3.1 Spectroscopic Data and the Rydberg Constant
Values of the Rydberg constant and the proton and deuteron charge radii follow
from precise spectroscopic measurements on hydrogen and deuterium. For the 2010
CODATA determination of the constants, 24 frequencies or differences of frequencies
were taken into account. These data are listed in Table 11.1. Comparison of theory
and experiment, which does not include electron scattering values for the radii, leads
to a value of the Rydberg constant given by [1]
R≡ = 10 973 731.568 521(82) m−1 ,

(11.2)

which has a relative uncertainty of 7.4 × 10−12 , and a value for the proton radius
given by [1]
rp = 0.8758(77) fm .

(11.3)

The theoretical input used in the analysis is described in [1]. The main source
of uncertainty, as has been mentioned, is the uncertainty in the proton charge
radius. A smaller, but not negligible, uncertainty arises from uncalculated theoretical
contributions.

11.3.2 Scattering Determinations of the Radii
The accuracy of the Rydberg constant extracted from hydrogen and deuterium spectroscopic data can be improved by including information on the nuclear charge radii
from electron scattering experiments in the analysis. Electron-proton scattering data
values of the proton radius rp and an electron-deuteron scattering data value of the
deuteron radius rd used as input data in the 2010 CODATA adjustment are
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Table 11.1 Measured frequencies ν considered in the LSA determination of the Rydberg constant
R≡ (H is hydrogen and D is deuterium)
Frequency interval(s)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

MPQ 2004 (Fischer et al. [23])
νH (1S1/2 − 2S1/2 )
MPQ 1995 (Weitz et al. [24])
νH (2S1/2 − 4S1/2 ) − 41 νH (1S1/2 − 2S1/2 )
νH (2S1/2 − 4D5/2 ) − 41 νH (1S1/2 − 2S1/2 )
νD (2S1/2 − 4S1/2 ) − 14 νD (1S1/2 − 2S1/2 )
νD (2S1/2 − 4D5/2 ) − 41 νD (1S1/2 − 2S1/2 )
MPQ 2010 (Parthey et al. [25])
νD (1S1/2 − 2S1/2 ) − νH (1S1/2 − 2S1/2 )
LKB/SYRTE 1997 (de Beauvoir et al. [25])
νH (2S1/2 − 8S1/2 )
νH (2S1/2 − 8D3/2 )
νH (2S1/2 − 8D5/2 )
νD (2S1/2 − 8S1/2 )
νD (2S1/2 − 8D3/2 )
νD (2S1/2 − 8D5/2 )
LKB/SYRTE 1999 (Schwob et al. [26])
νH (2S1/2 − 12D3/2 )
νH (2S1/2 − 12D5/2 )
νD (2S1/2 − 12D3/2 )
νD (2S1/2 − 12D5/2 )
LKB 2010 (Arnoult et al. [27])
νH (1S1/2 − 3S1/2 )
LKB 1996 (Bourzeix et al. [28])
νH (2S1/2 − 6S1/2 ) − 41 νH (1S1/2 − 3S1/2 )
νH (2S1/2 − 6D5/2 ) − 41 νH (1S1/2 − 3S1/2 )
Yale 1995 (Berkeland et al. [29])
νH (2S1/2 − 4P1/2 ) − 41 νH (1S1/2 − 2S1/2 )
νH (2S1/2 − 4P3/2 ) − 41 νH (1S1/2 − 2S1/2 )
Harvard 1994 (Hagley and Pipkin [30])
νH (2S1/2 − 2P3/2 )
Harvard 1986 (Lundeen and Pipkin [31])
νH (2P1/2 − 2S1/2 )
U. Sussex 1979 (Newton et al. [32])
νH (2P1/2 − 2S1/2 )

Reported value
ν/kHz

Rel. stand.
uncert. u r

2 466 061 413 187.080(34)

1.4 × 10−14

4 797 338(10)
6 490 144(24)
4 801 693(20)
6 494 841(41)

2.1 × 10−6
3.7 × 10−6
4.2 × 10−6
6.3 × 10−6

670 994 334.606(15)

2.2 × 10−11

770 649 350 012.0(8.6)
770 649 504 450.0(8.3)
770 649 561 584.2(6.4)
770 859 041 245.7(6.9)
770 859 195 701.8(6.3)
770 859 252 849.5(5.9)

1.1 × 10−11
1.1 × 10−11
8.3 × 10−12
8.9 × 10−12
8.2 × 10−12
7.7 × 10−12

799 191 710 472.7(9.4)
799 191 727 403.7(7.0)
799 409 168 038.0(8.6)
799 409 184 966.8(6.8)

1.2 × 10−11
8.7 × 10−12
1.1 × 10−11
8.5 × 10−12

2 922 743 278 678(13)

4.4 × 10−12

4 197 604(21)
4 699 099(10)

4.9 × 10−6
2.2 × 10−6

4 664 269(15)
6 035 373(10)

3.2 × 10−6
1.7 × 10−6

9 911 200(12)

1.2 × 10−6

1 057 845.0(9.0)

8.5 × 10−6

1 057 862(20)

1.9 × 10−5

1 MPQ: Max-Planck-Institut für Quantenoptik, Garching. LKB: Laboratoire Kastler-Brossel, Paris.

SYRTE: Systèmes de référence Temps Espace, Paris, formerly Laboratoire Primaire du Temps et
des Fréquences (LPTF)

rp = 0.895(18) fm ,

(11.4)

rp = 0.8791(79) fm ,
rd = 2.130(10) fm .

(11.5)
(11.6)
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The value of rp in Eq. (11.4) is based on Sick’s analysis of the world data available
at the time [21]. Equation (11.5) gives a value based on measurements made at the
Mainz Microtron MAMI and analysed using a variety of form-factor models [4]. The
result for rd in Eq. (11.6) is the result of an analysis of the world data by Sick [22].
More recent values for the proton radius from scattering data have been given
since the 2010 CODATA cutoff date for input data. Precise measurement of the ratio
of the electric to magnetic form factors over a range of Q 2 was made at the Thomas
Jefferson National Accelerator facility in Virginia (JLab). These data, combined with
selected earlier data, yield the value rp = 0.875(10) fm [5, 33]. Sick has obtained
rp = 0.894(8) fm [6] and rp = 0.886(8) fm [7] by supplementing the scattering data
with a calculation of the shape of the large radius proton charge distribution. The
analysis leading to the latter value for rp includes data from Ref. [4]. An analysis
of existing data with an analytic form-factor model has yielded a smaller radius
rp = 0.8489(69) fm [8].
The consensus of these values is consistent with the 2010 CODATA recommended
value for the proton radius. Exceptions are the result of [6] which is slightly larger and
the result of [8] which is significantly smaller. The various treatments of the electron
scattering data and the difficulties in arriving at a unique result for the proton radius
are discussed in Ref. [34].

