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Outline
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• QCD Thermodynamics in theory and experiment 
• Theoretical methodology 
• Improved actions and continuum limit 
• Criticality in QCD 
• Deconfinement 
• QCD equation of state 
• Outlook
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Units of measure
• Convenient unit of energy for subatomic physics is 

• For this talk: 
• Typical length scale:  
• Natural units 

1 = ~c ' 200 MeV ⇥ 1 fm

1 eV = 1.6⇥ 10�19 J

~ = c = 1

1 MeV = 106 eV

1 fm = 10�15 m

• Typical mass scales: 
light quarks ~ few MeV 

pion ~ 140 MeV 
proton ~ 1 GeV
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Standard Model
• Quantum Field Theory: 
• Quantum Chromodynamics 
• Electro-Weak = QED + 

weak interaction 
• EW+QCD=Standard Model 
• Very successful, but many 

puzzles remain

• QED − most developed, i.e. electron magnetic moment:
ae(exp) = 1159652180.73(0.28)⇥ 10�12

ae(the) = 1159652181.13(0.11)(0.37)(0.02)(0.77)⇥ 10�12

Aoyama et al. PRD85 (2012)
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Quantum Chromodynamics
• QM + SR = QFT 
• Quantum Chromodynamics 
• Electro-Weak = QED + 

weak interaction 
• EW+QCD=Standard Model 
• SM − very successful, but 

many puzzles remain
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Quantum Chromodynamics
• QM + SR = QFT 
• Quantum Chromodynamics 
• Electro-Weak = QED + 

weak interaction 
• EW+QCD=Standard Model 
• SM − very successful, but 

many puzzles remain

• Zero temperature: properties 
of individual hadrons, 
masses, decays, etc.

• Finite temperature: collective behavior, response to 
change in external parameters, thermodynamics
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QCD Thermodynamics

Alexei Bazavov (MSU) May 10, 2019 8/49



QCD phases

• Asymptotic freedom 
suggests weakly 
interacting phase at 
high temperature or 
density
Collins and Perry (1975), Cabbibo and Parisi (1975)

• Need very high T, 
about 1012 K!
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QCD Thermodynamics

• What is the order of the transition to QGP at !B=0? 

• What is the transition temperature? 
• What are the signatures of deconfinement and chiral symmetry 

restoration? 

• What is the structure of the phase diagram at !B>0? 

• What is the equation of state of QGP? 
• What happens to the QCD spectrum close to the transition? 
• How do the interactions get screened in the plasma? 
• At what temperatures does the asymptotic regime (weakly 

interacting gas) become valid?
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Heavy-ion collisions

RHIC, BNL: 
PHENIX, STAR 
gold-gold

LHC, CERN: 
ALICE, ATLAS, CMS 
lead-lead

Discovery: QGP − perfect fluid �/s 6 0.2
BRAHMS, PHOBOS, STAR, PHENIX, NPA 757 (2005)
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Heavy-ion collisions

• Collide heavy nuclei at almost the speed of light 
• If the energy is high enough, hadrons melt and the 

system is in the quark-gluon plasma phase 
• The system expands, cools down and breaks into the 

hadrons of the final state, which are detected
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Theoretical methodology
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QCD: running coupling constant
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• Small at large energy scale − asymptotic freedom 

Bazavov et al. PRD86 (2012)

Gross and Wilczek; Politzer (1973)

• Large at low energies (where we live) 
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Quantum field theory
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Quantum field theory
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Lattice gauge theory

• Euclidean space-time 
• Hypercubic lattice 
• This is gauge-invariant 

regularization, cutoff π/a 
• Fermions integrated out

Alexei Bazavov (MSU) May 10, 2019 16/49



Lattice gauge theory

• Evaluate path integrals by Monte Carlo − random 
walk in the phase space 

• Physics recovered in the continuum limit 

• Euclidean space-time 
• Hypercubic lattice 
• This is gauge-invariant 

regularization, cutoff π/a 
• Fermions integrated out
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QCD spectrum
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© 2012 Andreas Kronfeld/Fermi Natl Accelerator Lab.

