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Motivation
Volume 123B, number 3,4 PHYSICS LETTERS 31 March 1983 

bedded In nuclei They may differ from the free nu- 
cleon case not only due to kinematical smearing caused 
by the Fermi motion of the nucleons in the nucleus 
but also due to other effects. 

Information about the size of these effects and their 
influence on the structure functions has been obtained 
by the European Muon Collaboration from extensive 
muon scattering experiments using targets of hquid 
hydrogen [2], deuterium [3] and of iron [4]. Apart 
from the different targets the same apparatus has been 
used for all measurements. 

The measurements with hydrogen and deuterium 
targets allow the determination of the structure func- 
tions for free nucleons. The proton structure function 
F~ has been extracted from the hydrogen data alone. 
The neutron structure function F~ has been obtained 
by a combined treatment of the hydrogen and the 
deuterium data. This then determines the ratio F~/F p 
which, for large x, represents the ratio of the d- and u- 
quark distributions. In this procedure, corrections 
have been applied to take into account effects due to 
the nucleon motion in the deuteron which is a loosely 
bound p - n  system. In the kinematical range covered 
by the data (0.03 ~< x < 0.65) these corrections are 
smaller than 3% [3]. 

In a similar way the nucleon structure function and 
the free nucleon quark and gluon distributions could 
be extracted from the high A target data, provided one 
knew how to calculate the corrections due to nuclear 
effects which are different in this case since the nu- 
cleons in the nucleus are packed much tighter together 
than in the deuteron. 

If these corrections covered all effects caused by the 
quark structure of nuclei and were completely under- 
stood, they certainly should be applied to the deep m- 
elastic scattering data before these are compared with 
the predictions of QCD. This appears to be desirable 
as the Altarelll-Parlsl equations [5] in their original 
form require an integration from x to 1 (If they are not 
modified to allow an x range up to x = A [6]) and the 
commonly used parametrizatlons of the quark and 
gluon distributions are bounded to zero at x = 1. 

Up to now only those corrections due to the motion 
of the nucleons in the nucleus have been calculated. 
For these calculations it is common to view the nucleus 
as a collection of slowly moving nucleons weakly bound 
to each other with their internal properties unchanged 
compared to the free nucleon case. The methods used 

1,4 

~3 

=,-, ~2 
i t _  

N 
I 

+ 

N 
K 

09 

08 

i I i I I i I / ~ 

///,"";i 
i/,,// 

/ / / / . . '  
. . . . . .  , 

i I i ! i i i 

0 02 O~ 06 X 

Fig. 1. Theoretical predlcnons for the Fermi motion correc- 
tion of the nucleon structure function F N for Iron. Dotted 
line Few-nucleon-correlation-model of Frankfurt and Strlk- 
man [9]. Dashed line. Collective-tube-model of Berlad et al. 
[10] Solid line Correction accordmg to Bodek and Rltchle 
[8]. Dot-dashed line. Same authors, but no high momentum 
tail included. Triple-dot-dashed line Same authors, momen- 
tum balance always by aA - 1 nucleus. The last two curves 
should not be understood as predictions but as an indication 
of the sensitivity of the calculations to several assumptions 
which are only poorly known. 

to calculate the deuterium corrections [7] are simply 
transferred to the heavy nucleus case. Depending on 
the way the nucleus wave function IS calculated, and 
on the assumptions made on the momentum tall and 
the momentum balance, the results [ 8 -10 ] ,  shown in 
fig. 1, differ by several percent, but show in each case 
a similar global behavtour. The ratio of the structure 
function F A for a nucleus with mass number A and of 
the sum of the free nucleon structure functions for 
proton and neutron weighted with the corresponding 
nucleon numbers [ZF~ + (A - Z) F~] is rising with x 
forx >~ 0.2. The value of this ratio is about 1.2-1.3 
at x = 0.65 and increases rapidly to higher values ofx .  
In terms of quarks this means [9,10] that in a nucleus 
the quark distributions are enhanced at high x and ex- 
tend far beyond x = 1, the kinematic lunit being x = A 
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The vahdlty of these calculations can be tested by 
extracting the ratio of the free nucleon structure func- 
tions F~/F~ from the lion and hydrogen data of the 
EMC. Applying, for example, the smearing correction 
factors for the proton and the neutron as given by 
Bodek and Rltchle (table 13 of ref. [8]), one gets a 
ratio whmh is very different from the one obtained 
with the deuterium data [3]. It falls from a value of 
~1 .15  a tx  = 0.05 to a value of ~0.1 a tx  = 0.65 which 
is even below the quark-model lower bound of 0.25. 