11.3.3 Proton Radius from Muonic Hydrogen
It is expected that a better value for the proton radius, which would lead to a better
value for the Rydberg constant, can be obtained from muonic hydrogen, an atom
consisting of a negative muon and a proton. Due to its larger mass, the Bohr radius
of the muon is about 207 times smaller than the electron Bohr radius. As a result,
the splitting of the 2S and 2P states in muonic hydrogen is quite sensitive to the size
of the proton, which contributes about 2 % to the total Lamb shift. (Because of the
large electron-vacuum-polarization effect, the 2S1/2 level is below both the 2P3/2
and 2P1/2 levels.)
In measurements carried out at the Paul Scherrer Institute (PSI), Villigen, Switzerland, the 2S1/2 (F = 1) − 2P3/2 (F = 2) and 2S1/2 (F = 0) − 2P3/2 (F = 1) transitions in muonic hydrogen have been accurately measured [9, 35, 36]. These results,
when combined with the theory for the transition, lead to [36]
rp = 0.840 87(39) fm .

(11.7)

Because of the discrepancy between this value of the proton radius and the values obtained from spectroscopic data or electron scattering data, the theory for the
transition frequency has been reviewed many times. Recent reviews, which also list
earlier reviews, are given in references [34, 37–43].
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11.3.4 Comparison of the Determinations of the Proton Radius
Values of the proton radius discussed in Sects. 11.3.1–11.3.3 are shown in Fig. 11.2.
Based on both spectroscopic data and the electron scattering data, the CODATA
recommended value of the Rydberg constant is [1]
R≡ = 10 973 731.568 539(55) m−1

(11.8)

which has a relative uncertainty of 5.0 × 10−12 , and the recommended value of the
proton radius is [1]
rp = 0.8775(51) fm .

(11.9)

If the proton radius from muonic hydrogen in Eq. (11.7) is compared to the
CODATA 2010 recommended value in Eq. (11.9), there is a 7 ρ disagreement. If
it is compared to the value in Eq. (11.3), based on only H and D spectroscopic data,
the disagreement is 4.5 ρ .

Fig. 11.2 Values of the proton radius rp given in Sects. 11.3.1–11.3.3. The entry at the top sets
the scale for the graph. The values, from top to bottom, are from Refs. [1, 4–10, 36]. Error bars
represent 1 standard uncertainty
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Fig. 11.3 Transition frequencies in hydrogen and deuterium. Deviations from theory are large
when the proton radius deduced from the muonic hydrogen Lamb-shift is included among the input
data. Error bars represent 1 standard uncertainty

Alternatively, if the proton radius derived from muonic hydrogen is included
among the input data for a least-squares adjustment of the spectroscopic data, the
result is an apparent inconsistency between the fitted values of the transition frequencies and the experimental values used as the input data, as shown in Fig. 11.3
[1]. An additional problem with including the muonic hydrogen proton radius in
a least-squares analysis of the spectroscopic data is that it leads to a value of the
fine-structure constant given by α −1 = 137.035 881(35) [2.6 × 10−7 ], which differs
from the 2010 recommended value by 3.4 ρ [1]. The value of R≡ from such an
adjustment is [1]
R≡ = 10 973 731.568 175(12) m−1 .

(11.10)

This value of the Rydberg constant differs from the 2010 recommended value by
6.5 ρ .
These discrepancies constitute the proton radius puzzle. At this time, there is no
explanation for the disagreements between the muonic hydrogen Lamb shift data
and both the H and D spectroscopic data and the electron-proton scattering data. It
may be necessary to modify QED to properly account for the muon data, or there still
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may be a contribution from conventional QED that has not been taken into account
properly.

11.3.5 Comparison of the Determinations of the Rydberg Constant
As shown in the previous sections, there is disagreement between the values of the
Rydberg constant determined from the H and D spectroscopic data with and without
the inclusion of the proton radius data from muonic hydrogen. The reason for this is
that S states play an important role in the determination of the Rydberg constant in
the least-squares adjustments, and these states are relatively strongly affected by the
size of the nucleus.
On the other hand, there is the possibility of using Rydberg states to determine
the Rydberg constant. Such a determination would be virtually independent of the
proton or nuclear radius, because high-δ states have a negligible overlap with the
nucleus. Thus such an independent value for the Rydberg constant might favour one
of the values associated with either including or not including the muonic hydrogen
proton radius in the analysis, thereby shedding light on the proton radius puzzle.
In this regard, it is of interest to note that there is an existing unpublished measurement of the Rydberg constant made in Rydberg states [44]

10

-11

R

(11.11)

8

R≡ = 10 973 731.56834(23) m−1

µ

8

-

.

x

Fig. 11.4 Values of the Rydberg constant based on microwave transitions in circular states of
hydrogen, the value obtained by including the muonic hydrogen proton radius in the least-squares
adjustment of H and D data, and the 2010 recommended value. First entry sets the scale of the
graph. Error bars represent 1 standard uncertainty
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Values for the Rydberg constant in Eqs. (11.8), (11.10), and (11.11) are shown
in Fig. 11.4. It is apparent from that figure that an independent determination of the
Rydberg constant from Rydberg states with even a modest accuracy might distinguish
between the values involving S states with or without the muonic hydrogen data
included.