Review by Kronfeld (2012)

• Hadrons: lattice vs experiment
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Finite-temperature QCD

• 1996 – SU(3) pure gauge theory on lattice, first-
order phase transition, equation of state, continuum

• 1975 – QGP phase suggested
Collins and Perry (1975), Cabbibo and Parisi (1975)

• 1979 – perturbative equation of state

• 1981 – SU(2) pure gauge theory on the lattice

Kapusta (1979)

McLerran, Svetitsky (1981), Kuti et al. (1981), Engels et al. (1981)

Boyd et al. (1996)
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• 2014 – 2+1 flavor QCD equation of state on the 
lattice, physical masses, continuum

• 2006 – nature of the transition in 2+1 flavor QCD, 
crossover

• 2012 – QCD chiral crossover temperature, physical 
masses, continuum

Finite-temperature QCD

Bernard et al. [MILC] (2005), Cheng et al. [RBC-Bielefeld] (2006), Aoki et al. [BW] (2006)

Aoki et al. [BW] (2010), Bazavov et al. [HotQCD] (2012)

Bazavov et al. [HotQCD] (2014), Borsanyi et al. [BW] (2014)
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• 2017 – QCD equation of state at finite density up to 
the sixth order in baryon chemical potential

• 2019 – QCD chiral crossover temperature, physical 
masses, continuum, high precision

Finite-temperature QCD

Bazavov et al. [HotQCD] (2017)

Bazavov et al. [HotQCD] (2019)
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Improved actions and continuum limit
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Improved actions

• Need to discretize a first order differential operator:
df

dx
! 1

2a
[f(x+ a)� f(x� a)] +O(a2)

• To reduce discretization error either use a finer grid, 
but more computationally expensive...
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Improved actions

• Need to discretize a first order differential operator:
df

dx
! 1

2a
[f(x+ a)� f(x� a)] +O(a2)

df

dx
! 2

3a
[f(x+ a)� f(x� a)]� 1

12a
[f(x+ 2a)� f(x� 2a)] +O(a4)

• To reduce discretization error either use a finer grid, 
but more computationally expensive...

• ...or use a smarter finite difference:

• Note: same continuum limit
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HISQ action

• Highly − more improvement than previously 
• Improved − adding higher-order (irrelevant) 

operators suppresses discretization effects 
• Staggered − particular fermion discretization scheme 

which partially deals with the fermion doubling 
problem 

• Quarks
Follana et al. [HPQCD] PRD75 (2007), Bazavov et al. [MILC] PRD82 (2010)

Symanzik (1980)

Kogut and Susskind (1975)
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Why continuum limit is a big deal?

• Lattice artifacts make the spectrum heavier, 
the lightest states are the most affected 

• Simulation cost scales as
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Criticality in QCD and chiral crossover
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Criticality in QCD
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Pisarski and Wilczek (1984)

• Pure gauge – infinitely 
heavy quarks 

• QCD – almost massless 
quarks 

• Criticality in the chiral limit
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Pisarski and Wilczek (1984)

• Pure gauge – infinitely 
heavy quarks 

• QCD – almost massless 
quarks 

• Criticality in the chiral limit

h�̄�i ⇠ d lnZ

dm• Order parameter – chiral condensate

• Chiral susceptibility � ⇠ h( ̄ )2i � h ̄ i2
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Chiral symmetry
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Crossover temperature (2012)
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• Continuum extrapolation at the physical mass:

Bazavov et al. [HotQCD] PRD85 (2012)

Tc = 154(9) MeV
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Crossover temperature (2019)

Steinbrecher, PhD thesis (2018), Bazavov et al. [HotQCD] accepted PLB (2019)
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Deconfinement
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Fluctuations of conserved charges

�XY
mn =

⇥(m+n)[p(µ̂X , µ̂Y )/T 4]

⇥µ̂m
X⇥µ̂n

Y

����
�µ=0

X,Y = B,S,Q

µ̂ = µ/T

�µ = (µB , µS , µQ)

⇥X
2 ⇠

⌦
(�NX)2

↵
, �NX = NX � hNXi

• Generalized susceptibilities

• At low temperatures the partition function of QCD 
can be well approximated by a non-interacting gas of  
resonances – Hadron Resonance Gas (HRG) model

Hagedorn (1965), Dashen, Ma and Bernstein (1969)
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Fluctuations of conserved charges

• Baryon number fluctuations (left) 
• Strangeness fluctuations (right)

Bazavov et al. [HotQCD] PRD86 (2012)
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Fluctuations of conserved charges

• Comparison with ALICE data
Braun-Munzinger, Kalweit, Redlich, Stachel, PLB747 (2015)
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QCD equation of state
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QCD equation of state