A direct way to check the correctmns due to nu- 
clear effects is to compare the deuteron and iron data 
for they should be influenced slmdarly by the neutron 
content of these nuclei. The iron data are the final 
combined data sets for the four muon beam energies 
of 120,200, 250 and 280 GeV; the deuterium data 
have been obtained with a single beam energy of 280 
GeV. The ratio of the measured nucleon structure 
functions for iron F2N(Fe) = 1 wuFe gg* 2 and for deutermm 
FN(D) = {F~ D, ne,ther corrected for Fermi motion, 
has been calculated point by point. For this compari- 
son only data points with a total systematm error less 
than 15% have been used. The iron data have been cor- 
rected for the non-lsoscalarlty of 56Fe assuming that 
the neutron structure function behaves hke F~ = (1 
- 0 .75x)FP .  This gives a correction of ~+2.3% at x 
= 0.65 and of less than 1% forx  < 0.3. The Q2 range, 
which ~s limited by the extent of the deuterium data, 
as different for each x-value, varying from 9 ~< Q2 ~< 27 
GeV 2 for x = 0.05 over 11.5 ~< Q2 < 90 GeV 2 for x 
= 0.25 up to 36 ~ Q 2  ~< 170 GeV 2 forx  = 0.65. 

W~thm the hmlts of statistical and systematm errors 
no slgmficant Q2 dependence of the ratm F ~ ( F e ) /  
FN(D) is observed. The x-dependence of the Q2 aver- 
aged ratio is shown in fig. 2 where the error bars are 
statistical only. For a straight line fit of the form 

FN(Fe)/FN(D) = a + bx , 

one gets for the slope 

b = - 0 . 5 2  + 0.04 (statistical)+ 0.21 (systemattc). 

The systematm error has been calculated by distort- 
mg the measured F N values by the individual system- 
atm errors of the data sets, calculating the correspond- 
mg slope for each error and adding the differences 
quadratically. The possible effect of the systematic 
uncertainties on the slope is lndmated by the shaded 
area m fig. 2. Uncertalntms m the relative normahsa- 
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2, The ratio of the nucleon structure funct ions F N Fig. mea- 
sured on tron and deuter ium as a function o f x  = O2/2M,-,v. 

- 5 6  The iron data are corrected for the non-lsoscalarlty of 26Fe, 
both  data sets are not  corrected for Fermi motion. The full 

hnear fit F N ( F e ) / F N ( D )  = a + b x  which results c u r v e  i s  a in 
a s l o p e b = - 0 5 2 _ +  0.04 (stat.) -+ 0 . 2 1 ( s y s t )  The shaded 
area indicates the effect of systematm errors on this slope. 

tlon of the two data sets will not change the slope of 
the observed x-dependence of the ratio but can only 
move it up or down by up to seven percent. The dif- 
ference F N ( F e ) - F N ( D )  however ,s very sensitwe to 
the relatwe normahsatlon. 

The result is m complete disagreement with the 
calculations dlustrated an fig. 1. At high x, where an 
enhancement of the quark distributions compared to 
the free nucleon case is predicted, the measured struc- 
ture function per nucleon for ~ron ~s smaller than that 
for the deuteron. The ratio of the two is falhng from 
~1.15  a t x  = 0.05 to a value of ~0 .89  a t x  = 0.65 
while it is expected to rise up to 1.2-1.3 at this x 
value. 

We are not aware of any published detailed predic- 
tion presently available which can explain the behav- 
tour of these data. However there are several effects 
known and discussed which can change the quark dis- 
tributions m a high A nucleus compared to the free 
nucleon case and can contribute to the observed ef- 
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• Early measurements of deeply inelastic electron-
iron scattering showed significant deviations from 
predictions (EMC effect) 

• In the quark-parton model:

F p
2 (x) = x

X

q

e2q (q(x) + q̄(x))
<latexit sha1_base64="UuEe4Q0+0PBNhs6vlTW9Lql2Vt4="></latexit><latexit sha1_base64="UuEe4Q0+0PBNhs6vlTW9Lql2Vt4="></latexit><latexit sha1_base64="UuEe4Q0+0PBNhs6vlTW9Lql2Vt4="></latexit><latexit sha1_base64="UuEe4Q0+0PBNhs6vlTW9Lql2Vt4="></latexit>

à Structure functions of the nucleus cannot be 
described as a sum of the free nucleon structure 
functions (up to Fermi motion corrections)

Parton distribution 
functions (PDFs)

à Determining the modification of free nucleon 
PDFs in nuclei can provide crucial insight to 
origins of nuclear effects

• EMC effect is still not well understood 

J.J. Aubert et. al. Phys. Lett. B 123B (1983)
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Motivation
• Nuclear PDFs can also provide evidence of gluon saturation at low x and Q2 

(momentum transfer scale of lepton-nucleus scattering)

à Enhancement for heavier nuclei – region of saturation begins at larger x
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• Precise determination of nuclear PDFs are relevant for the upcoming electron-ion
collider

• Existing nuclear PDF 
information contains large 
uncertainty in the saturation 
region

• Effect seen in ratio of nuclear to proton PDFs:

• How are they determined?