11.4 Optical Transitions Between Rydberg States
Optical frequency combs [45] can be used to make precise measurements of optical
transitions between Rydberg states. For example, laser spectroscopy of antiprotonic
helium together with theoretical calculations of the atomic structure have been used
to weigh the antiproton [46]. On the other hand, if CPT symmetry is assumed, the
experiments and theory can be interpreted as a determination of the electron mass.
For one-electron ions in Rydberg states, the optical frequency combs have the
potential of making precise absolute frequency measurements which can lead to a
determination of the Rydberg constant. Although transitions between Rydberg states
in neutral atoms are typically in the microwave frequency range, in highly-ionized
ions, the frequencies can be in the optical range, as shown in Fig. 11.5. In that figure,
the frequencies corresponding to transitions between adjacent Bohr energy levels
(n to n − 1) in hydrogen-like ions are shown as a function of the principle quantum
number of the upper level n and the charge number of the nucleus Z . The coloured
bands indicate the (optical) colours corresponding to the frequencies in that figure.
The pink band is approximately the region of infra-red frequencies.
Much of this parameter space is accessible to optical frequency synthesizers based
on mode-locked femtosecond lasers, which readily provide ultra-precise reference
rulers (optical frequency combs) spanning the near-infrared and visible region of the
optical spectrum (530–2100 nm). Even when the absolute accuracy is limited by the
primary frequency standard (a few parts in 1016 ), optical frequency combs can enable
relative frequency measurements with uncertainties approaching 1 part in 1019 over
Fig. 11.5 Iso-frequency plots
showing values of Z and
approximate n that give a specified value of the frequency
for transitions changing the
principal quantum number
n by 1 in a one-electron ion
with nuclear charge Z . Colour
bands represent frequencies
in the near infrared and visible
region

386

J. N. Tan and P. J. Mohr

100 THz of bandwidth [47]—making comb-based measurements generally more
precise than other existing technologies. The precisely controlled pulse train from
a femtosecond laser can also be used directly to probe the global atomic structure,
thus integrating the optical, Tera-Hertz, and radio-frequency domains [48].
This is an advantage, because heavier hydrogen-like ions with a higher nuclear
charge Z have larger fine-structure separations, which scale as Z 4 . As a consequence,
the Rydberg states are far more robust against perturbations such as Stark mixing
than Rydberg states in the microwave regime. In addition, the charged ions repel each
other, so the effect of short range collisions can be expected to be less important.

11.5 Theory of Rydberg States
In this section, we consider the theory of one-electron ions in Rydberg states, focusing
on aspects unique to the high-δ case. In particular, simplifications in the theory reduce
the uncertainties and allow accurate predictions of the energy levels to be made.
Radiative transitions are also discussed.

11.5.1 Simplification of Nuclear Size and Higher-Order
QED Effects
The largest source of uncertainty in determining the Rydberg constant from spectroscopy of H and D is the uncertainty in the nuclear radius, which translates into
uncertainty in the theoretical values of the transition frequencies. For states with
high orbital angular momenta δ, this uncertainty is relatively smaller than in lower-δ
states, because in the high-δ case, the probability P(r ) for the electron to be found
within a short distance r of the nucleus is very low. As a consequence, the nuclearsize correction to the energy level is small, and knowledge of the nuclear size is
unimportant. For a Rydberg state of a hydrogen-like ion with charge number Z , high
principal quantum number n, and angular momentum δ = n − 1, this probability is


1
dx|Δ(x)| ≈
P(r ) =
(2n + 1)!
|x|<r
2



2Zr
na0

2n+1
,

(11.12)

where a0 is the Bohr radius. If r is taken to be the nuclear radius, then the high-power
factor, together with the factorial in the denominator, leads to an almost complete suppression of nuclear effects for circular or near-circular Rydberg states. For example,
if n = 5 and Z = 5, then P(1 fm) ≈ 10−56 .
Another advantage of high-δ states for theory is the fact that the higher-order
corrections in the QED theory of the levels are relatively smaller for these states
compared to low-δ states. Thus, the perturbation expansion of the theoretical expressions for the energy levels, as a function of Z α, provides relatively more accurate
results with a given number of terms.
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Since these two portions of the theory have the largest associated uncertainties,
their elimination significantly reduces the relative uncertainty for the theory of the
transition frequencies to the extent that in certain cases the Rydberg constant is
the largest source of uncertainty. Then, a comparison of theory and experiment for
the transitions can provide information on the Rydberg constant and potentially
improve its accuracy.

11.5.2 High--State Energy Levels in Hydrogen-Like Atoms
In this section, we list the known theoretical expressions for the energy levels of
hydrogen-like ions and give numerical results with estimates of the uncertainties for
special cases. Reviews of the theory and references to original work are given in
[1, 49, 50]. Here the theory is given only for δ ∼ 2.
The energy levels can be written as
E n = E DM + E RR + E QED ,

(11.13)

a sum of the Dirac energy with nuclear motion corrections E DM , relativistic recoil
corrections E RR , and radiative corrections E QED .
For the first term, the difference between the Dirac eigenvalue E D and the electron
rest energy, is proportional to


−1/2
(Z α)2
1+
α D m e c = ED − m e c =
− 1 m e c2 , (11.14)
(n − π)2


(Z α)4
1
3
(Z α)2
−
α2 D = −
+
+ ... ,
(11.15)
2
2n
8n
2j + 1
n3
2

2

2

where j is the total angular momentum quantum number, π = |ω| − ω 2 − (Z α)2 ,
and ω = (−1)δ+ j+1/2 ( j + 1/2) is the Dirac spin-angular quantum number. The
expansion in Eq. (11.15) shows the leading Schrödinger and fine-structure terms.
The energy level, taking into account the leading nuclear motion effects, is given
by [50]
E DM



rN2 μ3r Z 4 α 2
rN μ3r α 2 2
D + 3
,
= 2hc R≡ μr D −
2
2n ω(2δ + 1)

(11.16)

where rN = m e /m N is the ratio of the electron mass to the nucleus mass, and
μr = 1/(1 + rN ) is the ratio of the reduced mass to the electron mass.
Relativistic corrections to Eq. (11.16), associated with motion of the nucleus are
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E RR



8
rN Z 5 α 3 3
7
μr − ln k0 (n, δ) −
= 2hc R≡
τ n3
3
3l(δ + 1)(2δ + 1)


2
δ(δ + 1)
+ ... ,
(11.17)
+ τ Zα 3 −
n2
(4δ2 − 1)(2δ + 3)

where ln k0 (n, δ) is the Bethe logarithm. We assume that the uncertainty due to
uncalculated higher-order terms is Z α ln (Z α)−2 times the last term in Eq. (11.17).
Quantum electrodynamics (QED) corrections for high-δ states are
E QED


