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The statisticians view on nuisance parameters

•  In general, our model of the data is not perfect

•  Can improve modeling by including additional adjustable parameters
•  Goal: some point in the parameter space of the enlarged model 

should be “true”
•  Presence of nuisance parameters decreases the sensitivity of the 

analysis of the parameter(s) of interest

Wouter Verkerke, NIKHEF



Treatment of nuisance parameters in parameter estimation

•  In POI parameter estimation, the effect of NPs incorporated 
through unconditional minimization

–  I.e. minimize Likelihood w.r.t all parameter simultaneously.

•  Simple example with 2-bin Poisson counting experiment
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L(s,b) = Poisson(10 | s+ b)Poisson(10 | 3⋅b)

Unconditional"
minimum in s,b

Conditional "
minimum in s"
(condition: b=5)

(ŝ, b̂)

ˆ̂s
b=5

L(s) = Poisson(10 | s+ 5)



Treatment of nuisance parameters in variance estimation

•  Maximum likelihood estimator of parameter variance "
is based on 2nd derivative of Likelihood 

–  For multi-parameter problems this 2nd derivative is generalized "
by the Hessian Matrix of partial second derivatives"
"
"
"


•  For multi-parameter likelihoods estimate of covariance Vij of pair"
of 2 parameters in addition to variance of individual parameters

–  Usually re-expressed in terms dimensionless correlation coefficients ρ 
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Treatment of nuisance parameters in variance estimation

•  Effect of NPs on variance estimates visualized
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Scenario 1
Estimators of "
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Treatment of NPs in hypothesis testing and conf. intervals

•  We’ve covered frequentist hypothesis testing and interval 
calculation using likelihood ratios based on a likelihood with a 
single parameter (of interest) L(μ)

–  Result is p-value on hypothesis with given μ value, or
–  Result is a confidence interval [μ-,μ+] with values of μ for which p-value is at or 

above a certain level (the confidence level)

•  How do you do this with a likelihood L(μ,θ) where θ is a nuisance 
parameter?

–  With a test statistics qμ, we calculate p-value for hypothesis θ as 

•  But what values of θ do we use for f(qμ|μ,θ)?"
Fundamentally, we want to reject μ only if p<α for all θ"
à Exact confidence interval
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Hypothesis testing & conf. intervals with nuisance parameters

•  The goal is that the parameter of interest should be covered at the 
stated confidence for every value of the nuisance parameter

•  if there is any value of the nuisance parameter which makes the 
data consistent with the parameter of interest, that value of the 
POI should be considered: 

–  e.g. don’t claim discovery if any background scenario is compatible with data"


•  But: technically very challenging and significant problems with 
over-coverage

–  Example: how broadly should ‘any background scenario’ be defined?  Should 
we include background scenarios that are clearly incompatible with the 
observed data?

Wouter Verkerke, NIKHEF, 10



Example of over-coverage

•  The 1958 thought expt of David R. Cox focused the issue:
–  Your procedure for weighing an object consists of flipping a coin to decide 

whether to use a weighing machine with a 10% error or one with a 1% error; 
and then measuring the weight.

•  Then “surely” the error you quote for your measurement should 
reflect which weighing machine you actually used, and not the 
average error of the “whole space” of all measurements!

•  But this is not how the classical frequentist confidence interval 
works!

–  Suppose weight=100, coin=‘1% error’ Can you exclude weight=90 at 95% 
C.L? 

–  No: because for ‘coin=10% error‘ weight=90 cannot be excluded at 95% C.L.

•  Solution: conditioning on observed data will make result more 
relevant (at expense of exact frequentist coverage)

–  Restricting whole space of probabilities to ‘coin=1% error’ only if that is 
observed allows to exclude weight=90 at 95% C.L. 



The profile likelihood construction as compromise

•  For LHC the following prescription is used: "
"
                Given L(μ,θ)"
"
perform hypothesis test for each value of μ (the POI), "
"
using values of nuisance parameter(s) θ that best fit the data 
under the hypothesis μ

•  Introduce the following notation"
"


•  The resulting confidence interval will have exact coverage for the 
points

–  Elsewhere it may overcover or undercover (but this can be checked)

Wouter Verkerke, NIKHEF, 12

)(ˆ̂ µθ M.L. estimate of θ for a given value of μ"
(i.e. a conditional ML estimate)

))(ˆ̂,( µθµ

POI

NPs



The profile likelihood ratio

•  With this prescription we can construct the profile likelihood ratio 
as test statistic

•  NB: value profile likelihood ratio does not depend on θ 
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Profiling illustration with one nuisance parameter
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Profile scan of a Gaussian plus Polynomial probability model

Wouter Verkerke, NIKHEF

Likelihood Ratio

Profile Likelihood Ratio

Minimizes –log(L) "
for each value of fsig "
by changing bkg shape params"
(a 6th order Chebychev Pol)



Profile scan of a Gaussian plus Polynomial probability model
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Likelihood Ratio

Profile Likelihood Ratio

Minimizes –log(L) "
for each value of fsig "
by changing bkg shape params"
(a 6th order Chebychev Pol)

Interval on μ widens"
due to effect of uncertain NPs"



PLR Confidence interval vs MINOS

tμ(x,μ)

Profile Likelihood Ratio
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Confidence "
belt now "
range in PLR tμ(x,μ)

Profile Likelihood Ratio
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Measurement = tμ(xobs,μ) "
is now a function of μ

Asymptotically,"
distribution is identical"
for all μ

NB: asymptotically, distribution "
is also independent of true "
values of θ



Link between MINOS errors and profile likelihood

"
"
"
"
"
"
"


•  Note that MINOS algorithm in "
MINUIT gives same errors as "
Profile Likelihood Ratio

–  MINOS errors is bounding box "
around λ(s) contour

–  Profile Likelihood = Likelihood"
minimized w.r.t. all nuisance "
parameters
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NB: Similar to graphical interpretation of variance estimators, but those"
       always assume an elliptical contour from a perfectly parabolic likelihood 



Summary on NPs in confidence intervals

•  Exact confidence intervals are difficult with nuisance parameters
–  Interval should cover for any value of nuisance parameters

–  Technically difficult and significant over-coverage common

•  LHC solution Profile Likelihood ratio à Guaranteed coverage at 
measured values of nuisance parameters only

–  Technically replace likelihood ratio with profile likelihood ratio

–  Computationally more intensive (need to minimize likelihood w.r.t all nuisance 
parameters for each evaluation of the test statistic), but still very tractable

•  Asymptotically confidence intervals constructed with profile 
likelihood ratio test statistics correspond to (MINOS) likelihood 
ratio intervals

–  As distribution of profile likelihood becomes asymptotically independent of θ,"
coverage for all values of θ restored  

Wouter Verkerke, NIKHEF, 19



Dealing with nuisance parameters in Bayesian intervals

•  Elimination of nuisance parameters in Bayesian interval: Integrate 
over the full subspace of all nuisance parameters;"
"
 "
"
"


•  You are left with posterior pdf for µ

P(µ | x)∝ L(x |µ,

θ )π (µ)π (


θ )( )d


θ∫

µ 

θ 

)ˆ,ˆ( θµ∫ × = ),( θµπ

Credible interval:
area that integrates "
X% of posterior

P(µ | x)∝ L(x |µ) ⋅π (µ)



Computational aspects of dealing with nuisance parameters

•  Dealing with many nuisance parameters is computationally 
intensive in both Bayesian and (LHC) Frequentist approach

•  Profile Likelihood approach
–  Computational challenge = Minimization of likelihood w.r.t. all nuisance 

parameters for every point in the profile likelihood curve
–  Minimization can be a difficult problem, "

e.g. if there are strong correlations, or multiple minima

•  Bayesian approach
–  Computational challenge = Integration of posterior density of all nuisance 

parameters

–  Requires sampling of very potentially very large space.
–  Markov Chain MC and importance sampling techniques can help, but still very 

CPU consuming 

Wouter Verkerke, NIKHEF



Other procedures that have been tried*

•  Hybrid Frequentist-Bayesian approach (‘Cousins-Highland / ZN’)
–  Integrate likelihood over nuisance parameters"

"
"
"


–  Then treat integrated Lm as test statistic à obtain p-value from its distribution

–  In practice integral is performed using MC integration, so often described as a 
‘sampling method’"
"


–  Method has been shown to have bad coverage

•  Ad-hoc sampling methods of various types.
–  Usually amount to either MC integration or fancy error propagation"

 "
Note that sampling the conditional estimator       "
over sample of θ values obtained from π(θ) "
is just glorified error propagation! 