A. Accardi et. al. EIC White Paper  arXiv:1212.1701
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Global QCD Analyses

• Collinear factorization à distributions depend on the fraction of longitudinal 
proton momentum

d�(x,Q2) '
X

f

Z 1

x

d⇠

⇠
f

✓
x

⇠
, Q2

◆
d�̂f (⇠, Q

2)

Parton distribution function (PDF)
Hard scattering 
coefficient

Factorization à separation of short and long distance physics in pQCD expressions of 
experimental observables, e.g. for electron-proton scattering

• The same formalism can be used to study modification of PDFs in nuclei 

Unpolarized deep inelastic 
scattering (DIS) observable

`+ (p, d) ! `0 +X

• We want to obtain reliable information of the nonperturbative dynamics associated 
with nuclei structure within QCD

f (p)(x,Q2) ! f (p/A)(x,Q2, A)
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• Nuclear PDFs are extracted from global data of lepton-nucleus and hadron-
nucleus collisions using QCD factorization
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Global QCD Analyses

• However, there are many issues with performing single chi-squared minimizations

• We need a consistent theoretical framework and rigorous fitting procedure to determine 
nuclear PDFs and, more importantly, estimate their uncertainties 

à Parameters difficult to constrain are typically fixed 

à Uncertainties computed by a Hessian method introduce tolerance criteria (uncertainties 
inflated by arbitrary factor)

à Highly non-linear chi-squared function means many local minima that a single fit can be 
trapped in  

• Standard determination of nonperturbative functions form global QCD analyses:

à Objects are parameterized xf(x) = Nxa(1� x)b(1 + c
p
x+ dx)

à Parameters are optimized with a least-squares fit
�2 =

NexpX

e

NdataX

i

(De
i � Ti)2

(�e
i )

2

• Nuclear PDFs require proton PDF as boundary condition à typically taken from 
previous global analyses (which often make different theoretical assumptions!)
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Fitting Methodology
• Based on Bayesian statistical methods – robust determination of “observables” O 

(PDFs,etc.) and their uncertainties

E [O] =

Z
dnaP(~a|data)O(~a)

V [O] =

Z
dnaP(~a|data)

⇥
O(~a)� E[O]

⇤2

• Bayes’ theorem defines probability      asP
P(~a|data) = 1

Z
L(data|~a)⇡(~a)
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Fitting Methodology

E [O] =

Z
dnaP(~a|data)O(~a)

V [O] =

Z
dnaP(~a|data)

⇥
O(~a)� E[O]

⇤2

• Bayes’ theorem defines probability      asP
P(~a|data) = 1

Z
L(data|~a)⇡(~a)

Likelihood function

L = exp

✓
�1

2
�2(~a)

◆
à Gaussian form in data with �2 =

NexpX

e

NdataX

i

(De
i � Ti)2

(�e
i )

2

• Based on Bayesian statistical methods – robust determination of “observables” O 
(PDFs,etc.) and their uncertainties
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Fitting Methodology

E [O] =

Z
dnaP(~a|data)O(~a)

V [O] =

Z
dnaP(~a|data)

⇥
O(~a)� E[O]

⇤2

• Bayes’ theorem defines probability      asP
P(~a|data) = 1

Z
L(data|~a)⇡(~a)

“Evidence” Z =

Z
dnaL(data|~a)⇡(~a)

Priors

• Based on Bayesian statistical methods – robust determination of “observables” O 
(PDFs,etc.) and their uncertainties
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Fitting Methodology

E [O] =

Z
dnaP(~a|data)O(~a)

V [O] =

Z
dnaP(~a|data)

⇥
O(~a)� E[O]

⇤2

• Bayes’ theorem defines probability      asP
P(~a|data) = 1

Z
L(data|~a)⇡(~a)

• Monte Carlo technique is used to evaluate expectation value and variance integrals

à assuming uniform sampling of parameter space:

V [O(~a)] =
1

N

X

k

(O(~ak)� E[O])2
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E [O(~a)] =
1

N

X

k

O(~ak)
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• We can perform many fits to generate a Monte Carlo representation of the 
probability distribution

• Based on Bayesian statistical methods – robust determination of “observables” O 
(PDFs,etc.) and their uncertainties
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Neural Networks g(x, Q0) = Agx−αg(1 − x)βgξ(1)
L (x)

x

ln 1/x

ξ(3)
1

ξ(3)
2

ξ(3)
3

ω(L)
11

ω(L)
13

ω(L)
12 ξ(L)

1

ξ(1)
1

ξ(1)
2

ξ(2)
1

ξ(2)
2

ξ(2)
3

ξ(2)
4

ξ(2)
5

• Consists of layers of neurons
• Each neuron contains a 

corresponding weight and bias 
(fit parameters)

• First layer of neurons take 
variables of function being 
parametrized (e.g. longitudinal 
momentum fraction for PDFs)

• Input of subsequent layers 
given by activation of 
previous layer neurons

• Output layer contains the 
result of the parameterized 
function(s)