4
ae
3 α
+ μr
− ln k0 (n, δ)
ω(2δ + 1)
τ
3


2
32 3n − δ(δ + 1) (2δ − 2)!
1
2
(Z α) ln
+
3
n2
(2δ + 3)!
μr (Z α)2

+(Z α)2 G(Z α) ,
(11.18)

Z 4 α2
= 2hc R≡ 3
n

− μ2r

where ae is the electron magnetic moment anomaly and G(Z α) is a function that
contains higher-order QED corrections. Equation (11.18) contains no explicit vacuum polarization contribution because of the damping of the wave function near the
origin where the polarization effect is largest. The quantity ae replaces the order-byorder terms in the theory that are equivalent to the free-electron magnetic moment
anomaly. Instead, the experimental value is used for the sum of all such terms in
order to eliminate uncertainty associated with the calculated values and higher-order
omitted terms. We employ the value ae = 1.159 652 180 73(28) × 10−3 obtained in
a recent experiment [51].
The dominant terms in G(Z α) are expected to be of the form
G(Z α) = A60 + A81 (Z α)2 ln (Z α)−2 + A80 (Z α)2 + . . .
α
α 2
+ B60 + · · · +
C60 + . . . ,
τ
τ

(11.19)

where the letters A, B, and C indicate contributions arising from one-, two-, and
three-photon Feynman diagrams, respectively. The function G(Z α) = G SE (Z α) +
G VP (Z α) is the sum of contributions from self-energy (SE) diagrams and vacuumpolarization (VP) diagrams. The coefficients A60 and A81 arise from the self energy,
and A80 arises from both the self energy and the long-range component of the vacuum
polarization.
The first two terms in Eq. (11.19) come from the one-loop self energy
G SE (Z α) = A60 + A81 (Z α)2 ln (Z α)−2 + . . . ,

(11.20)

and the leading contribution is given by the term A60 . Calculated values for this
coefficient are given in Table 11.2 [19, 52]. Results of a complete calculation of
the one-loop self energy, given in Table 11.3, are consistent with the calculation of
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Table 11.2 Calculated
values for the coefficient A60
from [19, 52]. The numbers
in parentheses are standard
uncertainties in the last figure

Table 11.3 Calculated
values for the coefficient
G SE (Z α) with Z = 14, 16
from [53]. The numbers in
parentheses are standard
uncertainties in the last figure
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n

δ = n − 2, j = δ −

δ = n − 1, j = δ −

9
10
11
12
13
14
15
16

7.018
3.655 111(5) × 10−5
2.008 438(5) × 10−5
1.019 187(5) × 10−5
0.679 575(5) × 10−5
0.410 825(5) × 10−5
0.252 108(5) × 10−5
0.155 786(5) × 10−5

3.860
2.158 923(5) × 10−5
1.259 580(5) × 10−5
0.759 620(5) × 10−5
0.469 973(5) × 10−5
0.296 641(5) × 10−5
0.189 309(5) × 10−5
0.121 749(5) × 10−5

n

δ = n − 2, j = δ +

δ = n − 1, j = δ +

9
10
11
12
13
14
15
16

28.939
16.589 245(5) × 10−5
10.111 871(5) × 10−5
6.331 080(5) × 10−5
4.318 998(5) × 10−5
2.979 937(5) × 10−5
2.116 050(5) × 10−5
1.540 181(5) × 10−5

14.918
9.141 150(5) × 10−5
5.882 197(5) × 10−5
3.940 256(5) × 10−5
2.729 475(5) × 10−5
1.945 279(5) × 10−5
1.420 631(5) × 10−5
1.059 674(5) × 10−5

1
2
373(5) × 10−5

1
2
349(5) × 10−5

1
2
225(5) × 10−5

n

Z

δ = n − 2, j = δ −

13
13
14
14
15
15
n
13
13
14
14
15
15

14
16
14
16
14
16
Z
14
16
14
16
14
16

0.676(9) × 10−5
0.682(4) × 10−5
0.403(8) × 10−5
0.408(6) × 10−5
0.243(9) × 10−5
0.249(3) × 10−5
δ = n − 2, j = δ +
4.317(5) × 10−5
4.321(2) × 10−5
2.974(5) × 10−5
2.978(3) × 10−5
2.107(9) × 10−5
2.114(2) × 10−5

1
2
400(5) × 10−5

1
2

δ = n − 1, j = δ −

1
2

1
2

0.469(9) × 10−5
0.468(7) × 10−5
0.296(9) × 10−5
0.296(9) × 10−5
0.184(7) × 10−5
0.191(9) × 10−5
δ = n − 1, j = δ +
2.728(9) × 10−5
2.728(5) × 10−5
1.944(9) × 10−5
1.945(9) × 10−5
1.415(7) × 10−5
1.423(9) × 10−5

1
2

the leading term, which provides an independent check against substantial errors in
either calculation [53]. The good agreement also indicates that the higher-order terms
are not significantly larger than expected. The uncertainty in G SE (Z α) is assumed to
be given by A60 (Z α)2 ln (Z α)−2 , where the coefficient A81 in the first omitted term
is replaced by A60 for the estimate.
The vacuum-polarization contribution to A80 is extremely small [54]. The twophoton coefficient B60 has not been calculated for high-δ states. However, a comparison of calculated values of B60 [55] and A60 [56] for δ ≤ 5, suggests it is of the
order of 4|A60 |, which is taken to be its uncertainty. The three-photon term C60 is
expected to be the next term, and is assumed to be negligible.
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Table 11.4 Transition frequencies between the highest- j states with n = 14 and n = 15 in
hydrogen-like helium and hydrogen-like neon
Term

4 He+ ν(THz)

20 Ne9+ ν(THz)

E DM
E RR
E QED
Total

8.652 370 766 016(43)
0.000 000 000 000
−0.000 000 001 894
8.652 370 764 122(43)

216.335 625 5749(11)
0.000 000 000 1
− 0.000 001 184 1
216.335 624 3909(11)