• Pressure via the integral method

Z =

Z
DUD�̄D� exp{�S}

�µµ ⌘ �� 3p = �T

V

d lnZ

d ln a

p

T 4
� p0

T 4
0

=

Z T

T0

dT 0 �� 3p

T 05

• The partition function

• The trace anomaly

• Requires additive renormalization due to breaking of 
the Lorentz symmetry (high computational cost)
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• Additional contributions at

Borsanyi et al [WB] PLB730 (2014), Bazavov et al. [HotQCD] PRD90 (2014) 

QCD equation of state
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µB > 0, µQ = µS = 0
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• Trace anomaly, p, s (left) and speed of sound (right)  
at zero baryon chemical potential 
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• Additional contributions at
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• Trace anomaly, p, s (left) and speed of sound (right)  
at zero baryon chemical potential 

36/49



Bazavov et al. [HotQCD] PRD95 (2017), Borsanyi et al [WB] JHEP10 (2018) 

QCD equation of state at Omu

Alexei Bazavov (MSU) May 10, 2019

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 140  160  180  200  220  240  260  280

T [MeV]

χ2
B free quark gas

Tc=(154 +/-9) MeV

ms/ml=20 (open)
27 (filled)

PDG-HRG

cont. extrap.

Nτ=16

12

8

6

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 140  160  180  200  220  240  260  280
 0

 0.05

 0.1

 0.15

 0.2

 130  140  150  160  170  180

T [MeV]

cont. extrap.

ms/ml=27, Nτ=6

8

12

16

PDG-HRG

QM-HRG

 0

 0.05

 0.1

 0.15

 0.2

 130  140  150  160  170  180

χ2
B

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 140  160  180  200  220  240  260  280

HRG

free quark gas

   

ms/ml=20 (open)
27 (filled)

χ
4B
/χ

2B

T [MeV]

cont. est.

Nτ=6

8

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 140  160  180  200  220  240  260  280
-2

-1

 0

 1

 2

 3

 140  160  180  200  220  240  260  280

ms/ml=20 (open)
27 (filled)

χ
6B
/χ

2B

T [MeV]

cont. est.

Nτ=6

8

-2

-1

 0

 1

 2

 3

 140  160  180  200  220  240  260  280

HRG

O(µ6
B)

<latexit sha1_base64="MAB1c/1eSxOA7+Hyt4AJiMfByIc=">AAACHHicbVDLSsNAFJ34Nr6qLt0Ei6CbkrSgLotu3KlgbaGJYTK9bYfOTOI8hBL6IW78FTcuFHHjQvBvnD7ARz0wcDjnXO7ck2SMKu37n87M7Nz8wuLSsruyura+UdjculapkQRqJGWpbCRYAaMCappqBo1MAuYJg3rSOx369TuQiqbiSvcziDjuCNqmBGsrxYVKmECHihxuzUgZuOf7ITfxyc3hQShSYXgC0g1BtL4jcaHol/wRvGkSTEgRTXARF97DVkoMB6EJw0o1Az/TUY6lpoTBwA2NggyTHu5A01KBOagoHx038Pas0vLaqbRPaG+k/pzIMVeqzxOb5Fh31V9vKP7nNY1uH0c5FZnRIMh4UdswT6fesCmvRSUQzfqWYCKp/atHulhiom2fri0h+HvyNLkul4JKqXxZLlZPJnUsoR20i/ZRgI5QFZ2hC1RDBN2jR/SMXpwH58l5dd7G0RlnMrONfsH5+AKFpKJE</latexit>

37/49



Bazavov et al. [HotQCD] PRD95 (2017), Borsanyi et al [WB] JHEP10 (2018) 

QCD equation of state at Omu

Alexei Bazavov (MSU) May 10, 2019

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 140  160  180  200  220  240  260  280

T [MeV]

χ2
B free quark gas

Tc=(154 +/-9) MeV

ms/ml=20 (open)
27 (filled)

PDG-HRG

cont. extrap.

Nτ=16

12

8

6

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 140  160  180  200  220  240  260  280
 0

 0.05

 0.1

 0.15

 0.2

 130  140  150  160  170  180

T [MeV]

cont. extrap.

ms/ml=27, Nτ=6

8

12

16

PDG-HRG

QM-HRG

 0

 0.05

 0.1

 0.15

 0.2

 130  140  150  160  170  180

χ2
B

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 140  160  180  200  220  240  260  280

HRG

free quark gas

   

ms/ml=20 (open)
27 (filled)

χ
4B
/χ

2B

T [MeV]

cont. est.