Wouter Verkerke, NIKHEF
* But are known to have problems
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How much do answers differ between methods?

These slide discuss "
a ‘prototype’ likelihood"
that statisticians like: "
"
Poisson(Nsig|s+b) ⋅ Poisson(Nctl|τ⋅b)

NB: This is one of the very few"
problems with nuisance parameters"
with can be exactly calculation"




Recent comparisons results from PhyStat 2007

Wouter Verkerke, NIKHEF

Exact 
solution 



Nuisance parameters also impact event selection optimization!

•  xx

Wouter Verkerke, NIKHEF

If the estimate of the background 
rate B is uncertain then"

"
Figure of Merit "

√q0,A (and also S√B)"
"

overestimate counting model 
significance. Effect depends both 
on B and σ(B) à can also effect 

location of optimum



Nuisance parameters also impact event selection optimization!

•  xx

Wouter Verkerke, NIKHEF

Can improve counting model significance estimate used as Figure of 
Merit by including background uncertainty (if known and sizable)"
"
Approximate counting probability model with B uncertainty as"
"
 Poisson(Non|μS+B)Poisson(Noff|τB)"
"
NB: Assumes Poisson (not Gaussian) model for B uncertainty."
For x% fractional uncertainty on B choose "
"
     Noff=1/x2

     and   τ=Noff/Bnom  à  B=Bnom,   σ(B)=x%"



Signal significance for this model is analytically known in terms of the 
‘Incomplete Beta funtion’"
"
à Easy to use implementation in ROOT (returns significance Z)

^ ^

RooStats::NumberCountingUtils::BinomialObsZ(Double_t nObs,  
                               Double_t bExp, Double_t fracBUnc) ;



Summary of statistical treatment of nuisance parameters

•  Each statistical method has an associated technique to propagate 
the effect of uncertain NPs on the estimate of the POI

–  Parameter estimation à Joint unconditional estimation
–  Variance estimation à Replace d2L/dp2 with Hessian matrix
–  Hypothesis tests & confidence intervals à Use profile likelihood ratio
–  Bayesian credible intervals à Integration (‘Marginalization’)"



•  Be sure to use the right procedure with the right method
–  Anytime you integrate a Likelihood you are a Bayesian
–  If you are minimizing the likelihood you are usually a Frequentist
–  If you sample something chances are you performing either a (Bayesian) 

Monte Carlo integral, or are doing glorified error propagation

•  Answers can differ substantially between methods!
–  This is not always a problem, but can also be a consequence of a difference in 

the problem statement 

•  Don’t forget large nuisance parameters in your event selection 
optimization Wouter Verkerke, NIKHEF
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Model building 5 "
Diagnostics (understanding MINUIT, fit 

stability and convergence) and Validation 
(understanding your fit, overconstraining 

parameters, 2-point systematics etc)
"
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MINUIT and convergence of profile likelihood fits

•  Likelihoods with systematics modeling (‘profile likelihood fits’) tend 
to be more complex than ‘normal’ fits

•  Sometimes these likelihood can have pathological features that 
frustrate the minimization process

•  To help you understand I will briefly cover
–  How MINUIT works and defines ‘convergence’
–  Typical problems that occur in profile likelihood models and how these affect 

MINUIT

Wouter Verkerke, NIKHEF



MINUIT in a nutshell

•  MINUIT is a function minimization and analysis packages written 
by Fred James

–  Original FORTRAN version more than 40 years old!
–  Currently two versions in C++ in ROOT: TMinuit and Minuit2. Former is a 

‘machine translated version’ from FORTRAN, latter hand-ported version under 
the supervision of Fred James

–  I recommend to always use Minuit2 – performance has been exhaustively 
validated against the original minuit and you get much more useful diagnostic 
information out of it. 

•  Three analysis routines implement main functionality
–  MIGRAD: Function minimization using the variable metric method developed 

by Fletcher Davidon and Powell. (This is efffectively equivalent to the ‘industry 
standard’ method of Broyden, Fletcher, Goldfarb and Shanno ‘BFGS’)

–  HESSE: Error analysis: Calculates Hessian matrix of 2nd derivatives and inverts 
this into the covariance matrix

–  MINOS: Calculates intervals based on the profile likelihood ratio

Wouter Verkerke, NIKHEF



Function minimization using the variable metric method 

•  MINUIT does not implement a simple ‘steepest descent’ method"
as plain gradient often does not point well in direction of minimum

Wouter Verkerke, NIKHEF



Function minimization using the variable metric method 

•  Instead concept of ‘conjugate gradients’ that exploit knowledge of 
covariance information

Wouter Verkerke, NIKHEF

position: x0"
gradient: g0"
Covariance: V0 = G-1 = IG(f)= 

position: x1=x0-V0g0 !
gradient: g1!
"
Covariance: V1 = V0+f(V0,x0,x1,g0,g1)!

Davidon-Fletcher-Power rank 2 formula

NB: If function is perfectly parabolic "
       and initial V0 is correct, "
       convergence in one step! 



Function minimization using the variable metric method 

•  Convergence criteria is based on ‘estimated distance to minimum’
–  EDM ‘estimated vertical distance to minimum’ assuming parabolic function

–  NB: Derives from general distance metric in non-Euclidian space

•  Note that both minimization and convergence criteria depend on 
knowledge of covariance matrix

•  There are 2 ways to calculate V
1.  From the Davidon-Fletcher-Power formula"


2.  From the inversion of the Hessian matrix 

Wouter Verkerke, NIKHEF

2 ⋅EDM = ρ = gTVg

Δs2 = ΔxTAΔx
Covariant metric tensor

V =G−1

Calculation of Hessian is expensive "
(½N2 likelihood evaluations)



MINUIT convergence

•  After every VariableMetric "
step calculate EDM = ½gTVg


•  Terminate VM procedure when EDM<0.001

Wouter Verkerke, NIKHEF

VariableMetric: start iterating until Edm is < 0.001 
VariableMetric: Initial state   - FCN =  -289.1204081677 Edm =      46.0713 NCalls =   1826 
VariableMetric: Iteration #   1 - FCN =  -299.3073097602 Edm =      9.18415 NCalls =   2226 
VariableMetric: Iteration #   2 - FCN =  -304.9468725143 Edm =      2.22698 NCalls =   2624 
VariableMetric: Iteration #   3 - FCN =  -306.3323972775 Edm =      1.43793 NCalls =   3016 
VariableMetric: Iteration #   4 - FCN =   -307.199970017 Edm =     0.615574 NCalls =   3410 
VariableMetric: Iteration #   5 - FCN =  -307.6493784582 Edm =     0.352904 NCalls =   3804 
VariableMetric: Iteration #   6 - FCN =  -307.8960954798 Edm =    0.0749124 NCalls =   4196 
VariableMetric: Iteration #   7 - FCN =  -307.9549184882 Edm =    0.0498047 NCalls =   4588 
VariableMetric: Iteration #   8 - FCN =  -308.0068371877 Edm =      0.03473 NCalls =   4980 
VariableMetric: Iteration #   9 - FCN =  -308.0564661263 Edm =    0.0266955 NCalls =   5372 
VariableMetric: Iteration #  10 - FCN =  -308.1092267909 Edm =     0.038622 NCalls =   5764 
VariableMetric: Iteration #  11 - FCN =  -308.1547659161 Edm =    0.0290921 NCalls =   6156 
VariableMetric: Iteration #  12 - FCN =  -308.1870210082 Edm =   0.00827767 NCalls =   6548 
VariableMetric: Iteration #  13 - FCN =  -308.2008924182 Edm =    0.0034224 NCalls =   6940 
VariableMetric: Iteration #  14 - FCN =  -308.2064790118 Edm =   0.00151676 NCalls =   7332 
VariableMetric: Iteration #  15 - FCN =  -308.2090105175 Edm =   0.00106118 NCalls =   7724 
VariableMetric: Iteration #  16 - FCN =  -308.2106535849 Edm =  0.000634155 NCalls =   8116 
 