Table 11.5 Sources and
estimated relative standard
uncertainties in the theoretical
value of the transition
frequency between the
highest- j states with n = 14
and n = 15 in hydrogen-like
helium and hydrogen-like
neon

Source
Rydberg constant
Fine-structure constant
Electron-nucleus mass ratio
ae
Theory: E RR higher order
Theory: E QED A81
Theory: E QED B60

He+
× 10−12

5.0
3.3 × 10−16
5.5 × 10−14
5.1 × 10−20
6.2 × 10−17
1.7 × 10−18
8.6 × 10−18

Ne9+
5.0 × 10−12
8.2 × 10−15
1.1 × 10−14
1.3 × 10−18
2.4 × 10−14
1.6 × 10−14
5.4 × 10−15

11.5.3 Transition Frequencies and Uncertainties
To put the theory presented above into perspective, we list the numerical predictions
for transition frequencies for two different ions, and indicate the various sources
of uncertainties. We consider the frequency of the transition between the state with
29
n = 14, δ = 13, j = 27
2 and the state with n = 15, δ = 14, j = 2 in the
+
9+
hydrogen-like ions He and Ne . The constants used in the evaluation are the 2010
CODATA recommended values [1], with the exception of the neon nucleus mass
m(20 Ne10+ ) which is taken from the neon atomic mass [57], corrected for the mass
of the electrons and their binding energies. Values of the various contributions and
the total are given as frequencies in Table 11.4. Standard uncertainties are listed with
the numbers where they are non-negligible. The largest uncertainty arises from the
Rydberg frequency c R≡ , which is a common factor in all of the contributions. There
is no uncertainty from the Planck constant since ν = (E 15 − E 14 )/ h, and h drops
out when calculating the frequency.
Table 11.5 gives sources and estimates of the various known uncertainties in the
theory. By way of comparison, in hydrogen, the relative uncertainty from the twophoton term B60 for the 1S–2S transition is of the order of 10−12 whereas in the
n = 14 to n = 15 Rydberg transitions the QED relative uncertainties are orders of
magnitude smaller, as indicated in that table. The convergence of the expansion of
the QED corrections in powers of Z α is significantly faster for Rydberg transitions,
because of the smallness of the higher-order terms for the high-δ states compared to
S states.
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11.5.4 Natural Line Widths
The advantages of using optical transitions between Rydberg states come with experimental trade-offs associated with a large spontaneous emission rate. Natural decay
linewidths tend to be small for states from which electric dipole (E1) decay is
forbidden (as in the case of the 2S level). In contrast, the spontaneous decay rate
for a circular Rydberg state is dominated by an electric dipole E1 transition from the
highest-δ value of the state n to the highest-δ value of the state n − 1.
Formally, the QED level shift given by Eq. (11.18) is the real part of the radiative
correction. The complete radiative correction to the level can be written as EQED =
E QED −i ∂ /2 which is complex with an imaginary part proportional to the decay rate
A = ∂ / of the level. In the non-relativistic framework, for a state with principal
quantum number n and angular momentum δ = n − 1, the dominant decay mode is
an E1 transition to state with n ↔ = n − 1 and δ↔ = n ↔ − 1 [58]. Reference [58] gives
the corresponding expression for the decay rate, which is the non-relativistic limit of
the imaginary part of the level shift:
∂n ∞ hc R≡ Z 4 α 3

4n 2n−4 (n − 1)2n−2
4n−1 .

3 n − 21

(11.21)

The imaginary part of the level shift gives the natural width of the level, and when
this is taken into account, the resonant frequency of the transition between states
with quantum numbers n and n − 1, as a function of the frequency of the applied
laser field, has a full width at half maximum given by ∂n + ∂n−1 . A measure of the
quality of the line for making precision measurements is the ratio of the transition
energy to the resonance width, given by
Q=

E n − E n−1
3n 2
∞
+ ... ,
∂n + ∂n−1
4α(Z α)2

(11.22)

where the expression on the right is the asymptotic form as n ∞ ≡ of the nonrelativistic value. Figure 11.6 gives a contour plot of the values of n and Z that give
a specified value of Q based on Eq. (11.21).
In addition to a width of the resonance, there can be an asymmetry in the line
shape that affects the relationship between the measured frequency distribution and
the level splitting. Such effects have been shown to be small by Low [59], of order
α(Z α)2 E QED . For example, for the 1S–2S transition in hydrogen, they are completely negligible at the current level of experimental accuracy [60]. However, for
Rydberg states of hydrogen-like ions, particularly at higher-Z , asymmetries in the
line shape could be more significant. Such effects, some of which might depend on
the detailed configuration of the experiment, can be calculated if necessary [19].
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Fig. 11.6 Graph showing combinations of nuclear charge Z and approximate n values that give the
same ratio of the transition frequency to the natural linewidth of the transition resonance between
circular states of one-electron ions with principal quantum number n and n − 1

11.6 Experiment
As discussed in Sect. 11.5, Rydberg states of hydrogen-like ions with δ > 2 essentially avoid a number of problems associated with either higher-order binding corrections to QED interactions or the nuclear size effect in Lamb shift predictions.
In the cases considered for planned experiments, the higher-order QED corrections
for Rydberg states are smaller by a factor of about 107 compared to S states while
the nuclear size effect is completely negligible, providing significant advantages in
making accurate predictions.
Of particular interest are Rydberg states with maximum angular momentum or
circular states, so-called because the probability density is significant only in an
annular region centred on the nucleus. In addition to aforementioned advantages,
other useful features of circular states include: (1) the longest lifetime in a given
shell n, and (2) suppressed Stark effect. In fact, circular Rydberg states of hydrogen
in the microwave regime have been used in very precise measurements of transition frequencies [44]; as a result, a determination of the Rydberg constant has been
made with a 2.1 × 10−11 relative uncertainty [44]. In Fig. 11.4 we compare this
result based upon circular-state transitions with more recent determinations of the
Rydberg constant. Unfortunately, the precision of the hydrogen circular-state measurements is not sufficient to help resolve the large discrepancy between the µp
measurement and the hydrogen measurements (CODATA). In retrospect, the large
dipole moments in circular Rydberg states of hydrogen would significantly increase
the measurement uncertainty due to the possible perturbations from the dipole-dipole
interaction between Rydberg atoms [61]. In contrast, such dipole-dipole interaction
would be orders of magnitude smaller between one-electron Rydberg ions since the
wavefunction is concentrated more tightly around a highly charged nucleus.
Experiments with cold, one-electron Rydberg ions may be possible for a wide
range of nuclear charge Z and angular momentum δ. A considerable array of tools
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and techniques have emerged in the last two decades which enable ‘engineered atoms’
to be formed in traps and tailored in specific states of experimental interest. Cooling
techniques [62] routinely used with singly- or doubly-ionized atoms, for instance, can
be exploited to cool highly charged ions. Man-made quantum systems—for example,
antihydrogen [63] or a single electron in a Penning trap [15]—have the potential to
extend the range of precision measurements that probe nature. In this section, we
describe an experimental effort at NIST to produce one-electron ions in Rydberg
states by isolating bare nuclei in a trap for recombination via electron capture from
laser-excited alkali atoms.