⇠(l+1)
i = �(l+1)

i

0

@
NlX

j

w(l+1)
ij �(l)

j + b(l+1)
i

1

A
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⇠(1)i = �(1)
i

0

@
NinputsX

j

w(1)
ij xj + b(1)i

1

A
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⇠(L)
i =

NL�1X

j

w(L)
ij �(L�1)

j + b(L)
i
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�(x) =
1

1 + e�x
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J. Rojo arXiv:1809.04392 (2018)



d�eA!eX '
X

q

d�̂eq!eX(x,Q2)⌦ q(x,Q2, A)

'
X

q

d�̂eq!eX(x,Q2)⌦ �(Q2
0, Q

2)⌦ q(x,Q2
0, A)

<latexit sha1_base64="5jc4YrFDLIWzofvm5hegEjAK66I="></latexit><latexit sha1_base64="5jc4YrFDLIWzofvm5hegEjAK66I="></latexit><latexit sha1_base64="5jc4YrFDLIWzofvm5hegEjAK66I="></latexit><latexit sha1_base64="5jc4YrFDLIWzofvm5hegEjAK66I="></latexit>
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QCD Analysis of NC DIS
• Observable (differential cross section/structure 

function) defined by collinear factorization

• Strategy
à Use neural network with three input features (x, ln(x), A) and three outputs 
(corresponding to singlet, octet, and gluon)

⌃ = u+ ū+ d+ d̄+ s+ s̄

T8 = u+ ū+ d+ d̄� 2s� 2s̄
<latexit sha1_base64="bk+29LV72fhNJjSoo8iJdbXV9eU=">AAACVHichVHPS8MwGE07p3P+qnr0EhyKII52CO4iDL14nLhfsI6RptkWlrQlSYVR+kfqQfAv8eLBdKtDN8EPEt733vdI8uJFjEpl2++GWdgobm6Vtss7u3v7B9bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63vQ+07vPREgaBi01i8iAo3FARxQjpamhNXWf6JgjeH4LY3gJE9dDAsaphv6y9bNWLluZum65Naz/57mCNZlt367y0KrYVXtecB04OaiAvJpD69X1QxxzEijMkJR9x47UIEFCUcxIWnZjSSKEp2hM+hoGiBM5SOahpPBMMz4chUKvQME5+9ORIC7ljHt6kiM1kataRv6l9WM1qg8SGkSxIgFeHDSKGVQhzBKGPhUEKzbTAGFB9V0hniCBsNL/kIXgrD55HXRqVceuOo/XlcZdHkcJnIBTcAEccAMa4AE0QRtg8AI+DGAYxpvxaRbM4mLUNHLPMfhV5v4XDR6q5A==</latexit><latexit sha1_base64="bk+29LV72fhNJjSoo8iJdbXV9eU=">AAACVHichVHPS8MwGE07p3P+qnr0EhyKII52CO4iDL14nLhfsI6RptkWlrQlSYVR+kfqQfAv8eLBdKtDN8EPEt733vdI8uJFjEpl2++GWdgobm6Vtss7u3v7B9bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63vQ+07vPREgaBi01i8iAo3FARxQjpamhNXWf6JgjeH4LY3gJE9dDAsaphv6y9bNWLluZum65Naz/57mCNZlt367y0KrYVXtecB04OaiAvJpD69X1QxxzEijMkJR9x47UIEFCUcxIWnZjSSKEp2hM+hoGiBM5SOahpPBMMz4chUKvQME5+9ORIC7ljHt6kiM1kataRv6l9WM1qg8SGkSxIgFeHDSKGVQhzBKGPhUEKzbTAGFB9V0hniCBsNL/kIXgrD55HXRqVceuOo/XlcZdHkcJnIBTcAEccAMa4AE0QRtg8AI+DGAYxpvxaRbM4mLUNHLPMfhV5v4XDR6q5A==</latexit><latexit sha1_base64="bk+29LV72fhNJjSoo8iJdbXV9eU=">AAACVHichVHPS8MwGE07p3P+qnr0EhyKII52CO4iDL14nLhfsI6RptkWlrQlSYVR+kfqQfAv8eLBdKtDN8EPEt733vdI8uJFjEpl2++GWdgobm6Vtss7u3v7B9bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63vQ+07vPREgaBi01i8iAo3FARxQjpamhNXWf6JgjeH4LY3gJE9dDAsaphv6y9bNWLluZum65Naz/57mCNZlt367y0KrYVXtecB04OaiAvJpD69X1QxxzEijMkJR9x47UIEFCUcxIWnZjSSKEp2hM+hoGiBM5SOahpPBMMz4chUKvQME5+9ORIC7ljHt6kiM1kataRv6l9WM1qg8SGkSxIgFeHDSKGVQhzBKGPhUEKzbTAGFB9V0hniCBsNL/kIXgrD55HXRqVceuOo/XlcZdHkcJnIBTcAEccAMa4AE0QRtg8AI+DGAYxpvxaRbM4mLUNHLPMfhV5v4XDR6q5A==</latexit><latexit sha1_base64="bk+29LV72fhNJjSoo8iJdbXV9eU=">AAACVHichVHPS8MwGE07p3P+qnr0EhyKII52CO4iDL14nLhfsI6RptkWlrQlSYVR+kfqQfAv8eLBdKtDN8EPEt733vdI8uJFjEpl2++GWdgobm6Vtss7u3v7B9bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63vQ+07vPREgaBi01i8iAo3FARxQjpamhNXWf6JgjeH4LY3gJE9dDAsaphv6y9bNWLluZum65Naz/57mCNZlt367y0KrYVXtecB04OaiAvJpD69X1QxxzEijMkJR9x47UIEFCUcxIWnZjSSKEp2hM+hoGiBM5SOahpPBMMz4chUKvQME5+9ORIC7ljHt6kiM1kataRv6l9WM1qg8SGkSxIgFeHDSKGVQhzBKGPhUEKzbTAGFB9V0hniCBsNL/kIXgrD55HXRqVceuOo/XlcZdHkcJnIBTcAEccAMa4AE0QRtg8AI+DGAYxpvxaRbM4mLUNHLPMfhV5v4XDR6q5A==</latexit>