Nτ=6

8

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 140  160  180  200  220  240  260  280
-2

-1

 0

 1

 2

 3

 140  160  180  200  220  240  260  280

ms/ml=20 (open)
27 (filled)

χ
6B
/χ

2B

T [MeV]

cont. est.

Nτ=6

8

-2

-1

 0

 1

 2

 3

 140  160  180  200  220  240  260  280

HRG

O(µ6
B)

<latexit sha1_base64="MAB1c/1eSxOA7+Hyt4AJiMfByIc=">AAACHHicbVDLSsNAFJ34Nr6qLt0Ei6CbkrSgLotu3KlgbaGJYTK9bYfOTOI8hBL6IW78FTcuFHHjQvBvnD7ARz0wcDjnXO7ck2SMKu37n87M7Nz8wuLSsruyura+UdjculapkQRqJGWpbCRYAaMCappqBo1MAuYJg3rSOx369TuQiqbiSvcziDjuCNqmBGsrxYVKmECHihxuzUgZuOf7ITfxyc3hQShSYXgC0g1BtL4jcaHol/wRvGkSTEgRTXARF97DVkoMB6EJw0o1Az/TUY6lpoTBwA2NggyTHu5A01KBOagoHx038Pas0vLaqbRPaG+k/pzIMVeqzxOb5Fh31V9vKP7nNY1uH0c5FZnRIMh4UdswT6fesCmvRSUQzfqWYCKp/atHulhiom2fri0h+HvyNLkul4JKqXxZLlZPJnUsoR20i/ZRgI5QFZ2hC1RDBN2jR/SMXpwH58l5dd7G0RlnMrONfsH5+AKFpKJE</latexit>

37/49



Bazavov et al. [HotQCD] PRD95 (2017), Borsanyi et al [WB] JHEP10 (2018) 

QCD equation of state at Omu

Alexei Bazavov (MSU) May 10, 2019

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 140  160  180  200  220  240  260  280

T [MeV]

χ2
B free quark gas

Tc=(154 +/-9) MeV

ms/ml=20 (open)
27 (filled)

PDG-HRG

cont. extrap.

Nτ=16

12

8

6

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 140  160  180  200  220  240  260  280
 0

 0.05

 0.1

 0.15

 0.2

 130  140  150  160  170  180

T [MeV]

cont. extrap.

ms/ml=27, Nτ=6

8

12

16

PDG-HRG

QM-HRG

 0

 0.05

 0.1

 0.15

 0.2

 130  140  150  160  170  180

χ2
B

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 140  160  180  200  220  240  260  280

HRG

free quark gas

   

ms/ml=20 (open)
27 (filled)

χ
4B
/χ

2B

T [MeV]

cont. est.

Nτ=6

8

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 140  160  180  200  220  240  260  280
-2

-1

 0

 1

 2

 3

 140  160  180  200  220  240  260  280

ms/ml=20 (open)
27 (filled)

χ
6B
/χ

2B

T [MeV]

cont. est.

Nτ=6

8

-2

-1

 0

 1

 2

 3

 140  160  180  200  220  240  260  280

HRG

O(µ6
B)

<latexit sha1_base64="MAB1c/1eSxOA7+Hyt4AJiMfByIc=">AAACHHicbVDLSsNAFJ34Nr6qLt0Ei6CbkrSgLotu3KlgbaGJYTK9bYfOTOI8hBL6IW78FTcuFHHjQvBvnD7ARz0wcDjnXO7ck2SMKu37n87M7Nz8wuLSsruyura+UdjculapkQRqJGWpbCRYAaMCappqBo1MAuYJg3rSOx369TuQiqbiSvcziDjuCNqmBGsrxYVKmECHihxuzUgZuOf7ITfxyc3hQShSYXgC0g1BtL4jcaHol/wRvGkSTEgRTXARF97DVkoMB6EJw0o1Az/TUY6lpoTBwA2NggyTHu5A01KBOagoHx038Pas0vLaqbRPaG+k/pzIMVeqzxOb5Fh31V9vKP7nNY1uH0c5FZnRIMh4UdswT6fesCmvRSUQzfqWYCKp/atHulhiom2fri0h+HvyNLkul4JKqXxZLlZPJnUsoR20i/ZRgI5QFZ2hC1RDBN2jR/SMXpwH58l5dd7G0RlnMrONfsH5+AKFpKJE</latexit>