11.6.1 Source of Fully-Stripped Ions
Various methods have been used to produce Rydberg states [20]. Generally, one (or
a combination) of the following mechanisms is used: (1) electron impact excitation,
(2) photo-excitation, or (3) charge exchange. High angular-momentum states present
some challenges when dealing with highly charged ions. Electron impact excitation
from the ground state tends to produce low-δ Rydberg states since it changes angular
momentum by only one unit. Even for low-Z one-electron ions, lasers with the proper
frequency are not readily available for photo-excitation from the ground state. On the
other hand, recombination by electron capture from a highly-excited atom produces
Rydberg states with high δ; it is noteworthy that, following charge exchange, the
recombined Rydberg ion tends to evolve via radiative cascade towards a circular
state (maximum angular momentum) [66].
To use charge exchange for producing hydrogen-like ions, fully-stripped ions
(bare nuclei) must be isolated in a trap. Fully-stripped ions can be obtained from an
electron beam ion trap (EBIT). An EBIT has been in operation at NIST since 1993
[67]. The EBIT at NIST has an existing beamline for ion extraction [65]. Figure 11.7
provides a simplified schematic diagram of the experimental set-up. As discussed in
the next section, we recently demonstrated that a compact Penning trap [68] can be
used for capturing ions extracted from the EBIT at NIST.
Highly charged ions (HCI) are produced in an EBIT by repeated electron impact
ionization of atoms injected as a neutral gas target via a nozzle (alternatively, low
charge-state metal ions can be injected from a metal-vapor vacuum arc [MeVVA]
source [69]). In an EBIT, a nearly-monoenergetic electron beam is accelerated
through high voltage Ue to reach high energies e Ue as it travels through the axis
of a stack of three electrodes called drift tubes; for the EBIT at NIST, an electron
beam current as high as 150 mA can be used, accelerated to energies up to 30 keV.
Coaxial with the drift tubes is a strong magnetic field (≈3 T) which compresses the
radial extent of the electron beam, yielding very high current density. Confinement
of positively-charged ions is similar to that in a Penning trap, with the drift tubes
biased to form an electrostatic potential well along the trap symmetry axis; however,
radial confinement of ions is dominated by attraction to the tightly-compressed, axial
electron beam. Confined ions collide with the intense electron beam repeatedly and
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Fig. 11.7 Simplified schematic of the experimental set-up (not to scale). Highly stripped ions are
produced in an EBIT (right). Extracted ion pulses are transported to an analysing magnet in the
beamline. Detailed descriptions of the extraction beamline have been published in [64, 65]. Ions
of a selected charge state are deflected by the analysing magnet into the vertical beamline, where a
90◦ bender deflects them into the experimental apparatus (left)

are ionized to successively higher charge states limited by the kinetic energy of the
electron beam.
A mixture of several charge states is produced in an EBIT, bounded by the ionizing
energy of the electron beam, with a relative distribution determined by various tuning
parameters. For the purpose of capturing and isolating the ions in an experimental
apparatus, the HCI mixture is extracted in bunches by quickly ramping the EBIT
middle drift tube up in voltage. The extracted ion pulse accelerates out of the drift
tube region, with each ion of charge number Q acquiring substantial kinetic energy
(≈ Q e Ue ) as it departs from the potential ’hill’ that accelerates the electron beam.
Typical ion pulse energies for the experiments of interest here are between 2,000 Q
eV and 4,000 Q eV. The process of slowing and capturing the extracted ions in a
compact Penning trap is discussed in detail in a forthcoming publication, and is
briefly described below in Sect. 11.6.2.
During ion extraction, an ion pulse from the EBIT is injected vertically into
the extraction beamline (described elsewhere [65]). As shown in Fig. 11.7, a 90◦
electrostatic bender turns the ion pulse into the horizontal beamline, which transports
the ion bunch to an analysing magnet located ≈3.8 m from the EBIT. The analysing
magnet allows selection of one specific ion charge state by adjusting its magnetic
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Fig. 11.8 Charge states of neon resolved by the analysing magnet, detected on a Faraday cup near
the bottom of the vertical beamline. The Faraday cup signal is plotted as a function of the magnetic
field generated by the analysing magnet. The leftmost peak corresponds to fully-stripped 20 Ne10+
(bare nuclei)

field to the proper value necessary for deflecting an ion of a chosen mass/charge
ratio into the vertical section of the beamline. Figure 11.8 illustrates the selection
of a specific charge state by controlling the magnetic field of the analysing magnet.
Downstream in the vertical beamline, another 90-degree electrostatic bender is used
to divert the ion pulse to the experimental apparatus as illustrated in Fig. 11.9, where
ions can be detected on a Faraday cup or a microchannel plate. The total path length
from the EBIT to the compact Penning trap in the experimental apparatus is ≈7.2 m.