where
Ag =

1�
R 1
0 dxx⌃(x,A)

R 1
0 dxxg(x,A)

<latexit sha1_base64="uqHRNvDZzrsgacXVdo7WtYzB2tc=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0WooCURQTdKqxuXFe0Dmhom00k6dDIJMxNpCf0bN/6KG0FFdOmfOH0sbOuBC4dz7uXee7yYUaks69vILCwuLa9kV3Nr6xubW+b2Tk1GicCkiiMWiYaHJGGUk6qiipFGLAgKPUbqXvd66NcfiZA04veqH5NWiAJOfYqR0pJrXpbdAF5AxxcIpzY8hg7lyrUebNjuwZ5zR4MQFXpH5cNBOuUEY9E181bRGgHOE3tC8mCCimu+Oe0IJyHhCjMkZdO2YtVKkVAUMzLIOYkkMcJdFJCmphyFRLbS0Z8DeKCVNvQjoYsrOFL/TqQolLIferozRKojZ72h+J/XTJR/3kopjxNFOB4v8hMGVQSHocE2FQQr1tcEYUH1rRB3kI5M6WhzOgR79uV5Ujsp2lbRvj3Nl64mcWTBHtgHBWCDM1ACN6ACqgCDJ/AC3sGH8Wy8Gp/G17g1Y0xmdsEUjJ9f+Pqi8w==</latexit><latexit sha1_base64="uqHRNvDZzrsgacXVdo7WtYzB2tc=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0WooCURQTdKqxuXFe0Dmhom00k6dDIJMxNpCf0bN/6KG0FFdOmfOH0sbOuBC4dz7uXee7yYUaks69vILCwuLa9kV3Nr6xubW+b2Tk1GicCkiiMWiYaHJGGUk6qiipFGLAgKPUbqXvd66NcfiZA04veqH5NWiAJOfYqR0pJrXpbdAF5AxxcIpzY8hg7lyrUebNjuwZ5zR4MQFXpH5cNBOuUEY9E181bRGgHOE3tC8mCCimu+Oe0IJyHhCjMkZdO2YtVKkVAUMzLIOYkkMcJdFJCmphyFRLbS0Z8DeKCVNvQjoYsrOFL/TqQolLIferozRKojZ72h+J/XTJR/3kopjxNFOB4v8hMGVQSHocE2FQQr1tcEYUH1rRB3kI5M6WhzOgR79uV5Ujsp2lbRvj3Nl64mcWTBHtgHBWCDM1ACN6ACqgCDJ/AC3sGH8Wy8Gp/G17g1Y0xmdsEUjJ9f+Pqi8w==</latexit><latexit sha1_base64="uqHRNvDZzrsgacXVdo7WtYzB2tc=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0WooCURQTdKqxuXFe0Dmhom00k6dDIJMxNpCf0bN/6KG0FFdOmfOH0sbOuBC4dz7uXee7yYUaks69vILCwuLa9kV3Nr6xubW+b2Tk1GicCkiiMWiYaHJGGUk6qiipFGLAgKPUbqXvd66NcfiZA04veqH5NWiAJOfYqR0pJrXpbdAF5AxxcIpzY8hg7lyrUebNjuwZ5zR4MQFXpH5cNBOuUEY9E181bRGgHOE3tC8mCCimu+Oe0IJyHhCjMkZdO2YtVKkVAUMzLIOYkkMcJdFJCmphyFRLbS0Z8DeKCVNvQjoYsrOFL/TqQolLIferozRKojZ72h+J/XTJR/3kopjxNFOB4v8hMGVQSHocE2FQQr1tcEYUH1rRB3kI5M6WhzOgR79uV5Ujsp2lbRvj3Nl64mcWTBHtgHBWCDM1ACN6ACqgCDJ/AC3sGH8Wy8Gp/G17g1Y0xmdsEUjJ9f+Pqi8w==</latexit><latexit sha1_base64="uqHRNvDZzrsgacXVdo7WtYzB2tc=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0WooCURQTdKqxuXFe0Dmhom00k6dDIJMxNpCf0bN/6KG0FFdOmfOH0sbOuBC4dz7uXee7yYUaks69vILCwuLa9kV3Nr6xubW+b2Tk1GicCkiiMWiYaHJGGUk6qiipFGLAgKPUbqXvd66NcfiZA04veqH5NWiAJOfYqR0pJrXpbdAF5AxxcIpzY8hg7lyrUebNjuwZ5zR4MQFXpH5cNBOuUEY9E181bRGgHOE3tC8mCCimu+Oe0IJyHhCjMkZdO2YtVKkVAUMzLIOYkkMcJdFJCmphyFRLbS0Z8DeKCVNvQjoYsrOFL/TqQolLIferozRKojZ72h+J/XTJR/3kopjxNFOB4v8hMGVQSHocE2FQQr1tcEYUH1rRB3kI5M6WhzOgR79uV5Ujsp2lbRvj3Nl64mcWTBHtgHBWCDM1ACN6ACqgCDJ/AC3sGH8Wy8Gp/G17g1Y0xmdsEUjJ9f+Pqi8w==</latexit>