37/49



Bazavov et al. [HotQCD] PRD95 (2017), Borsanyi et al [WB] JHEP10 (2018) 

QCD equation of state at Omu

Alexei Bazavov (MSU) May 10, 2019

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 140  160  180  200  220  240  260  280

T [MeV]

χ2
B free quark gas

Tc=(154 +/-9) MeV

ms/ml=20 (open)
27 (filled)

PDG-HRG

cont. extrap.

Nτ=16

12

8

6

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 140  160  180  200  220  240  260  280
 0

 0.05

 0.1

 0.15

 0.2

 130  140  150  160  170  180

T [MeV]

cont. extrap.

ms/ml=27, Nτ=6

8

12

16

PDG-HRG

QM-HRG

 0

 0.05

 0.1

 0.15

 0.2

 130  140  150  160  170  180

χ2
B

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 140  160  180  200  220  240  260  280

HRG

free quark gas

   

ms/ml=20 (open)
27 (filled)

χ
4B
/χ

2B

T [MeV]

cont. est.

Nτ=6

8

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 140  160  180  200  220  240  260  280
-2

-1

 0

 1

 2

 3

 140  160  180  200  220  240  260  280

ms/ml=20 (open)
27 (filled)

χ
6B
/χ

2B

T [MeV]

cont. est.

Nτ=6

8

-2

-1

 0

 1

 2

 3

 140  160  180  200  220  240  260  280

HRG

O(µ6
B)

<latexit sha1_base64="MAB1c/1eSxOA7+Hyt4AJiMfByIc=">AAACHHicbVDLSsNAFJ34Nr6qLt0Ei6CbkrSgLotu3KlgbaGJYTK9bYfOTOI8hBL6IW78FTcuFHHjQvBvnD7ARz0wcDjnXO7ck2SMKu37n87M7Nz8wuLSsruyura+UdjculapkQRqJGWpbCRYAaMCappqBo1MAuYJg3rSOx369TuQiqbiSvcziDjuCNqmBGsrxYVKmECHihxuzUgZuOf7ITfxyc3hQShSYXgC0g1BtL4jcaHol/wRvGkSTEgRTXARF97DVkoMB6EJw0o1Az/TUY6lpoTBwA2NggyTHu5A01KBOagoHx038Pas0vLaqbRPaG+k/pzIMVeqzxOb5Fh31V9vKP7nNY1uH0c5FZnRIMh4UdswT6fesCmvRSUQzfqWYCKp/atHulhiom2fri0h+HvyNLkul4JKqXxZLlZPJnUsoR20i/ZRgI5QFZ2hC1RDBN2jR/SMXpwH58l5dd7G0RlnMrONfsH5+AKFpKJE</latexit>

37/49



Bazavov et al. [HotQCD] PRD95 (2017)

QCD equation of state at Omu

Alexei Bazavov (MSU) May 10, 2019

O(µ6
B)

<latexit sha1_base64="MAB1c/1eSxOA7+Hyt4AJiMfByIc=">AAACHHicbVDLSsNAFJ34Nr6qLt0Ei6CbkrSgLotu3KlgbaGJYTK9bYfOTOI8hBL6IW78FTcuFHHjQvBvnD7ARz0wcDjnXO7ck2SMKu37n87M7Nz8wuLSsruyura+UdjculapkQRqJGWpbCRYAaMCappqBo1MAuYJg3rSOx369TuQiqbiSvcziDjuCNqmBGsrxYVKmECHihxuzUgZuOf7ITfxyc3hQShSYXgC0g1BtL4jcaHol/wRvGkSTEgRTXARF97DVkoMB6EJw0o1Az/TUY6lpoTBwA2NggyTHu5A01KBOagoHx038Pas0vLaqbRPaG+k/pzIMVeqzxOb5Fh31V9vKP7nNY1uH0c5FZnRIMh4UdswT6fesCmvRSUQzfqWYCKp/atHulhiom2fri0h+HvyNLkul4JKqXxZLlZPJnUsoR20i/ZRgI5QFZ2hC1RDBN2jR/SMXpwH58l5dd7G0RlnMrONfsH5+AKFpKJE</latexit>