MINUIT converge

•  (Terminate VM procedure when EDM<0.001)
–  Note that EDM  up to here was calculated with V from DFP updater formula"

"
"
"


•  From here on, procedure depends on ‘strategy code’
–  Code 0: terminate line search

–  Code 2: Recalculate V from G-1 (HESSE)"
             if EDM(HESSE)>0.001 restart line search, else terminate

–  Code 1: If accuracy of Vn from DFP  better than 5% terminate,"
             else follow Code 2 procedure   

•  Strategy 1 is the default. 
Wouter Verkerke, NIKHEF

VariableMetric: Iteration #  12 - FCN =  -308.1870210082 Edm =   0.00827767 NCalls =   6548 
VariableMetric: Iteration #  13 - FCN =  -308.2008924182 Edm =    0.0034224 NCalls =   6940 
VariableMetric: Iteration #  14 - FCN =  -308.2064790118 Edm =   0.00151676 NCalls =   7332 
VariableMetric: Iteration #  15 - FCN =  -308.2090105175 Edm =   0.00106118 NCalls =   7724 
VariableMetric: Iteration #  16 - FCN =  -308.2106535849 Edm =  0.000634155 NCalls =   8116 
 



HESSE Convergence

•  For smooth functions covariance estimates from HESSE are 
generally more accurate than those from Davidon-Fletcher-Powell 
but matrix inversion step is vulnerable to singularity issues

•  Singularities detected with eigenvalue analysis of Hessian matrix G 
before matrix inversion

–  If  ‘smallest eigenvalue’/’largest eigenvalue’ < 10-6 then matrix is declared ‘not 
positive definite’ 

–  Note that happens for both negative and small eigenvalues
–  In that case an ‘ad-hoc’ term is added to the diagonal of the Hessian matrix to 

force it positive definite so that it can be inverted

•  The ‘adjusted’ V from HESSE is then used to calculate the EDM
–  EDM estimate less reliable in this case, may cause MINUIT to endlessly go 

back to VariableMetric line search and eventually give up "
‘maximum number of calls exceeded’

Wouter Verkerke, NIKHEF



Likelihood models that cause MINUIT problems

•  Example 1 – Strong correlations
–  Consider this simple likelihood model with one NP"



–  What does the likelihood look like, e.g. for N=1000?

–  Strong correlations, but numerically feasible

Wouter Verkerke, NIKHEF

L1(µ,α) = Poisson(N |µS(1+τα))Gaussian(0 |α,1)

Scan of –log L(μ,α) Error ellipse  from V(μ,α) HESSE

ρ=0.9945



Increasing the observed event count

N=1000 N=10.000 N=100.000
Vertical"
scale"
maximized"
at 0.5 units
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Increasing the observed event count

N=1.000.000 N=10.000.000

Vertical"
scale"
maximized"
at 0.5 units

ρ=-0.9996 ρ=-0.998

HESSE WARNING: "
Matrix not positive definite
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Likelihood models that cause MINUIT problems

•  Example 2 – Hidden strong correlations
–  Consider this trivial extension of the previous example with 2 NPs


–  Underlying scenario: two (independent) sources of systematic uncertainty that 

have a similar effect on the physics measurement
–  What does (profile) likelihood look like for various S? 

Wouter Verkerke, NIKHEF 

L2 (µ,α1,α2 ) = Poisson(N |µS(1+τ1α1 +τ 2α2 ))Gauss(0 |α1,1)Gauss(0 |α2,1)

− logL(µ,α1,α̂2 ) − logL(µ,α1, ˆ̂α2 (α1,µ)) Error ellipse V(μ,α) HESSE



-logL(μ,α1,α2) – 1000 events

Wouter Verkerke, NIKHEF 

− logL(a,b, ĉ)

− logL(a,b, ˆ̂c(a,b))

Error ellipse"
from HESSE

Slice in -logL

Profile likelihood



-logL(μ,α1,α2) – 10.000 events

Wouter Verkerke, NIKHEF 

− logL(a,b, ĉ)

− logL(a,b, ˆ̂c(a,b))

Error ellipse"
from HESSE

Slice in -logL

Profile likelihood

Note that PLL"
contours don’t"

change between 1K"
and 10k!



-logL(μ,α1,α2) – 100.000 events

Wouter Verkerke, NIKHEF 

− logL(a,b, ĉ)

− logL(a,b, ˆ̂c(a,b))

Error ellipse"
from HESSE

Slice in -logL

Profile likelihood

Note that PLL"
contours don’t"

change between 10K"
and 100k close to min.!"
(but onset of fit failures 

further away…)



-logL(μ,α1,α2) – 1.000.000 events

Wouter Verkerke, NIKHEF 

− logL(a,b, ĉ)

− logL(a,b, ˆ̂c(a,b))

Error ellipse"
from HESSE

Slice in -logL

Profile likelihood

Note that PLL"
contours don’t"

change between 100K"
and 1M close to min.!"

(but further increase of fit 
failures further away…) HESSE WARNING: "

Matrix not positive definite



Conclusions on strong correlations

•  MINUIT can handle strong correlations very well, but at some 
point algorithm breaks down

–  Notably HESSE will fail when ratio of weakest-to-strongest eigenvalue < 10-6

•  Diagnostic of the existence of strong correlations can be difficult
–  In simple models (Ex 1) this is reflected correlation coefficients

–  In more complex models (Ex 2) this may not show at all in the correlation 
coefficients because strong ‘N-point correlations’ may still project out to 
modest 2-point correlations (i.e. the usual Pearson correlation coefficients)

–  Better diagnostic tools is eigenvalues of Hessian matrix before inversion,"
but not (yet) available in Minuit2 [ I am discussing this with ROOT team ]

•  Solution: consider to simplify model: 
–  If two NPs represent conceptually distinct systematic uncertainties, but their 

effect on the likelihood is virtually identical, then there is effectively a redundant 
degree of freedom. You can eliminate one

Wouter Verkerke, NIKHEF



Other likelihood pathologies

•  Template morphing algorithms can introduce various other 
pathologies in the likelihood that cause MINUIT to fail

–  We’ve already seen some of them"


•  Kinks & Multiple minima
–  Caused by (among others) template morphing with piece-wise linear 

interpolation and morphing of (low-statistics) template distributions where MC 
statistical effects are larger than systematic effect 

Wouter Verkerke, NIKHEF



Limitations of piece-wise linear interpolation

•  Bin-by-bin interpolation looks spectacularly easy and simple, "
but be aware of its limitations

–  Same example, but with larger ‘mean shift’ between templates

Wouter Verkerke, NIKHEF

Note double peak structure around |α|=0.5



Non-linear interpolation options

•  Piece-wise linear interpolation leads to kink in response functions that 
may result in pathological likelihood functions"
"
"
"
"
"
"
"
"
"
"