Normalization to satisfy 
momentum sum rule

Z 1

0
dxx (⌃(x,A) + g(x,A)) = 1

<latexit sha1_base64="wGLYY+1TbzqZWsKrmyyfIpe+cRU=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAILUqZKYJuhKoblxXtBTq1ZNLMNDSTGZIz0lL6Hm58FTcuFHEluPBtTC8Lrf4Q+PjPOZyc34sF12DbX1ZqYXFpeSW9mllb39jcym7v1HSUKMqqNBKRanhEM8ElqwIHwRqxYiT0BKt7vctxvX7PlOaRvIVBzFohCST3OSVgrHa25HIJbfvOwZ0+7ruC+ZB3b3gQknz/6LyAD3EwAVfxoAsFfIaddjZnF+2J8F9wZpBDM1Xa2Q+3E9EkZBKoIFo3HTuG1pAo4FSwUcZNNIsJ7ZGANQ1KEjLdGk5uG+ED43SwHynzJOCJ+3NiSEKtB6FnOkMCXT1fG5v/1ZoJ+KetIZdxAkzS6SI/ERgiPA4Kd7hiFMTAAKGKm79i2iWKUDBxZkwIzvzJf6FWKjp20bk+zpUvZnGk0R7aR3nkoBNURleogqqIogf0hF7Qq/VoPVtv1vu0NWXNZnbRL1mf36xCngM=</latexit><latexit sha1_base64="wGLYY+1TbzqZWsKrmyyfIpe+cRU=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAILUqZKYJuhKoblxXtBTq1ZNLMNDSTGZIz0lL6Hm58FTcuFHEluPBtTC8Lrf4Q+PjPOZyc34sF12DbX1ZqYXFpeSW9mllb39jcym7v1HSUKMqqNBKRanhEM8ElqwIHwRqxYiT0BKt7vctxvX7PlOaRvIVBzFohCST3OSVgrHa25HIJbfvOwZ0+7ruC+ZB3b3gQknz/6LyAD3EwAVfxoAsFfIaddjZnF+2J8F9wZpBDM1Xa2Q+3E9EkZBKoIFo3HTuG1pAo4FSwUcZNNIsJ7ZGANQ1KEjLdGk5uG+ED43SwHynzJOCJ+3NiSEKtB6FnOkMCXT1fG5v/1ZoJ+KetIZdxAkzS6SI/ERgiPA4Kd7hiFMTAAKGKm79i2iWKUDBxZkwIzvzJf6FWKjp20bk+zpUvZnGk0R7aR3nkoBNURleogqqIogf0hF7Qq/VoPVtv1vu0NWXNZnbRL1mf36xCngM=</latexit><latexit sha1_base64="wGLYY+1TbzqZWsKrmyyfIpe+cRU=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAILUqZKYJuhKoblxXtBTq1ZNLMNDSTGZIz0lL6Hm58FTcuFHEluPBtTC8Lrf4Q+PjPOZyc34sF12DbX1ZqYXFpeSW9mllb39jcym7v1HSUKMqqNBKRanhEM8ElqwIHwRqxYiT0BKt7vctxvX7PlOaRvIVBzFohCST3OSVgrHa25HIJbfvOwZ0+7ruC+ZB3b3gQknz/6LyAD3EwAVfxoAsFfIaddjZnF+2J8F9wZpBDM1Xa2Q+3E9EkZBKoIFo3HTuG1pAo4FSwUcZNNIsJ7ZGANQ1KEjLdGk5uG+ED43SwHynzJOCJ+3NiSEKtB6FnOkMCXT1fG5v/1ZoJ+KetIZdxAkzS6SI/ERgiPA4Kd7hiFMTAAKGKm79i2iWKUDBxZkwIzvzJf6FWKjp20bk+zpUvZnGk0R7aR3nkoBNURleogqqIogf0hF7Qq/VoPVtv1vu0NWXNZnbRL1mf36xCngM=</latexit><latexit sha1_base64="wGLYY+1TbzqZWsKrmyyfIpe+cRU=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAILUqZKYJuhKoblxXtBTq1ZNLMNDSTGZIz0lL6Hm58FTcuFHEluPBtTC8Lrf4Q+PjPOZyc34sF12DbX1ZqYXFpeSW9mllb39jcym7v1HSUKMqqNBKRanhEM8ElqwIHwRqxYiT0BKt7vctxvX7PlOaRvIVBzFohCST3OSVgrHa25HIJbfvOwZ0+7ruC+ZB3b3gQknz/6LyAD3EwAVfxoAsFfIaddjZnF+2J8F9wZpBDM1Xa2Q+3E9EkZBKoIFo3HTuG1pAo4FSwUcZNNIsJ7ZGANQ1KEjLdGk5uG+ED43SwHynzJOCJ+3NiSEKtB6FnOkMCXT1fG5v/1ZoJ+KetIZdxAkzS6SI/ERgiPA4Kd7hiFMTAAKGKm79i2iWKUDBxZkwIzvzJf6FWKjp20bk+zpUvZnGk0R7aR3nkoBNURleogqqIogf0hF7Qq/VoPVtv1vu0NWXNZnbRL1mf36xCngM=</latexit>