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 140  160  180  200  220  240  260  280

µB/T=2

µB/T=2.5

µB/T=1

HRG

nS=0, nQ/nB=0.4

[P
(T

,µ
B)

-P
(T

,0
)]/

T4

T [MeV]

O(µB
6)

O(µB
4)

O(µB
2)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 140  160  180  200  220  240  260  280

µB/T=2

µB/T=2.5

µB/T=1

HRG

nS=0, nQ/nB=0.4

n B
(T

,µ
B)

/T
3

T [MeV]

O(µB
6)

O(µB
4)

O(µB
2)

• The contribution to the pressure due to finite 
chemical potential (left) and the baryon number 
density (right) for strangeness neutral systems
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• Comparison with perturbative calculations
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• Update of the equation of state at high temperature,  
reaching up to 2 GeV

Bazavov, Petreczky, Weber PRD97 (2018)

QCD equation of state at high temperature

Alexei Bazavov (MSU) May 10, 2019
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Future challenges
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1.Finite baryon chemical potential
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1.Finite baryon chemical potential

Sign problem

?
?

?
?
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1.Finite baryon chemical potential

• RHIC beam energy scan phase 2 
• New experiments at lower energies at FAIR, GSI 

and NICA, Dubna 
• No agreement on the location of the critical point 

and phases at high density on the lattice 
• Progress in the Taylor expansion method, but higher 

orders are very noisy – high computational cost 
• Need more work!
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• Suppression of heavy quarkonia states due to 
screening was suggested as a signature of QGP

Bazavov and Petreczky (2012)

2.Heavy flavor and spectral functions

• Free energy of static 
quark anti-quark pair − 
screening in the plasma

Matsui and Satz (1986)
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• Suppression of heavy states (e.g. Upsilon) is indeed 
observed!

CMS, PRL109 (2012)

2.Heavy flavor and spectral functions

HYDJET 1.6 [12] event generator. The detector response is
simulated with GEANT4 [13]. The signal candidates are
embedded in the underlying PbPb events, at the level of
detector hits and with matching vertices. The resulting
embedded events are then processed through the trigger
emulation and the full event reconstruction chain.

An extended unbinned maximum likelihood fit to the
two invariant mass spectra shown in Fig. 1 is performed to
extract the!ðnSÞ yields, following the method described in
Refs. [5,14]. The measured mass line shape of each !ðnSÞ
state is parametrized by a ‘‘crystal ball’’ (CB) function, i.e.,
a Gaussian resolution function with the low-side tail
replaced by a power law describing final-state radiation.
The mass differences between the states are fixed to their
world average values [15] and the mass resolution is forced
to scale with the resonance mass. In our previous measure-
ment [5], the signal shape parameters were fixed from MC
simulation, including the mass resolution and CB tail
parameters. The current 20-fold larger PbPb data set allows
these constraints to be released, but the shape parameters
are treated as common for both PbPb and pp data sets via a
simultaneous fit.

The background model for the pp data set consists of a
second-order polynomial, as was used in Ref. [5], while the
larger PbPb data set requires a more detailed background
model. The pT > 4 GeV=c muon selection threshold
causes a depletion of dimuon candidates in the lower
part of the 7– 14 GeV=c2 mass fitting range. The PbPb
background model consists of an exponential function
multiplied by an error function describing the low-
mass turn-on. The background parameters are determined
from the fit. This nominal model accurately describes
the mass sidebands in the opposite-sign muon signal sam-
ple, shown in Fig. 1 (top), as well as the alternative
estimates of the shape of the combinatorial background
obtained from like-sign muon pairs or via a ‘‘track-
rotation’’ method. In the latter method [16], the azimuthal
angular coordinate of one of the muon tracks is rotated by
180 degrees.

The ratios of the observed yields, not corrected for
differences in acceptance and efficiency, of the !ð2SÞ
and !ð3SÞ states to the !ð1SÞ state, in the PbPb and pp
data, are

!ð2SÞ=!ð1SÞjpp ¼ 0:56 $ 0:13ðstatÞ $ 0:02ðsystÞ;
!ð2SÞ=!ð1SÞjPbPb ¼ 0:12 $ 0:03ðstatÞ $ 0:02ðsystÞ;
!ð3SÞ=!ð1SÞjpp ¼ 0:41 $ 0:11ðstatÞ $ 0:04ðsystÞ;

!ð3SÞ=!ð1SÞjPbPb ¼ 0:02 $ 0:02ðstatÞ $ 0:02ðsystÞ
< 0:07ð95% confidence levelÞ; (1)

where the systematic uncertainty arises from the fitting
procedure, as described below. For the !ð3SÞ to !ð1SÞ
ratio in PbPb, a 95% confidence level (CL) limit is set,
based on the Feldman-Cousins statistical method [17].