11.6.2 Capturing Bare Nuclei in a Compact Penning Trap
We have recently demonstrated that a compact Penning trap can be useful for
capturing ions extracted from an EBIT [68]. The experimental apparatus shown in
Fig. 11.9 was designed to utilize the remaining space (≈1m3 ) at the end of the ion
extraction beamline. It incorporates a compact Penning trap for capturing ion pulses
extracted from the EBIT. A Penning trap can be made very compact by embedding
annular rare-earth (NdFeB) magnets within its electrode structure. The electrode
structure uses electrical-iron to close the magnetic circuit. The unitary architecture
of this two-magnet, compact Penning trap is represented in Fig. 11.10, with a threedimensional rendering shown in the inset of Fig. 11.9; a more detailed description has
been presented in Ref. [68]. The endcap electrodes have holes to allow passage of ions
along the trap axis. Not shown in Fig. 11.9 are the vacuum pumps (non-evaporable
getter, turbo-molecular and ion pumps) which evacuate the room-temperature chamber to a residual gas pressure of ≈1.2 × 10−7 Pascal (or 9 × 10−10 Torr).
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Fig. 11.9 Experimental apparatus for capturing ions extracted from an EBIT using a compact
Penning trap. Quarter-cut three-dimensional representation of major components with vacuum
chamber in lighter shades. Inset shows a zoomed view of the unitary Penning trap and the light
collection optics. Ions enter the apparatus from the right hand side

An ion beam or pulse entering the apparatus is steered by two orthogonal pairs
of deflection plates, and focussed by an Einzel lens into the compact Penning trap.
The electrodes in the trapping region have been carefully designed to optimize ion
capture. Details on capturing ions with a compact Penning trap are presented in a
forthcoming publication [70]. Here we give a brief summary.
The axial confinement well of the compact Penning trap is formed by symmetrically biasing the endcaps to higher electrical potential than on the ring electrode,
typically between 10 V and 40 V. In preparation for injecting an ion pulse into the
Penning trap, the potential of the ‘front’ endcap facing the incoming ion pulse is
momentarily lowered below the ring electrode potential. The trap is kept open during the transit of the ions pulse from the EBIT to the compact Penning trap. Ions
steered and focussed into the Penning trap are captured by switching the front endcap
rapidly back to its high potential setting, ideally when the ions are turning around
from the ‘back’ endcap. Simulations aid the design of trap components to attain
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Fig. 11.10 A Penning trap made extremely compact with a unitary architecture. (Left) Crosssectional view showing 2 annular NdFeB magnets embedded within the electrode structure.
Re-entrant, soft-iron endcap electrodes are used to close the magnetic circuit to strengthen the
field at the centre. (Right) Calculated magnetic field generated by the two rare-earth magnets is
represented in false colour. More details are provided in [68]

good capture efficiency. Various operating parameters are also important; foremost
are: (1) proper timing for closing the trap; and (2) matching the electrical potential
of the compact Penning trap to the extraction energy in order to slow the ions as
much as possible in the trapping region. Various ion species extracted from an EBIT
(including: Ne10+ , Ne9+ , Ne8+ , Ar16+ , Ar15+ , Ar14+ , Ar13+ , and Kr17+ ) have been
captured and isolated in the two-magnet Penning trap [71].
The apparatus provides relatively easy access to the stored ions along several
directions for various experiments. Occupying less than 150 cm3 of volume, the
compact Penning trap is readily configured with several detectors. In particular, the
ring electrode has four equidistant holes to provide midplane line-of-sight access to
the stored ions. The trap is centred on a six-way cross with one of the ring electrode
holes aligned with the vertical axis of the vacuum cross, and an orthogonal hole
aligned with the horizontal window. As illustrated in the inset of Fig. 11.9, the top
hole in the ring electrode has an embedded aspheric lens which, together with the
lens system mounted outside the top window, collects and focusses light emitted by
the trapped ions into a photomultiplier. Very recently, highly charged ions isolated
in this unitary Penning trap have been used in experiments to observe forbidden
radiative decay [72].
Stored ions can be detected also by ejection to a retractable, time-of-flight (TOF)
micro-channel plate (MCP) detector, with ≈1 ns response time to resolve different
charge states. Alternatively, if the TOF detector is retracted, a position-sensitive
MCP detector can be used. Details of the ion detection scheme are in [68]. These
capabilities have been useful in fine-tuning the ion beam and in measuring the storage
lifetime of captured ions [71, 73].
Fully-stripped neon ions (bare Ne10+ nuclei) have been extracted from an EBIT
and captured in the unitary Penning trap. An ion cloud in a Penning trap attains
dynamical equilibrium by rotation (spin) about the trap axis to generate a v × B
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Fig. 11.11 Time-of-flight detection of highly charged ions ejected from the two-magnet Penning
trap after various storage times [68, 71], showing charge-state evolution of captured bare nuclei due
to electron capture from residual background gas. Neon ions are stored in the Penning trap for times
ranging from 1 ms to 4 s, with applied potential difference γV = 10 V between the ring and endcap
electrodes. In particular, output of the TOF detector is plotted versus arrival time (relative to the
ejection trigger) for storage times of (a) 1 ms and (b) 2 s. The detector signal scale is magnified by
a factor of 10 from (a) to (b). The TOF signal peak for each charge state is converted to ion counts
in order to show (c) the evolution of charge states due to charge exchange, normalized to the initial
population of Ne10+ ions observed at the 1 ms storage time. Error bars represent 1ρ uncertainty

compressive force which counter-balances the Coulomb repulsion (or space-charge
repulsion) between ions. For most practical cases, an ion cloud expands radially if
the rotation slows down due to some torque acting on the cloud (which may come
from trap imperfections or misalignment). Radial expansion of the ion cloud can
lead to number loss when some ions strike the wall of the ring electrode. Even in
a well-constructed trap wherein cloud expansion is very slow, an ion can change
charge state due to electron capture from residual gas atoms.
The charge-state composition of an ion cloud can be analysed from the time-offlight of ejected ions to the fast MCP detector. The endcap nearest the TOF detector
is switched to 400 V below the ring voltage in about 50 ns, ramping out the ions
in a pulse. Figure 11.11a shows the TOF signal of bare Ne10+ nuclei ejected to
the detector after 1 ms of confinement in the two-magnet Penning trap. If there are
multiple charge states, several peaks will be observed. Lower charge stages have later
arrival times due to their smaller charge-to-mass ratio. Figure 11.11b illustrates the
mixture of charge states produced from the charge exchange between a cloud of bare
nuclei (initial state) and the background gas atoms, detected after 2 s confinement.
The TOF is sufficiently fast to fully resolve the lower charge states produced by