x⌃ = (1� x)3NN⌃

xT8 = (1� x)3NNT8

xg = Ag(1� x)4NNg
<latexit sha1_base64="mrh6rHo88NEVyMwLd02OVaAOp5I="></latexit><latexit sha1_base64="mrh6rHo88NEVyMwLd02OVaAOp5I="></latexit><latexit sha1_base64="mrh6rHo88NEVyMwLd02OVaAOp5I="></latexit><latexit sha1_base64="mrh6rHo88NEVyMwLd02OVaAOp5I="></latexit>

p
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Nuclear PDFHard scattering 
cross section

DGLAP 
Evolution
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Parameter Optimization

à Neural network parameters trained with gradient descent

• Prevent overfitting with cross validation:

Data Resampling

Validation

Training Fit

Validate Best Fit

• Data resampling to construct pseudo-data sets: eDe
i = De

i +Ri↵
e
i

<latexit sha1_base64="Ye03vksDPnaXdl2Bx9Mc7JhiuPc=">AAACIXicbVBLS8NAEN74tr6qHr0sFkEQSiKCvQiiHjxWsVpoaphspnZx82B3o5SQv+LFv+LFgyK9iX/GTQ2i1YGF7zHD7Hx+IrjStv1uTUxOTc/Mzs1XFhaXlleqq2uXKk4lwxaLRSzbPigUPMKW5lpgO5EIoS/wyr89LvyrO5SKx9GFHiTYDeEm4j3OQBvJqzYy954HqLkIkGYuA0FP8tzj10gPvvmI7tBzj7sgkj4U3KvW7Lo9KvoXOCWokbKaXnXoBjFLQ4w0E6BUx7ET3c1Aas4E5hU3VZgAu4Ub7BgYQYiqm40uzOmWUQLai6V5kaYj9edEBqFSg9A3nSHovhr3CvE/r5PqXqOb8ShJNUbsa1EvFVTHtIiLBlwi02JgADDJzV8p64MEpk2oFROCM37yX3C5W3fsunO2Vzs8KuOYIxtkk2wTh+yTQ3JKmqRFGHkgT+SFvFqP1rP1Zg2/Wiescmad/Crr4xMwpqLf</latexit><latexit sha1_base64="Ye03vksDPnaXdl2Bx9Mc7JhiuPc=">AAACIXicbVBLS8NAEN74tr6qHr0sFkEQSiKCvQiiHjxWsVpoaphspnZx82B3o5SQv+LFv+LFgyK9iX/GTQ2i1YGF7zHD7Hx+IrjStv1uTUxOTc/Mzs1XFhaXlleqq2uXKk4lwxaLRSzbPigUPMKW5lpgO5EIoS/wyr89LvyrO5SKx9GFHiTYDeEm4j3OQBvJqzYy954HqLkIkGYuA0FP8tzj10gPvvmI7tBzj7sgkj4U3KvW7Lo9KvoXOCWokbKaXnXoBjFLQ4w0E6BUx7ET3c1Aas4E5hU3VZgAu4Ub7BgYQYiqm40uzOmWUQLai6V5kaYj9edEBqFSg9A3nSHovhr3CvE/r5PqXqOb8ShJNUbsa1EvFVTHtIiLBlwi02JgADDJzV8p64MEpk2oFROCM37yX3C5W3fsunO2Vzs8KuOYIxtkk2wTh+yTQ3JKmqRFGHkgT+SFvFqP1rP1Zg2/Wiescmad/Crr4xMwpqLf</latexit><latexit sha1_base64="Ye03vksDPnaXdl2Bx9Mc7JhiuPc=">AAACIXicbVBLS8NAEN74tr6qHr0sFkEQSiKCvQiiHjxWsVpoaphspnZx82B3o5SQv+LFv+LFgyK9iX/GTQ2i1YGF7zHD7Hx+IrjStv1uTUxOTc/Mzs1XFhaXlleqq2uXKk4lwxaLRSzbPigUPMKW5lpgO5EIoS/wyr89LvyrO5SKx9GFHiTYDeEm4j3OQBvJqzYy954HqLkIkGYuA0FP8tzj10gPvvmI7tBzj7sgkj4U3KvW7Lo9KvoXOCWokbKaXnXoBjFLQ4w0E6BUx7ET3c1Aas4E5hU3VZgAu4Ub7BgYQYiqm40uzOmWUQLai6V5kaYj9edEBqFSg9A3nSHovhr3CvE/r5PqXqOb8ShJNUbsa1EvFVTHtIiLBlwi02JgADDJzV8p64MEpk2oFROCM37yX3C5W3fsunO2Vzs8KuOYIxtkk2wTh+yTQ3JKmqRFGHkgT+SFvFqP1rP1Zg2/Wiescmad/Crr4xMwpqLf</latexit><latexit