The measurement of the ratio of the!ðnSÞ=!ð1SÞ ratios
in PbPb and pp collisions benefits from an almost com-
plete cancellation of possible acceptance or efficiency
differences among the reconstructed resonances. The
simultaneous fit to the PbPb and pp mass spectra gives
the double ratios

!ð2SÞ=!ð1SÞjPbPb
!ð2SÞ=!ð1SÞjpp

¼ 0:21 $ 0:07ðstatÞ $ 0:02ðsystÞ;

!ð3SÞ=!ð1SÞjPbPb
!ð3SÞ=!ð1SÞjpp

¼ 0:06 $ 0:06ðstatÞ $ 0:06ðsystÞ

< 0:17ð95%CLÞ: (2)

The systematic uncertainties from the fitting procedure are
evaluated by varying the fit function as follows: fixing the
CB tail and resolution parameters to MC expectations,
allowing for differences in these parameters between
PbPb and pp, and constraining the background parameters
with the like-sign and track-rotated spectra. An additional
systematic uncertainty (1%), estimated from MC simula-
tion, is included to account for possible imperfect cancel-
lations of acceptance and efficiency.
The double ratios, defined in Eq. (2), are expected

to be compatible with unity in the absence of suppression
of the excited states relative to the !ð1SÞ state. The mea-
sured values are, instead, considerably smaller than unity.
The significance of the observed suppression exceeds 5!.
In order to investigate the dependence of the suppression

on the centrality of the collision, the double ratio
!ð2SÞ=!ð1SÞjPbPb
!ð2SÞ=!ð1SÞjpp is displayed as a function of Npart in Fig. 2

(top) (see the Supplemental Material [18]). The results are
constructed from the single ratio !ð2SÞ=!ð1SÞjPbPb mea-
sured in bins of PbPb centrality, using the pp ratio as
normalization. The dependence on centrality is not pro-
nounced. More data, in particular more pp collisions, are
needed to establish possible dependences on dimuon kine-
matic variables.
Absolute suppressions of the individual ! states and

their dependence on the collision centrality are studied
using the nuclear modification factor, RAA, defined as the
yield per nucleon-nucleon collision in PbPb relative to that
in pp. The RAA observable,

RAA ¼ Lpp

TAANMB

!ðnSÞjPbPb
!ðnSÞjpp

"pp
"PbPb

; (3)

is evaluated from the ratio of total !ðnSÞ yields in PbPb
and pp collisions corrected for the difference in efficien-
cies "pp="PbPb, with the average nuclear overlap function
TAA, number of minimum-bias (MB) events sampled by
the event selection NMB, and integrated luminosity of the
pp data set Lpp accounting for the normalization. The

PRL 109, 222301 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

30 NOVEMBER 2012

222301-3

centrality-integrated (0–100%) RAA values for the individ-
ual ! states are

RAAð!ð1SÞÞ ¼ 0:56 $ 0:08ðstatÞ $ 0:07ðsystÞ;
RAAð!ð2SÞÞ ¼ 0:12 $ 0:04ðstatÞ $ 0:02ðsystÞ;
RAAð!ð3SÞÞ ¼ 0:03 $ 0:04ðstatÞ $ 0:01ðsystÞ

< 0:10ð95%CLÞ: (4)