•  A variety of other interpolation options exist that improve this
–  Parabolic interpolation/linear extrapolation (but causes shift of minimum)
–  Polynomial interpolation [orders 1,2,4,6]/linear extrapolation (order 1 term allows"

for asymmetric modeling of templates)
Wouter Verkerke, NIKHEF

L(α>0) predicts α<0 L(α<0) predicts α>0



Non-linear interpolation options

•  Comparison of common interpolation options

Wouter Verkerke, NIKHEF



Other likelihood pathologies

•  Effects of likelihood pathologies
–  Numerical noise and ‘jumping’ of profile likelihoods

–  Example NP (profile) likelihood scan of an ATLAS Higgs trial model

Wouter Verkerke, NIKHEF

Plain likelihood scanProfile likelihood scan

− logL(µ, ˆ

θ )− logL(µ, ˆ̂


θ (µ))

Jump to another minimum solution"
in one of the profiled θ parameters

Jitter/noise



Other likelihood pathologies

•  Another effect of likelihood pathologies is that calculation of 
derivatives and notably the Hessian from either FDP or HESSE 
matrix become inaccurate

–  Slows down minimization
–  Can blow up EDM calculation à no convergence

•  Red flags: EDM estimates that don’t decrease ~monotonically
–  Only possible in Minuit2 (Minuit1 does not report EDM per step)

•  Solutions: simplify model: eliminate nuisance parameters that 
suffer from dominant MC statistical effects (causing multiple 
minima, kinks etc…)

Wouter Verkerke, NIKHEF

VariableMetric: start iterating until Edm is < 0.001 
VariableMetric: Initial state   - FCN =  -289.1204081677 Edm =      46.0713 NCalls =   1826 
VariableMetric: Iteration #   1 - FCN =  -299.3073097602 Edm =      9.18415 NCalls =   2226 
VariableMetric: Iteration #   2 - FCN =  -304.9468725143 Edm =      2.22698 NCalls =   2624 
VariableMetric: Iteration #   3 - FCN =  -306.3323972775 Edm =      1.43793 NCalls =   3016 
VariableMetric: Iteration #   4 - FCN =   -307.199970017 Edm =     0.615574 NCalls =   3410 
VariableMetric: Iteration #   5 - FCN =  -307.6493784582 Edm =     0.352904 NCalls =   3804 
VariableMetric: Iteration #   6 - FCN =  -307.8960954798 Edm =    0.0749124 NCalls =   4196 
VariableMetric: Iteration #   7 - FCN =  -307.9549184882 Edm =     0.298047 NCalls =   4588 
VariableMetric: Iteration #   8 - FCN =  -308.0068371877 Edm =      3.40473 NCalls =   4980 



Other likelihood pathologies

•  Note that pathologies can affect calculation of V via "
iterative DFP updating and Hessian inversion differently

•  A real-life example of complex likelihood fit where DFP estimate is 
strongly affected by likelihood pathologies"


"

•  But other likelihood pathologies can affect Hessian inversion more



V from Davidon-Fletcher-Powell V from inversion of Hessian

Many spurious large correlations 



Summary

•  A variety of pathological features in likelihood models can interfere 
with minimization

–  Strong correlations
–  Kinks

–  Multiple minima

–  ‘Forbidden regions’ where likelihood is not defined

•  Problems affect various steps of the minimization process
–  Understanding these effects requires basic understanding of the minimization 

algorithms and strategies

•  Solutions usually involve simplifications of models

Wouter Verkerke, NIKHEF



Being a good physicist – Understand your model!!

•  Full (profile) likelihood treats physics and subsidiary measurement 
on equal footing

•  Our mental picture:

"

•  Is this picture (always) correct?!

!
!

Wouter Verkerke, NIKHEF

L(N, 0 | s,α) = Poisson(N | s+ b(1+ 0.1α)) ⋅Gauss(0 |α,1)

Physics measurement Subsidiary measurement

“measures s” “measures α”

“dependence on α"
weakens inference on s”



Understanding your model – what constrains your NP

•  The answer is no – not always! Your physics measurement"
may in some circumstances constrain α better than your 
subsidiary measurement.

•  Doesn’t happen in Poisson counting example 
–  Physics likelihood has no information to distinguish effect of s from effect of α

•  But if physics measurement is based on a distribution or 
comprises multiple distributions this is well possible 

Wouter Verkerke, NIKHEF

L(N, 0 | s,α) = Poisson(N | s+ b(1+ 0.1α)) ⋅Gauss(0 |α,1)

Physics measurement Subsidiary measurement



Understanding your model – what constrains your NP

•  A case study – measuring jet multiplicity (3j,4j,5j)"
"
"


•  Signal mildly peaks in 4j bin, sits on top of a falling background

Wouter Verkerke, NIKHEF

L(

N |µ,αJES ) = Poisson(

i=3,4,5
∏ Ni | (µ ⋅ si ⋅+ bi ) ⋅ rs (αJES ))) ⋅Gauss(0 |αJES,1)

Effect of changing µ Effect of changing αJES 



Understanding your model – what constrains your NP

•  Now measure (μ,α) from data – 80 events"


•  Is this fit OK?
–  Effect of JES uncertainty propagated in to μ via response modeling in 

likelihood. Increases total uncertainty by about a factor of 2
–  Estimated uncertainty on α is not precisely 1, as one would expect"

from unit Gaussian subsidiary measurement…  
Wouter Verkerke, NIKHEF

µ̂ =1.0± 0.37

α̂ = 0.01± 0.83

Estimators of"
μ, α correlated"
due to similar"

response in physics"
measurement

Uncertainty"
on μ with/without "
effect of JES



Understanding your model – what constrains your NP

•  The next year – 10x more data  (800 events)"
repeat measurement with same model

•  Is this fit OK?
–  Uncertainty of JES NP much reduced w.r.t. subsidiary meas. (α = 0 ± 1)
–  Because the physics likelihood can measure it better than the subsidiary 

measurement (the effect of μ, α are sufficiently distinct that both can be 
constrained at high precision) Wouter Verkerke, NIKHEF

µ̂ = 0.90± 0.13

α̂ = −0.23± 0.31

Estimators of"
μ, α correlated"
due to similar"

response in physics"
measurement



Understanding your model – what constrains your NP

•  Is it OK if the physics measurement constrains NP associated with 
a systematic uncertainty better than the designated subsidiary 
measurement?

–  From the statisticians point of view: no problem, simply a product of two 
likelihood that are treated on equal footing ‘simultaneous measurement’

–  From physicists point of view? Measurement is only valid is model is valid.

•  Is the probability model of the physics measurement valid?

•  Reasons for concern
–  Incomplete modeling of systematic uncertainties,

–  Or more generally, model insufficiently detailed 

Wouter Verkerke, NIKHEF

L(

N |µ,αJES ) = Poisson(

i=3,4,5
∏ Ni | (µ ⋅ si ⋅+ bi ) ⋅ rs (αJES ))) ⋅Gauss(0 |αJES,1)



Understanding your model – what constrains your NP

•  What did we overlook in the example model?
–  The background rate has no uncertainty!

•  Insert modeling of background uncertainty"
"


•  With improved model"
accuracy estimated"
uncertainty on both"
αJES, μ goes up again…

–  Inference weakened"
by new degree of"
freedom αbkg

–  NB αJES estimate still"
deviates a bit from normal"
distribution estimate… Wouter Verkerke, NIKHEF

L(

N |µ,αJES,αbkg ) = Poisson(

i=3,4,5
∏ Ni | (µ ⋅ si ⋅+ bi ⋅ rb(αbkg )) ⋅ rs (αJES ))) ⋅Gauss(0 |αJES,1) ⋅Gauss(0 |αbkg,1)

Background rate"
subsidiary measurement

Background rate"
response function

µ̂ = 0.93± 0.29

α̂JES = 0.90± 0.70

(α̂bkg =1.36± 0.20)



Understanding your model – what constrains your NP

•  Lesson learned: if probability model of a physics measurement is 
insufficiently detailed (i.e. flexible) you can underestimate 
uncertainties

•  Normalized subsidiary measurement provide an excellent 
diagnostic tool

–  Whenever estimates of a NP associated with unit Gaussian subsidiary 
measurement deviate from α = 0 ± 1then physics measurement is 
constraining or biases this NP.