11 Tests of Theory in Rydberg States of One-Electron Ions

399

Fig. 11.12 Loss rate of ions stored in the compact Penning trap. (Left) Exponential decay of detected
ions as a function of confinement time. The vacuum chamber pressure for these measurements is
≈1.7 ×10−7 Pa (1.3 × 10−9 Torr). (Right) The ion loss rate varies linearly with the residual gas
pressure in the vacuum chamber. A voltage difference of γV = 10 V was applied between the ring
and endcap electrodes of the Penning trap. Error bars represent 1ρ uncertainty. See Ref. [68] for
more details

charge exchange. Figure 11.11c shows the charge-state evolution as a function of
confinement time.
Collisions with the residual gas atoms or molecules in the vacuum chamber
deplete the initial ion species captured in the Penning trap. In Fig. 11.11c, the initial
charge state (Ne10+ bare nuclei; red squares) decays exponentially with time constant 1.09(2)s, as lower charge states grow; the sum of all observed charge states
decays with a longer time constant 2.41(6)s. The variation of these decay rates with
the amount of residual gas is illustrated in Fig. 11.12, showing their linear proportionality to the background gas pressure. Loss of stored bare nuclei is largely due
to charge exchange. Ion cloud expansion can explain the decay of the charge-state
sum [68]. It is noteworthy that the decay rates extrapolate to nearly zero, indicating
that the compact Penning trap imperfections do not contribute significantly to the
torque driving the ion cloud expansion. If the background gas pressure is reduced,
for example by cooling the vacuum envelope with a cryo-cooler, then the lifetime
of the charge state of interest can be lengthened (and the ion cloud expansion rate
reduced) considerably.
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11.6.3 Charge-Exchange Recombination: One-Electron
Rydberg Ions
One-electron ions in high-δ Rydberg states have attractive features for testing theory.
Undoubtedly challenging to realize, such elegantly-simple quantum system can be
engineered using an array of tools and techniques that have emerged in atomicmolecular-optical physics within the last two decades. For example, production of
cold antihydrogen at the European Laboratory for Particle Physics (CERN) demonstrated two ways for an antiproton to capture a positron in high-δ Rydberg states:
(1) three-body recombination during positron cooling of antiprotons; or (2) positron
capture from positronium in a two-stage charge-exchange mechanism [63]. In addition, Doppler-tuned laser spectroscopy of Rydberg states has been used to study the
atomic cores of highly charged ions in crossed-beam experiments [74].
The effort under way at NIST will develop a unitary, compact Penning trap
(Fig. 11.10) to facilitate the interaction of stored bare nuclei with an excited atomic
beam for the formation of one-electron ions in Rydberg states via charge exchange.
In the planned experiment, a beam of alkali atoms enters the compact Penning trap
through one of the holes in the ring electrode and they are excited by lasers to Rydberg
states. The charge-exchange reaction between a bare nucleus A of charge Z colliding
a target atom B prepared in an excited state with a principal quantum number n is
represented by the formula
A+Z + B(n) ∞ A+Z −1 (ñ) + B + ,

(11.23)

where ñ is the principal quantum number of the one-electron ion A+Z −1 immediately
after recombination. A classical-trajectory Monte Carlo (CTMC) method has been
used to estimate the electron capture cross-section, with the low-velocity limit given
by [75]
ρcx ≈ 5.5Z τ n 4 ao2 ,

(11.24)

which indicates that the large geometrical cross-section for a Rydberg target atom
with radius rn = n 2 ao is further enhanced by a factor 5.5 Z .
CTMC simulations also showed that the excited electron in the target atom
attempts to preserve its original orbital dimension and energy during the electron
capture process, leading to an initial post-collisional quantum number distribution
given by
≥
n Z ≤ ñ ≤ n Z ,

(11.25)

with the most probable state being roughly ñ ≈ [n Z + n Z 1/2 ]/2 [75]. Results of
crossed-beam experiments which studied ion-Rydberg atom collisions are consistent
with this model [20, 76]. As an illustration, the CTMC model predicts that Rydberg
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states in the range 63 < ñ < 200 are obtainable for Ne10+ nucleus colliding with a
target atom prepared in n = 20 excited state, with the peak near ñ ≈ 130.

11.7 Summary
With the assumption that the theory is correct, QED is used to determine values of the
relevant fundamental constants by adjusting their values to give the best agreement
with experiments [77]. The Rydberg constant, for example, is currently determined
to 5.0 × 10−12 uncertainty by adjusting its value to give predictions of atomic transition frequencies that agree best with twenty-four spectroscopic measurements in
hydrogen and deuterium. The accuracy of the Rydberg constant determination using
hydrogen spectroscopy is limited by theoretical uncertainties associated with the
nuclear-size effects and, to a lesser extent, the two-loop QED contributions. In such
a comparison between theory and experiments, the proton radius can also be adjusted
to give the best agreement.
Surprisingly, recent measurements of the Lamb shift in muonic hydrogen, when
compared with QED calculations, require a proton radius that is almost seven standard
deviations smaller than the radius inferred from hydrogen spectroscopy and electron
scattering experiments. The discrepant proton-radius value obtained from muonic
hydrogen Lamb shift measurements has a significant impact on the determination of
the Rydberg constant if used together with spectroscopic measurements of hydrogen
and deuterium. This has generated renewed interest in alternative measurements that
are independent of the proton radius. Although transitions between circular states
of neutral hydrogen have been measured in the microwave regime and yield such
a value of the Rydberg constant, the uncertainty is larger than the aforementioned
discrepancy, and may be dominated by large dipole-dipole interactions.
In view of the availability of optical frequency combs, earlier theoretical work at
NIST has addressed the possibility of comparing theory with measurements of optical
transitions between Rydberg states in one-electron ions isolated in a trap. Attractive
features of using one-electron ions include the robustness of Rydberg states when the
energy spacing between neighbouring states is magnified by some power of a larger
nuclear charge, making the Rydberg states more immune to external perturbations.
Moreover, in contrast to neutral Rydberg atoms, the dipole-dipole interaction (which
may have limited the MIT Rydberg hydrogen experiment [61]) would be orders of
magnitude weaker due to the smaller orbitals around a stronger nuclear attraction.
Finally, as reviewed here, recent calculations at NIST have shown that the theory
of Rydberg states in one-electron ions is remarkably simplified for high angular
momentum (δ > 2).
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