sha1_base64="Ye03vksDPnaXdl2Bx9Mc7JhiuPc=">AAACIXicbVBLS8NAEN74tr6qHr0sFkEQSiKCvQiiHjxWsVpoaphspnZx82B3o5SQv+LFv+LFgyK9iX/GTQ2i1YGF7zHD7Hx+IrjStv1uTUxOTc/Mzs1XFhaXlleqq2uXKk4lwxaLRSzbPigUPMKW5lpgO5EIoS/wyr89LvyrO5SKx9GFHiTYDeEm4j3OQBvJqzYy954HqLkIkGYuA0FP8tzj10gPvvmI7tBzj7sgkj4U3KvW7Lo9KvoXOCWokbKaXnXoBjFLQ4w0E6BUx7ET3c1Aas4E5hU3VZgAu4Ub7BgYQYiqm40uzOmWUQLai6V5kaYj9edEBqFSg9A3nSHovhr3CvE/r5PqXqOb8ShJNUbsa1EvFVTHtIiLBlwi02JgADDJzV8p64MEpk2oFROCM37yX3C5W3fsunO2Vzs8KuOYIxtkk2wTh+yTQ3JKmqRFGHkgT+SFvFqP1rP1Zg2/Wiescmad/Crr4xMwpqLf</latexit>

�2 =

NexpX

e

NdataX

i

( eDe
i � Ti)2

(↵e
i )

2
<latexit sha1_base64="X/6IM784BSqBSZn4FKzgta7zREY="></latexit><latexit sha1_base64="X/6IM784BSqBSZn4FKzgta7zREY="></latexit><latexit sha1_base64="X/6IM784BSqBSZn4FKzgta7zREY="></latexit><latexit sha1_base64="X/6IM784BSqBSZn4FKzgta7zREY="></latexit>

à Partition pseudo-data into training and validation sets  
à Train parameters on training set
à Early stopping: end optimization at best fit of validation set 

• Chi-squared minimization procedure:
à Define cost function as chi-squared:
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Kinematic cuts:
W 2 > 12.5 GeV2

Q2 > 3.5 GeV2
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• Suggests significant impact on gluon distribution in EMC region

• Ratio of nuclear PDFs with NNPDF3.1 (positive-definite) proton set 

à Both extracted using similar theoretical assumptions

à Need better constraints from gluon sensitive observables
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• Suggests significant impact on gluon distribution in EMC region
à Need better constraints from gluon sensitive observables

• Ratio of nuclear PDFs with NNPDF3.1 (positive-definite) proton set 
à Both extracted using similar theoretical assumptions
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Summary and Outlook

• Machine learning + Monte Carlo methods are important for robust extractions of 
nonperturbative functions and their uncertainties  

à Necessary for future global QCD studies that will contain large data sets and many 
fit parameters

• New approach to global nuclear PDF studies are being developed: 
à Use of neural networks and machine learning tools to minimize bias

• Preliminary extractions of PDFs from NC DIS show good agreement with previous 
analyses 

à Still need additional DIS data sets not currently implemented (HERMES, Fermilab)

• Available NC DIS data not sensitive to separation of singlet and octet 
distributions

à Inclusion of additional observables (pA collisions, CC DIS, Drell-Yan) for flavor 
separation and uncertainty reduction is needed