•  Is ‘over-constraining’ of systematics NPs always bad?
–  No, sometimes there are good arguments why a physics measurement can 

measure a systematic uncertainty better than a dedicated calibration 
measurement (that is represented by the subsidiary measurement)

–  Example: in sample of reconstructed hadronic top quarks tàbW(qq), the pair 
of light jets should always have m(jj)=mW.  For this special sample of jets it will 
possible to calibrate the JES better than with generic calibration measurement

Wouter Verkerke, NIKHEF



Commonly heard  arguments in discussion on over-constraining

•  Overconstraining of a certain systematic is OK “because this is what 
the data tell us”

–  It is what the data tells you under the hypothesis that your model is correct. The 
problem is usually in the latter condition

•  “The parameter αJES should not be interpreted as Jet Energy Scale 
uncertainty provided by the jet calibration group”

–  A systematic uncertainty is always combination of response prescription and one or 
more nuisance parameters uncertainties.

–  If you implement the response prescription of the systematic, then the NP in your 
model really is the same as the prescriptions uncertainty 

•  “My estimate of αJES = 0 ± 0.4 doesn’t mean that the ‘real’ Jet Energy 
Scale systematic is reduced from 5% to 2%

–  It certainly means that in your analysis a 2% JES uncertainty is propagated to the 
POI instead of the “official” 5%.

–  One can argue that the 5% shouldn’t apply because your sample is special and can 
be calibrated better by a clever model, but this is a physics argument that should 
be documented with evidence for that (e.g. argument JES in tàbW(qq) decays)   

Wouter Verkerke, NIKHEF



Dealing with over-constraining – introducing more NPs

•  Some systematic uncertainties are not captured well by one 
nuisance parameter. 

•  Written prescription often not clear on number of nuisance 
parameters: 

•  Does “the JES uncertainty is 5% for all jets” mean one NP
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αJES 

i.e. JES miscalibration is coherent for all jets"
à You can calibrate high pT jets with a low pT jet sample

5% 



Dealing with over-constraining – introducing more NPs

•  Some systematic uncertainties are not captured well by one 
nuisance parameter. 

•  Written prescription often not clear on number of nuisance 
parameters: 

•  Or does “the JES uncertainty is 5% for all jets” mean 5 NPs?
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i.e. JES miscalibration is not coherent across pT"
but still has 5% uncertainty for each pT bin

αJES1 

αJES2 

αJES3 

αJES4 
αJES5 

5% 
5% 

5% 
5% 

5% 



Dealing with over-constraining – introducing more NPs

•  Some systematic uncertainties are not captured well by one 
nuisance parameter. 

•  Written prescription often not clear on number of nuisance 
parameters: 

•  If you assume one NP – chances are that your physics Likelihood "
                                      will exploit this oversimplified JES model "
                                      to overconstrain JES for high pT jets!
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i.e. JES miscalibration is coherent for all jets"
à You can calibrate high pT jets with a low pT jet sample

5% 



Modeling theory uncertainties

•  Modeling of systematic uncertainties originating from theory 
sources can pose some extra & thorny problems

Wouter Verkerke, NIKHEF



Modeling theory uncertainties

•  Difficulties are not in the modeling procedure, but in quantifying what 
precisely we know

•  Difficulty 1 – What is distribution of the subsidiary measurement?!

•  Easy example – Top cross-section uncertainty


•  Difficult example – Factorization scale uncertainty

Wouter Verkerke, NIKHEF

Lfull (s,σ tt ) = Poisson(NSR | s+εtt ⋅σ tt ) ⋅Gauss( !σ tt |σ tt, 0.08)

Lfull (s,σ tt ) = Poisson(NSR | s+ b(αFS )) ⋅F( !αFS |αFS )

“XS Uncertainty  is 8%” à Gaussian subsidiary with 8% uncertainty"
(because XS uncertainty is ultimately from a measurement)  

“Vary Factorization Scale by x0.5 and x” à F(α) is probably not Gaussian"
So what distribution was meant? 



Modeling theory uncertainties

•  Difficult example – Factorization scale uncertainty"



•  Difficult arises from imprecision in original prescription.

–  NB: Issue is physics question, not a statistical procedure question. Answer will also 
need to be motivated with physics arguments

•  Note that you always assume some distribution (even if you do error 
propagation) à Profiling approach requires you to write"
it out explicitly. This is good!

Wouter Verkerke, NIKHEF

Lfull (s,σ tt ) = Poisson(NSR | s+ b(αFS )) ⋅F( !αFS |αFS )

“Vary Factorization Scale by x0.5 and x” à F(α) is probably not Gaussian"
So what distribution was meant? 



Modeling theory uncertainties

•  Difficulty 2 – What are the parameters of the systematic model?!

•  Easy example – Factorization scale uncertainty"


–  One parameter: the factorization scale à Clearly described and connected to the 
underlying theory model

–  You can ask yourself if there are additional uncertainties in the theory model 
(renormalization scale etc), this a valid, but distinct issue. "


•  Difficult example – Hadronization/Fragmentation model
–  Source uncertainty: you run different showering MC generators (e.g. HERWIG 

and PYTHIA) and you observe you get different results from your physics analysis
–  How do you model this in the likelihood?

Wouter Verkerke, NIKHEF

Lfull (s,σ tt ) = Poisson(NSR | s+ b(αFS )) ⋅F( !αFS |αFS )



Modeling theory uncertainties

•  Worst type of ‘theory’ uncertainty are prescriptions that result in 
an observable difference that cannot be ascribed to clearly 
identifiable effects. Examples of such systematic prescriptions

–  Evaluate measurement with Herwig and Pythia showering Monte Carlos and 
take the difference as systematic uncertainty

–  Evaluate measurement with CTEQ and MRST parton density functions and 
take the difference as systematic uncertainty."
 

•  I call these ‘2-point systematics’. 
–  You have the technical means to evaluate (typically) two known different 

configurations, but reasons for underlying difference are not clearly identified.

Wouter Verkerke, NIKHEF



Specific issue with theory uncertainties

•  It is difficult to define rigorous statistical procedures to deal with 
such 2-point uncertainties. So you need to decide

•  If their estimated effect is small, you can pragmatically ignore 
these lack of proper knowledge and ‘just do something 
reasonable’ to model these effects in a likelihood

•  If their estimated effect is large, your leading uncertainty is related 
to an effect that largely ununderstood effect. This is bad for 
physics reasons! 

–  You should go back to the drawing board and design a new measurement 
that is less sensitive to these issues.

–  E.g. If your inclusive cross-section uncertainty is dominated by fullàfiducial 
acceptance uncertainty due to Herwig/Pythia issue, shouldn’t you rather be 
publishing the fiducial cross-section?

Wouter Verkerke, NIKHEF



Specific issues with theory uncertainties

•  Pragmatic solutions to likelihood modeling of ‘2-point systematics’
•  Final solution will need to follow usual pattern"

"
"


•  Defining an (empirical) response "
function b(α) is the easy part"
"
"
"


•  A thorny question remains: "
What is the subsidiary measurement for α?"
This should reflect you current knowledge on α.  