As the !ð3SÞ peak is not prominent above the dimuon
continuum (statistical significance less than 1 standard
deviation), an upper limit is also presented. The results
for the !ð1SÞ and !ð2SÞ obtained by performing the
measurement in ranges of centrality are displayed in
Fig. 2 (bottom).
Each factor entering in Eq. (3) contributes to the RAA

uncertainty, including Lpp (6%) and TAA (4–15%, from

central to peripheral collisions). The systematic uncertain-
ties from the fitting procedure, used in the determination of
the !ð1SÞ (4–9%), !ð2SÞ (10–40%), and !ð3SÞ (14%)
signal yields, are estimated as previously described for
the double-ratio measurement. The ratio of efficiencies in
Eq. (3) is estimated from MC simulation to deviate by less
than 7% from unity for the centrality bins considered.
Systematic uncertainties on the efficiency ratio are esti-
mated by considering variations of simulated kinematic
distributions (5–7%) and from differences in the efficiency
ratio estimations from data and MC simulations (3%). For
the former source, uncertainties are estimated by applying
a weight to the generated ! pT and jyj distributions that
increases linearly from 0.7 to 1.3 over the ranges 0< pT <
20 GeV=c. For the latter source, reconstruction and trigger
selection efficiencies are estimated employing a tag-and-
probe method [4,14], using muons from J=c decays in
PbPb and pp simulations as well as in collision data.
The results indicate a significant suppression of the

!ðnSÞ states in heavy-ion collisions compared to pp col-
lisions at the same per-nucleon-pair energy. The data
support the hypothesis of increased suppression of less
strongly bound states: the !ð1SÞ is the least suppressed
and the !ð3SÞ is the most suppressed of the three states.
The !ð1SÞ and !ð2SÞ suppressions are observed to
increase with collision centrality. The suppression of
!ð2SÞ is stronger than that of!ð1SÞ in all centrality ranges,
including the most peripheral bin. It should be noted that
this bin (50–100%) is rather wide and mostly populated
by more central events (closer to 50%). For this most
peripheral bin the !ð1SÞ nuclear modification factor is
1:01 $ 0:12ðstatÞ $ 0:22ðsystÞ, while for the most central
bin (0–5%) RAA is 0:41 $ 0:04ðstatÞ $ 0:07ðsystÞ indicat-
ing a significant suppression. The observed !ðnSÞ
yields contain contributions from decays of heavier
bottomonium states and, thus, the measured suppression
is affected by the dissociation of these states. This feed-
down contribution to the !ð1SÞ state was measured to
be of the order of 50% [19,20], albeit in different
kinematic ranges than used here. These results indi-
cate that the directly produced !ð1SÞ state is not
significantly suppressed, however quantitative conclusions
will require precise estimations of the feed-down contri-
bution matching the phase space of the suppression
measurement.
In addition to QGP formation, differences between

quarkonium production yields in PbPb and pp collisions
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FIG. 2 (color online). Centrality dependence of the double
ratio (top) and of the nuclear modification factors (bottom) for
the !ð1SÞ and !ð2SÞ states. The relative uncertainties from
Npart-independent quantities (pp yields and, for the RAA, also

integrated luminosity) are represented by the boxes at unity, and
are not included in the data points as these uncertainties do not
affect the point-to-point trend. The event centrality bins used are
indicated by percentage intervals. The results are available in
tabulated form in the Supplemental Material [18].
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• Heavy flavor measurements are planned with the 
RHIC detector upgrades and at CERN 

• Lattice needs to catch up!

Vogt (2012)

2.Heavy flavor and spectral functions

• Heavy probes can serve 
as a thermometer for the 
quark-gluon plasma
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2.Heavy flavor and spectral functions

• All information is encoded in spectral functions 
• In principle, can be extracted from Euclidean 

correlators 
• In practice, ill-defined inverse problem 
• Bayesian methods are often used 
• Need new methods to use all available data sets 

(different momenta, lattice cutoffs, etc.) to constrain 
the spectral function

⇥(⇤, p, T ) =
1

2�
Im

Z 1

�1
dtei�t

Z
d3xeipx h[J(x, t), J(x, 0)]iT
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3.Perfect fluid and transport properties

• To extract the transport coefficients one also needs to 
reconstruct spectral functions 

• No reliable estimates of viscosity on the lattice yet

• Electric conductivity 
is reasonable

Cassing et al, PRL110 (2013)
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Conclusion

• Finite-temperature lattice QCD can now provide 
quantitative answers for the heavy-ion physics 

• The transition at zero baryon density is a crossover 
at temperature 156.5(1.5) MeV 

• Fluctuations and higher-order cumulants are 
sensitive probes of deconfinement 

• 2+1 flavor QCD equation of state is now known at 
the physical masses in the continuum limit 

• The Taylor expansion method can reach up to the 
sixth order for the equation of state 

• Future challenges: non-zero chemical potential, 
spectral functions, transport properties, ...
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Thank you!
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