Wouter Verkerke, NIKHEF

L(N | s,α) = Poisson(N | s+ b(α)) ⋅SomePdf (0 |α)
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Specific issues with theory uncertainties

•  Subsidiary measurement of a theoretical 2-point uncertainty 
effectively quantifies the ‘knowledge’ on these models

–  Extra difficult to make meaningful statement about this, since meaning of 
parameter is not well embedded in underlying theory model

–  But again, all procedures need to assume some distribution… Profiling requires 
you to spell it out

•  Some options and their effects


Wouter Verkerke, NIKHEF

HerwigPythia Pythia HerwigPythia Pythia HerwigPythia Pythia

Prefers Herwig at 1σ All predictions ‘between’"
Herwig and Pythia equally"
probable

Only ‘pure’ Herwig"
and Pythia exist

Gaussian
Box with "

Gaussian wings Delta fuctions



Two-point systematics on non-counting measurements

•  In a counting experiment you can argue "
that for every conceivable background rate "
there exists a value of the NP that "
corresponds to that rate

–  Even if ‘SHERPA’ was never used to construct"
the model, you can still represent its outcome

•  This is not generally true for distributions."
A shape interpolation between "
‘pythia’ and ‘herwig’ does not"
necessarily describe shape of "
‘sherpa’ (or of Nature!)

–  Fundamental modeling"
problem!

–  You may need more"
parameters… 

Wouter Verkerke, NIKHEF
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Dealing with ‘two-point’ uncertainties

•  Key issue: How many d.o.f. does you systematic uncertainty 
have?

•  Especially important in the discussion to what extent a two-point 
response function can be over-constrained.

–  A result α2p = 0.5 ± 1 has ‘reasonable’ odds to cover the ‘true generator’ 
assuming all generators are normally scattered in an imaginary ‘generator 
space’

Wouter Verkerke, NIKHEF

Pythia

Herwig

Sherpa

Nature

Next years"
generator

Modeled uncertainty (1 dimension)"
assuming ‘nature is on line’
Effectively captured uncertainty"
"
under the assumption that effect"
of ‘position in model space’ in "
any dimension is similar on"
response function 



Dealing with ‘two-point’ uncertainties

•  Key issue: How many d.o.f. does you systematic uncertainty 
have?

•  Especially important in the discussion to what extent a two-point 
response function can be over-constrained.

–  Does a hypothetical overconstrained result α2p = 0.1 ± 0.2 ‘reasonably’ cover 
the generator model space?

Wouter Verkerke, NIKHEF

Pythia

Herwig

Sherpa

Nature

Next years"
generator

Modeled uncertainty (1 dimension)"
assuming ‘nature’ is on line

Effectively captured uncertainty"
"
under the assumption that effect"
of ‘position in model space’ in "
any dimension is similar on"
response function 



Summary

•  The key challenge for experimental physicist is to construct the 
likelihood function describing his analysis/experiment

•  ‘Profiling’ is a technique allows to effectively incorporate all model 
uncertainties that are traditionally thought of as ‘systematic 
uncertainties’ 

–  By empirically parametrizing the response of the full simulation chain

•  Profiling enable used of all fundamental statistical inference 
techniques (frequentist/Bayesian), which start with the likelihood

–  A ‘profile likelihood’ allows execution of fundamental statistical techniques 
without cutting corners

–  Confidence intervals with guaranteed coverage, Bayesian posteriors, etc



Wouter Verkerke, NIKHEF



Summary

•  Profile likelihood implements and diagnoses many analysis issues that 
are missed by naïve approaches to systematic uncertainties (e.g. 
error prop)

–  “Posterior correlation” – Effect of correlations between systematics introduced by 
features of the physics measurement

–  “Overconstraining” – Either input magnitude was too conservative, or response 
model for systematic uncertainty was too simple (you’d like to know in either case)

–  “Imprecisely specified systematics” – Profiling requires physicist to explicit spell out 
precise model that is used

•  But is important to run diagnostics on a profile likelihood model!
–  Default interpretation in case of overconstraining is ‘input uncertainty too 

conservative’, which may lead to underestimated uncertainties if simplistic 
response model was the real problem

•  ‘Profiling’ is the best way we know to incorporate systematic 
uncertainties is probability models

Wouter Verkerke, NIKHEF



Wouter Verkerke, NIKHEF

Model building 6 "
Advanced signal modeling:"

convolutions, matrix element methods,"
amplitude-based morphing models 

"
 



Roadmap of this course

•  Start with basics, gradually build up to complexity

Counting models

Statistical tests with counting experiments

Signal parameterization strategies 

Inference with nuisance parameters

Modeling distributions

Test statistics for models describing distributions

Parameter estimation, confidence intervals & limits

Models with nuisance parameters, joint models,"
modeling systematic uncertainties

Diagnosing inference on complex models

Advanced signal modeling techniques 

Model building Statistical methods



Goal of measurement – inference on a theory parameter

•  So far – a lot of the material discussed modeling of background, 
general modeling uncertainties, and extract of a signal (discovery 
or limit setting)

•  For established signals, the main goal is usually to measure as 
precisely as possible the value of parameter of the model, which 
connects to an underlying physics theory.

•  In many cases, measured model parameters (e.g. mean of 
invariant mass) don’t map exactly to underlying theory parameters 
(pole mass) because of smearing and bias effects in the detector.

•  In this section we cover some examples of techniques to infer the 
underlying theory parameters    

Wouter Verkerke, NIKHEF



The great smearing machine

Simulation of high-energy"
physics process
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Can we invert this proces?

Simulation of high-energy"
physics process

Simulation of ‘soft physics’"
physics process

Simulation of ATLAS"
detector

Reconstruction "
of ATLAS detector

LHC data
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The detector as convolution

•  The effect of the detector (and analysis machinery) on the theory 
parameter can be expressed as a convolution

Wouter Verkerke, NIKHEF

f (xreco ) = f (xtheo )∫ K (xreco ,xtheo )dxtheo

Theory distribution

Reconstructed distribution Kernel function"
(resolution / migration)



The detector as convolution

•  For a perfect detector the Kernel K is delta function

•  But if detector response function to xtheo is (to good approximation) 
independent of the value xtheo over a wide enough range,"
can then also represent problem as"


 

•  Here R is a resolution model, typically a Gaussian (or sum of 
Gaussians) 

Wouter Verkerke, NIKHEF

f (xreco ) = f (xtheo )∫ δ(xreco − xtheo )dxtheo

f (xreco ) = f (xtheo )∫ R(xreco − xtheo )dxtheo



Explicit modeling of the detector convolution

•  Example: reconstruction of a particle theory mass mth, from a 
reconstructed invariant mass minv"
"
"
"
"
"
"
"
"
"
"
"
"




•  Note: probability model for observed minv "
         now directly describes parameter M of underlying theory

–  Can also introduce parameters of resolution model as fittable model parameters

–  But not always sensitivity (e.g. bias b is inseparable from M in above model)

f (minv |M ,Γ,b,σ ) = Gaussian(minv
th −minv

reco ,b,σ ) ⋅BreitWigner(minv
th |Γ,M )∫ dminv

th

Observed distr! Fitted kernel function! Fitted theory distribution!



Calculating convolutions – analytical vs numeric

•  Convolutions are best performed with analytical expressions, but 
no in majority of cases no known analytical form.

–  Some exceptions: "
Exponential (x) Gaussian à RooFit class RooDecay"
Breit-Wigner (x) Gaussian à RooFit class RooVoigtian

•  But numeric calculation is also possible. 
–  Direct numeric calculation of convolution integral usually a bad idea.
–  Very challenging computation, in particular to get required precision for use in 

MINUIT minimization (10-6 relative precision needed)
–  Explicit normalization needed of convolution into pdf à two integrals

–  In practice models with direct numeric integration unbearably slow

Wouter Verkerke, NIKHEF
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Calculating convolutions – numeric direct vs FFT

•  But numeric convolutions can also be calculated another way
•  Makes use of the Circular Convolution Theorem:

–  For a circular observable (i.e. observable spaces loops back from xmax to xmin)"
convolution operation in normal space maps to multiplication in Fourier space!

–  Can also convolution as three-step process"
"
1) Forward Fourier transform of p.d.f. and resolution model"
2) Multiplication of p.d.f and resolution model in Fourier space"
3) Inverse Fourier transform of product function back to normal space

–  Seems complicated, but excellent numeric implementation of Fourier 
Transforms exist (even for free!)

•  Fastest Fourier Transform in the West (freely available, installed unix library)

•  Key parts optimized in ASM code



Calculating convolutions – numeric direct vs FFT

•  Fourier Convolutions – two important features
–  Functions must first be discretized (sample) before FFT "

à minor effect at high enough sampling resolution "
    (10.000 bins is numerically very feasible)

–  Circular space assumption can cause ‘leakage’ of probability from xmax to xmin"
"


"
"
"
"
"
"
"
"
"
"
"
"
"
"
"
"
à Can be mitigated by choosing observable range wide enough"
à Or if not possible introduce some ‘buffer range’ in observable that"
    will absorb leakage before it loops back

Wouter Verkerke, NIKHEF



FFT Convolutions in RooFit

•  Fourier convolution implement in FCONV operator

Wouter Verkerke, NIKHEF

Observed distribution! Fitted kernel function! Fitted theory distribution!

RooWorkspace w("w") ; 
w.factory("Landau::phys(e[0,150],mean[30,0,60],sigma[5,1,10])") ; 
w.factory("Gaussian::resol(e,0,sigma_gauss[10,0.1,20])") ; 
w.factory("FCONV::conv(e,phys,resol)") ; 
 
RooDataSet* d = w.pdf("conv")->generate(*w.var("e"),1000) ; 
 
RooFitResult* r = w.pdf("conv")->fitTo(*d,Save()) ; 

CPU time of fit = 400msec (1000 events, 53 likelihood evaluations)



A more ambitious example – per-event errors

•  In some cases kernel function (resolution model) depends on other 
observables y, but not on x à Can also model try to model that.

•  Example per-event errors  

Wouter Verkerke, NIKHEF

f (t |δt) = f (ttheo )∫ ⋅Gaussian(t − ttheo ,b,σ ⋅δt)dttheo

Resolution kernel depends on 2nd observable δt



A more ambitious example – per-event errors

•  Example fit with resolution kernel using per-event errors

•  For this physics example can"
fit all kernel parameters (b,σ)"
in addition to theory parameter τ   Wouter Verkerke, NIKHEF

f (t |δt) = Gaussian(t − ttheo ,b,σ ⋅δ t) ⋅ f (ttheo )∫ dttheo
Observed distribution! Fitted kernel function! Fitted theory distribution!



But it quickly gets very complicated

•  Example 1: Convolution kernel constant in xreco"
"


•  Example 2: Convolution kernel constant in xreco, but depends on yreco"


•  What happens if resolution also varies in xreco? 
–  E.g. mass resolution depends on mass..

–  Then in very quickly becomes numerically very complex (hard-to-solve)

–  Numeric precision issues due to possible degeneracies."


•  Solution in that case is discretize model for xreco "
in which case convolution kernel K(xreco, xtheo) becomes a matrix

–  Can no longer fit, but perform an unfolding procedure to obtain f(xtheo)

Wouter Verkerke, NIKHEF

f (xreco ) = Gaussian(xreco − xtheo ) ⋅ f (xtheo )dxtheo∫

f (t |δt) = Gaussian(t − ttheo ,b,σ ⋅δ t) ⋅ f (ttheo )∫ dttheo



Unfolding – basic idea

•  Unfolding basic idea – from simulation you know for each event "
both xreco and xtheo à Use this to populate a response matrix K"


•  You can then multiply the inverse of the response matrix (K-1) "
with the observed distribution f(Xreco) to obtain the theory"
distribution f(Xtheo)

Wouter Verkerke, NIKHEF



Unfolding – numerical not very simple either!

•  Unfolding through response matrix inversion


•  With additional (Tikhonov) regularization term in inversion process 

(to control effect of statistical fluctuations)

Wouter Verkerke, NIKHEF

Instability!



Unfolding – numerically that simple either

•  Iterative “Bayesian” unfolding methods also exist
–  But no guaranteed convergence with increased iteration!

Wouter Verkerke, NIKHEF

0 iterations 20 iterations 1000 iterations 



Recap on convoluted signal extraction 

•  If response function of the detector is relatively simple,"
e.g. ~constant as function truth observable"
  "
à Can fit data directly with a convolution model"
à Result is a fitted ‘unfolded’ truth distribution at the theory level"
à (Some) parameters of convolution kernel may be fitted simultaneously"


•  If response function of detector is complex, "
ML estimation numerically not tractable/stable "
à If truth-level distribution is needed, "
    discretized unfolding ‘after burner’ needed."
à Despite discretization numerically still challenging! "
    (But not further discussed here) Wouter Verkerke, NIKHEF



The experiment as convolution – one step back…

Simulation of high-energy"
physics process

Simulation of ‘soft physics’"
physics process

Simulation of ATLAS"
detector

Reconstruction "
of ATLAS detector

LHC data

An
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sis
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ve
nt
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ct
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n

P(m4l|SM[mH])

Observed m4l

mreco

jet

jet

lepton
Missing ET

What if we scale back our ambition "
one notch formulate convolution"
and take 4-vectors of reco objects !
as observables in convolution?
f (xreco ) = f (xtheo )∫ K (xreco ,xtheo )dxtheo



The experiment as convolution – one step back…

Simulation of high-energy"
physics process

Simulation of ‘soft physics’"
physics process

Simulation of ATLAS"
detector

Reconstruction "
of ATLAS detector

jet

jet

lepton
Missing ET



The detector as convolution

•  Then convolution can be written in terms of parton kinematics

Wouter Verkerke, NIKHEF

f (xreco ) = f (xtheo )∫ K (xreco ,xtheo )dxtheo

fα (
!
x) = 1

σ
Mα

2
( !y) ⋅W ( !x, !y) ⋅dϕ( !y)∫

!y !
x

phase-space factor



The detector as convolution – matrix element methods

•  The transfer function W(x,y) maps "
parton kinematics onto reco kinematics

•  The transfer function factorizes by parton. Usually it is further 
approximated to also kinematically factorize in terms for E,φ,y  

Wouter Verkerke, NIKHEF

fα (
!
x) = 1

σ
Mα

2
( !y) ⋅W ( !x, !y) ⋅dϕ( !y)∫

Reconstructed jetME parton Parton-level jet

W ( !x, !y) = Wi (
!
xi ,
!
yi )

partons
∏ = Wi

E (Ei
reco ,Ei

part )
partons
∏ ⋅Wi

E (ϕi
reco ,ϕi

part ) ⋅Wi
E (yi

reco , yi
part )

typically Gaussian models 

!y !
x



The detector as convolution – matrix element methods

•  The transfer function W(x,y) maps "
parton kinematics onto reco kinematics

•  The transfer function factorizes by parton. Usually it is further 
approximated to also kinematically factorize in terms for E,φ,y  

Wouter Verkerke, NIKHEF

fα (
!
x) = 1

σ
Mα

2
( !y) ⋅W ( !x, !y) ⋅dϕ( !y)∫

Reconstructed jetME parton Parton-level jet

W ( !x, !y) = Wi (
!
xi ,
!
yi )

partons
∏ = Wi

E (Ei
reco ,Ei

part )
partons
∏ ⋅Wi

E (ϕi
reco ,ϕi

part ) ⋅Wi
E (yi

reco , yi
part )

typically Gaussian models 

!y !
x

The hard part of W(x,y) is dealing with gluon splittings"
(makes mapping of partons to truth jets fuzzy)



What can you do MEM models? 

•  The output of the Matrix Element Method is a probability model "
for events of a fixed reco-level topology (e.g. 2 jets, 1 lepton, MET) "
under a physics process hypothesis (e.g. ppàHàWWàqqlv)

•  With MEM models for multiple hypothesis, can do hypothesis testing 
(event selection) in an Neyman-Pearson optimal way

Wouter Verkerke, NIKHEFBut with MEM we do!!



Separate signal from background, or spin-0 from spin-2

•  Ratio of MEM probability models is Neyman-Pearson optimal 
discriminant between two hypothesis

–  Can be signal vs background
–  Can also be two different types of signal

•  Example MEM applications in HEP: ATLAS HàZZ decays:
–  Comparison between pairs in Higgs spin/parity states 0+, 0-, 2+

Wouter Verkerke, NIKHEF



Amplitude extraction – exploiting quantum mechanics

•  Theory parameters entangled with the detector response are 
difficult as some form deconvolution is needed – typically masses, 
lifetimes etc

•  But also plenty of theory parameters that are effectively 
amplitudes à more like cross-sections (easy) but not quite 

•  Cross-sections of processes that arise from a single Matrix 
Element are ‘easy’ à p.d.f in discriminating observable with signal 
and background component

•  What if 2 or more ME amplitudes contribute? à interference!   

Wouter Verkerke, NIKHEF



Amplitude modeling – the basics 

•  When it’s possible to formulate p.d.f.s for observable distributions 
analytically, constructing probability models that sum physics 
amplitudes with interference effects is straightforward 

f (x | !c) =
ci ⋅Hi (

i
∑ x)

ci ⋅ Hi (x)dx∫
i
∑

f (x | s,b) = s
s+b

fs (x)+
b
s+b

fb(x)

Sum of p.d.f.s! Sum of amplitudes !
Components are pdfs

Components "
are functions

Explicit"
normalization"
required

Both models"
are p.d.f.s

Each component is positive definite Components can be negative,"
sum must be positive definite



Amplitude modeling – amplitudes from MC generators

•  In many LHC analyses, observable distributions can only be 
obtained from MC simulation chain. If so, this is also true for 
amplitudes

•  How can we simulate observable distributions corresponding to 
individual amplitudes?

–  Requires some support in MC generators à ability to selectively enable/
disable individual amplitudes

–  Amplitudes can be negative à How does this translate to an MC event 
sample? Potential difficulty (e.g. allow for negative event weights)

•  But otherwise straightforward – no complex deconvolution or 
template morphing needed to deform template histograms

–  Every physics model with (only) amplitude parameters can always be 
described as a weighted sum of amplitude templates (histograms!)

Wouter Verkerke, NIKHEF

f (x | !c) =
ci ⋅Hi (

i
∑ x)

ci ⋅ Hi (x)dx∫
i
∑



Generating a probability model from a Lagrangian

•  Given a Lagrangian describing a Field Theory à can now model 
any transition amplitude (pp à X à Y) as a sum of real-valued 
amplitudes

•  Consider example with two operators labeled SM and BSM,"
with strengths gSM and gBSM respectively. Matrix Element is"


•  Transition amplitude is |M|2:

Wouter Verkerke, NIKHEF
f (x | !c) =

ci ⋅Hi (
i
∑ x)

ci ⋅ Hi (x)dx∫
i
∑

Mapping of Wilson coefficients to"
template scale factors



The mapping of templates to operators

•  Note that templates do not need to correspond one-to-one to"
single operators or pure interference terms"



•  For 2 operator, any three independent pairs of gSM,gBSM values can 

generate templates that will span the whole parameter space. E.g. 

Wouter Verkerke, NIKHEF



The mapping of templates to operators

•  Note that templates do not need to correspond one-to-one to"
single operators or pure interference terms"



•  For 2 operator, any three independent pairs of gSM,gBSM values can 

generate templates that will span the whole parameter space. E.g. 

Wouter Verkerke, NIKHEF

Note that in this choice for Tin there are "

no templates corresponding to pure interference terms"

"
à All templates are positive definite! "

    even though the underlying templates are not (necessarily)"


à This result is general: for any amplitude sum there is "

    always a configuration of templates that are all positive



Rearranged amplitude sums

Wouter Verkerke, NIKHEF



Rearranged amplitude sums

Wouter Verkerke, NIKHEF

B1!

B2!

B3! A1,A2,A3!



The mapping of templates to operators

•  Generalizing further, we will now work with 3 templates T1,T2,T3 that 
are sampled at arbitrary points in the (gSM,gBSM) parameter space

•  The output probability model then takes the general form 

Wouter Verkerke, NIKHEF



The mapping of templates to operators

•  Generalizing further, we will now work with 3 templates T1,T2,T3 that 
are sampled at arbitrary points in the (gSM,gBSM) parameter space

•  The output probability model then takes the general form 

Wouter Verkerke, NIKHEF

This then only leaves the calculation of the appropriate coefficients aij "

that occur in the weights functions w1,w2,w3 for templates T1,T2,T3"

"
Their solution is found by solving the matrix equation



A more realistic physics example

•  In many scenarios new physics can enter amplitudes in both the 
production and decay vertex of a t-channel process"


•  Corresponding matrix element of this process

Wouter Verkerke, NIKHEF

gSM"
gBSM

gSM"
gBSM



A more realistic physics example

•  A little math shows we now need 5 independent templates

•  And the template model can be written as 

ß 1
ß 2
ß 3
ß 4
ß 5



Generalizing to processes with N amplitudes contributing

•  General form of matrix element for process p à X à Y is 


•  Number of independent terms N for general form"



•  Numeric answers for some Higgs processes

Wouter Verkerke, NIKHEF

np amplitudes excl. in production"
ns amplitudes in both"
nd amplitudes excl. in decay



A concrete example VBH à H à WW

kSM 
kHWW 
kAWW 

3 shared parameters à 15 terms in |M|2 expression à 15 input distributions needed

Tout(Δφjj|kSM,kHWW,kAWW) = !
     Σ wi(kSM,kHWW,kAWW) * Tin,i(Δφjj)!



A concrete example VBH à H à WW

kSM 
kHWW 
kAWW 

3 shared parameters à 15 terms in |M|2 expression à 15 input distributions needed

Tout(Δφjj|kSM,kHWW,kAWW) = !
     Σ wi(kSM,kHWW,kAWW) * Tin,i(Δφjj)!



Summary on amplitude models

•  Amplitude sum models work (in terms of mathematics) exactly the 
same as template interpolation models. 

–  But have difference choice of coefficient (polynomials instead of linear terms)
–  Appropriate choice results in interpolation mechanism that is physically 

meaningful à no approximation in morphing (beyond assumption of LO 
physics) 

–  Freedom of choice in sampling points ensures that all sampled distributions 
are positive definite (no interference-only terms)

–  Computationally fast & efficient process

•  But need to watch configuration of sampled"
points 

–  à if interpolated states (e.g. measured"
minimum) is far from important samples"
then large scale factors might be applied

–  à If so blow-up of MC statistical fluctuations

•  Quite new approach – first physics results"
with amplitude morphing are now approaching publication



Roadmap of this course

•  Start with basics, gradually build up to complexity

Counting models

Statistical tests with counting experiments

Signal parameterization strategies 

Inference with nuisance parameters

Modeling distributions

Test statistics for models describing distributions

Parameter estimation, confidence intervals & limits

Models with nuisance parameters, joint models,"
modeling systematic uncertainties

Diagnosing inference on complex models

Model building Statistical methods

The End
Advanced signal modeling techniques 


